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Throughout this talk, let a, b, ¢ be three positive integers and let n:= a+ b.



Cyclic Sieving Phenomenon

Let S be a finite set. Let g be a permutation on S that is of order m. Let F(q)
be a polynomial in g. We say that the triple (S, g, F(q)) exhibits the cyclic

sieving phenomenon (CSP) if the fixed point set cardinality #Sgd is equal to
the polynomial evaluation F((d) for all d > 0 where ( is a primitive mth root

of unity.



Cyclic Sieving Phenomenon

Definition

Let S be a finite set. Let g be a permutation on S that is of order m. Let F(q)
be a polynomial in g. We say that the triple (S, g, F(q)) exhibits the cyclic
sieving phenomenon (CSP) if the fixed point set cardinality #Sgd is equal to
the polynomial evaluation F(¢?) for all d > 0 where ¢ is a primitive mth root
of unity.

Example

Let [n] := {1,...,n} and let (/1) be the set of k-element subsets of [n].
Consider the cyclic shift R: i+ i+ 1 mod n on [n] and the induced action on

(5). 1t is known that the triple ( (), R, [1] ) exhibits CSP, where [{], is the
quantum binomial coefficient.



Cyclic Sieving Phenomenon

Definition

Let S be a finite set. Let g be a permutation on S that is of order m. Let F(q)
be a polynomial in g. We say that the triple (S, g, F(q)) exhibits the cyclic
sieving phenomenon (CSP) if the fixed point set cardinality #Sgd is equal to
the polynomial evaluation F(¢?) for all d > 0 where ¢ is a primitive mth root
of unity.

Example

Let [n] := {1,...,n} and let (/1) be the set of k-element subsets of [n].
Consider the cyclic shift R: i+ i+ 1 mod n on [n] and the induced action on

(5). 1t is known that the triple ( (), R, [1] ) exhibits CSP, where [{], is the
quantum binomial coefficient.

Although the definition of CSP seems very combinatorial, many proofs of
known CSP involve quite a bit of geometric representation theory. Please see
Sagan's survey [Sagll] for more detailed examples.



Plane Partitions

Definition

An a x b plane partition is an a X b matrix m with non-negative integer entries
such that every row is non-increasing from left to right and every column is
non-increasing from top to bottom.
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Example

Here's an example of a 2 x 3 plane partition.




Plane Partitions

Definition
An a x b plane partition is an a X b matrix © with non-negative integer entries

such that every row is non-increasing from left to right and every column is
non-increasing from top to bottom.

Example

Here's an example of a 2 x 3 plane partition.

Remark. Think of a plane partition as a 3d Young diagram.
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Plane Partitions

m Denote the collection of a x b plane partitions with entries no bigger than
some ¢ > 0 by P(a, b, c).

m For a plane partition 7, define
|| = Zﬂ‘j’j.
ij
m For any triple (a, b, ¢), define

Manel@) = 3 gl

7wEP(a,b,c)

m In [Rob16], Roby defined a toggling operation n) on a plane partition 7 by
changing each entry from bottom to top in each column and from left to
right across all columns according to

!/ .
mij = min{mi_1, T j—1} + max{mit1,j, i1} — 7.



Plane Partitions

Here's an example of 7n(w) for some plane partition m € P(2,3,6).
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Plane Partitions

Here's an example of 7() for some plane partition © € P(2,3,6).

6 6 6

Theorem (Hong-Shen-W.)

The toggling operation 1) has order n = a + b, and the triple
(P(a, b, c),n, Map.c(q)) exhibits CSP.
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Gr,(n) ;= SL, \Matgf',i'a"k “r,(n) := SL. \Mat,

where superscript x indicates an additional consecutive general position
condition.
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the row vectors of a matrix in Mat,,,.



