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Introduction.

Let & be a complex symmetrizable Kac-Moody algebra. In this article we prove a
Littlewood-Richardson type rule to calculate the decomposition of the tensor product
of two simple, integrable, highest weight modules of & into irreducible components.

In the representation theory of the group GL,(C), an important tool are the Young
tableaux. The irreducible representations are in one-to-one correspondence with the
shapes of these tableaux. Let T' be the subgroup of diagonal matrices in GL,,(C). Then
there is a canonical way to assign a weight of T to any Young tableau such that the
sum over the weights of all tableaux of a fixed shape is the character Char V' of the
corresponding GL,,(C)-module V. Note that this gives not only a way to compute
the character, it gives also a possibility to describe the multiplicity of a weight in the
representation: It is the number of different tableaux of the same weight. Eventually, the
Littlewood-Richardson rule describes the decomposition of tensor products of GL,,(C)-
modules purely in terms of the combinatoric of these Young tableaux.

Our main concern will be to generalize these tableaux for symmetrizable Kac-
Moody algebras. Let $) be the Cartan subalgebra of & and denote by X the weight lat-
tice. In [7], section 4, Lakshmibai and Seshadri conjectured that a basis of $)-eigenvectors
of V}, can be indexed by a certain set of sequences of elements in the Weyl group. Our
new approach to this conjecture is to interpret these sequences as piecewise linear paths
m : [0,1] — Ag, where A := X ®z R. In the following, we call these paths the
Lakshmibai-Seshadri paths of shape u (see 2.2).

More generally, we consider the set IT of all piecewise linear paths 7 : [0,1] — Ag
such that w(0) = 0, where we identify m and 7" if 7 = 7’ up to a reparametrization. By
the product 7w := 7 * my of two such paths we mean the concatenation of m; and the
shifted path (1) 4+ 7. For each simple root @ we introduce operators e, and f, on
ITU{0}: We cut 7 into three well-defined parts, i.e., 1 = 71 * w2 x 3. The new path
ea(m) (or fu(m)) is then either equal to 0, or it is equal to m * o (m2) * 3. Here s,
denotes the simple reflection with respect to the root a.. It follows by the construction
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that if f,(7) (respectively e, (7)) is not equal to 0, then the endpoint of the new path
is equal to (1) — « (respectively 7(1) + «).

It turns out that these operators have properties very similar to the operators
considered by Kashiwara (see [3] and [4]) on the crystal basis: For example, if e, (7) # 0,
then f, (ea(w)) = 7 and vice versa. In fact, the starting point for this article had
been the effort to understand better the connection between the crystal basis and the
generalized Young tableaux found in [10]. We prove that the set of Lakshmibai-Seshadri
paths of shape i can be viewed as a set of paths generated by these operators:

Character formula. For a dominant weight p let 7, : [0,1] — X be the straight line
connecting 0 with . The set P, of Lakshmibai-Seshadri paths of shape p is equal to the
set of all paths 7 of the form

T = fa, 0...0 fo (my)

where ax, ..., are simple roots. Moreover, the union P, U {0} is stable under the
operators eq for all simple roots, and P, provides a character formula for the module
V,:
CharV,, = Z e,
TEP,

Note that (as in the case of the Young tableaux) the set of Lakshmibai-Seshadri paths
carries more information than just the character of the representation: The multiplicity
of a weight in the representation is equal to the number of different paths ending in the
weight. This possibility to “split” the multiplicities enables us to prove the following
decomposition rule:

Let m be a Lakshmibai-Seshadri path of shape p. If A is a dominant weight, then
we call m a A\-dominant path if the shifted image {z € A | v = A+ 7 (t), t € [0,1]} of
the path is contained in the dominant Weyl chamber.

Decomposition rule. The decomposition of the tensor product of two integrable, sim-
ple, highest weight modules of & 1is given by:

Vi@V, ~ @ Vigr(),

where m runs over all \-dominant Lakshmibai-Seshadri paths of shape .

The condition of A-dominance can also be expressed in terms of the operators e,: =
is A-dominant if and only if for all simple roots eéﬁ’a >+1(7r) = 0. In this terminology
the decomposition rule of Kashiwara (in terms of the crystal basis, see [3] and [4]) is

identical with our rule above.

To show how the rule can be used to prove existence results, we give a new proof of
the P-R-V conjecture. We obtain also a branching rule for the restriction of a simple &-

module to a Levi subalgebra £ of &: Denote by U, the simple £-module corresponding
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to a (for £) dominant weight, and call a path m £-dominant if its image is contained in
the dominant Weyl chamber of the root system of £.

Branching rule. The decomposition of V,, into simple £-modules is given by
resgV), = GB Ur(1),
™

where m runs over all £-dominant Lakshmibai-Seshadri paths of shape .

Further, these operators enable us to associate in a natural way a colored oriented
graph G to &: The set of vertices is II, and we put an arrow T——n’ between 7 and
7' if fo(m) = 7', For m € II let G(m) be the connected component of G containing 7.
We conjecture that if 7(1) is a dominant weight and the image of 7 is contained in the
dominant Weyl chamber, then G(r) is the crystal graph of the module V(1) constructed
by Kashiwara. Note, that this would imply that the graph G(m) depends only on the
endpoint (1) and is otherwise independent of the choice of m. Moreover, the three
theorems above (Character formula, Decomposition rule and the Branching rule) could
be reformulated for the set of paths P(w) generated from 7 by applying successively
the operators f,. We give a short sketch in section 8 of how the three theorems can
be generalized for paths of the form = = my, *...*m , where A\;,..., \, are dominant
weights.

