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Abstract

In these notes, we explain how one can construct Standard Monomial Theory for re-
ductive algebraic groups by using the path models of their representations and quantum
groups at a root of unity. As applications, we obtain a combinatorial proof of the De-
mazure character formula and representation theoretic proofs of geometrical properties of
Schubert varieties, such as normality, vanishing theorems, ideal theory and so on. Further
applications of Standard Monomial Theory are made to prove geometrical properties of
certain ladder determinantal varieties and certain quiver varieties. We sketch at the end
an extension of the theory to Bott-Samelson varieties and configuration varieties.

1 Introduction

In the theory of finite dimensional representations of complex reductive algebraic groups, the
group GL,(C) is singled out by the fact that besides the usual language of weight lattices,
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roots and characters, there exists an additional important combinatorial tool: the Young
tableaux. To construct objects like the tableaux in a more general setting, consider the
weight lattice X of a complex semisimple Lie algebra (or, more generallly, symmetrizable
Kac-Moody algebra) g, and denote by II the set of all piecewise linear paths 7 : [0, 1]g — Xg
starting in 0 and ending in an integral weight. We associate to a simple root a operators e,
and f, on II, and, using these operators, we construct for a dominant weight A a set of paths
B(A) that can be viewed as a generalization of the Young tableaux: for example, the sum over
the endpoints of all paths in B(\) is the character of V(\), and the Littlewood-Richardson
rule can be generalized in a straightforward way. Though the theory of the paths is completely
independent of the theory of quantum groups, they can be viewed as a geometric realization
of the theory of crystals of representations.

The next step is then to associate a basis of the representation to the paths. The starting
point for the theory was a series of articles in which Lakshmibai, Musili and Seshadri initi-
ated a program to construct a basis for the space HY(G/B, L)) with some particularly nice
geometric properties. Here we suppose that G is a reductive algebraic group defined over an
algebraically closed field k, B is a fixed Borel subgroup, and £ is the line bundle on the flag
variety G/ B associated to a dominant weight. The purpose of the program is to extend the
Hodge-Young standard monomial theory for the group GL(n) to the case of any semisimple
linear algebraic group and, more generally, to Kac-Moody algebras.

Using quantum groups at a root of unity, we define a basis of the representation such
that each element of the basis can be viewed in some sense as an ¢-th root of a product of
extremal weight vectors. As applications we get a straightforward construction of Standard
Monomial Theory, a representation theoretic proof of the normality of Schubert varieties, a
combinatorial proof of the Demazure character formula, the “good filtration” property for
tensor products in positive characteristic [39], a reduced Groebner basis for the defining ideal
of Schubert varieties in terms of generalized Pliicker relations, ...

In the first two sections we recall the main facts concerning the path model. In the third
and fourth section we give an introduction to the construction of the path vectors; the main
tool here is the quantum Frobenius map for quantum groups at roots of unity. For the sake
of simplicity we restrict ourselves to the finite dimensional case, but the proofs hold, with the
appropriate adaptations, also for arbitrary symmetrizable Kac-Moody algebras. For details
see [40]. In the next three sections we discuss the application to the geometry of Schubert
varieties, generalizing the results in [40] to unions of Schubert varieties.

In addition to the geometric consequences for Schubert varieties such as normality, van-
ishing theorems, ideal theory, etc., the Standard Monomial Theory has also led to the de-
termination of the singular loci of Schubert varieties (cf. [22], [23], [29], [31], [34]), and the
results are recalled in section 9.

As a further application of Standard Monomial Theory, one obtains ([13], [28]) the normal-
ity and Cohen-Macaulayness for two classes of affine varieties — certain ladder determinantal
varieties (cf. section 10.15) and certain quiver varieties (cf. section 10.19). These results are
proved by identifying them with the “opposite cells” in suitable Schubert varieties X¢(w) in
suitable SL(n)/Q.

Standard Monomial Theory grew out of, and applies to, the algebraic geometry of flag
varieties and their subvarieties. We sketch an extension of the theory to a larger class of
spaces, the Bott-Samelson varieties and configuration varieties. These varieties (like Schubert
varieties) have a natural B-action, and the spaces of global sections of ample line bundles
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provide a class of B-representations whose description is the main goal of the theory. We have
a generalized Bruhat order and a set of L-S paths fitting into a path model, which provide
an indexing system for bases. Moreover, although we do not yet have a direct generalization
of the basis {pr} corresponding to L-S paths, we do describe an analog of the “standard
tableau” bases of section 8.

2 An indexing system for a basis: the L-S paths

For a complex semisimple Lie algebra g fix a Cartan subalgebra h, a Borel subalgebra b, and
denote by X the weight lattice of g. Corresponding to the choice of b let X be the set of
dominant weights. On Xg := X ®z R denote by (-,-) the Killing form, and for a root g let
BY =28/(8,3) be the co-root.

Let V' (\) be the simple g-module of highest weight A. The aim of this section is to describe
an indexing system for a basis of V() of h-eigenvectors. Denote by 7y : t — t\ the path
that connects the origin with A by a straight line.

We are going to describe a set of paths obtained by bending my: the Lakshmibai-Seshadri
paths. The definition given here is a “translation” of the definition in [33] into the language
of paths. Let W be the Weyl group of g, and for a dominant weight A denote by W) the
stabilizer of A in W. Let “<” be the Bruhat order on W/W,. We identify a pair 7 = (7, a)
of sequences:

e T:Ty >To>...>T,, asequence of linearly ordered cosets in W/Wy; and

]

tap:=0<a; <...<a,:=1, asequence of rational numbers.

with the path 7 : [0,1] — Xy defined by:

j—1

m(t) = Z(al —a;—1)T(N) + (t — aj_l)Tj(/\) for a;j—1 <t<aj.
i=1

Note that A — 7(1) = (A — 7:(\)) + E::_ll ai(ti+1(A) — (X)), so if the a; are chosen such
that the a;(7;41(\) — 7:(A\)) are still in the root lattice, then 7(1) € X. To ensure this, we
introduce now the notion of an a-chain. Let [(-) be the length function on W/W), and denote
by 3Y the coroot of a positive real root [3.

Let 7 > o be two elements of W/W) and let 0 < a < 1 be a rational number. By an
a-chain for the pair (7,0) we mean a sequence of cosets in W/Wy:

Ko =T > K1 1= 83,T > K2 1= 88,83,T > ... > Kg 1= 88, ... 83T =0,

where f,...,0s are positive real roots and I(k;) = l(ki—1) — 1, a(ki()),3)) € Z for all
1=1,...,s.

Definition 2.1 A pair (7,a) is called a Lakshmibai-Seshadri path of shape A if for all i =
1,...,7 — 1 there exists an a;-chain for the pair (7;, 7;41).

Example 2.2 For o € W/W), let 7 () be the path ¢ — to(\) that connects 0 with o()) by
a straight line. Then 7,(y) is the Lakshmibai-Seshadri path (o730, 1).
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Example 2.3 Let a be a simple root, and suppose o € W/W), is such that n = (o(\),a") >
0. Then (sq0,0;0,i/n,1) is an L-S path for 1 <i < n.

Example 2.4 Suppose g = slp, h = {(8 _Oa)|a € C}, and A\ = ne (where € denotes the

projection of a diagonal matrix onto its first entry). Then the set B(\) of L-S paths of shape
A = ne is equal to:

1 -1
B(ne) = {(5a;0,1), ($a,id;0,=,1), ..., (5a,id;0, —=,1), (id;0,1)}.
n n
Note that »° B(ne) e™) is the character of the irreducible representation V (ne).

Example 2.5 Let g be a semisimple Lie algebra, and suppose that w is a minuscule funda-
mental weight (i.e., (w,8Y) =0 or 1 for a positive root 3). Then

B(w) ={(0;0,1) | 0 € W/W,}.

Recall that the weight spaces in V(w), are at most one-dimensional, and V(w), # 0 if and
only if p = o(w) for some o € W/W,,. Since 7(1) = o(w) for # = (0;0,1), we get hence
CharV(w) = > e p(w) e,

Example 2.6 Suppose g is a simple Lie algebra of simply laced type and let V() = g be the
adjoint representation, where § is the highest root. The set of L-S paths consists then of two
types: there are the ones of the form (7;0,1), 7 € W/Wjg, which correspond to the straight
line that connects the origin with the root 7(3). The others are of the form (s,7,7;0, %, 1),
where 7 is such that 7(5) = « is a simple root. Note again that the L-S paths provide a
way to calculate the character of the representation: for every root we have exactly one path
ending in the root, and we have as many paths ending in the origin as we have simple roots,
which is the same as the dimension of b.

The fact that the L-S paths provide a tool to calculate characters holds in general. This
was conjectured (and proved in many special cases) by V. Lakshmibai, and first proved in
the general case in [35]. It turns out that this character formula for L-S paths is a special
case of a much more general formula which will be explained in the next section.

Theorem 2.7 The character CharB(\) of the set of L-S paths of shape X\ is equal to the
character of the irreducible representation V(X) of highest weight .

The character formula above can be refined in the following way: for a Lakshmibai-
Seshadri path 7 = (71,...,7;0,a1,...,1) denote by i(m) := 71 the “first direction” of the
path. For 7 € W/W), let B(\), be the subset of all L-S paths of shape X such that i(7) < 7
in the Bruhat ordering. Denote by A, the Demazure operator on Z[X]:

ehtp _ esalptp)
Ao (e!) = T e’

For a proof of the following formula see [35]:

Demazure Type Character Formula For any reduced decomposition T = Sq; ... Sq, ONE
has

Ag, 00y (e)) = Z (1)
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3 Path models of a representation

The L-S paths can be thought of as an example of a much more general theory, the theory
of path models. Though not everything is needed in the following, we present a short survey
of the main results concerning this combinatorial tool.

Definition 3.1 A rational piecewise linear path in Xy is a piecewise linear, continuous map
7w : [0,1] — Xg such that all turning points are rational. We consider two paths m,7 as
identical if there exists a piecewise linear, nondecreasing, continuous, surjective map ¢ :
[0,1] — [0, 1] such that m = 1o ¢. Denote by II the set of all rational piecewise linear paths
such that 7(0) =0 and 7(1) € X.

Example 3.2 (i) For A € X set m)(t) := tA; then 1) € Il <= X € X.
(ii) Let 7y, m2 be two rational piecewise linear paths starting in 0. By 7 := 7 *m2 we mean
the path defined by

() = m1(2t), if0<t<1/2;
TWEZ m() +me(2t—1), if1/2<t<1.

(iii) The set B(A) of L-S paths of shape A is a subset of II.

For a finite set of paths B C II denote by CharB the character of B, i.e., the formal sum:
CharB:=}  .p e,

Example 3.3 For g = sl5(C) and A\ = ne we get:

CharB(ne) = Z elisalO)+n=i)e) _ Z e"=2)¢ — CharV (ne).
=0 i=0

To obtain combinatorial character formulas and multiplicity formulas as in the example
above, we define “lowering” and “raising” operators f,, e, for any simple root. The definition
of the operators is elementary, it is a cutting and glueing procedure. Fix 7 € II, and denote
by h the function:

ho :[0,1] = R, t (m(t),a").

Let mq be the minimal value attained by this function. We define non-decreasing functions
l,r:[0,1] — [0,1]:

I(t) ;== min{1, ha(s) —mq |t < s <1}, 7(t) := max{0,1 +mqy — ha(s) | 0 < s < t}.

Note that I(t) = 0 for 0 < ¢ < s, where s is maximal such that h(s) = my, and r(t) = 1 for
s’ <t <1, where s is minimal such that h(s’) = mg.

In the following we consider the set II U {0}, where we define the value of the operators
on 0 to be ey (0) = fo(0) := 0.

0. If

Definition 3.4 If 7(0) = 0, then (eym)(t) := 7(t) + r(t)c, otherwise we define e, (7) :=
< 1, then

[(1) =1, then let fom be the path defined by (fom)(t) := 7(t) — I(t)c, and if [(1)
we define fq(m) := 0.
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If we think of a path as a concatenation of “smaller” paths @ = w1 % ... * m,., then we can
view e, and f, as operators that replace some of the 7; by so(7;).

Example 3.5 Suppose g is a simple Lie algebra of simply laced type, and let 3 be the highest
root. The paths obtained from 7g : ¢t +— ¢3 by applying the operators f.,e, are exactly the
L-S paths of shape A.

The following properties of the operators are easy to prove [36], [38]:

Lemma 3.6 Let o be a simple root and suppose € I1.

(1) If eqm # 0, then eq(m)(1) = (1) + o, and if fo(m) # 0, then fo(m)(1) = 7(1) — a.

(ii) If eq(m) # 0, then faeq(m) = m, and if fo(7w) # 0, then eqfo(m) = 7.

(iii) Let 7* be the dual path, i.e., 7(t) := w(1 —t) — w(1). Then (fom)* = eq(n*) and
(eam)” = fa(7).

(iv) Let n be mazimal such that fI(m) # 0, and let m be mazimal such that e}}(m) # 0.
Then (n(1),a") =n —m.

(v) Fork € N let km be the path obtained by stretching w: (km)(t) := kn(t). Then k(for) =
fE(km) and k(eqm) = ek (k)

Corollary 3.7 Suppose B is a finite subset of paths such that B U {0} is stable under the
root operators. Denote by By, the subset of paths in B ending in j. Then |By| = |Byy| for
any w € W.

Proof of the corollary It suffices to prove that |B,| = |B,, ()| for a simple root a. If
(u, ) = 0, then there is nothing to prove. Suppose (u,a") = n > 0. Then (ii) and
(iv) implies that that the map 7 — fim induces a bijection B, — By, (. Similarly, if

(g, @) =n <0, then 7 — e'f'w induces a bijection By, — B,_(,)- O

Denote by
C:={veXg]|(v,B') >0 for all positive roots 3}

the dominant Weyl chamber, and let C° be the interior of C. Let IIT C II be the set of paths
7n such that the image Imy is contained in the dominant Weyl chamber C. Denote by p € X
half the sum of the positive roots. If B C II is a finite subset such that BU{0} is stable under
the root operators eq, f,, then we have already seen that its character CharB := Zne B )
is stable under the action of the Weyl group W.