Decorated Grassmannian

The decorated Grassmannian is defined to be
Gr,(n) ;= SL, \Matgf',i'a"k “r,(n) := SL. \Mat,

where superscript x indicates an additional consecutive general position
condition.

m Elements of ¥r.(n) can be represented by the a-fold exterior product o of
the row vectors of a matrix in Mat,,,.
m O (9r:(n)) is generated by Pliicker coordinates A, for any g € A°C”",
which is defined by
Bg(a) = (g, @)



Decorated Grassmannian

m There is a Gp-action on ¥r,(n) defined by t.a := ta; with respect to this
Gm-action

O@n(m) =@ O @r(n).. OFn(n), = Ve,

c>0

where V., is a representation of GL,.
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Decorated Grassmannian

m There is a Gp-action on ¥r,(n) defined by t.a := ta; with respect to this
Gm-action

O(@r(n) = PO@n().. O@r(n), = Veu,
c>0
where V., is a representation of GL,.
m There is a boundary divisor D = | J; D; such that 4r,(n) = %r.(n) \ D.

m Define a twisted cyclic rotation

_( 0 (=)
o= (1 4, o )eCL

which acts on Mat'} ™™ by matrix multiplication on the right. This action

descends to an action of C, on ¢r,(n) and induces an action of C, on
O (¥9ra(n)) that is compatible with the GL,-action.



Decorated Grassmannian

m Consider the maximal torus T C GL, consisting of invertible diagonal
matrices, which acts on Mat®! ™" by matrix multiplication on the right.
This action descends to an action of T on ¥r,(n) and induces an action of
T on O (¥r,(n)) that is compatible with the GLp-action. Thus by using
such T-action we can further decompose O (¥ra(n)), = Ve, into weight

spaces
Vew, = @ Vew, (N)
"



Decorated Grassmannian

m Consider the maximal torus T C GL, consisting of invertible diagonal
matrices, which acts on Mat/ ™™ by matrix multiplication on the right.
This action descends to an action of T on ¥r,(n) and induces an action of
T on O (¥r,(n)) that is compatible with the GLp-action. Thus by using
such T-action we can further decompose O (¥ra(n)), = Ve, into weight

spaces

Vew, = @ Vew, (N)
"

m A result of Scott [Sco06] can be generalized to show that
O (41 (n)) = up (,n) for some cluster variety & .



Decorated Configuration Space

Motivated by an idea of Goncharov, we define decorated configuration space as
follows.

The decorated configuration space ¢ onf,“(a) is defined to be

GLQ\{(qﬁ; VYN e Ca)l_":l}

with an additional consecutive general position condition.



Decorated Configuration Space
m By composing all the ¢; in a decorated configuration we obtain its

monodromy; its twisted monodromy P : € onf,(a) — G, is deifned to be
(—1)*~! multiple of the monodromy.
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m By composing all the ¢; in a decorated configuration we obtain its
monodromy; its twisted monodromy P : € onf,(a) — G, is deifned to be
(—1)*~! multiple of the monodromy.

m For each i define 9; : ¥onf,*(a) — A to be the number such that
Gi—at1 (Vicap1) — Viviea € Span{li—ata,..., li};

then define the potential function

W = ilﬁ,



Decorated Configuration Space

m By composing all the ¢; in a decorated configuration we obtain its
monodromy; its twisted monodromy P : € onf,(a) — G, is deifned to be
(—1)*~! multiple of the monodromy.

m For each i define 9; : ¥onf,*(a) — A to be the number such that
Gi—at1 (Vicap1) — Viviea € Span{li—ata,..., li};

then define the potential function

W= "0
i=1
m There is a cyclic rotation R acting on € onf,*(a) defined by

[¢17 /17¢27 /27 .. ~,¢n, I"] = [¢"7 /!H(bla Ila . ‘7(1)"*17 /"*1] .



Decorated Configuration Space

m By fixing a volume form w on C?, for each i we define a regular function
M; : €onf,)(a) — G by

Mo @ (i—at1 (Vicar1) A= A @i (vi))
T w(Vicap1 A A Vi) .

This gives rise to a map
M : Conf,(a) = TV

where TV is the torus dual to the maximal torus T C GL,.



Decorated Configuration Space

m By fixing a volume form w on C?, for each i we define a regular function
M; : €onf,)(a) — G by

Mo @ (i—at1 (Vicar1) A= A @i (vi))
T w(Vicap1 A A Vi) .

This gives rise to a map
M : Conf,(a) = TV

where TV is the torus dual to the maximal torus T C GL,.
m We prove that O (€onf,*(a)) = up (2:.n) for some cluster variety 25 ».