1. Paths and roots.

1.0. Let IT be the set of all piecewise linear paths 7 : [0, 1] — AR such that 7(0) = 0,
modulo the equivalence relation @ ~ 7’ if # = @’ up to a reparametrization. For each
simple root o we define operators e, and f, on ITU {0} such that the “root-string” of
paths

oy eA(m), eq(m), T, fa(m), f2(7), ...

generated by an element m € II has properties similar to the root-strings through a
weight of a &-module.

1.1. Let m,m € II be two paths. By the product m := 7 * 13 we mean the path
defined by

(1) = m1(2t), if0<t<1/2
T m) +m(2t—1), f1/2<t<1.

For a simple root « let s, (7) be the path given by s, (7)(t) := sq(7(t)).
1.2. Fix a simple root a. According to the behavior of the function

ho 1 [0,1] = R, t(n(t),a”)
we cut a path 7 € II into three parts: Choose the minimal integer

Q :=min(Imh,NZ) <0
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attained by h,, and let ¢ := min{t € [0,1] | ho(t) = @} be the smallest real number
such that @ is attained at ¢. If Q < —1, then let y < ¢ be such that:

ho(y) =Q+1and Q < ho(t) <Q+1fory <t <q.

Denote by 71, m and 73 the paths in I defined by

mi(t) = 7(ty); mo(t) = 7w(y +t(g—y) —7(y); m(t) :==n(q+t(1—q))—m(q)
for t € [0,1]. By the definition of the m; we have m = 71 * mg * 73.

Definition. If @) = 0, then let e, (7) be equal to 0. path. If @ < 0, then let e, (7) be

equal to my * sq(m2) * 3.

Example. In the figure below we give an example in the rank two case. The part of
the new path e, (7) different from 7 is drawn as a dashed line.

1.3. The definition of the operator f, is similar. Let p € [0, 1] be maximal such that
ha(p) = @, and denote by P the integral part of h, (1) — Q. If P > 1, then let > p be
such that:

ha(z) =Q+1and Q < ho(t) <Q+1forp <t <.

Denote by 71,72 and 73 the paths in II defined by

m1(t) := w(tp); ma(t) :=7(p+ t(x —p)) — w(p); ms(t) :=7w(x+t(1 —z)) — n(x)
for t € [0,1]. By the definition of the m; we have m = 71 * mo * 73.

Definition. If P = 0, then let f,(7) be equal to 0. If P > 0, then let f,(7) be equal

to Ty * Sq(m2) * 3.

Example. Suppose & is of type Ay and V,, is the adjoint representation. If we start
with the path 7, : ¢ — tu, then the paths obtained from 7, by applying the operators
fa and e, to m,, are either of the form mg(t) := ¢, where § is an arbitrary root, or of

the form
for 0 <t <1/2

@)=
TV (- Doy, for 1/2<t <1,
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where « is a simple root. So if A is a dominant weight, then the decomposition rule
states that a representation V,, occurs in the tensor product Vy ® V), if and only if either
v = X+ [ for some root 3, or v = X is such that v — (a/2) is a point in the dominant
Weyl chamber for some simple root a.

1.4. The following properties are obvious by the definition of the operators:

Lemma. a) If v(r) is a weight, then P+ Q = (v(w),a").
b) Ifeq(m) # 0, then v(eq(m)) = v(m)+a, and if fo(m) # 0, then v(fo (7)) = v(7) —a.
c) Let p € X be such that (p,v) = 1 for all simple roots v. Then e,(m) = 0 for
all simple roots if and only if the shifted path p + 7 is completely contained in the
interior of the dominant Weyl chamber. &

1.5. The formulas in a) and b) above show already a certain resemblance with well-
known formulas in the representation theory of the group SLo(C). In fact, in the next
proposition we show that the action of the operators e, and f, on the set IT U {0}
is similar to the action of the operators Kashiwara considers on the crystal basis of
S Lo(C)-modules.

Proposition. Let w € 11 be a path and let o be a simple root.
a) el(m) =0 if and only if n > —Q, and fI*(7) =0 if and only if n > P.
b) If 7’ # 0 is a second path, then eq,(m) = 7' if and only if fo(7') = 7.

Proof. We give the proof only for the action of f,,, the proof for e, is analogue. Suppose
that 7' = f, (). For 7 let @Q, P,p and = be as in 1.3. The minimal integer attained by
the function hl, : t — (7/(t),a") is then @ — 1, and the smallest real number such that
this value is attained is z. Further, by the definition of 7/ = f,(7), the next smaller real
number such that A’ attains the value @ is p. But this implies e, (fo (7)) = 7. Finally,

since
(r'(1),0") = (Q@—-1) =(r(1) —a,a") = (@ - 1) =P~ 1,
this proves a) by induction on P. O

1.6. Fix a weight n € X and denote by II(n) the subset of paths 7 in II of weight
v(m) = n. For j € Z consider the map ®; : II(n) — II(n — ja) defined by m — fI(m)
for 7 > 0 and m — e 7 () for j < 0. As an immediate consequence of Lemma 1.4 and

Proposition 1.5 one obtains:

Corollary. Set m := (n,a”). If m > 0, then ®; is injective for 0 < j < m, and if
m < 0, then ®; is injective for m < j <O0. &

2. Lakshmibai-Seshadri paths.

2.0. In the following let V) be the simple highest weight module corresponding to a
dominant weight A, and let W be the Weyl group of &. In this section we introduce the
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notion of a W-path of shape A\. The Lakshmibai-Seshadri paths can then be described
as W-paths satisfying certain integrality conditions. The definition given here is just a
“translation” of the definition in [7] into the language of paths.

2.1. In AR let C()\) be the convex hull of the orbit W -\. We consider pairs of sequences
representing a path in Ag:

Let W) be the stabilizer of A, and let “<” be the Bruhat order on W/Wy. Suppose
e T:7T >T9 > ...>T, is a sequence of linearly ordered cosets in W/W) and

e a:ap:=0<a; <...<a,:=1Iis asequence of rational numbers.