For m € II'" let B(w) C II be the subset of paths which can be obtained from 7 by applying
the operators, and let G(7) be the colored, directed graph having as vertices the elements of
B(m), and we put an arrow n——n' with color a simple root o between 7,7 € B if and only
if fo(n) =1’ (or, equivalently, e, (n') = 7).

The structure of the set of paths B(7) generated by a path m € I is described by the
following theorem (see [36] for proofs):

Theorem 3.8 Suppose 7,71, m € 11T,
(a) Integrality: B(m) is integral, i.e., the minimum of the function t — (n(t),a") is an
integer for all n € B(m) and all simple roots c.
(b) Highest weight path: m is the only path in B(7) such that eqm = 0 for all simple roots.
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(¢) Isomorphism: G(mw1) ~ G(mwa) if and only if w1 (1) = me(1).
(d) Weyl group: The action of the simple reflections s, on II defined by:

R, ifp:=(n(1),a") >0,
sall) 1= { ). if —pi=(n(1),a%) <0,

extends to an action of the Weyl group W on II such that the w(n)(1) = w(n(1)).

The independence of the graph structure of the choice of the starting path has as con-
sequence that the graph is isomorphic to the crystal graph of the representation, see [16] or
[18] for details.

Weyl character formula Let p € X be half the sum of the positive roots, and suppose

m € IlT. Then
Z sgn(o CharB Z sgn(o o(ptm(1)),
oeW oceW

In particular, CharB(7) is equal to the character of the irreducible g-module V (X) of highest
weight A == m(1).

The integrality property stated above seems at the first instance to be a “technical” fact
without further consequences. But using the lemma above, it follows easily from the definition
of the operators that: If m,n are paths having the integrality property, then e, (7 % n) =
7 * (eqn) if there exists an n > 0 such that el'n # 0 but fI'7 =0, and it is equal to (e,m) *
otherwise. Similarly, fo(m *n) = (fam) % n if there exists an n > 0 such that fm # 0 but
ern =0, and it is equal to 7 * (f4n) otherwise.

So if 7y, e € I, then let B(my) * B(ms) be the set of all concatenations 7; * 72, where
m € B(m) and 12 € B(ma). The rules above show that B(m) % B(ms) is stable under the
root operators. It follows by the theorem above:

Concatenation Suppose m,m € IIT. Then
B(m) x B(mg) = UBﬂ'l*n
where the union runs over all paths n € B(m) such that m *n € 1T,

Since CharB(m;) * B(my) = CharB(m1)CharB(mg) = CharV (m1(1)) ® V(ma(1)), we get as
an immediate consequence of the theorem above and the character formula:

Generalized Littlewood-Richardson rule For dominant weights X\, i, let w1, 7o € IIT be
such that (1) = X and ma(1) = p. Then the tensor product of the irreducible representations
V(X), V(i) of g of highest weight X\, p is isomorphic to the direct sum

V)@ V() =@ V+n)
where the sum runs over all paths n € B(my) such that my xn € IIT.

The L-S paths discussed in the previous section are an example of such a set of paths,
stable under the root operators. The character formula stated in the preceding section is
an immediate consequence of the proposition below and the character formula above. For a
proof of the following proposition see [35].
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Proposition 3.9 Let my : t — t\ be the path that joins the origin with the dominant weight
A by a straight line. Then the set of paths B(my), obtained from my by applying all possible
combinations of the root operators, is equal to B(\), the set of L-S paths of shape X.

4 A basis associated to the L-S paths

The character formula shows that we can use the set of L-S paths as an indexing system of a
basis of h-eigenvectors of V(\). The next aim is to attach such a basis to B(A) in a canonical
way.

The idea of the construction is the following. Suppose for simplicity that g is of simply
laced type. For a dominant weight A, let V' (\) be the irreducible module of g of highest
weight A\. Denote by Uy (g) the quantum group at an ¢-th root of unity v, let N(\) be the
Weyl module, and denote by L(A) the simple module for Uy (g) of highest weight A.

Lusztig [41] has constructed a Frobenius map Fr : Uy(g) — U(g) between the quantum
group and the enveloping algebra U(g) of g. Further, he has shown that if we consider V()
via the Frobenius map Fr as a Uy(g)-module, then this is the simple module L(¢\). This
identification provides a Uy (g)-equivariant map p : N(¢\) — V(A), the quotient of N(¢A) by
its maximal proper Uy (g)-submodule.

We are going to define a subspace N (¢A)¢ which is naturally equipped with a U(g)-action,
and we will use this to define a section s : V(\) — N(¢A)* € N(£)) of the projection defined
above. The dual map s* : N(¢A\)%* — V()\)* induces a map:

(NN = N(IN)* — NN — V(\)*.

Now once a highest weight vector my € N(A) is fixed, there is a canonical choice of extremal
weight vectors m,; € N(\) of weight 7(\), 7 € W/W,, and corresponding dual vectors
by € N(A)* of weight —7(A).

Let now m = (71,...,7;0,a1,az,...,1) be an L-S path of shape A, and suppose ¢ is such
that la; € Z for all i = 1,...,r. Then the following vector b, is well defined:

by i =br ® .. Qby Qb @ ... Qb ®...® by, @...0 by, € (N(N)*)®*
P | R

Zal é(agfal) Z(l—ar_l)

Denote by pr € V(A)* its image, the path vector associated to m. To make the construction
canonical we assume that the £ above is minimal with the property that fa; € Z for all ¢ and
for all 7 of shape .

The construction presented here is actually characteristic-free and works over the ring R
obtained from Z by adjoining all roots of unity.

To make the construction more precise, we need first to fix some notation: Let A =
(ai ;) be the Cartan matrix of g, and let g* be the semisimple Lie algebra associated to the
transposed matrix A*. We fix d = (dy,...,d,) minimal such that (d;a;;) is a symmetric
matrix, and let d be the smallest common multiple of the d;.

In the following we will often attach a ( )! to some object associated to g’ to distinguish
it from the corresponding g object. Let o, ..., o, be the simple roots of g, and for g let the
corresponding roots be v = ay/dy, ...,V = an/dy.
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Let U,(g") be the quantum group associated to g’ over the field Q(g), with generators
E,,, F,,, K, and K_'. We use the usual abbreviations (d; := d/d;)

q q n nl;!
gt — g m|,  [m]![n —m];!
where we define the latter to be zero for n < m. We will sometimes just write E;, K;, ... for
E,, K., ... Inaddition, we use the following abbreviations:

d; % [Ki;c] o ﬁ Kiqai(c_s'f'l) _ Klflqu(—chs—n
= ’ — '

D d;s __ q—dis

s=1 q

Let U, 4 be the Lusztig-form of U, defined over the ring of Laurent polynomials A := Z[g, ¢ !]
and generated by the divided powers EZ(”) = E?/[n];! and Fi(n) = F*/In];!. Let U (re-
spectively U,") be the subalgebra generated by the E; (respectively F;), and denote by U; N
(respectively qu ) the corresponding A-form generated by the divided powers.

For an A-algebra R, let U;R be the algebra Uqf 4 ®a R and denote by U, o R the algebra
U q_7 4 ®aR.

We use a similar notation for the enveloping algebra U(g). To distinguish better between
the elements of U(g) and U,(g'), we denote the generators of U(g) by Xa, Ha, Yo or X;, H;, Y;.
Let U = U(g) be the enveloping algebra of g defined over Q, let Uz be the Kostant-Z-form
of U, set Ug := Uz ®z R, etc.

We suppose in the following always that ¢ is divisible by 2d and set £ := £/d. Denote by
R the ring A/I, where I is the ideal generated by the 2¢-th cyclotomic polynomial, let v be
the image of ¢ in R, and set Uy := Uy 4 ®4 R, Uf := U;“A ®4 R and U, := 7.A ®A R. Let
¢; :={d;/d, then, by the definition of d, ¢; is minimal such that

t
(%’2%) = (;d; = zi;li € (7.
For a dominant weight A € X" let N()\) be the simple U,(g")-module of highest weight A, fix
an A-lattice Na(A) := Uy amy in N(X) by choosing a highest weight vector my € N(A). Set
Ngr(A) := Na(\) ®4 R, then Nr(\) is an Uy-module such that its character is given by the
Weyl character formula. Consider the weight space decomposition:

Nr(\) = €D NV,

peXt

¢

and set B
Ne(N)' = @ Nr(\),
uelxX
The subspace NV R(/\)Z is obviously stable under the subalgebra of Uy, generated by the Efnzi)
and Fi(nm: If 4 € £X, then so is u + nlyy; = p+ (ndil/d)y; = p % nlay.

Theorem 4.1 The map

) (n) (n;) H; +m Ki;mé;
i oy YT B v < )H[

n nl; } |NR(X)Z’

extends to a representation map Ur(g) — EndRNR(/\)Z.
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Some remarks on the proof One has to prove that the map is compatible with the Serre
relations. For UE and Up, this is a direct consequence of the higher order quantum Serre
relations ([41], Chapter 7). For a detailed proof see [41], section 35.2.3. For the proof that
also the remaining Serre relations hold see [40].

Let N =& uext Ny be a finite dimensional U,(g')-module with a weight space decompo-
sition. If N admits a U, 4(g")-stable A-lattice Ny = @D cxt Na,u (where Ny, := NaNNy),
then given any A-algebra R, we denote by Ng the U, p(g')-module Ny @4 R. We have a
corresponding weight space decomposition Np = € pext NRu-

The same arguments as above show that we can make N}Z{ =6 uezx Nry into an Ur(g)-
module by the same construction. Let S be the antipode; the action of Uq,R(gt) on the dual
module Ny, := Hompg(Ng, R) is given by:

(uf)(m) == f(S(u)(m)) for u € Uy r(g") and f € Np,.
It is easy to check that the map Ur — EndR(NIZ{)* defined by
XM f(m) = FSE)m), Y f(m) = FSEym),
and

K;; kt;

mn

)10 = (s[5 ),

is the representation map corresponding to the dual representation of the representation of
Ur(g) on N.

We proceed now as indicated in the introduction of this section. For 7 € W/W), fix a
reduced decomposition 7 = s;, - -+ 5;,. We associate to 7 the vector

o = EVE ),
where n, = (N\,a)), ..., n1 = (84, ---5;,(N), ). It follows from the quantum Verma

relations that m, is independent of the choice of the reduced decomposition. Denote by
br € N}, the unique eigenvector of weight —7(\) such that b,(m,) = 1.

For an L-S path 7 = (71,...,7;0,a1,a2,...,1) of shape A, fix £ minimal such that 2d
divides ¢ and fa; € Z for all i = 1,...,7. (The restriction that d divides ¢ is obviously
necessary in the construction above, the condition 2d that divides ¢ is necessary because
there are restrictions concerning the existence of the Frobenius map. In certain cases this
restriction is not necessary, but to avoid lengthy case by case considerations we prefer to
impose this condition because it is sufficient for the existence of the Frobenius map in all
cases.) Then the vector b, is well defined:

by i=by, @...Qby, @b, ®...0by,®...0b;, @...0b, € (Nr(A\)*")®
| R

~~

laq L(az—a1) ((1—ar_1)

Denote by pr € Vg(A)* its image, the path vector associated to .

LetNR be the ring obtained by adjoining all roots of unity to Z. We fix an embedding
R — R. If k is an algebraically closed field and Chark = 0, then we consider k as an R-
module by the inclusion R C k. If Chark = p > 0, then we consider k£ as an R-module by



Standard Monomial Theory and applications 329

extending the canonical map Z — k to a map R — k (where the first map is given by the
projection Z — 7Z/pZ and the inclusion Z/pZ C k). Denote by Vz(\) = Vz(A) ®z R the
corresponding Weyl module over the ring R; then the collection of vectors

B(A) := {ps | m € B(A)} C V())*

is well defined. By abuse of notation we write also p, for the image of the vector in Vi (\)* :=
Vi(A)* @ k for any algebraically closed field.

Theorem 4.2 The path vectors B(\) form a basis for the Ug(g)-module Vi (\)*.

Note that B(A) is a basis for Vi(\)* for any algebraically closed field k. The proof of
the theorem will be given in the next section. The idea is to construct a basis v, of Vz(A),
indexed by L-S paths, such that p,(v;) = 1, and for 7 # 7’ we have p,(vy) = lonly if 7’ > 7
in some partial order on the set of L-S paths. Note that this implies that B(\) will be, up to
an upper triangular transformation, the dual basis of the basis given by the v, in particular,
B(A) is a basis of Vz()\)*. The disadvantage of the basis given by the v, is that it depends
heavily on a choice of a reduced decomposition of ().

5 A basis for Vz(\),

To construct the basis D(A) of Vz(A) we have first to introduce a partial order on weight
vectors. For extremal weight vectors we write m, > my if 7 > k in the Bruhat order on
W/Wy.

Similarly, we shall write 7 > n for two L-S paths 7 = (7,...,7;0,a1,...,1) and n =
(K1y...,ks;0,b1,...,1) of shape X\ if 71 > k1 or 71 = k1 and a1 > by, or 1 = K1 and a1 = by
and 7 > Ko, .. ..

Recall that Vz()), is the Uj(g) submodule of V() generated by m., ie., Vz(A), =
UI'{F (g)m,. For an extremal weight vector m, and an arbitrary weight vector m we write
mr > m if m € Vz(A\);. We also use “>” to denote the induced lexicographic partial order
on tensor products of weight vectors in Nz(\)®*.

We define a weaker order on weight vectors by saying that m, > m, for two eigenvectors
of weight v, if v > p in the ususal weight ordering (i.e., ¥ — p is a sum of positive roots),
and we also denote by “>” the induced lexicographic partial order on tensor products.

Suppose fa; € Z for all i; we denote by m™ the tensor product

M=y, @...@ My @My @ ... @My ... My, @ ... My, € (Np(A)*)EE
Z‘al Z(ag—al) Z(l—ar,ﬂ
Fix a reduced decomposition 7 = s;, - - s;,. Let s(m) = (n1,...,n;) be the sequence of inte-

gers defined by the following procedure, which has been inspired by the article of K. N. Ragha-
van and P. Sankaran [49]. Fix j minimal such that s; 7; > 7;, and set j =r + 1 if ;75 < 75
for all j. It is easy to see that n' = (s;,71,...,8i,Tj—1,Tj,...,7r;0,a1,...,1) is an L-S path
of shape A (it is understood that we omit a;_q if s;,7,-1 = 75).