Summary of the Duality between Decorated Spaces

decorated Grassmannian ¥r,(n)
a Gp-action on ¥r,(n)

boundary divisors D = | J; D;
twisted cyclic rotation C,

an action by T C GL, on ¥r,(n)
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decorated configuration space € onf,”(a)
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potential function W =", ¥;

cyclic rotation R

a projection €onf,*(a) — TV
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decorated Grassmannian ¥r,(n)

a Gp-action on ¥r,(n)

boundary divisors D = | J; D; o/ -side
twisted cyclic rotation C,

an action by T C GL, on ¥r,(n)

AN

decorated configuration space € onf,”(a)

twisted monodromy P : €onf,(a) = Gn,
Z -side potential function W =", ¥;

cyclic rotation R

a projection €onf,*(a) — TV



Cluster Structures on the Decorated Spaces
Up to codimension 2, 4r,(n) & < , and €onf,”(a) = £5 n, where

(a,n, Za,n) is the cluster ensemble associated to some quiver Q; ,. Below is
what Q3,7 looks like.

[}

N

N
ViV
ViV



Cluster Structures on the Decorated Spaces
Up to codimension 2, 4r,(n) & & , and €onf,” (a) = Z. n, where

(ea,n, Zan) is the cluster ensemble associated to some quiver Q; ,. Below is
what Q3,7 looks like.
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Set of Tropical Points

Definition

Given a positive space X (i.e., an algebraic variety with a semifield of rational
functions P(X)) and a semifield S, the set of S-points of X is defined to be

X(S) = Homsemifield (P(X)7 S) °
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Consider an algebraic torus T with P(T) defined to be the semifield generated
by its characters inside the field of rational functions. Then for any semifield S,
the set of S-points T(S) can be identified with X(T) ®z S where X.(T)
denotes the cocharacter lattice of T.



Set of Tropical Points

Definition
Given a positive space X (i.e., an algebraic variety with a semifield of rational
functions P(X)) and a semifield S, the set of S-points of X is defined to be

X(S) = Homsemifield (P(X)7 S) °

Example

Consider an algebraic torus T with P(T) defined to be the semifield generated
by its characters inside the field of rational functions. Then for any semifield S,
the set of S-points T(S) can be identified with X(T) ®z S where X.(T)
denotes the cocharacter lattice of T.

Cluster varieties (both type </ and type 2) are known to be positive spaces,
and an important set of tropical points in our story is 2 (Z*), where Z is the
semifield of tropical integers (Zt, min, —I—).



Cluster Duality

Fock and Goncharov conjectured the following statement in [FG09].

Conjecture (Fock-Goncharov Cluster Duality)

For a quiver Q, up (/p) admits a canonical basis parametrized by %o (Zt)
and up (2q) admits a canonical basis parametrized by /g (Z').



Cluster Duality

Fock and Goncharov conjectured the following statement in [FG09].

Conjecture (Fock-Goncharov Cluster Duality)

For a quiver Q, up (/p) admits a canonical basis parametrized by %o (Zt)
and up (2q) admits a canonical basis parametrized by /g (Z').

Gross, Hacking, Keel, and Kontsevich gave a sufficient condition for the
Fock-Goncharov cluster duality conjecture in [GHKK14], which can be
reformulated as follows.

Theorem (Gross-Hacking-Keel-Kontsevich)

The full Fock-Goncharov cluster duality holds for the cluster ensemble
(o, Zq) if the following two conditions are satisfied:

m a cluster Donaldson-Thomas transformation (defined by Goncharov and
Shen in [GS18]) exists on 23,

m the canonical map p : &g — .%”5” is surjective.



Cluster Duality of Grassmannian

m In the case of the cluster ensemble (., Z5,n), the cluster variety
2,"F = Conf ) (a), which is the configuration space of lines without
isomorphisms between them, and the cluster Donaldson-Thomas
transformation was constructed in [Wen18].



Cluster Duality of Grassmannian

m In the case of the cluster ensemble (., Z5,n), the cluster variety
2,"F = Conf ) (a), which is the configuration space of lines without
isomorphisms between them, and the cluster Donaldson-Thomas
transformation was constructed in [Wen18].

m The surjectivity of the p map follows from surjectivity of 7 and the
following commutative diagram.

GrX(n) -=--=-===> Fan
l jp
Conf)(a) -------- » Zan

Here 7 is defined by taking the configuration of the spans of the column
vectors of a matrix representative in Mat},.