We call the pair 7 = (7,a) a rational W-path of shape A. We identify 7 with the path
7 :[0,1] — A given by

j—1

7T(t) = Z(al — ai_l)n()\) + (t — CLj_l)Tj()\) for aj—1 S t S a;.

i=1
The endpoint (1) of the path is called the weight v(m) of .

2.2. Recall that a weight p in X is a weight of V) if and only if © € C(\) and A — p is
a sum of positive roots (see [2], 11.3). Since the 7; are linearly ordered, the differences
Ti+1(A) — 7 (A) are sums of positive roots. Note that

r r—1
A=v(m)=A=) (a;i—ai_)mi(N) = (A= 7)) + ) _ai(riza(A) = 7(N),
i=1 1=1

so if the a; are chosen such that the a;(7;41(\) — 7;()\)) are still in the root lattice, then
v(m) is a weight of V). To ensure that v(m) is a weight of V), we introduce now the
notion of an a-chain. Note that the condition below is stronger than just demanding
that the a;(7i+1(A) — 7;(\)) are in the root lattice. We use the usual notation I(-) for
the length function on W/W, and Y for the coroot of a positive real root 3:

Let 7 > o be two elements of W/W, and let 0 < a < 1 be a rational number. By an

a-chain for the pair (7,0) we mean a sequence of cosets in W/W:
Ko =T > K1 =83, T > K2 1= 83,88, T > ... > Kg := 88, * ... 83, T = 0O,
where 31,..., s are positive real roots such that for all i = 1,...,s:

I(k;) = l(ki—1) — 1 and a(k;(N),B)) € Z.

The last condition can be expressed as follows: Each summand in

@
|
—

a(t(A) —o(V) =D _a(ki(A) — ki1 (V) = Zawu),ﬁy )3;

%

Il
=
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is an element in the root lattice. This is obviously stronger than just to demand that
a(7(X) — o(X)) is an element of the root lattice.

Definition. A rational W-path 7 of shape A is called a Lakshmibai-Seshadri path, if
for all i =1,...,r — 1 there exists an a;-chain for the pair (7;, 7;41).

Remark. If 7 = (7, a) is a rational W-path of shape A, then there exists an n > 1 such
that 7 is a Lakshmibai-Seshadri path of shape nA.

3. Some integrality properties.

3.0. To prove that the set of Lakshmibai-Seshadri paths is stable under the action of
eq and f,, we need to derive criterions under which conditions we can replace certain
entries 7; by s,7; in m = (7, a) such that the new path 7’ is a Lakshmibai-Seshadri path.
We begin with two simple observations:

Lemma 3.1. Let m = (7,a) be a Lakshmibai-Seshadri path of shape .
a) The W-path ' := (75,...,7;0,0a4,...,a1-1,1) is a Lakshmibai-Seshadri path for
any pair (i,0), 1 <i <l <.
b) Suppose & is finite dimensional and wq is the longest word in W. The W -path
7' = (WoTpr,...,WoT1;1 — Qpy ..., 1 — ag) is a Lakshmibai-Seshadri path, and the
weight v(r") is equal to wo(v(m)). &

Lemma 3.2. Let 71 =Ko > ... > ks = 0 be an a-chain such that s > 1.
a) If sq7 < T but sok; > K for some l, then s,7 > o, and there exists an a-chain for
the pair (s47,0).
b) If sqo > 0 but sqk; < Ky for some l, then T > s,0, and there exists an a-chain for

the pair (7,84,0).

Proof. The proofs of a) and b) are similar, so we give only the proof of a). In the finite
dimensional case it is in fact easy to see that b) follows from a) by Lemma 3.1.

Assume that k,& € W/W) are such that k > £ and (k) = [(§) + 1. Let § be a
positive real root such that sgx = £. If sox < K, then either sox = &, or 5, < €.
Further, if we set 7 = s,((3) in the last case, then

sy(sak) = (sa€) and (K(A), ") = (sar(A),7").

These considerations show that there exists an k& < [ such that sykir_1 = ki, and the
chain s,7 = Sqko > ... > SqKk—1 > Kgt1 > ... > kg = 0 is an a-chain for (s,7,0). <

Lemma 3.3. Let 1 =kKg > ... > ks = 0 be an a-chain.
a) If saT < T but sqk; > Ky for some l, then a(T(\),a") and a{c(N),a) are integers.
v
o

b) If sao > o but sqk; < Ky for somel, then a{o(\),a") and a{o(N), ") are integers.
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Proof. We give only the proof for a). If s,7 = o, then a) is true by the definition of
an a-chain. Else consider the Lakshmibai-Seshadri paths (Lemma 3.2):

m = (1,0;0,a,1) and 79 := (s47,0;0,a,1)
of shape . Since the difference v(m1) — v(m) = a(r()\), @)« is an element of the root

lattice (see 2.2), this proves a(r(\),a¥) € Z. But v(m) = ar(A) + (1 — a)o(N) is a
weight, which implies also a{o()\), V) € Z. O

3.4. For a fixed simple root « let h, : [0,1] — R be the function ¢ — (7 (t), a").

Lemma. Let 7, = kg > ... > ks = Ti11 be an a;-chain for the pair (T;,Ti11).
a) If sam; < T; but sok; > Ky for some l, then hy(a;) € Z.
b) If saTit1 > Tiv1 but sak; < Ky for some l, then hy(a;) € Z.