It follows that 7/(1) — 7(1) is an integral multiple of the simple root a;,. Let ny € N
be such that 7'(1) — w(1) = nyay,. Note that s;;71 = si,...s;, is a reduced decomposition,
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and s;, 71 < 71. Suppose we have already defined s(7’) = (na, ..., n;) (where s(id;0, 1) is the
empty sequence). We define the sequence for 7w to be the one obtained by adding n; to the
sequence for 7.

Definition 5.1 We denote by v, the vector v, := Yi(m)YignQ) . Y.(nt)v,\ e Vz(N).

1 it

Recall that Vz(\), can also be described as the subspace obtained from Vz(\), (where
k = s;;7) by applying Y;, i.e., Vz(N)r = > .~ Yi(ln)VZ()\)R. It follows from this that v, €
V(N i(r)- -

Theorem 5.2 D(\); :={v; | i(m) < 7} is a basis for Vz(A),.

Recall that we can consider Vz()) as a submodule of N(A\)®. A first step towards the
proof of the theorem is the following:

Proposition 5.3 Suppose la; € Z for all i. Then

Up = Yz.(lnl)Yigm) . Yigm)m\ =m" + tensor products < m™ in the partial order.
Proof The proposition is obviously true for 7 = (id;0,1); we proceed by induction on the
length of i(7). Let o = v, and set

/ .
T = (8aTls -3 8aTjm1,Tj, - Tr; 0,a1,..., 1),

where j — 1 is maximal such that s,7; < 7; for all 1 < ¢ < j — 1. By assumption, we know
that
vy =m” + tensor products < m” in the partial order.

Now v, = Yognl)'l}ﬂ—/; let us first look at the terms we get by calculating Yé”l)m”/. Up to
multiplication by a root of unity, the latter is the sum of terms of the form

h,
(Fmgr) @ (), M
where the sum runs over all /-tuples (hq, ..., hy) such that ) h; = £; ny. It is clear that, in the
weak ordering, a maximal element must be such that h; is maximal, and then, for the given
hy, the hs has to be maximal, etc. Now the maximal h; which is possible is (so71(A),v"),
and similarly we can calculate the maximal ho, hg, etc. By assumption we know that

n1 = a1(sami(N), @)+ ...+ (aj_1 — aj—2)(saTji—1(N), "))
= Eil (al(saﬁ()\),’yv) + ...+ (aj_1 - aj_g)(soﬂ'j_l()\), ozv)).

It follows that, up to a scalar factor, the maximal element in the weak ordering is m”,
and this is the only maximal element. A term of the form (1) which is not maximal admits a
minimal j such that h; is not maximal, so the corresponding weight vector thlmsan < My,
in the strong partial order, and hence m™ is the unique maximal element (with respect to
the induced strong lexicographic partial order) in the expression of Yogm)m”/ as a linear
combination of elements of type (1).
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Now suppose mg,r, > m, in the strong partial order, so m, € Ngr(\)s,r,. Then, for
n > 0, we have F,gn)mu € Nr(N)7. In particular, m,, > F,gn)mu. But note that, by weight
considerations, we can have equality only if mg, ., = Cm, for some C' € R; so ms,-, > my,
implies m,, > F§n)mu. Combining this with the arguments above, one sees that applying

YCS’“) to an arbitrary summand # m™ in the expression of v,/ gives only tensors which are
smaller in the partial order then m™. It follows that

Yé"l)vﬂx = Cm"™ + tensor products < m™ in the partial order.

To finish the proof of the proposition we have to show that the constant C is equal to 1.
Recall that the co-multiplication is given by (see for example [41])

A(F§p)) — Z qfdwp’p”Fv(p’) ® K;p/F§p//).
p’'+p'=p

It follows that the leading term in Yogm)vﬂf is
l; ’ l; —(;
Flam)pr — plla™ o, o ® Migry_y) ® K, 1"1)(m7j ®...0ms)

plus smaller terms. The weight of the second part in the first tensor product is ¢y =

l((aj —aj—1)75(A) + ... + (1 — ar—1)7-(N)). By the integrality property for local minima
of L-S paths ([35], note that (7j(\), ") > 0 by assumption) we know that (u, ") € Z.

Now K Eil, applied to a weight vector of weight £y, gives

—li —;, (d/di,) (CpyY)

_ — 51 (51 s —
K, my, v mg,
_égz (,u,av) —
v 1 mg,

V(_Zg)(gll /2)(Mvav)mzu = mZLL’

because ¢;, /2 € Z and (u,a) € Z. So we see that the leading term is
(€i; 1)
(Fy (Mspry @+ @Migpr; 1)) @My, @ ... @ M.

Now it is easy to see that if n = (7(\),7Y),m = (k(A\),7") > 0, then F§n+m) (my ® my,) =
(F§n)m7) ® (Fw(m)m,.@). By induction one can show that the leading term is therefore equal
to m™, so the constant C' = 1. O

Proof of the theorem Fix ¢ such that for all L-S paths 7 = (7q,...,7;0,a1,...,1) and
all i we have fa; € 7, and consider the embedding Vg()\) < Ng(\)®’. The leading term
of v, is the tensor m™. Since the m™ are obviously linearly independent, the proposition
above implies that the v, are also linearly independent. By the Weyl character formula (for
representations and the path model, see section 3), we know therefore that the v, span an
R-lattice in Vr(\) of maximal rank. The m™ can be viewed as a subset of an R-basis for
N R(/\)®£ . Since the coefficient of m™ is 1 in the expression for v, it follows that the v, form
an R-basis of Vr(\). Since the v, € Vz(\) by construction, it follows that the v, form in fact
a Z-basis of Vz(A).
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It remains to prove that D()); is a basis of Vz()\),. Denote by V! the Z-submodule
spanned by D(M);. We have already pointed out that V! C Vz(\);. Since the extremal
weight vector v(,,g1) = v, is an element of V!, to prove the theorem it suffices to prove that
V! is Ug (g)-stable. This is a consequence of the following lemma, which finishes the proof of
the theorem. ]

Lemma 5.4 XC(Y")U,T =D aryvy, where axy, # 0 only if T > 1.

Proof We consider V() again as a subspace of Ng(A\)®. We know that v; = m™ + terms
strictly smaller in the partial order. It is now easy to see that Xt(xn)v7r is a sum of tensor
products of weight vectors which are smaller than m™ in the partial order. In particular, for

any maximal 7 such that ar, # 0, we know that the coefficient of m" in the expression of

n . .
X(g )v7r is not zero, so we have necessarily m > 7. O

As an immediate consequence we get by the Demazure type character formula for the L-S
paths (section 2):

Corollary 5.5 (Demazure character formula) Vz()\); is a direct summand of Vz(A),
and for any reduced decomposition T = s;, ...S;,., the character CharVyz(\); is given by the
Demazure character formula CharVz(\), = Ay, ... Ay, e

Proof of the Basis Theorem for path vectors We have obviously pr(v,) # 0 (where
¢ etc. has been chosen appropriately) only if m" occurs with non-zero coefficient in the
expression of v, as element of N(\)®¢. But this is only possible if 7 > 7. We have also seen
above that the coefficient of m™ is 1 in the expression for v, so pr(v;) = 1. It follows that
for any algebraically closed field, the path vectors pr, m an L-S path of shape A, form a basis
of Vi(A)*. O

The fact that the basis given by the v, is compatible with the Demazure submodules
Vz(A)r implies:

Corollary 5.6 The kernel of the restriction map Vi(A)* — Vi(A)E has as basis the pr such
that i(m) € 7; and the images of the p; such that i(w) < 7, form a basis of Vi(\)%.

6 Schubert varieties

We apply now the results above to the geometry of Schubert varieties. We show how to obtain
from the path basis the normality of Schubert varieties, the vanishing theorems, the reduced-
ness of intersections of unions of Schubert varieties, etc. These facts have been proved before,
mostly using the machinery of Frobenius splitting (Andersen, Kumar, Mathieu, Mehta, Ra-
manan, Ramanathan); in some special cases proofs had been given before, using standard
monomial theory (Lakshmibai, Musili, Rajeswari, Seshadri), see for example [32], [33], [43],
[47], [48] for a description of the development.

Let k be an algebraically closed field, we will omit the subscript & whenever there is no
confusion possible. Let G be the simply connected semisimple group corresponding to g, and,
according to the choice of the triangular decomposition of g, let B C G be a Borel subgroup.
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Fix a dominant weight A and let P D B be the parabolic subgroup of GG associated to A. It is
well known that the space of global sections I'(G/ P, L)) of the line bundle £y := G xpk_j is,
as a G-representation, isomorphic to V(A)*. Let ¢ : G/P — P(V(\)) be the corresponding
embedding.

For 7 € W/W) denote by X(7) C G/P the Schubert variety. Let Y = J._; X ()
be a union of Schubert varieties. By abuse of notation, we denote by Ly and p, also the
restrictions L]y and pr|y. Recall that the linear span of the affine cone over X (7) in V(})
is the submodule V' (\),. Thus the restriction map I'(G/P, L)) — I'(X (1), £,) induces hence
an injection V(A)i — I'(X(7),L)). We call a path vector p, standard on'Y if i(mw) < 7; for

at least one 1 < i < r. Denote by B(\)y the set of standard path vectors on Y.

Theorem 6.1 (a) B(\)y is a basis of I'(Y, L)).
(b) pxly =0 if and only if i(w) £ 7; for alli=1,...,r.

Corollary 6.2 The restriction map I'(G/P, L)) — T'(Y, L)) is surjective.
Further, by the character formula presented in section 2 we get:

Corollary 6.3 For any reduced decomposition T = s;, ...S;., Charl'(X (1), L))" is given by
the Demazure character formula Charl'(X (1), £2)* = Ay, ... A e,

The proof of the theorem is by induction on the dimension and the number of irreducible
components of maximal dimension. Let Y, Y7, Ys be unions of Schubert varieties. During the
induction procedure we prove in addition:

Theorem 6.4 (i) H(Y,L£,) =0 fori > 1.
(ii) X (7) is a normal variety.
(iii) The scheme theoretic intersection Y1 NYs is reduced.

Proof In the case of Schubert varieties, a proof is given in [40]. We will give here only
a rough sketch of the proof in this case and concentrate on the generalisation to the case
of unions of Schubert varieties. The proof uses the ideas presented in [32], but since the
construction of the basis is not a part of the induction procedure, these arguments can be
applied in a straightforward manner.

The theorems hold obviously if Y is a point. Suppose first that Y = X (1) is a Schubert
variety of positive dimension, and let o be a simple root such that x := so,7 < 7. Denote
by SLs(«) the corresponding subgroup of G with Borel subgroup B, = B N SLa(a). The
canonical map V¥ : Z, := SLs(a) xp, X(k) — X(7) is birational and has connected fibres.
The map induces an injection I'(X (1), L)) — T'(Z4, ¥*L)).

By induction hypothesis, we know that H*(X (), L)) = 0 for i > 1. Since the restriction
of U*Ly to X (k) is again Ly, the bundle map Z, — P! = SLy(a)/B, induces isomor-
phisms H*(Z,, W* L)) — H (P, T'(X (), Ly)). (Here T'(X(k), Ly) denotes the vector bundle
associated to the By-module I'(X (k), £y).)

The short exact sequence 0 — K — V()
induces a long exact sequence in cohomology:

* = V(AN)E =T(X(k),Ly) — 0 of By-modules

T

.. — HY(P', K) — H{(P', V(\)}) — H'(PL,T(X(k), L)) — ...

T
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Since V/(A); is a SLa(a)-module, the higher cohomology groups vanish for V (A%, and hence
also for I'(X (k), £y). It follows that H(Zy,9*Ly) = 0 for i > 0. Recall that if M is a
B,-module and M the associated vector bundle on P!, then

AoCharM = Charl'(P;, M) — CharH* (P, M).
Since H' (P!, T(X (k),Ly)) = 0, it follows that
Charl'(Z,, U* L)) = Ay Charl' (X (k), £)).

By induction, the character of I'(Z,,V*, L,) is therefore given by the Demazure character
formula. Since the same is true for V()% by the corollary in section 5, the inclusions V (A)% —
(X (1), L)) — I'(Zy, ¥* L)) have to be isomorphisms. This proves the theorem for Schubert
varieties.

Since L) is an arbitrary ample line bundle and Z, is normal, one concludes easily from
the isomorphism V(A\)i ~ T'(X(7),Ly) ~ I'(Z4, ¥*Ly) that X(7) has to be normal. A
simple Leray spectral sequence argument shows then that we have in fact H'(X(7), L)) ~
H%(Z,,W*L)), which finishes the proof for Schubert varieties because we know already that
HY(Zy,V*Ly) = 0 for all i > 0.