Cluster Duality of Grassmannian

Theorem (Hong-Shen-W.)

The Fock-Goncharov cluster duality holds on the cluster ensemble
(Hans Zan) =2 (91 (n), Conf,(a)). In particular,

ow@r(m)= & b

qE G onf, (a)(Zt)

O (Cont,(a)) = Ip.
pELry* (n)(Z*)



Cluster Duality of Grassmannian

Theorem (Hong-Shen-W.)

The Fock-Goncharov cluster duality holds on the cluster ensemble
(Hans Zan) =2 (91 (n), Conf,(a)). In particular,

o@r(m)= P b,
qE G onf, (a)(Zt)

O (Cont,(a)) = Ip.
ped (@)

Remark. The regular functions 9; we defined on €onf,*(a) are precisely the
basis vectors corresponding to the basic lamination of the frozen vertices of

C)a,n-



Gelfand-Zetlin Coordinates
1<j<b

m Using the quiver Q. ,, we get a coordinate system {xo0} U {xi;},;Z/Z. on
%onf,(a) (Z') = Z°"*".



Gelfand-Zetlin Coordinates

m Using the quiver @,,, we get a coordinate system {x0,0} U {xi;}1=/=” on
%onf,(a) (Z') = Z°"*".

m Define the Gelfand-Zetlin coordinates on ¢ onf,*(a) (Z*) to be

/,‘J = E Xk,I-

i<k,j<I
X0,0
X1,1 X1,2 X1,3 X1,4
X2,1 X2,2 X2,3 X2,4

X3,1 X3,2 X33 X34



Gelfand-Zetlin Coordinates
m Using the quiver Q. ,, we get a coordinate system {xo,0} U {xi; E{gf on
%onf,(a) (Z') = Z°"*".
m Define the Gelfand-Zetlin coordinates on ¢ onf,*(a) (Z*) to be

/,‘J = E Xk,I-

i<kj<I
lo,o
ha hp hs h.a
b b b3 b4



Gelfand-Zetlin Coordinates

m A result of Gross, Hacking, Keel, and Kontsevich on partial
compactification [GHKK14] implies that a basis vector 8, can be extended
to a regular function after adding the boundary divisor D = | J; D; if and
only if Wf(q) > 0.
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the non-increasing condition on rows and columns of the matrix (/;;); 2=,
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m We also show that the weight of a basis vector 64 under the Gn-action is
precisely P'(q) = lo.



Gelfand-Zetlin Coordinates

m A result of Gross, Hacking, Keel, and Kontsevich on partial
compactification [GHKK14] implies that a basis vector 6, can be extended
to a regular function after adding the boundary divisor D = |J;, D; if and
only if Wf(q) > 0.

m By computation we show that the condition W*(q) > 0 is equivalent to
the non-increasing condition on rows and columns of the matrix (/;;);=/="
plus the condition that /;; < loo for all indices (i,J). -

m We also show that the weight of a basis vector 64 under the Gn-action is
precisely P'(q) = lo.

Theorem (Hong-Shen-W.)

Define ©(a, b, c) := {6, | W'(q) > 0, P'(q) = c}. Then ©(a, b,c) is a basis
of the irreducible representation Ve, = O (4r.(n)),, and there is a natural
bijection between ©(a, b, c) and plane partitions P(a, b, c).




Gelfand-Zetlin Coordinates

In [GSV10], Gekhtman, Shapiro, and Vainshtein observed that the rotation R
on Gonf,(a) is in fact a cluster transformation which can be realized by a
sequence of mutations in the order similar to the toggling operation 7.
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In [GSV10], Gekhtman, Shapiro, and Vainshtein observed that the rotation R
on @onf,(a) is in fact a cluster transformation which can be realized by a
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Gelfand-Zetlin Coordinates

In [GSV10], Gekhtman, Shapiro, and Vainshtein observed that the rotation R
on @onf,(a) is in fact a cluster transformation which can be realized by a
sequence of mutations in the order similar to the toggling operation 7.
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Gelfand-Zetlin Coordinates

In [GSV10], Gekhtman, Shapiro, and Vainshtein observed that the rotation R
on @onf,(a) is in fact a cluster transformation which can be realized by a
sequence of mutations in the order similar to the toggling operation 7.
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Gelfand-Zetlin Coordinates

m /o0 = P' is invariant under the action of R.

m By computation we show that the induced action of R on the
Gelfand-Zetlin coordinates (/; j E’éf is given precisely by the toggling
operation 7.

m Following the cluster duality of Grassmannian we prove that C;.0, = Or(q).
Therefore we obtain the following theorem.