Proof. By Lemma 3.1, m; = (71,...,7;a0,-..,a;—1,1) is a Lakshmibai-Seshadri path.
Since hq(a;) = (m1(1),a¥) — (1 — a;){7:(N\), @) is an integer by Lemma 3.3, this proves
a). The proof of b) is analogue. o

3.5. Asin 1.2 and 1.3, let @ be the minimal integer attained by the function h,, and
let P be equal to hy(1) — Q.

Lemma. a) Q is the absolute minimum attained by the function h,.
b) P is the absolute mazximum attained by the function ha(1) — he.

Corollary. Let wy be the Lakshmibai-Seshadri-path (1;0,1), where 1 is the coset of the
identity in W/Wy. Then 7y is the unique Lakshmibai-Seshadri path of shape A such
that e (m) = 0 for all simple roots.

Proof of the Corollary. If 7 = (7q,...,7,;a0,-..,a,) is a Lakshmibai-Seshadri path,
then m = 7y if 7, = 1. If 7y # 1, then let o be a simple root such that s,7 < 71. But
this implies (71 (\), @) < 0, s0 hy(ar) < 0 and hence ey (7) # 0 by Lemma 3.5. Since
ea(mr) = 0 for all simple roots, this proves the corollary. &

Proof of the Lemma. The statement b) is a consequence of a). To prove a), note
that 7 is a piecewise linear path and hence h,, attains its minimum in a point ¢t = a; for

some ¢ < r. Let 0 < g <r be minimal such that
ha(aq) = min{h.(t) | t € [0,1]}.

In particular, we have (1,(\),a") < 0 and (744+1(\), @) > 0. But this implies s,7, < 74
and SqaTg+1 > Tyt1, S0 by Lemma 3.4 we have hq(a,) € Z and hence hy(aq) = Q. O

3.6. Let 0 < p < r be maximal such that h,(ap) = @ and let 0 < ¢ < r be minimal
such that h,(aq) = Q.

Proposition. a) If P > 0, then there exists an integer x > p such that hy, is a strictly
increasing function on [ay,, az], and for any a;-chain

Tj=Ko>...>Ks =Tj41, p<Jj<um,
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the chain saTj = Sako > ... > Sqks = SaTj+1 08 an aj-chain for (s47;, SaTj+1). Further,
ha(t) > Q4+ 1 fort > ay,.

b) If Q < 0, then there exists an integer y < q such that h, is a strictly decreasing
function on [ay,a4], and for any a;-chain

Tj =Ko > ...> Ks = Tj+1, y<j<ag,

the chain saTj = Sqko > ... > Saks = SaTj+1 1S an aj-chain for (sq7j, SoaTj+1). Further,
ha(t) > Q +1 fort <y.

Proof. We give again only the proof of a). Let j > p be such that h,(a;) < Q+1, and
suppose for the a;-chain

Tj =Ko > ...> Kg =Tj+1

there exists an [ such that (k;(\),a") < 0 and hence sok; < kK, 0 < 1 < s. We may
assume that j is maximal with these properties, so (7;4+1(X),a¥) > 0 (since P > 1), and
hence so7j41 > 7j+1. But this implies hq(a;) € Z by Lemma 3.4, which contradicts the
assumption that j is such that @ < hq(aj) < @ + 1. So there exists an element x > p
such that h, is a strictly increasing function on [ay, a,] and hq(t) > Q + 1 for t > x.
The claim on the a;-chains follows as in the proof of Lemma 3.2. &

4. The action on the Lakshmibai-Seshadri paths.

4.0. The aim of this section is to prove that the (union of the set {0} and the) set of
Lakshmibai-Seshadri paths is stable under the operators e, and f,. We give an explicit
description (in terms of rational W-paths) of the image of a Lakshmibai-Seshadri path
m under these operators.

4.1. Let m = (7y,...,7p;0a0,...,a,) be a Lakshmibai-Seshadri path of shape A and fix
a simple root . As in 3.5 and 3.6 let:

- () be the minimal integer attained by the function h,, ¢ is minimal such that
ha(aq) = @, p is maximal such that h,(a,) = @, and P is equal to h (1) — Q.

Further, choose y and = as in Proposition 3.6, i.e.:

- If @ < —1, then y < ¢ is maximal such that h,(t) > Q + 1 for t < a,.
If P> 1, then x > p is minimal such that h,(t) > Q + 1 for t > a,.
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Proposition 4.2. a) If P > 0, then f.(7) is equal to the Lakshmibai-Seshadri path

(7’1,...,Tp,1,8a7p+1,...,saTx,Terl,...,Tr;ag,...7ap,1,ap+1,...,ar),

if ho(az) =Q+1 and saTpt1 = Tp;
(T1y oo Ty SaTptls -« s SaTwy Tatls -« s T A0y« - - Gr ),

if ho(ag) = Q + 1 and 5,741 < Tp;
(T1 s Tp—1,SaTptls -y SaTamy Tas e o s Tri A0y« v oy Qp—1, Gptls .- vy Gp1, Gy gy ..., Gr),

if ho(ag) > Q+ 1 and s47pr1 = Tp;
(T1y oo Ty SaTptls -« SaTws Ty e ooy Tr3 A0y« oy Qg—1, Gy Gy« - -, Gy,

L if ho(az) > Q+1 and saTpt1 < Tp;

where a,—1 < a < a, is such that ho(a) = Q + 1.
b) If Q <0, then eo(T) is equal to the Lakshmibai-Seshadri path

((T1y ooy Ty SaTyt1s -« -3 8aTqy Tq2s - s Tr3 Q05 - - Qg Qg2 - - -, Gr),
if ho(ay) =Q+ 1 and s47q = Tg41;
(T1y oy Tys SaTy+1s- > SaTqs Tgtly - s Tri G0y« - - 5 Ay ),
if ho(ay) = Q+ 1 and so7q > Tg41;
(T1y ooy Tyt 1s SaTyd1s -« >SaTgs Tgt2y o3 Tr3 G0y -« s Qyyy Gy Gy 1y« 5 Qgy g2, -« -5 A ),
if ho(ay) > Q+ 1 and sa7q = Tg41;
(T1y ooy Tyt1s SaTyd1s > SaTgs Tgtls e o3 Try G0y« -« Gyy Gy Qyg1y -« -5 Ar),

L if ho(ay) > Q+ 1 and sa7q > Tgq1;

where a, < a < ay41 s such that hq(a) = Q + 1.