We now show by induction on the number of irreducible components and on the dimension,
the corresponding statements for unions of Schubert varieties. Let b(\)y be the number of
path vectors standard on Y, and denote by h°(Y, L)) the dimension of H°(Y, L)). Note that
the path vectors p, which are standard on Y remain linearly independent: the restriction
of a linear dependence relation ) a,m to any maximal irreducible component has to vanish
by the results above, which means that all coefficients a, vanish. As a consequence we get:
hO(Y, Ly) > b(N)y-

Let Y1 and Y3 be unions of Schubert varieties such that h%(Y;, £,) = b(\)y; for all ample
line bundles £, on G//P. We have the following exact sequences of O¢,p-modules:

0— OY1UY2 - OYl @ OYQ - OYleQ - 07

where Y7 N'Ys denotes the scheme theoretic intersection. Let £ be an ample line bundle on
G/P. If we tensor the sequence above with £, then we get for m > 0 by Serre’s vanishing
theorem and the long exact sequence in cohomology:

hO (Y1 N Ya, Lip) + hO(Y1 U Ya, L) = hO(Y1, Linx) + B2 (Y2, L)
It is easy to see that b(mA)(yv,vs),., T 0(MA)yviuy, = b(MmA)y; + b(mAy,). Here (Y1 N Y2)peq
is the intersection with the induced reduced structure, i.e., it is the union of all Schubert
varieties contained in Y; and Ya. Since (Y7 U Ya, £,0) > b(mA\)y,uy, and
hO(Y1 N Yz, Lin) = hO(Y1 N Ya)red, Lima) = b(mA)vinys,
it follows by the assumption h°(Y;, £,) = b(\)y; for m > 0 that:

b(m)‘)(YlﬂYg)md = ho((Yl N Yé)redy ‘Cm)\) = hO(Yl N }/27 ‘Cm)\)a

and b(m\)y,uy, = hY(Y1 U Y2, L)) The first equality implies that Y3 N Y3 is reduced.
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We will now use the reducedness of Y1NY5 to prove by induction the basis theorem and the
vanishing theorem. Let Y be a union of Schubert varieties, let Y] be an irreducible component
of maximal dimension and let Y5 be the union of the other maximal irreducible components.
We assume by induction (on the dimension, respectively the number of components) that
hO(Yi,ﬁ)\) = b()\)yl., b<)\)Y1ﬁY2 = hO(Y1 N }é,ﬁ)\) and Hj(Yi,ﬁ,\) = Hj(Yl N YQ,[:)\) = 0 for
j > 0 and all ample line bundles £, on G/P. The long exact sequence:

0— HYY, L)) — H°(Y1, L)) ® H° (Y2, L)) — H (Y1 NYs, L)) — HY(Y, L)) — 0

implies that H’(Y, L)) = 0 for j > 2. The basis theorem shows that all global sections on
Y1 N'Y, can be lifted to global sections on G/P. But this means that the restriction map
HO(Y1, L)) ® H(Ya, L)) — HO(Y1NYa, L)) is surjective and hence H'(Y, £y) = 0. It follows
that ho(}/, ﬁ)\) = hO(Yl, [:)\) + hO<Y2, ﬁ)\) —h (Y1 NYs, Ly). So the additivity of b()\)() implies
again that h°(Y, L) = b(\)y, which finishes the proof of the theorems. O

7 Defining ideals, standard monomials and Groebner bases

For A € XT let m = (7-11,...,77}1;...,1), ooy s = (7{,...,77;...,1) be a collection of L-S

paths of shape A, and let py,,...,pr, € H*(G/P, L)) be the corresponding sections.

Definition 7.1 The monomial p, .. .- pr, € H*(G/P, L)) and the concatenation 7y *. . .+
of paths are called standard monomials of degree s if

> > > > > >

The monomial is called standard on X (1) C G/P if it is standard and 7 > 7.

Theorem 7.2 The standard monomials of degree s form a basis of H°(G/P,L,\). The
monomials standard on X (1) form a basis of HY(X(7),Lsy), and the standard monomials
which are not standard on X (1) form a basis of ker (H*(G /P, Lyy) — H(X (1), Lsy)).

Some remarks on the proof The idea of the proof is very similar to the proof of the
basis theorem for the path vectors. The first step is to prove that the standard monomials
71 % ... x7g of degree s are (up to reparametrization) exactly the L-S paths of shape sA. The
bijection is given by

1 S S 0 ﬁ 1 1 +a’%

1 )
pﬂ-l'...'pﬂ-s—>(Tl,...,TT,...,TI,...,TTS7,S,...,S, . ooy 1)

It is understood that we omit Tﬁ'i if Tﬁi = Tf“. For details see [40]. For simplicity we assume
in the following that s = 2. For 7 = (1q,...;0,a1,...,1) and n = (k1,...;0,b1,...,1) let £3
and f5 be minimal such that they are divisible by 2d, and ¢a; € Z for all 4, and ?26]- € 7Z for
all j.

Consider the sequence of embeddings of U (g)-modules:

Va(2)) = Va(\) @ Va(A) = (Na(W)O)1 @ (N5 (0)F2)%.

The same procedure as in the preceding sections can be used to associate to an L-S path mxn
of shape 2) (a standard monomial of degree 2) a vector vy, and to prove that, considered
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as an element of the tensor product above, it can be expressed as m™ ® m" plus a sum of
tensor products of weight vectors which are smaller in the (induced lexicographic) ordering.

It follows for two standard monomials 7 % 7’ and 7 * i’ that prpz (vy.y) # 0 only if
w7’ <nxn' in the ordering, and p;pp (Vrserr) = 1.

So we can use the same arguments as before to deduce that the standard monomials of
degree s and standard on X (7) form a basis of H°(X(7), L)), and the standard monomials,
not standard on X(7), form a basis of the kernel of the restriction map H°(G/B, L)) —
HO(X (1), Lsy). O

It remains to consider products of path vectors that are not standard. We associate to
a pair of L-S paths (m,7’), 7 = (r1,...,1), #’ = (k1,...,1), of shape X\ a pair of sequences
as follows: fix a total order “>;” on W/W) refining the Bruhat order. Then let 7 A7/ =
(01,...,0p;0,c1,c14¢a, ..., > F_ ¢;) be defined by: {o1,...,0¢} = {71,...,K1,...}, rewritten
such that o1 >¢ ... >; 0, and ¢; is equal to (a; — a;—1)/2 if 0; = 75, ¢; = (bj — bj—1)/2 if
o; = kj, respectively ¢;(a; —aj_1 + by —by_1)/2if 0y = 7j = K.

Note if 77’ is standard, then obviously 7+ 7’ = w An/. More generally, we call a rational
A-path a pair of sequences (o1, ...,0,;0,¢1,...,1) where o; € W/W); the sequence is linearly
ordered with respect to >4, and 0 < ¢; < ... < 1. We extend the total order on W /W)
lexicographically to the sequences:

(01,...,0r;0,¢1,...,1) >4 (K1,...,Ks;0,dy,...,1)

it 01 >¢ K1, or 01 = k1 and ¢; > dj, etc. Similarly, we write “>}” if we extend the total order
reverse lexicographically, i.e., if 0, >t ks or 0 = kg and 1 —¢,—1 > 1 —ds_1, or 0. = Ks and
1—c¢_1=1—ds_1 and 0,1 >¢ Ks_1, €tc.

We define two orderings on pairs of L-S paths of shape A as follows: (m,7) >; (n,7') if
m AT >n Ay, and if T A7’ =n A1, then we define (7, 7") >, (n,1) if ® >; 1), respectively
m = n and 7 >; . We define a reverse version of the ordering by (m,7’) >} (n,7') if
m A7’ >7 n An' in the reverse lexocigraphic ordering, and if m# A 7/ = n A 7/, then we define
(m, ") >7 (n,n') if #" >3 0/, respectively 7/ = n/ and © >4 n.

Proposition 7.3 If m, " are two L-S paths of shape X, then prpzr = 3 ay.ypyDy, where
PPy s standard and ay .y # 0 only if (n,1') > (7, 7") =] (n,7).

Proof The proposition is obviously correct if either p,p, or pp, is standard. It remains
to consider the case where none of the products are standard.
We can repeat the procedure to construct a basis with a different algorithm. For m =

(T1,...,7;0,a1,...,1) let so, be such that sy, 7 > 7,-. Let j be minimal such that s, 7 > 7
for i =j,...,r. It is easy to see that
= (T1y. oy Tj1y 801 Tjs - - -y Say Tr; 0,01, . . ., 1)

is again an L-S path. Fix nj such that 7(1) — 7/(1) = niaqy,, and let s(ni,...,n:) be the
sequence obtained from 7 with respect to a reduced decomposition wg = sq, - - - Sa, 7 0f the
longest word in the Weyl group. As in section 5, one shows that

i X Xy = Y m € N ()

Qi it
m>"m™
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for an appropriate £. The ordering >" is defined as follows: m, > m, if 7 > k in the Bruhat
ordering, and for a weight vector m, € Ng()\) we write m, >" my if m, € U; (g")m,. On
tensor products we take the induced reverse lexicographic partial order “>"”.

A first observation to make is that we have defined the path vectors p, according to a
minimal choice of an appropriate £, but, in fact, the definition makes sense for an arbitrary £
divisible by 2d and with the property that fa; € Z for all i. Using the proposition describing
the embedding of v, into N ()\)®£ in section 5 and the description of u, above, it is easy to
check that such a vector pr¢ has the property pr¢(vy) # 0 only if n > 7, and pr ¢(uy,) # 0
only if m# >" 1. Since p, has the same properties it follows that p, ¢ can be written as p, plus
a linear combination of p,’s such that n > 7 >" n.

The second observation is that if n > 7 >"npand ' > 7' >" 1/, then n A0/ >y 7 A7’ >}
nAn', and hence (n,7') > (m,7') >} (n,7).

It follows that it is sufficient to prove the proposition for the p, , for some appropriate :
if the relation above is correct for the pr,, then we can replace them by the corresponding
linear combination pr+) a,p,. Of course, there may now occur again non-standard products
Pri Py after replacing the p, ¢ by their expression as linear combination of the p,,. But since

(n,n') >¢ (w,7’) =7 (n,n') and n; > n >" n;, we know that all terms that occur have the
property that (m;,7;) >¢ (7, 7') >} (i,7;) One may assume by induction that the relation
holds for pairs that are >; (m,7’) and <] (7, 7’) in the ordering. So after replacing these non-
standard products by the linear combination of standard products provided by induction, we
see that we get the desired relation.

It remains to prove that the relation holds for some appropriate £. Let £ be such that 2d
divides ¢, and fc; € Z for all L-S paths of shape A. Then PrePrt 0(Unuy) 7 0 for a standard

monomial n*7’ only if, in the expression of vy, as element of N(2))®¢ C N(A)®%, the tensor
m™ ®@m™ occurs with a coefficient different from zero. The tensor product is not symmetric
for quantum groups, but for the F’s it is symmetric up to multiplication with a root of unity.
So to demand that m™ ® m™ occurs with a coefficient different from zero is equivalent to
demanding that m™™ occurs with a non-zero coefficient. Here the definition of m™ ™ is the
same as for L-S paths of shape 2A. The same arguments as before show that such a tensor
can occur only if m™7 > m™ By the definition of the ordering on the tensors this implies
Pr Dt f(Vpuay) # 0 only if n 7' > m Ax’. In terms of the ordering on pairs, this implies
(n,m") >¢ (m,7") (because we assume that 7 * 7’ is not standard).

The same arguments apply to w,y and show that pr ¢prr ¢(Upsy) # 0 only if AT =T nsy.
Since 7 * 7’ is not standard, this implies (7, 7") >} (n,71/). O

There is a case where we can be a little more precise about one coefficient. We say that
two L-S paths have the same support if the 7; and x; can be chosen out of one maximal chain
in W/Wy. It is easy to see that in this case the element 7 A7’ is an L-S path of shape 2)X. So
in this case the set of standard monomials 7 * 7’ such that (n,7") >; (7, ') admits a unique
minimal element: 7 A7’. The same arguments as above show that the coefficient of m™ in
the expression of v as an element of N(2X)®¢ € N(\)®?¢ is 1. Let m, 7} be the two L-S
paths of shape A such that m1 * 7] = 7 A 7’; then we get:

Corollary 7.4 p;p = P Pyt + Y Gy PPy, where pypy is standard and a,,y # 0 only if
(n.n') >¢ (m,7") >7 (0, 1),
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Now 7 and 7’ have obviously the same support if 7 = #’. If da; € Z for all a; and

m = (11,...7;0,a1,...,1), then the corollary shows that as smallest term in the expression
of pfr as a linear combination of standard monomials, with respect to >;, we get the prod-

t(lfaT_1) )

uct of extremal weight vectors ptT(fl Doy In that sense we can consider p, as an

approximation of an ¢-th root of the section pﬁ‘l“ e pf&l_ar’l) in H°(G/P, L)

The next theorem states that these relations define already the Schubert variety X (7)
scheme theoretically as a subvariety of P(V(\),).

Theorem 7.5 Denote by S- the free associative algebra k{x,|i(m) < 7}, and let I be the ideal
obtainend as kernel of the canonical surjective map Sr — €B,>¢ HY(X(7), Lay), T = Pr.
The relations:

DrPr! — Pn'Pr if Py is a standard monomial,
PrPr = Z(nm’)Zt(mr’)Zi(n,n’) QA(nn"PnPry’ if Pr'Dry DaPrr e MOt standard,

form a non-commutative reduced Groebner basis for I.

Remark 7.6 The fact that the relations provide a non-commutative Groebner basis for I
provides a new proof of the fact that the ring €@,~, H*(X (1), L)) is a Koszul ring. This
has been proved before, for example by S. P. Inamdar and V. Mehta [15]. Using standard
arguments from Groebner basis theory one can use the results above to deform the affine cone
over X (7) into a union of affine spaces. If one takes into account the refined version given by
the corollary, then one sees that one can deform the affine cone into a union of toric varieties,
where the irreducible components are indexed by maximal chains in {x € W/W) | k < 7}.

Proof of Theorem 7.5 To prove that the set is a generating system for the ideal we have
to show that we can express any monomial as a linear combination of standard monomials
just by using the relations above. Denote by I’ C S, the ideal generated by the relations
above.

As a first step we define an ordering on the n-tuples of L-S paths satisfying i(7) < 7. We
identify in the following n-tuples with monomials of degree n in .S;. The notion w1 A. . . A7, can
be generalized in the obvious way, and we say (m1,...,m,) =] (N1, ...,nn) f T AL AT, >T
MA ...\, and if m A ... AT =n1 A ... Ay, then we say (m1,...,7m) =7 (M1,..., 1) if
this is true in the induced reverse lexicographic ordering on the tuples.

We extend this order to a total order by saying that a monomial of degree n is strictly
greater then a monomial of degree m if n > m. It is easy to check that this total order is a
left and right monomial order.

Note that if we replace a couple (m;, m;11) by a couple (m;, mip1) > (7}, 7, ), then
(1o Ty i1,y - 00) >¢ (71,0, T, Mgy, .. .). Recall that, by the definition of a standard
monomial, a monomial 7 * ... * m, is standard if and only if m; % m; 41 is standard for all
i=1,...,n—1

We call a monomial (nq,...,1,) € S; standard if n; * ... *n, is standard. Start with an
arbitrary monomial (1, ..., 7,) in S;, and suppose that m; *7;4+1 is not standard, then, using
the relations above, we may replace the monomial by a linear combination of monomials in .S,
that are strictly smaller with respect to >}. Since there are only a finite number of monomials
of a given degree, we obtain after a finite number of steps an expression (71, ...,m,) = a sum
of standard monomials mod I’; where the standard monomials are all strictly smaller than
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(71, ..., my,) with respect to >7. It follows that the map S;/I' — @, ~o H*(X(7), L) is an
isomorphism.