Theorem (Hong-Shen-W.)

The action of the twisted cyclic rotation C, on the basis ©(a, b, c) is given by
C,.07 = Oy(x). In particular, this implies that 1 is of order n.



Gelfand-Zetlin Coordinates

m In fact, the Gelfand-Zetlin coordinates (I,J)E’Es can be expanded into a

Gelfand-Zetlin pattern for V.., by adding a triangle with entries ¢ on the
left and a triangle with entries 0 at the bottom.

c ¢ ¢ hihaohsha
c C /2,1 /2,2 /2,3 /2,4

c Bihkahshka

0 0 0O

0 0 O

0 0
0



Gelfand-Zetlin Coordinates

m In fact, the Gelfand-Zetlin coordinates (I,J)E’Es can be expanded into a

Gelfand-Zetlin pattern for V.., by adding a triangle with entries ¢ on the
left and a triangle with entries 0 at the bottom.

c C C /1,1 /1,2 /1,3 /1,4
c C /2,1 /2,2 /2,3 /2,4

c Bihkahshka

0 0 0 O
0 0 O
00

0

m By computation we show that the tropicalization M}(q) can be computed
as d; — dij_1 using the triangle above, where d; is the sum of the entries
along the ith diagonal (counting from the right).



Gelfand-Zetlin Coordinates

Following cluster duality of Grassmannian we further prove the following
statement.

Theorem (Hong-Shen-W.)

The tropicalization M* : € onf,*(a) (Z*) — T (Z') = X*(T) gives the weight
of 04 under the action of the maximal torus T C GL,. In particular, the basis
O(a, b, ¢) of Ve, is compatible with the weight decomposition

Vcwa = @H Vcwa (,LL)
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m# {71' € P(a, b, c) | 77d(71') = 7r} =Try,, ce.



Proof of CSP of Plane Partitions

m #{m € P(a,b,c) | n(n) =7} ="Try,,C5.
m The characteristic polynomial of C, is

det (\Id, — G)) = A" — (—=1)°" 1,

a— a— a—1
which has n distinct roots (=2, ¢~"2¢, ..., ¢~ T ("L (C is a primitive
nth root of unity). Therefore C, is conjugate to

D =Diag (¢ 7 ¢TI,

which implies that
Tryv,,, = Tryv,,, De.



Proof CSP of Plane Partitions

m The character formula tells us that

Try, Diag (pq”_l, pq" .., p) = pr Ny " dim Vi (u)gH,
m

where p= (n—1,n—2,...,1,0); therefore by setting g := ¢?, we have

a(a—1)c

Try,,, D=q "z Zdim Vew, (1) g
m




Proof CSP of Plane Partitions

m The character formula tells us that

Try, Diag (pq”_l, pq" .., p) = pr Ny " dim Vi (u)gH,
I

where p= (n—1,n—2,...,1,0); therefore by setting g := ¢?, we have

a(a—1)c

Try,,, D=q "z Zdim Vew, (1) g
m

m But from the Gelfand-Zetlin pattern we also know that
dim Voo, (n) = # {m € P(a,b,c) | M'(w) = pu};

therefore .
dim sz(ﬂ)qmu) — Z q<p,M (ﬂ'))_

Mt(x)=p



Proof of CSP of Plane Partitions

m By simple computation one can see that <p, Mt(7r)> is just the sum of all

entries in the Gelfand-Zetlin pattern, which is equal to ‘?(L;)C + |7



Proof of CSP of Plane Partitions

m By simple computation one can see that <p, Mt(7r)> is just the sum of all
entries in the Gelfand-Zetlin pattern, which is equal to ‘?(L;)C + |7

m Now plug everything in, we get that for g = (9,

a(a—1)c
Trv,, CS =q "2 Z RO

7EP(a,b,c)

_ a(a—1)c -
=q 2 Z q 2 ql ‘

mEP(a,b,c)

= > 47,

weP(a,b,c)

which finishes the proof of our theorem.
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