4.3. Proof. The rest of this section is devoted to the proof of the proposition.

To see that only the cases considered above occur, note that by the choice of p
(Tp(A), @) <0, s0 $47, < 7, and hence s47p+1 < 7p. Similarly, (7,41(X), @) > 0 and
hence s,7441 > 7441, Which implies 5,7y > 7441.

By the choice of P, Q, p, ¢, x,y and a, Proposition 3.6 implies that e, (7) respectively
fa(m) is the rational W-path described in the proposition. It remains to show that these
paths are Lakshmibai-Seshadri paths. Since the proofs for e, and f, are similar, we
give only the proof for f,.

Consider now the first two cases in a). Since (7,(\), @) < 0 and hence s,7, < 7, in
the second case there exists by Lemma 3.2 an a,-chain for the pair (7, s47p+1). Now by
Proposition 3.6, to prove that 7’ is a Lakshmibai-Seshadri path, it remains to prove (in
both cases) that there exists an a,-chain for the pair (s47;,7:41). Consider the chain

SaTe > Teg =Ko > ... > Kg = Tg41,
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where 7, = kg > ... > Ks = Ty41 IS an a,-chain for the pair (7,,7,41). All we have to
prove is that a, (7. (\),a") € Z. But hy(az) = Q + 1 implies

G:p<7'm()‘)aav> =Q+1—ha(az—1)+ a:r—1<7'm()‘)a04v> =Q+ 1+ ((\) — V(W/)aav>v

where 7’ is the Lakshmibai-Seshadri path " := (71, ..., 7z;a0,...,a;_1, 1) (Lemma 3.1).
Since the right side is an integer, this proves that f,(7) is a Lakshmibai-Seshadri path.

To prove in the remaining cases that f,(m) is a Lakshmibai-Seshadri path, we
proceed as before. By Lemma 3.2 and Proposition 3.6, it is easy to see that all that
remains to prove is the existence of an a-chain for the pair (s,7;,7.). So one has to
show that a(7,(\),a) € Z. Since hy(a) = @Q + 1, we know that

a(2(A), @) = Q@+ 1= ha(tz-1) + ao-1(Ta(N),0") = Q + 1+ (r2(N) — ('), a”),

where 7’ is as above. Since the right side is an integer, this proves that f,(7) is a
Lakshmibai-Seshadri path. &

5. Proof of the Character formula.

5.0. Denote by P, the set of Lakshmibai-Seshadri paths of shape A\. The aim of this
section is to prove the character formula presented in the introduction. The idea of
the proof is the following: Let Ili,; be the subset of paths in II such that v(7) € X.
Denote by Z[Ilin] the free Z-module with the set II;,; as basis. We define an operator
on Z[I;,s] analogue to the usual Demazure operator on the group ring Z[X], and show
that we get a Demazure type character formula for Py.

5.1. For a simple root a denote by A, the linear operator on Z[Il;,;| defined by

T+ fo(m)+ ...+ f2(7), ifn:=(v(r),a’)>0;
Ao(m) :=4¢ 0, if (v(m),a) =-1;

—eo(m) — ... —ex " Y(w), ifn:={(v(r),av) < -2;

By the character v(m) of an element m = a1m +. ..+ as7s in Z[Il;,¢] we mean the sum
are’™) + .+ a.e’ (™) in the group ring Z[X].

Let p € X be such that (p,a¥) = 1 for all simple roots a. In the following we
denote by A, also the usual Demazure operator on Z[X]:

ptp _ psa(putp)
Ao (e?) = ¢ ¢ e’

1l —e

One checks easily that v(Aq (7)) = Ay (e”™).

5.2. Denote by ¢ : Py — W/W, the map defined by ¢(m) = ¢((r,a)) := 71, and for
T € W/W) set
Prr={mePx|o(r) <7}

Let 7y := (1;0, 1) be the unique W-path in Py such that e, (7) = 0 for all simple roots
(see Corollary 3.5).
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Theorem. For any reduced decomposition T = Sqo, - ... 84, we have the following

equalities in Z[Il;y| respectively Z|X|:

AOtl O+++0 AOé,n (7'(')\) = Z T and Aal O+++0 Aa»,- (e)\) — Z 67/(77).

TFE’P)\,T 71‘673)\77—

5.3. The proof of the theorem will be given in 5.5. For a fixed root a and a Lakshmibai-
Seshadri path 7 let @, ¢ and p be as in 3.5 and 3.6, so ) is the minimal integer attained
by the function h,, ¢ is minimal such that m(a,) = @ and p is maximal such that
m(ap) = Q.
Lemma. a) If s,¢(w) < ¢(7), then eq(m) # 0.

b) If fo(m) # 0, then either ¢(fo(m)) = o(7), or ¢(fo (7)) = sap(w) > ¢(7) and

eq(m) = 0.

c) If eq(m) # 0, then either ¢(eq(m)) = ¢(7), or ¢len(m)) = sad(m) < ¢(m) and

e2(r) = 0.