It remains to prove that the generators form a Groebner basis. The leading terms of the
generators are the non-standard monomials of the form (7, 7’), so the ideal generated by the
leading terms are the linear combinations of all non-standard monomials. Suppose f is an
element of I’; we have to show that its leading term with respect to >7 is not a standard
monomial. Suppose the contrary is true, so f = s+ smaller terms. Let f’ be the element
obtained from f by replacing all non-standard monomials by their corresponding expression
as a sum of standard monomials; this gives a nonzero element of S; with leading term s.
Modulo I’, these two elements are equal, so the image of f’ is zero in @,,~q H*(X(7), Ln»).
On the other hand, f’ is a non-zero sum of standard monomials, so the image cannot be
equal to zero. It follows that the leading term cannot be a standard monomial.

JFrom the description of the generating set it follows imediately that the basis is reduced.O

8 Standard monomials 11

Let A1,..., A\ be some dominant weights, set A = > \;, and fix 7 € W/W,. For each i let
7; be the image of 7 in W/W,,. A module V) (without specifying the underlying ring) is
always meant to be the Weyl module of highest weight A\ over an algebraically closed field.
The inclusion V) — V), ®...® V), induces a map V(1) — V), (1) ®...® V), (7), and hence
in turn a map V' (11) ® ... @ VY (1) — V(7).

We write 7; and 7y, for the paths ¢ — t\; respectively ¢t — t\. Denote by B; the set of L-S
paths of shape \;, and by B, the set of paths of shape A. Recall that the associated graph
G(y) has as vertices the set By, and we put an arrow 7——n’ with colour a simple root o if
fa(n) =n".

Denote by Bj * ... * B, the set of concatenations of all paths in Bjy,...,B,. Remember
that the set of paths is stable under the root operators, and the associated graph decomposes
into the disjoint union of irreducible components. Denote by G(m * ... * m,) the irreducible
component containing 7 * ... * m.. Recall that the map m; *...* 7, — 7 extends to an
isomorphism of graphs ¢ : G(my * ... % m.) — G(my). A monomial 7y *...%n, € By *...% B,
is called standard if it is in the irreducible component G(7; * ... * m,), and in this case we

define i(m * ... xn.) == i(d(n % ... x1p)).

Definition 8.1 Let 7y,...,n, be L-S paths of shape A1,..., A\.. A monomial of path vectors
Dy -+ - Dn,. s called standard if the concatenation 71 * ... * 1, is standard. The standard
monomial is called standard with respect to T if i(ny *...*xn,) < 7.

The proof of the following theorem is very similar to the proof of the corresponding
theorem in the previous section. For details see [40)].

Theorem 8.2 The set of standard monomials forms a basis of H'(G/B, L)), and the set of
monomials, standard with respect to T, forms a basis of HO(X (1), L)).

9 Determination of the singular locus of X (w)

Let Sing X (w) denote the singular locus of X (w). In this section, we recall from [22], [23],
[29], [31], [34] the description of Sing X (w). We first recall some generalities on G/Q.
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Let G be a semisimple and simply connected algebraic group defined over an algebraically
closed field k of arbitrary characteristic. As above, let T C G be a maximal torus, and B D T
a Borel subgroup. Let W be the Weyl group of G. Let R be the root system of G relative to
T. Let R (resp. S) be the system of positive (resp. simple) roots of R with respect to B.
Let R~ be the corresponding system of negative roots.

9.1 The set ngn of minimal representatives of W/Wg
Let @ be a parabolic subgroup of G containing B, and Wy be the Weyl group of (). In each
coset wWg, there exists a unique element of minimal length (cf. [5]). Let ngn be this set

of representatives of W/Wg. The set ngn is called the set of minimal representatives of
W/Wg. We have

WE™ ={we W |l(ww') = (w) + L(w), for all w’ € W}
The set W(f?nin may also be characterized as
ngin ={we W |w(a)>0, forall « € Sg}

(here by a root 3 being > 0 we mean 3 € RT).
In the sequel, given w € W, the minimal representative of wWg in W will be denoted by
wy'™
9.2 The set W™ of maximal representatives of W/Wq
In each coset wWq there exists a unique element of maximal length. Let W5* be the set of

these representatives of W/W¢g. We have
Wo™ ={w e W |w(a) <0 for all @ € Sg}.
Further, if we denote by wg the element of maximal length in W, then we have
W™ = {wwg |w € ngn}.

In the sequel, given w € W, the maximal representative of wWg in W will be denoted by

wo™.
9.3 The big cell and the opposite big cell
The B-orbit Bey, in G/Q (wp being the unique element of maximal length in W) is called
the big cell in G/Q. It is a dense open subset of G/Q, and it gets identified with R, (Q), the
unipotent radical of @), namely the subgroup of B generated by {U, | « € R \Ré} (cf. [3]).
Let B~ be the Borel subgroup of G opposite to B, i.e. the subgroup of G generated by T
and {U, | « € R™}. The B -orbit B ejq is called the opposite big cell in G/Q. This is
again a dense open subset of G/Q, and it gets identified with the unipotent subgroup of B~
generated by {Ua | @ € R™\ Rj}. Observe that both the big cell and the opposite big cell
can be identified with ANQ, where Ng = #{R" \R&S}

For a Schubert variety Xg(w) C G/Q, Yo(w) := B~ ejq N Xg(w) is called the opposite
cell in Xg(w) (by abuse of language). In general, it is not a cell (except for w = wy). It is a
nonempty affine open subvariety of X¢(w), and a closed subvariety of the affine space B~ ejq.
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9.4 Equations defining a Schubert variety
Let L be an ample line bundle on G/@Q. Consider the projective embedding G/Q —
Proj(H°(G/Q, L)). As a consequence of Standard Monomial Theory — abbreviated as SMT
in the sequel — we have seen from the previous section that the homogeneous ideal of G/Q
for this embedding is generated in degree 2, and any Schubert variety X in G/Q is scheme
theoretically (even at the cone level) the intersection of G /@ with all the hyperplanes in
Proj(H(G/Q, L)) containing X.
For a maximal parabolic subgroup F;, let us denote the ample generator of Pic (G/F;)
Given a parabolic subgroup @, let us denote S\ Sg by {au,..., o}, for some ¢. Let

R = PHG/Q QLY

R, = PH (Xqw),QL),
where a = (a1, ...,a;) € Z% . We have that the natural map

P s (H(G/Q. L) & & 8" (HG/Q,Ly) — R

is surjective, and its kernel is generated as an ideal by elements of total degree 2. Further,
the restriction map R — R,, is surjective, and its kernel is generated as an ideal by elements
of total degree 1.

9.5 Sing X (w)

If X (w) is not smooth, then Sing X (w) is a non-empty B-stable closed subvariety of X (w).
Given a point z € X (w), let T'(w, x) denote the Zariski tangent space to X (w) at x. To decide
if  is a smooth point or not, it suffices (in view of Bruhat decomposition) to determine if the
T-fixed point e, of the B-orbit through x is a smooth point or not. We shall denote T'(w, ;)
by just T'(w, 7). Recall that dim T'(w,7) > dim X (w) (= l(w)) with equality if and only if
e, is a smooth point.

9.6 A canonical affine neighbourhood of a T-fixed point in G/B
Let 7 € W. Let U~ be the unipotent part of the Borel subgroup B , opposite to B, (=
7B~ 1) (it is the subgroup of G generated {U, | o € 7(R7)}). Then U e, is an affine
neighbourhood of e, in G/B, and can be identified with AV, where N = #{R*}. Let us
denote it by O .

For w € W, w > 7, let us put Y(w,7) := O N X(w). It is a nonempty affine open
subvariety of X (w), and a closed subvariety of the affine space O;. Let I(w,7) be the ideal
defining Y (w, 7) as a closed subvariety of O . As a consequence of SMT, we have:

Proposition 9.6.1 Let B? be the basis for H(G/B, L,,,), 1 < d <1 as given by SMT (here,
I is the rank of G, and wq is the d™ fundamental weight). Then I(w,T) is generated by
{uly ), u€B? 1 <d<1|ulxq) =0}

The problem of the determination of the singular locus of a Schubert variety was first
solved by the first author (in collaboration with Seshadri (cf. [31])), for G classical. The
main idea in [31] is to write down the equations defining Y (w,7) as a closed subvariety of



342 V. Lakshmibai, P. Littelmann and P. Magyar

the affine space O (as given by Proposition 9.6.1), and then use the Jacobian criterion for
smoothness. Below, we recall the result of [31] for type A and we refer the reader to [31],
[22], [23] for results for other classical groups.

9.7 Description of Sing X (w) for type A
Theorem 9.7.1 (cf. [31]) Let G = SL(n). Let w,7 € W, <w. Then

dim T(w,7) = #{a € RT | w > 75,}.

9.8 A criterion for smoothness of Schubert varieties for type A in terms of per-
mutations

Recall that for G = SL(n), W = §,,. First consider G = SL(4). In this case X (3412), X (4231)
are the only singular Schubert varieties. The situation for a general n turns out to be “nothing
more than this” as given by the following theorem.

Theorem 9.8.1 (cf. [29]) Let w € S,, say w = (a1, ...,a,). Then X(w) is singular if and
only if the following property holds:

there exist 1,7, k,l, 1 <i<j<k<l<n such that
either (1) ap < a; < a; <aj or (2) ay <aj <ap<a;.
9.9 Determination of the tangent space
For 7 < w, let T'(w, e;) be the the tangent space to X (w) at e,. Let

Nyr={B€T(R") | X_g € T(w,e)}.

Note that T'(w, e) is spanned by {X_g| 3 € Ny -} (since T'(w, e,) is a T-stable subspace of
T'(wo,er) := Dper(r+) -0 (the tangent space to G/B at e;)).

9.10 Description of Ny (= Ny iq)
In [23] (see also [24]), the first author has given a description of N,, for G classical as follows.

Theorem 9.10.1 Let 3 € R™.
(1) Let G be of type Ay,. Then B € N,y <= w > sg.
(2) Let G be of type C,,.
(a) Let B =¢€; —¢€j, or2¢;. Then B € N,y <= w > sg.
(b) Let B =¢€;+¢€j. Then B € Ny <= w > either s¢,ie; 0T S2,-
(3) Let G be of type B,,.
(a) Let B =¢€; —€j, €n, or €+ €,. Then € Ny <= w > sg.
(b) Let 8 =¢€;,i <n. Then f € Ny <= w > either s., or S¢,te, -
(c) Let B =¢€;+¢€j,j <n. Then B € N, <= w > either Seite; OT Se;Sejten -
(4) Let G be of type D,,.
(a) Let B=€, —€, or €, +¢€;, j=n—1,n. Then € N, <= w > sg.
(b) Let B =eitej, j <n—1. Then € Ny <= w > either S¢;1e; 0T S¢;—c, SeitenSejten—i -
9.11 Description of N, -
Let 8 € 7(RT), say 3 = 7(a),a € RT. We denote the positive roots as in [5].

We now state the descriptions for Ny, -, for G classical (cf. [25]).

9.12 The special linear group
Theorem 9.12.1 (cf. [31]) Let G be of type A,,. Then B € Ny, <= w > saT.
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9.13 The symplectic group

Theorem 9.13.1 Let G be of type C,,.
(1) Let o« = €; — €j, or 2¢;. Then B € Ny, <= w > sgT.
(2) Let o = €; +¢j.
(a) If T > sgT, then B € Ny, (necessarily).
(b) Let T < sg7. If T is > either Tsa,, or Tsa;, then 3 € Ny, <= w > spT.
(3) Let 7 < spT,TS2¢;, and TS, .
(a) If T < T5¢;—e;, then B € Ny <= w > either sgT or Tsa, .
(b) If 7> T8¢;—c;, then B € Ny, <= w > spTsa;

Remark 9.13.2 One has similar descriptions of Ny,  for types B and D (see [25] for details).

9.14 Irreducible components of Sing X (w)
The problem of the determination of the irreducible components of Sing X (w) is open even
for type A.

Known results for G/P
The irreducible components of Sing X (w) have been determined in [34] for X (w) in G/ P,
for G classical, and P certain parabolic subgroup. We recall this result below.

TYPE A

Let G = SL(n), and P = P, the maximal parabolic subgroup (with associated set of simple
roots being S\ {ag}). Then it is well known that G/P gets identified with the Grassmannian
variety Gy, = the set of d- dimensional subspaces of k™. It is well known that Wra_ the set
of minimal representatives, may be identified as

Wi ={(a1, - ,aq) | 1<a; <ag <---<aqg<n}
To (ay,--- ,aq) € WF4, we associate the partition a := (ay,--- ,a4), where a; = ag_;41 —
d — i+ 1. For a partition a = (aj,---,a4), we shall denote by X, the Schubert variety
corresponding to (ay,- - ,aq). Then dim X, = |a| = a; + -+ +ag4. It is clear that a; <n —d.
Let a = (pI',---,p¥) = (p1,--* »pP1,- "+ ,Prs ++ ,pr) (We say that a consists of r rectangles:
q1 tTmeS qr times

P1Xq1, " ,Pr X qr )

Theorem 9.14.1 (cf.[34]) Suppose a consists of r rectangles. Then Sing X5 has r —1 com-
7— i_l ; 7 r
ponents Xa’lv e ’XaLl’ where a; - (p?? T 7pf£17117p;'] ) (pi—i-l - 1)q2+1+17pg+-_227 T 7pg )7 and

1<:<r—1.
Note that a/aj, 1 <i <r — 1 are simply the hooks in the Young diagram a.

Corollary 9.14.2 X, is smooth if and only if a consists of one rectangle.

TYPE C

Let G = Sp(2n), and P = P,, the maximal parabolic with associated set of simple roots
being S\ {an} (notations being as in [5]). Then G/P can be identified with the isotropic
Grassmannian of n spaces in a 2n-dimensional space with a non-degenerate skew-symmetric
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bilinear form (,). Then it can be seen easily that Wgn, the set of minimal representatives of
We/Wp,, can be identified with

{(a1---ap)| 1 <a; <ag<---<a, <2n; and for 1 <i < 2n,
ifi € {a1,...,an} then 2n + 1 —1i ¢ {a1,...,an}}.