(e

Proof. By Proposition 4.2 we have ¢(fq (7)) # ¢(n) if and only if p = 0. And in this
case we have ¢(fo (7)) = sa¢(m) > ¢(m). Further, p = 0 implies ¢ = 0 and hence @ = 0,
S0 €4(m) = 0, which proves b). It is now easy to see that ¢) is an immediate consequence
of b) by Proposition 1.5.

To prove a) note that s,¢(m) < ¢(m) implies for ¢p(m) = 7 that (1 (N)a) < 0. It
follows that h,(a1) < 0 and hence Q < —1, so e, () # 0. &
5.4. Let m be a Lakshmibai-Seshadri path of shape A such that e, (7) = 0. Denote by
Sa () the string

Sa(m) == {m, fa(m), ..., f¥2) ()}

in Py generated by 7w under the operators f, and e,. The following result is an easy
consequence of Lemma 5.3 and the definition of A,:

Lemma. ForT € W/W) the intersection S, (m)NPy ; is either empty, or So(m) C P 7,
or So(m) NPrr =7 . Further,

o

5.5. Proof of the theorem. We proceed by induction over (7). If [(7) = 0, then
P,1 = {(1;0,1)}, which proves the theorem in this case.

Suppose now [(7) > 0 and choose a simple root a such that s,7 < 7. By Lemma 5.3
and Lemma 5.4, the set P, ;- has a decomposition Py U Py such that Py is the union
of strings S, (m) for some 7 € Py 5, -, and So(7) NPy s, r = 7 for m € Py.
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Now if ©’ € Py, is such that 7' & Py s, -, then by Lemma 5.3 there exists an
element m € Py s, - such that e, (m) = 0 and 7’ € S, (7). It follows now by Lemma 5.3
and Lemma 5.4 that

Ao ( Z W):ZWUZAQ(W)Z Z T,

TEPX sor TEPy TEPL TEPN, -

which proves the theorem. &

5.6. Proof of the Character formula. Proposition 4.2 shows that the set of Lakshmi-
bai-Seshadri paths is stable under the operators e, and f, for all simple roots. Since
7y is the only Lakshmibai-Seshadri path such that ¢(7) = 1, Lemma 5.3 a) and Propo-
sition 1.5 imply that the Lakshmibai-Seshadri paths are of the required form.

It follows by Demazure’s character formula (see [12]) and Theorem 5.2 that the
sum ) e’(™) over all m € P, is the character Char Vy of the simple -module Vy. <&

6. Proof of the decomposition formulas.

6.0. The proof of the formulas is based on the Brauer-Klimyk decomposition formula
(see [1], §24, Exercise 9, or [5] for the finite dimensional case), which we recall in the
following. Using the Character formula and the operators e, and f,, we show that the
contributions in the formula, which do not correspond to A-dominant paths, cancel each
other.

6.1. For n € X let m(n) be the dimension of the weight space (V},), in V},, and denote
by n(v) the multiplicity of V,, in the tensor product V) ® V,,. The equality

CharVy - Char V), = Z n(v) CharV,

veXt

implies by Weyl’s character formula (see [2], §10)):

<= (D mme”) = n(v) (2w Y
<Z Sgnae”(A“)) e = 3 n( )( sgn oe”” p))

a(p) a(p)
Y sew Sgnoe = S Y e Sgnoe

If we multiply the equality above by the denominator of Weyl’s character formula, then
we get by the W-invariance of Char V),:

Z sgno Z m(n)e” Aot = Z n(v) Z sgn oe? Ve,

ceW nex veX+ oceW
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Now note that v + p is a strictly dominant weight. So to determine the n(v) we have
only to compare the coefficients on both sides of the strictly dominant weights. We get
the following decomposition formula (Brauer-Klimyk):

For n € X let {\+n} and p(\,n) be defined as follows: If there exists a real root [ such
that (A +n+ p,3Y) =0, then set p(\,n) := 0 and {\ +n} := 0. Else let 0 € W be the
unique element such that {\ +n} := (A +n+ p) — p is a dominant weight, and we set
p(A,m) :=sgno. Then

Zp()\m)m(n)e{Man — Z n(v)e’ .

nex veX+

Using the Character formula we can reformulate this equality as:

Z p(A, v(m)) Char Vixyy(n)) = Z n(v) Char V. (%)

TEP, veXx+

6.2. Proof of the decomposition rule. If 7 is a A-dominant W-path, then v() is
a dominant weight and hence {A + v(7)} = A 4+ v(m) and p(\,v(7)) = 1. So to prove
the decomposition formula it remains to show that the contributions on the left side of
(*) coming from not A\-dominant W-paths cancel each other. To do this, we show that
this set is the disjoint union of very special subsets.

For z € [0,1] and 7 € II denote by m, : [0,1] — AR the path ¢ — m(tz). We fix a
Lakshmibai-Seshadri path 7 = (7, a) such that 7 is not A-dominant. Choose s € [0, 1]
minimal such that (A, &) + ho(s) = —1. (Since 7 is not A-dominant, by Lemma 3.5

such a simple root « always exists). Consider the set
My :={r"=(',d') € P, | 3 2z €[0,1] such that 7, = 7}

(In other words, M is the set of paths 7’ in P, which up to a reparametrization coincide
with 7 between 0 and s.) All elements in M, are not A-dominant and © € M. Further,
either M, = M, or M, N M, = () for two not A-dominant Lakshmibai-Seshadri paths.
So to prove the decomposition rule, it suffices to show that the contributions on the left
side of (x) coming from elements in M, cancel each other.

Note that f,(M,) C M, U{0}. For n’ € M, let Q" and P’ be as in Lemma 3.5.
Because of the minimal choice of s we have e, (7') € M, as long as (\,a") + Q" < —2.
By replacing 7’ by e, (') if necessary, we may assume that (\,a") + Q' = —1. Since
(v(r"),a¥)y = P+ @', this implies (A + p + v(7’),a") = P’, so the set of weights

A+ p+v(@) A+ p+v(fa@), .. A+ p+v(fF (7))

is stable under s,. Because of the alternating sign on the left side in (x), the contribu-
tions of the paths 7/, fo(7'), ..., fF (7') cancel each other. O
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6.3. Proof of the branching rule. The proof is in the same spirit as the proof above,
so we may skip a few details. Let W (£) be the Weyl group of £ and denote by n(v) the
multiplicity of U, in V. We write X (£) for the dominant weights of £, and we denote
by m(n) the dimension of the weight space (Vy), in Vi. We multiply the equality

e (v+p)
Chart = Yominer = 3 = 3 ) @)

a(p)
nex vEXT(L) vEXT(L) ZUGW(E) emr

by the denominator of the character formula. Since Char V) is W (£)-stable we get in
the same way as above the following formula:

Let {n} and p(L£,n) be defined as follows: If there exists a real root (3 in the root system
of £ such that (A\+n+p, 8Y) = 0, then set p(£,n) := 0 and {n} := 0. Else let 0 € W (L)
be the unique element such that {n} := o(n + p) — p is a dominant weight, and we set
p(£,n) :=sgno. Then

Z p(L,v(m)) Char Ugy, (r)y = Z n(v) Char U,,. (%)
TEPN vext+ (L)
Since p(£,v(m)) = 1 and {v(7)} = v(n) for an £-dominant path, it suffices to show that
the contributions in (x*) coming from not £-dominant paths cancel each other.
Fix a Lakshmibai-Seshadri path m# = (7,a) such that 7 is not £-dominant. Let

s € [0,1] be minimal such that there exists a simple root « in the root system of £ for
which h,(s) = —1. Consider the set

M, :={r' € P\ |3 2z €[0,1] such that 7, = m,}.

As above, all elements in M, are not £-dominant and = € M. Further, either M, =
M, or M, N M, = () for two not £-dominant Lakshmibai-Seshadri paths. So to prove
the branching rule it suffices to show that the contributions on the left side of ()

coming from elements in M, cancel each other.

The same arguments as above show that f, (M) C M, U{0}, and if 7’ € M, then
eq(m') € M, as long as (\,a") + Q" < —2. So we may assume that (\,a") + Q" = —1.
But this implies (p + v(7’),a¥) = P’. Hence the set of weights

{p+v(m),p+v(fa(@),....o+v(fF ()}

is stable under s, and the contributions in (sx) of the paths 7/, fo(7’),. . ., fF'(x’) cancel
each other. %

7. A new proof of the P-R-V conjecture.

7.0. Consider the tensor product V) ® V,, of two &-modules of highest weight A and p.
The Parthasaraty-Ranga-Rao—Varadarajan conjecture states that if 0,7 € W are such
that v := 7(\) + o(u) is a dominant weight, then the module V,, occurs in V) ® V,.
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Proofs of the conjecture have been given independently in [6] and [11]. To show
how the methods developed in this article can be used to prove existence results, we
give as an example a new proof of this conjecture.

7.1. For n € X let [n] € X" be the unique dominant element in the Weyl group orbit
W -n of n.

Suppose ™ = (71,...,Tr;ag, .. ., a,) is a Lakshmibai-Seshadri path of shape p such
that A 4+ 7(a;) is a dominant weight for all ¢ = 1,...,r — 1. So 7 is not A-dominant if
and only if A 4+ 7(a,) is not a dominant weight.

Note that any Lakshmibai-Seshadri path of the form (7;0, 1) satisfies this condition.

Proposition. There exists a \-dominant Lakshmibai-Seshadri path 7' of shape p such
that A+ v(n') = [N+ v(n)].

Corollary. (P-R-V conjecture) If v := 7(\) + o(u) is a dominant weight, then the
module V,, occurs in Vy @ V,,.

7.2. Proof of the Corollary. Note that 7(\) + o(u) = [\ + 7 1o(u)]. The W-path
7 := (1710;0,1) of shape y is a Lakshmibai-Seshadri path, and it satisfies the condition
of Proposition 7.1 (here » = 1). The corollary follows hence by the decomposition rule.

¢

7.3. Proof of the Proposition. For an element 8 = ) by« in the root lattice we
call the sum of the coefficients ) b, the height ht(3) of 3.

The proof of the proposition is by induction on ht(—v(7)). Note that if u = v(r),
then 7 = (1;0,1) and hence A-dominant. If 7 is not A-dominant, then let ¢ € [a,_1,1]
be minimal such that

(A aY) 4+ he(t) =0

for some simple root «, and set m := (A + v(w),a”). (Note that m < 0 by the
assumptions on 7.) By Corollary 1.5 we know that n’ := e_,"'w # 0, and by the choice

of mis A+ v(n') = sa(A+ v(nm)).

Moreover, by the definition of e,, we have #’ = (71,..., 71, SaTr; G0, - - -, Q) if
t=ar_1and ' = (71, ..., Tr—1, Tr, SaTr; A0y - - - Ap_1, by ar) if £ > a,_1.

In both cases is ht(A — v(7’)) < ht(XA — v(7)), and 7’ satisfies the assumptions of
the proposition (by the choice of t). The proof follows hence by induction. O

8. Some concluding remarks and conjectures.

8.0. In this section we would like sketch how to extend the results for Lakshmibai-
Seshadri paths also to paths of the type m = my, * ... x ), where A\j,..., A\, are
dominant weights. We make a also few remarks comparing the results in this article
with the results in [9] and the results of Kashiwara in [3] and [4]. We will not give any
technical details.
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8.1. Let Aq,..., A, be dominant weights and denote by A the sequence (A1,...,\;,).
The endpoint of the path my := w5, *...*my, is the dominant weight A := A\ +...+ A,
and the image 7, ([0, 1]) is contained in the dominant Weyl chamber.