To (a1, ,a,) € WP we associate the partition a := (ay,- - - ,a,), where a,,1_; = a;—i.
The conditions on the a;’s imply that the partition a is a self-dual partition contained in an
n x n square. For a partition a = (aj,--- ,a,), we shall denote by X, the Schubert variety
corresponding to (ay,---,a,). Thus Schubert varieties in G/P are indexed by self-dual
partitions contained in n".

Theorem 9.14.3 (cf.[34]) Let a be a self-dual partition. Then Sing Xa = |J Xp, where
b C a, and either a/b is a sum of two hooks that are dual to each other, or a/b is a self-dual
hook (different from a box).

TYPE B

Let G = SO(2n+ 1), and P = P,, the maximal parabolic with associated set of simple
roots being S\ «,, (notations being as in [5]). Then G/P can be identified with the isotropic
Grassmannian of n spaces in a 2n + 1-dimensional space with a non-degenerate symmetric
bilinear form (,). Then it can be seen easily that Wg", the set of minimal representatives of
We/Wp, can be identified with

{(a1-ap)| 1<ar<as<--<a,<2n+1, a; #n+1,1<i<mn
and for 1 <i<2n+1,
ifi € {a1,...,an} then 2n +2 — i ¢ {a1,...,an}}.

To (a1, - ,a,) € W, we associate the partition a := (ay,--- ,a,), where a,1_; = a;—i,
or a; — i — 1 according as a; < n or > n . The conditions on the a;’s imply that the partition
a is a self-dual partition contained in an n X n square. For a partition a = (aj,--- ,a,), we
shall denote by X, the Schubert variety corresponding to (ai,--- ,ay). Thus, here again,
Schubert varieties in G/P are indexed by self-dual partitions contained in n".

Theorem 9.14.4 (cf.[34]) Let a be a self-dual partition. Then Sing Xa = |JXb, where
b C a, and either a/b is a disjoint sum of two hooks that are dual to each other, or, a/b =
(r+d,7"=1,1%9) / (r—=1)""Y) for some r,i with i > 0 (the sum of two hooks dual to each other
connected at one box), or a/b = (r2,2"72) /(0") for some r > 2 (self-dual double hook).

TYPE D

Let G = SO(2n), and P = P,, the maximal parabolic with associated set of simple
roots being S\ {a,} (notations as in [5]). Then G/P can be identified with the isotropic
Grassmannian of n spaces in a 2n-dimensional space with a non-degenerate symmetric bilinear
form (,). Then it can be seen easily that W/ can be identified as

{(a1-an)| 1 <a1 <ag < -+ <ay,<2n, #{i,1 <i<n|a; >n}iseven;
and for 1 < i < 2n,
if i € {a1,...,an} then 2n+ 1 —i ¢ {a1,...,an}}.
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Let P = P,,Q = P,_1. Consider the map 6 : WF — W% 6(ay, - ,an) = (b1, -+ ,by_1),
where (b1, ,b,—1) is obtained from (a1,---,a,) by replacing n by n'(= n + 1) (resp.

n’ by n) if n (resp. n') is present in {ay,---,a,}. Note that if a, > n, then precisely
one of {n,n’} is present in (a1, - ,an—1); if a, = n, then (a1, -+ ,a,) = (1,--- ,n), and
d(at, -+ ,an) = (1,--- ,n—1). It is easily seen that 0 is a bijection preserving the Bruhat

order. In fact, 0 is induced by the isomorphism of the varieties G/P — G/Q.

Let us denote W' = W(SO(2n — 1)), and define 6 : W1 — WP as 0(ay, - ,an_1) =
(a1,--- ,an), where a,, = n or n’ and the choice is made so that #{i,1 <i <n | a; > n} is
even (the ¢ in (ay, -+ ,an—1) (resp. (a1, -+ ,an—1)) should be understood as 2n — i (resp.
2n+1—1)). Then it is easily seen that € is a bijection preserving the Bruhat order. In fact,
6 is induced by the isomorphism of the varieties SO(2n — 1)/P,—1 — SO(2n)/P.

In view of the isomorphisms 6 and §, we have results for Schubert varieties in G/P,G/Q, G
being SO(2n) similar to Theorem 9.14.4.

Remark 9.14.5 For other related results on Sing X (w), we refer the readers to [7], [21] and
[46]

10 Applications to other varieties

In this section, we introduce two classes of affine varieties - certain ladder determinantal
varieties (cf. 10.15) and certain quiver varieties (cf. 10.19 ) - and we conclude (cf. [13], [28] )
that these varieties are normal, Cohen-Macaulay and have rational singularities by identifying
them with Yg(w) (cf. 9.3) for suitable Schubert varieties X¢g(w) in suitable SL(n)/Q (note
that Yg(w) is normal, Cohen-Macaulay and has rational singularities, since X¢g(w) has all
these properties).

We first recall some facts on “opposite cells” in Schubert varieties in SL(n)/Q.

10.1 Opposite cells in Schubert varieties in SL(n)/B

Let G = SL(n), the special linear group of rank n— 1. Let T" be the maximal torus consisting
of all the diagonal matrices in GG, and B the Borel subgroup consisting of all the upper
triangular matrices in G. It is well known that W can be identified with S, the symmetric
group on n letters.

Following [5], we denote the simple roots by €, — €; 41, 1 <i <n — 1 (note that €; — €41
is the character sending diag(t1,...,t,) to titi;ll). Then R ={e; —¢€; | 1 <4,j <n}, and the
reflection s, _¢,,, may be identified with the transposition (i, j) in S,.

For a = aj(= €; — €;41), we also denote P (resp. W) by just P; (resp. W*).

10.2 The partially ordered set I;,
Let Q = P;. Then

* *
= Jacq|a= :
@ { © ‘ (O(n—d)xd * )}
WQ = SdXSn_d.

Hence ‘
ng:{(al...an)EW]m<'”<ada ad+1<"'<a’7T}’

Thus ng“ may be identified with

Iy :={i=(i1,...,iq) | 1 < iy < <ig <n}.
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Given 4, j € Iy, let X;, X; be the associated Schubert varieties in G/P;. We define
i>j <= X; 2 X (in other words, the partial order > on I, is induced by the Chevalley-
Bruhat order on the set of Schubert varieties). In particular, we have

10.3 The Chevalley-Bruhat order on S,
For wq, we € W, we have

X(wy) C X(wz) <= mg(X(w1)) C mg(X(ws)), foralll <d<n-1,

where 7y is the canonical projection G/B — G/P,;. Hence we obtain that for (a;...as,),
(b1 .. bn) S Sn,

(a1...an) > (b1...by) <= (a1...a4)T>(b1...bg)7, foralll <d<mn-1

(here, for a d-tuple (¢ ...tq) of distinct integers, (t1...tq) 7 denotes the ordered d-tuple
obtained from {t1,...,t4} by arranging its elements in ascending order).

10.4 The partially ordered set I, . q,
Let @ be a parabolic subgroup in SL(n). Let 1 < a; < --- < a; < n, such that Sg =
S\ A{ag,,...,aq,} (we follow [5] for indexing the simple roots). Then Q = P,, N--- N P, ,
and Wg = S84 X Sgp—ay X -+ X Sp—q,,- Let

Iy, ap = {0y, yig) €dayn X oo X Igp | 4 Ciypq foralll <t <k —1}.

Then it is easily seen that ngn may be identified with I, g, .

The partial order on the set of Schubert varieties in G/Q (given by inclusion) induces a
partial order > on I, ... q,, namely, for i = (iy,...,i5), = (4,,---+4,) € lay,ar, 1 2§ <=
1’t22tfora111§t§k.

10.5 The minimal and maximal representatives as permutations

Let w € Wy, and let i = (iy,...,1;) be the element in I,, o, which corresponds to wgﬂn.
As a permutation, the element w%™ is given by i;, followed by i, \ i; arranged in ascending
order, and so on, ending with {1,...,n} \ i, arranged in ascending order. Similarly, as a
permutation, the element wg™ is given by i, arranged in descending order, followed by i, \ 7,

arranged in descending order, etc.

10.6 The opposite big cell in G/Q
Let Q = ﬂle P,,. Let a = n — ag, and ) be the parabolic subgroup consisting of all the
elements of G of the form

A % % * ok
0 Ay =« x ok
0O 0 0 --- A =
o o o0 -~ 0 A

where Ay is a matrix of size ¢; X ¢, ¢q = ap — ap—1, 1 < t < k (here ag = 0), A is a matrix
of size a X a, and xpyy =0, m > a¢, | < at, 1 <t < k. Denote by O~ the subgroup of G
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generated by {Uq, | @ € R™ \ R5}. Then O~ consists of the elements of G of the form

L 0 0 --- 0 O
x Ihb 0 -« 0 O
* % % I, O
* k% * I,

where I; is the ¢; X ¢; identity matrix, 1 < t < k, I, is the a X a identity matrix, and if
Ty 7 0, with m £ [, then m > a4, | < a; for some ¢, 1 <t < k. Further, the restriction of
the canonical morphism f : G — G/Q to O~ is an open immersion, and f(O~) ~ B™ejq Q-
Thus B~ eiq,9 = O, the opposite big cell in G/Q gets identified with O~.

10.7 Pliicker coordinates on the Grassmannian

Let G4, be the Grassmannian variety, consisting of d-dimensional subspaces of an n-dimen-
sional vector space V. Let us identify V with k™, and denote the standard basis of k™ by
{e; | 1 <i < n}. Consider the Pliicker embedding fy : Gg, — P(A?V), where AV is the
d-th exterior power of V. For ¢ = (i1,...,iq) € Ign, let e, = e;; A... Aej,. Then the set
{e;|i € I4,} is a basis for A?V. Let us denote the basis of (A%V)* (the linear dual of AZV)
dual to {e; | i € Iy} by {pj | j € 14} Then {p; | j € Ign} gives a system of coordinates
for P(A%V). These are the so-called Pliicker coordinates.

10.8 Schubert varieties in the Grassmannian
Let Q = P;. We have
de ~ G/Pd

Let i = (i1,...,4q) € Iq,. Then the T-fixed point e; p, is simply the d-dimensional span
of {eiy,...,ei,}. Thus Xp,(i) is simply the Zariski closure of Ble;, A ... A e;,] in P(ATV).
In view of the Bruhat decomposition for Xp,(i), we have

Pilxp @ #0 = 12

10.9 Evaluation of Pliicker coordinates on the opposite big cell in G/Fy

Consider the morphism ¢g : G — P(A%V), where ¢y = f;004, 64 being the natural projection
G — G/P;. Then pj(¢pq(g)) is simply the minor of g consisting of the first d columns and the
rows with indices ji,...,j4. Now, denote by Z; the unipotent subgroup of G generated by
{Ua | € R™\ Rp, }. We have, as in 10.6

_ Iy Odx (n—d)
% {< Am—dyxa  In-d ) © G}
As in 10.6, we identify Z; with the opposite big cell in G/P,;. Then, given z € Z,, the Pliicker
coordinate p; evaluated at z is simply a certain minor of A, which may be explicitly described
as follows. Let j = (ji,...,74), and let j, be the largest entry < d. Let {ki,...,kq_} be
the complement of {ji,...,j-} in {1,...,d}. Then this minor of A is given by column
indices ki,...kq—,, and row indices jy41,...,Jq (here the rows of A are indexed as d + 1,
..,n). Conversely, given a minor of A, say, with column indices by, ..., bs, and row indices
d—s+1,---,10d, it is the evaluation of the Pliicker coordinate p; at z, where i = (i1,...,4q)
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may be described as follows: {i1,...,iq_s} is the complement of {by,...,bs} in {1,...,d},
and ig_gy1,...,1q are simply the row indices (again, the rows of A are indexed as d+1,...,n).

10.10 Evaluation of the Pliicker coordinates on the opposite big cell in G/Q
Consider
[:G—G/Q—G/P, x---xG|P, — Py x---xPy,

where Py = P(A*V). Denoting the restriction of f to O~ also by just f, we obtain an
embedding f: O~ — Py x --- x Pg, O~ having been identified with the opposite big cell O~
in G/Q. For z € O™, the multi-Pliicker coordinates of f(z) are simply all the a; x a; minors
of z with column indices {1,...,a;}, 1 <t < k.

10.11 Equations defining the cones over Schubert varieties in Gy,

Let Q = P;. Given a d-tuple i = (i1,...,1q) € Iqn, let us denote the associated element of
W},lj;n by 6;. For simplicity of notation, let us denote Py by just P, and 6; by just 6. Then,
by 10.8, Xp(6) is simply the Zariski closure of Ble;, A ... A e;,] in P(A%V). Now using 9.4,
we obtain that the restriction map R — Ry is surjective, and the kernel is generated as an
ideal by {p; | i # j}.

10.12 Equations defining multicones over Schubert varieties in G/Q
Let Xg(w) C G/Q. Denoting R, Ry, as in 9.4, the kernel of the restriction map R — Ry, is
generated by the kernel of R; — (R, )1; but now, in view of 10.11, this kernel is the span of

{pg ‘ 1 c Id,nad S {ala"'vak}a w(d) 2‘ 1}7

where w(® is the d-tuple corresponding to the Schubert variety which is the image of Xo(w)
under the projection G/Q — G/P,,, 1 <t <k.

10.13 Ideal of the opposite cell in Xqg(w)

Let Yg(w) = B7eigg N Xg(w). Then as in 10.6, we identify B~ ejq,¢ with the unipotent
subgroup O~ generated by {Ua | @ € R™ \ Rj}, and consider Yo(w) as a closed subvariety
of O™. In view of 10.12, we obtain that the ideal defining Y(w) in O~ is generated by

(pili€lyn,de{ar,... a5}, w9 %},

10.14 The classical determinantal variety

Let A = (zj;), 1 < i <m, 1 <j < n beamxn matrix of variables. Let k be a
positive integer such that k£ < min(m,n), and Dy, be the determinantal variety defined by the
vanishing of all & + 1 - minors of A. Then one knows (see [30] for example) that Dy can be
identified with Yg(w) (cf. 10.13) for a suitable Schubert variety X (w) in the Grassmannian
G m+n; in particular, one may conclude that Dy, is normal, Cohen-Macaulay and has rational
singularities.