Denote by Py the set of paths m € IIj,; such that

W:fal O---Ofas(ﬂ-ﬁ)

for some simple roots aq,...,as. It is easy to see that such a path is of the form
T =T *...% Ty, where m; is a Lakshmibai-Seshadri path of shape \; for i =1,... ,m.

In fact, using Deodhar’s Lemma and the notion of Young tableau as it has been
developed by Lakshmibai and Seshadri (see for example [7] or [8]), one can give a
precise combinatorial criterion to decide which product of this type is an element in Py.
Further, using similar arguments as in section 5 and 6, one can generalize the results
for Lakshmibai-Seshadri paths also to this type of paths:

Theorem. a) Py is stable under the operators e and fo for all simple roots.

b) CharVy =3 .p e,

c¢) If p is a dominant weight, then V, @ Vx ~ @, Viyyr1), where the sum runs over
all paths ™ € Py such that the image of the shifted path p + w is contained in the
dominant Weyl chamber.

d) If £ is a Levi subalgebra of &, then Vy ~ @, Ur(1), where the sum runs over all
paths m € Py such that the image of m is contained in the dominant Weyl chamber
of the root system of L.

8.2. Suppose we are in the finite dimensional case. Fix an enumeration of the funda-

mental weights wq,...,w,. If in the situation above A is of the form
A= (wh' sy W1, W2, .. 7wm):
then a product of the form 7 = 7y x...*m, is contained in Py if and only if (71,...,my)

is a standard Young tableau in the sense of Lakshmibai and Seshadri (see [7] and [8]).
Further, the decomposition rules above correspond in these cases precisely to the gener-
alized Littlewood-Richardson rule proved in [9]. In particular, using the description in
[9] of the correspondence between “classical” Young tableaux and the generalization by
Lakshmibai and Seshadri, we get the Littlewood-Richardson rule for the group GL,,(C)
back.

8.3. To compare the results with Kashiwara’s approach, note that we can naturally
associate a graph G to &: The set of vertices is ITjn, and we put an arrow m——m’
between 7 and 7’ if f,(7) = 7’ (or equivalently e, (7') = 7).

For m € Il let G(m) be the connected component of G containing 7. If 7 is a
Lakshmibai-Seshadri path of shape A, then the set of vertices of G() is just the set of
all Lakshmibai-Seshadri paths of shape .
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Suppose now A is a dominant weight and 7 is a Lakshmibai-Seshadri path of shape
1. For a simple root a let @), be as in Lemma 3.5, i.e. ), is the absolute minimum of
the function
he 0 [0,1] = R, t— (m(t),a").

Since 7 is A-dominant if and only if (A\,a") + (w(t),a") > 0 for all ¢t € [0,1] and all
simple roots «, it follows that 7 is A-dominant if and only if (A, av) > —Q, for all
simple roots. So we get by Proposition 1.5:

(Aa¥)+1

v (m) = 0 for all simple roots a.

7 is A-dominant < e

In this terminology the decomposition rule in this article and in [4] are identical. This

suggests that G(my) is isomorphic to the crystal graph of V) constructed by Kashiwara.

8.4. More generally, let A € X be a dominant weight and let m € Il;; be such that
m(1) = X and 7([0, 1]) is contained in the dominant Weyl chamber. We conjecture
that G(m) is isomorphic to the crystal graph of the module V). In particular, this
would imply that the graph G(7) depends only on the endpoint (1) and is otherwise
independent of the choice of w. Moreover, the character formula, the decomposition rule
and the branching rule could be reformulated for the set of paths obtained by applying
successively the operators f, to .

It has been proved in [10] that G(my) is the crystal graph if A is as in 8.2 and & is
of type A,, By, Cp, Dy, E,,, or Gs.

References :

1. J. E. Humphreys, “Introduction to Lie Algebras and Representation Theory,”
Springer Verlag, New York, (1968).

2. V. Kac, “Infinite-dimensional Lie-algebras,” Cambridge University Press, Cam-
bridge, (1985).
3. M. Kashiwara, Crystalizing the g-ananlogue of Universal Enveloping algebras, Com-

mun. Math. Phys. 133 (1990), 249-260.

4. M. Kashiwara, Crystalizing the g-ananlogue of Universal Enveloping algebras, pre-
print, RIMS 133 (1990), 249-260.

5. A. U. Klimyk, Decomposition of a tensor product of irreducible representations of
a semisimple Lie algebra into a direct sum of irreducible representations, Amer.

Math. Soc. Translations, Series 2 76 (1968).

6. S. Kumar, Proof of the Parthasarathy—Ranga—Rao—Varadarajan Conjecture, In-
vent. Math. 93 (1988), 117-130.
7. V. Lakshmibai-C. S. Seshadri, Standard monomial theory ,“Proceedings of the

Hyderabad Conference on Algebraic Groups,” Manoj Prakashan, Madras, (1991),
279-323.



A Littlewood-Richardson rule for Kac-Moody algebras 19

8.

10.

11.

12.

V. Lakshmibai-C. S. Seshadri, Geometry of G/P V, J. Algebra 100 (1986), 462—
557.

P. Littelmann, A generalization of the Littlewood—Richardson rule, J. Algebra 130
(1990), 328-368.

P. Littelmann, Young tableaux and crystal bases, preprint, to appear in J. Algebra
(1992).

O. Mathieu, Construction d’un groupe de Kac-Moody et applications, Compos.
Math. 69 (1989), 37-60.

O. Mathieu, Formules de caracteres pour les algebres de Kac-Moody générales,
Astérisque 159-160 (1988).