10.15 Ladder determinantal varieties
Let X = (2pg), 1 <b<m, 1< a<nbean m x n matrix of indeterminates.

Given 1 < by < -+~ <b,<m,1<a < - <ap <n, we consider the subset of X,
defined by

L = {xp, | there exists 1 <i < h such that b; <b<m,1<a<a;}.

We call L a one-sided ladder in X, defined by the outside corners w; = xp,4,, 1 <1 < h. For
simplicity of notation, we identify the variable x, with just (b, a).
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Let s = (s1,82...,51) EZ{H t=(t1,t2...,t) GZZJr such that

b1281<32<---<81§m,
t1 >tg>--->t, 1 <t; <min{m —s; + 1,a4+} for 1 <i <[, and (L1)
Si—si_1>ti_1—tif0r1<i§l.

where for 1 <+¢ <[, we let * be the largest integer such that b;x < s;.
For 1 <4<, let
Li:{l'baEL‘SiSbSm}.
Let k[L] denote the polynomial ring k[zp, | 25, € L], and let A(L) = AlXl be the associated
affine space. Let Is(L) be the ideal in k[L] generated by all the ¢;-minors contained in Lj;,
1 <i <, and Dg¢(L) C A(L) the variety defined by the ideal Is¢(L). We call Dg¢(L) a
ladder determinantal variety (associated to an one-sided ladder).

Let Q = {wi,...,wp}. Foreach 1 < j <1, let
Qj ={w; |1 <i<hsuchthat sj_; < b; <sj and s; —b; <tj_1 —t;}.
Let l
@ =@\ J2) U (55,0}
=2 Q40

Let L' be the one-sided ladder in X defined by the set of outside corners €. Then it is easily
seen that Dg (L) ~ Dgt(L') x A%, where d = |L| — |L/|.

Let wy, = (b}, a)) € &, for some k, 1 < k < K/, where ' = |Q|. If b, & {s1,...,s1},
then b, = b; for some i, 1 < i < h, and we define sj— = by, tj- = tj—1, sj+ = 8j, tj+ = ty,
where j is the unique integer such that s; < b; < sj;1. Let s’ (resp. t’) be the sequence
obtained from s (resp. t) by replacing s; (resp. t;) with s,- and s;+ (vesp. ¢;~ and t;+) for
all k such that b, & {s1,...,s;}, j being the unique integer such that s;_; < b; < s;, and i
being given by b, = b;. Let I’ = |s’|. Then s’ and t’ satisfy (L1), and in addition we have
{oh, ... b, C{sh,...,s;}. Tt is easily seen that Dg (L") = Dy (L), and hence

Dst(L) ~ Dy ¢(L') x A“.
Therefore it is enough to study Dst(L) with s,t € Z% such that
{s1,...,s1} D {b1,...,bp}. (L2)
Without loss of generality, we can also assume that
t;>2, and t;—1 > t; if s; € {b1,...,bp}, 1 <i <L (L3)

For 1 <i <, let
L(i):{xba|Si§b§m,1§a§ai*}.

Note that the ideal Is¢(L) is generated by the ¢;-minors of X contained in L(i), 1 <1 <.
The ladder determinantal varieties (associated to one-sided ladders) get related to Schu-
bert varieties (cf. [13]). We describe below the main results of [13].
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10.16 The varieties Z and X (w)

Let G = SL(n), Q = Py, N---NFP,,. Let O~ be the opposite big cell in G/Q (cf. 10.6). Let
H be the one-sided ladder defined by the outside corners (a; +1,a;), 1 <1i < h. Let s,t € Zﬂr
satisfy (L1), (L2), (L3) above. For each 1 <1 <1, let L(i) = {zpq | 5 <0< n,1 <a < a}.
Let Z be the variety in A(H) ~ O~ defined by the vanishing of the ¢;-minorsin L(i),1 <i <.
Note that Z ~ Dg (L) x A(H \ L) ~ Dg (L) x A", where r = dim SL(n)/Q — |L|.

We shall now define an element w € Wénin, such that the variety Z identifies with the
opposite cell in the Schubert variety Xg(w) in G/Q. We define w € W(f?nin by specifying
w®) € W% 1 < i < h, where 7;(X (w)) = X (w®)) under the projection 7; : G/Q — G/P,,.

Define w(®), 1 < i < h, inductively, as the (unique) maximal element in W% such that

(1) w(®)(a; —t; + 1) = s; — 1 for all j € {1,...,1} such that s; > b;, and t; # t;_q if

Jj>1

(2) if i > 1, then w(®-1) C w(®),

Note that w(@), 1 < i < h, is well defined in W, and w is well defined as an element in
wg'.

Theorem 10.16.1 (cf.[13]) The variety Z (= Ds+(L) x A") identifies with the opposite cell
in Xg(w), i.e. Z = Xg(w)N O~ (scheme theoretically).

The above theorem is proved using 10.13. As a consequence of the above Theorem, we
obtain (cf. [13])

Theorem 10.16.2 The wvariety Dst(L) is irreducible, normal, Cohen-Macaulay, and has
rational singularities.

10.17 The varieties V;, 1 <i <
Let Vi, 1 < i < be the subvariety of Dg¢(L) defined by the vanishing of all (¢; — 1)-minors
in L(i), where L(i) is as in 10.16.

In [13] the singular locus of D ¢(L) has also been determined, as described below.

Theorem 10.17.1 Sing Dg (L) = Ué:l Vi.

10.18 The varieties Z;, X(6;), 1 <j <1
Let us fix j € {1,...,l}, and let Z; = V; x A(H \ L). We shall now define §; € ngn such
that the variety Z; identifies with the opposite cell in the Schubert variety Xq(6;) in G/Q.
Note that w(®)(a, —t; + 1) = s; — 1, and s; — 1 is the end of a block of consecutive
integers in w(®), where r = j* is the largest integer such that b, < s;j. Also, the beginning of
this block is > 2 (if the block started with 1, we would have a, —t;+1=s;—-1>b.—1 > a,,
which is not possible, since ¢; > 2). Let u; 4+ 1 be the beginning of this block, where u; > 1.
Then it is easily seen that if s; —1 is the end of a block in w(®) 1 < i < h, then the beginning
of the block is u; + 1. For each ¢, 1 <4 < h, such that u; ¢ w(®) | let v; be the smallest entry
in w(@) which is bigger than sj — 1. Note that v; = w@) (ay, — tj +2), where k € {1,...,i}
is the largest such that b, < s;.
Define Hj(ai), 1 <4 < h, as follows.

If s —1¢ w(a) (which is equivalent to j > 1, ti1 =tjand i <), let ej(ai) — (@) \
{vitU{s; — 1}
If s; — 1 € w(®) and u; & w(@), then (9](-(”) = w@)\ {vi} U {u;}.
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If s; — 1 and u; € w(%), then 9](6”) = w(®) (note that in this case i > 7).

Note that 0; is well defined as an element in ngn, and 6; < w.

Remark 10.18.1 An equivalent description of ; is the following. Let t;, <t; <t

(1) If j ¢ {il, e ,im} (i.e. j>1and tj—1= tj), then
for i <r, 9§ai) = w](f”) \{ei, JU{s; — 1}
fori =r, 03(-'”) = wj(-ar)\{eik}u{uj}, where u; is the largest entry in {1, ..., s;—1}\w(@);
for i > r and u; € wl@) 9](-6”) = ’w](-ai);
for i > r and u; & w(®), Hjai)
w!(@i) \0](.‘“71).

(2) If j € {iy,... ,im}, (i.e. ti1>tjifj > 1), then
fori <r, 9](.(“) = w§ai)\{eik}u{uj}, where u; is the largest entry in {1,...,s;—1}\w(@);

for i > r and u; € w(@), gl = w](-ai);

@)
e

lg—1"

= wj(-ai) \ {vi} U {u;}, where v; is the smallest entry in

for i > r and u; & w(®), = wj(ai) \ {vi} U {u;}, where v; is the smallest entry in

wlai) \ gj(ai—l) _

Theorem 10.18.2 (cf.[13]) The subvariety Z; C Z identifies with the opposite cell in
Xq(0;), i.e. Zj = Xqg(0;) N O~ (scheme theoretically).

As a consequence of the above theorem, we obtain (cf. [13]):

Theorem 10.18.3 The irreducible components of Sing Ds (L) are precisely the V;’s, 1 <
i<l

Let X (w™) (resp. X (07*), 1 < j <) be the pull-back in SL(n)/B of Xq(w) (resp.
Xq(#;), 1 < j < 1) under the canonical projection 7 : SL(n)/B — SL(n)/Q (here B is
a Borel subgroup of SL(n) such that B C (). Then using Theorems 10.16.1, 10.18.2 and
10.18.3 above, we obtain (cf. [13]):

Theorem 10.18.4 The irreducible components of Sing X (w™*) are precisely X(G}na"), 1<
J <l

In [13], it is also shown that the conjecture of [29] on the irreducible components of
Sing X (#), 6 € W holds for X (w™).

Remark 10.18.5 Ladder determinantal varieties were first introduced by Abyankar (cf. [2]).

Remark 10.18.6 A similar identification as in Theorem 10.16.1 for the case t| = --- = {;
has also been obtained by Mulay (cf. [44]).

Remark 10.18.7 In [13], the theory of Schubert varieties and the theory of ladder determi-
nantal varieties are complementing each other. To be more precise, geometric properties such
as normality, Cohen-Macaulayness, etc., for ladder determinantal varieties are concluded by
relating these varieties to Schubert varieties. The components of singular loci of Schubert va-
rieties are determined by first determining them for ladder determinantal varieties, and then
using the above mentioned relationship between ladder determinantal varieties and Schubert
varieties.
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10.19 Quiver varieties

Fulton [11] and Buch-Fulton [6] have recently given a theory of “universal degeneracy loci”,
characteristic classes associated to maps among vector bundles, in which the role of Schubert
varieties is taken by certain degeneracy schemes. The underlying varieties of these schemes
arise in the theory of quivers: they are the closures of orbits in the space of representations
of the equioriented quiver Aj;. Many other classical varieties also appear as quiver varieties,
such as determinantal varieties and the variety of complexes (see [8], [14], [45].)

In [28], the quiver varieties (corresponding to the equioriented type A quiver) are shown to
be normal and Cohen-Macaulay (in arbitrary characteristic) by identifying them with Yg(w)
(cf. 9.3) for suitable Schubert varieties X¢(w) in suitable SL(n)/Q.

Fix an h-tuple of non-negative integers n = (nj,...,n;) and a list of vector spaces
Vi,..., Vs over an arbitrary field k with respective dimensions ni,...,np. Define Z, the
variety of quiver representations (of dimension n, of the equioriented quiver of type Ay) to
be the affine space of all (h—1)-tuples of linear maps (f1,..., fr1) :

W£V2§'~'fh—_>2vh—1fh—_>th-

If we endow each V; with a basis, we get V; = k™ and
Z = M(ngxnl)x~ e X M(nhxnh,l),

where M (Ixm) denotes the affine space of matrices over k with [ rows and m columns. The
group
Gn = GL(nl) X -+ X GL(nh)

acts on Z by
(91.92. +9n) - (fr, for -+ foe1) = (920107, 93f295 s+ L gnfragn ),

corresponding to change of basis in the V.

Now, let r = (74j)1<i<j<n be an array of non-negative integers with r;; = n;, and define
r;; = 0 for any indices other than 1 <17 < j < h. Define the set

Z°(r) ={(f1," -~ fr) € Z | Vi<y, rank(fja--- fi: Vi = Vj) =rijt.
(This set might be empty for a bad choice of r.)
Proposition 10.19.1 (cf. [10]) The Gyn-orbits of Z are exactly the sets Z°(r) for r = (r;j)
with
Tij = Tig —Tidj +riag >0, V1<i<j<h.
Definition 10.19.2 We define the quiver variety as the algebraic set
Z(x)={(f1,",fm1) € Z|Vi,j, rank(fj1--- fi : Vi = V) <rij}

Remark 10.19.3 The variety Z(r) is simply the Zariski closure of Z°(r) (cf. [1], [28]).
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10.20 The Schubert varieties X¢q (™), Xqo(7")
Given n = (ny, -+ ,np), for 1 <i < h let

a; =n1+ng+---+n;, ag = 0, and n=ni+---+np.
For positive integers i < j, we shall frequently use the notations

gl ={ei+ 1,5 [l =[Ld,  [0[={}.

Let K" 2 Vi @ --- @ Vp have basis ey, . .., e, compatible with the V;. Consider its general
linear group GL(n), the subgroup B of upper-triangular matrices, and the parabolic subgroup
Q@ of block upper-triangular matrices

Q = {(a;j) € GL(n) | a;j = 0 whenever j < aj < i for some k} .

In this section, we look at G/@Q as the space of partial flags as follows: a partial flag of
type (a1 < ag < --- < ap = n) (or simply a flag) is a sequence of subspaces U. = (U; C
Uy C -+ C Uy = k") with dimU; = a;. Let E; = Vi & ---dV, = (e1,...,€eq,), and
E/=Viu®---®V), = (eq;+1,- - -, €n), so that E; ® El = k™. The flag variety F1 is the set of all
flags U. as above. Fl has a transitive G L(n)-action induced from k", and @ = Stabg ) (E.),
so we have the identification F1 = GL(n)/Q, g¢-E. < ¢gQ. The Schubert varieties are the
closures of B-orbits on F1. Such orbits are usually indexed by certain permutations of [n],
but we prefer to use flags of subsets of [n], of the form

T:(T1CT2C~-CTh:[n]), #Ti = a; .
A permutation w : [n] — [n] corresponds to the subset-flag with
7 = wlai] = {w(1), w(2),..., w(a:)}

This gives a one-to-one correspondence between cosets of the symmetric group W = S,
modulo the Young subgroup Wy, = &,, X --- X S, , and subset-flags.

Given such 7, let E;(1) = (e; | j € ;) be a coordinate subspace of k™, and E.(1) =
(E1(1) C Ex(7) C --+) € FL. Then we may define the Schubert cell

X%(T) = B-E(7)
= {(cUycC---)eF |dimU;Nnk! =#7,Nn[j], 1<i<h, 1<j<n}

and the Schubert variety

Xo(r) = Xp(7)
= {(UicUycC---)eFl |dmU;Nk! >#rN[j], 1<i<h, 1<j<n}
where k7 = (e1,...,e;) C k™.

Under the identification of G/Q with F1, the opposite cell O~ in G/Q gets identified with
the set of flags in general position with respect to the spaces Ef D --- D E} _;:

O_:{<U1CU2C"')€F1 ’ UiﬂEZ{ZO}.
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Let Yo(7) = Xq(7) N O™, the opposite cell of X (7).

We define a special subset-flag 7> = (7" C --- C 73" = [n]) corresponding to n =
(n1,...,np). We want each 77" to contain numbers as large as possible given the constraints
[aja] C 7" for all j. Namely, we define 7;°* recursively by

T;Lnax — [n]’ Tmax —

; lai1] U {largest n; elements of ;5% }.

Furthermore, given r = (r;;)1<i<j<n indexing a quiver variety, define a subset-flag 7" to
contain numbers as large as possible given the constraints

r gl = 4 @ gy fori<j
#7 0ag] = a; fori > j
j J
Namely,
m={1...ai1 ....... Qi oo Aidl eenenns Ait2 woe e n}
Qi1 Tii —Tii+1 Tii41—Tii4+2 Tiit2—Ti,i+3 Tih

where we use the visual notation

...... a=la—b+1,a

: L= | ;al

b

Recall that a; = aj_1 +nj and 0 < r;; — r; ;41 < nj, so that each 7 is an increasing list
of integers. Also 7i; — ;41 < rit1j — rit1,j+1, so that 77 C 77, ;. Thus, 77 are indeed
subset-flags.

10.21 Examples We give below four examples.

Example 1 A small generic case.
Let h =4, n=(2,3,2,2),

W N
N = O
NN = O

where 7;; are written in the usual matrix positions.
Then we get (a1, as,as3,a4) = (2,5,7,9), n =9, and

TR = (89 C 12589 C 1234589 C [9]), 7" = (45 C 12459 C 1234589 C [9]),
which correspond to the cosets in W/Wy,
W™ = 89(125(34|67,  w® = 45[129/38|67.

(The minimal-length representatives of these cosets are the permutations as written; the other
elements are obtained by permuting numbers within each block.) The partial flag variety is
Fl={U; c Uy C U3 C k° | dimU; = a;}, and the Schubert varieties are:

Xo(r™™) = {U.|k® C U,k C U3},
Xo(m") = {U.|U1CKk’CUs, K*CUs,dimUs Nk® > 4}.
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The opposite cells Y (7) are defined by the extra conditions U; N E} = 0.

Example 2 Fulton’s universal degeneracy schemes (cf. [11]).

Given m > 0, let Z be the affine space associated to the quiver data h = 2m, n =
(1,2,...,m,m,...,2,1). For each w € S,.+1, Fulton defines a “degeneracy scheme” €, =
Z(r) as follows. Denote ¢ = 2m + 1 — 4, and define r = r(w) = (r;;) by:

=1

Tij = Tﬁ

ri = # il Nwlj]

for 1 <4, j <m. The associated Schubert varieties X¢(7") are given by 7" = (7{ C --- C 77)
or by cosets w = wy| - - |wy € W/Wy

T;‘: a@'— U O a7 -, & 73 1171: Qi +1’a'2'— Ua
[ 1] { 'w_l(l) w_1(2) w_l('i)} b [a;2 1] { w_l(i)}
75 = lo; =1 U{ag, ag, ..., am} = [t a1 Ut g
wy = [a372+1, a}—l]

for1 <i<m, 1<j<m—1. Furthermore 7™ = 7*(*) and g™ = ") for w = e € St
the identity permutation.

Example 3 The variety of complezes.

For a given h and n, the variety of complexes is defined as the union C = |J, Z(r) over
all r = (r5) with 740 = 0 for all i. The subvarieties Z(r) correspond to the multiplicity
matrices m = (m;;) with m;; = 0 for all i +2 < j, and my; + Mg+ M4 =" for all 4.
In [45], Musili-Seshadri have shown that each component of C, is isomorphic to the opposite
cell in a Schubert variety.

Example 4 The classical determinantal variety.

The classical determinantal variety of k x | matrices of rank <t is D = Z(r) for r = (é ZL)

and m = <l_0m kTm) where m = min(t + 1, k,1). Alson =k +1,

= (k+Lk+lCn]), =(m+LQUk+l-m+Lk+I]Cn)

X () =Fl = Gr(l,k"), X(r°)={U e Gr(L,k") |Unk! =1 —m},
D=Zr)2Y(")={UcGr(l,k") |Unkl =1—m, UNE =0},
where E' = (epq,en2,- -+, €n)-

Denote a generic element of the quiver space Z = M(ng x ny) x -+ x M(np X npq)
by (A1,...,Ap_1), so that the coordinate ring of Z is the polynomial ring in the entries
of all the matrices A;. Let r = (r;;) index the quiver variety Z(r) = {(A1,...,An—1) |
rank Aj,1 ce Al S rij}-

Let J(r) C k[Z] be the ideal generated by the determinantal conditions implied by the
definition of Z(r):

J(r) = <det(Aj_1Aj_2”-Az‘))\><#|j >4, AC [nj], n C [ni],#)\: #/L:Tij + 1) .

Clearly J(r) defines Z(r) set-theoretically.
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Theorem 10.21.1 (cf. [28]) J(r) is a prime ideal and is the vanishing ideal of Z(r) C Z.
There are isomorphisms of reduced schemes

Z(r) = Spec(k[Z] / T (r)) = Spec(k[O7] / Z(77)) = Yo(77).

That is, the quiver scheme Z(r) defined by J (r) is isomorphic to the (reduced) variety Yo(7"),
the opposite cell of a Schubert variety.

In proving the above theorem again, one uses the standard monomial theory for Schubert
varieties.

Remark 10.21.2 Over a field of characteristic 0, the normality and Cohen-Macaulayness of
Z(r) also follow from [1].

11 Bott-Samelson varieties

Throughout this section, we once again take G to be a simply connected semisimple algebraic
group over an algebraically closed field k.

11.1 Geometry
The Bott-Samelson varieties are an important tool in the representation theory of the group
G and the geometry of the flag variety G/B. First defined in [4] as a desingularization of
the Schubert varieties in G/B, they were exploited by Demazure [9] to analyze the singular
cohomology or Chow ring H'(G/B) (the Schubert calculus), and the projective coordinate
ring k[G/B]. Since the irreducible representations of G are embedded in the coordinate ring,
Demazure was able to obtain a new iterative character formula for these representations.

Bott-Samelson varieties are so useful because they “factor” the flag variety into a “prod-
uct” of projective lines. More precisely, they are iterated P'-fibrations and they each have
a natural, birational map to G/B. The Schubert subvarieties themselves lift birationally
to iterated P!-fibrations under this map (hence the desingularization). The combinatorics
of Weyl groups enters because a given G/B can be “factored” in many ways, indexed by
sequences i = (41,12, ...,iy) such that wyg = s;, i, - - - s, is a reduced decomposition of the
longest Weyl group element wq into simple reflections.

More generally, we may define a Bott-Samelson variety Z; for an arbitrary reduced or
non-reduced sequence of indices i = (iy,142,...,in). Let P, D B be the minimal parabolic
associated to the simple reflection s, so that P;/B = P!, the projective line. Then

Zi=P, x---x P, /B",
where B acts on the right of the product via:

(p1,p2s -, pN) - (b1, b2, ., bN) = (p1b1, by "paba, ..., byt pNbN).

Furthermore, B acts on the left of Z; by multiplication of the first factor.
Although we will not use it here, a key structure in analyzing the geometry of Z; (and
hence G/B) is the opposite big cell

kN — Z;

(t1,...,tn) +— (exp(t1Fi,),...,exp(tnFiy)),
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where t — exp(tF;) is the exponential map onto the one-parameter unipotent subgroup
corresponding to the negative simple root ;. The image of kY is a dense open cell in Z;.
We may embed Z; in a product of flag varieties by the iterated multiplication map:

v & - (G/B)N+
(pla"'va) — (€B7plep1p237"'7p1"'pNB)-

The embedding is compatible with the B-action on Z; and the diagonal B-action on
(G/B)N*1. The image of this embedding is a dual version of Z;, a fiber product:

w(Z:) = eB xgyp, G/B xgp,, -+ %a/p,, G/B C (G/B)N*.

By composing p with various projections of (G//B)N*1, we obtain maps from Z;. For example,
the canonical map to the flag variety is

Z; — G/B
(p1,-..,PN) +— pip2---pNB.

which is a birational morphism exactly when i is a reduced decomposition of the longest
element of W. For general i the image is the Schubert variety X (s;, - - - siy ).

Let Gr(i) = G/P;, x -+ x G/EN, where P, is the mazimal parabolic subgroup associated
to all the simple reflections except s;. If we compose p with the projection of (G/B)N*! to
Gr(i), the result is still an embedding of Z;:

T Z; — Gr(i)
(plv"'ypN) = (pl-ljipppoPiza”' )pleBN)

That is, Z; & u(Zi) = [i(Zi). This gives an embedding of Z; in a conveniently small variety.
Finally, if we project Gr(i) to any product of G/ P; with some of the G/ P;; factors missing,
the image of fi(Z;) is no longer isomorphic to Zj: we call this image a configuration variety.

Line bundles on Z; are indexed by sequences of integers m = (my,...,my). Define the
line bundle
Lo = (P X x Pyy) Xpn (k—m1w1'1 Q- ® k—mez‘N)

associated to the character e ™™ @ ... @ e ™N%in : BN — kX where w; denotes the
i-th fundamental weight of G. We can also define Ly, in terms of the embedding . Let
O(1) = G xP k_,, denote the unique minimal ample line bundle on G/ P,. Then Ly, is the
pullback via ji of the bundle O(m) = O(1)®™ @ --- @ O(1)®™~ over Gr(i).

Our substitutes for Weyl modules and Demazure modules will be the spaces of global
sections

V(i,m)* = T'(Z;, Lm).

For appropriately chosen i and m, the B-representations V (i, m)* are isomorphic to the dual
Weyl modules V' (\)* and the Demazure modules V()% considered previously. The vanishing
theorem of Mathieu [42] and Kumar [20] implies:

Theorem 11.1.1 (i) The restriction map I'(Gr(i), O(m)) — I'(Z;, Lm) is surjective.
(ii) The character of I'(Zi, Lm)* is given by the Demazure formula:

Charl(Zi, Lxn)* = Ay, (€™ Ay, (€M7 . (Ag e™VFin) . .)).
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It should be possible to prove this theorem by the same methods used above in the case
of Schubert varieties. ;jFrom the theorem, we see that V(i,m)* is a quotient of the tensor
product

Vimiwi, )" ® - @ V(myw )" =T'(Gr(i), O(m)).

Example Let G = SL(n). Then G/ﬁZ =~ Gr(i, k™), the Grassmannian of i-planes in linear
n-space. Let E; € Gr(i, k™) be the span of the first ¢ standard coordinate vectors in k™. Then
we may identify i(Z;) € Gr(i) = Gr(i1, k™) x --- x Gr(i1, k™) as the variety of N-tuples of
subspaces (Vi,...,Vn) € Gr(i) with dim V; = i;, and subject to the following inclusions: if
ip = ig + 1, and @, # ip, i, for every r between p and ¢, then V,, C V,; and if i, # i, — 1 for
q < p, then E; 1 C Vp; and if iy # iy + 1 for ¢ < p, then V,, C E; 1.

Letting G = SL(4) and i = (1, 3,2, 1,2), we have that (V1,...,V5) € u(Z;) precisely if:

Ei—Fy—Fj3
SN\

O—>‘/1—>V3—>V2—>k4

N S S
Vi— V5

where the arrows indicate codimension one inclusions of subspaces. Furthermore, we have
the opposite big open cell k° C Z; given by the coordinates:

(t17t27t3at47t5) € k5 = (Vb .. '7V5) =

1 1 0 0 10 1 1 0
t1 t1 1 0 t1 1 t1+1ty t1+14 1
o "l oo 1 %ot [ tsta [*| tsta  ts+t5
0 0 0 to 0 tots totsty totsty tg(t3+t5)
where the spaces Vp, Vo, ... are spanned by the column vectors of the matrices. Letting

m = (0,0,1,0,2), the space V(i,m)* = I'(Z;, L) is spanned by restrictions of sections in
I'(Gr(i),O(m)). These latter sections are products of Pliicker coordinates, minors in the
homogeneous coordinates on the Gr(i;). A typical section is

(Zﬁ(Vh RN V:r)) = detab(‘/'g)detcd(%)detef(V5)

where det,, indicates the 2 x 2 minor in rows p, ¢ of the matrix of basis vectors of a two-
dimensional subspace of k*. Restricting these sections on Gr(i) to the big cell in Z;, we obtain
polynomials in ;:

10 1 0 1 0

. t 1 i+t 1 bt 1

"¢ = detap 0 t3 deted t3ty  t3+ts - detes tgts  t3+ts
0 tot3 tatsty ta(ts+ts) tatsta ta(t3+1s5)

This gives a total of 62 = 216 spanning vectors for V (i, m)*, of which 54 are linearly indepen-
dent over k, as we may check by the Demazure character formula. In the following section,
we will show how to extract a standard basis of V (i, m)* from the spanning set.
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11.2 Path model and indexing system for bases
To find bases for our B-representations V (i,m)* = I'(Z;, L), we formulate an analog of the
path model for a highly non-standard “root system” associated to Z;. We define this pseudo
root system in terms of the usual root system of the group G. To avoid confusion, we use
the usual notation «, f,, etc., for objects of the usual root system, and write their pseudo
counterparts with a tilde: &, fd, etc.

For i = (i1,...,in), define the pseudo Cartan matrix A(i) = (a;;) of size N x N by

djk = <aij7a;§€>7

which is a Cartan integer for the usual root system of G. However, we have a;, = 2 whenever
ij = 1}, which violates a basic condition of generalized Cartan matrices. Nevertheless we can
define many of the usual notions as in [17]. We have the pseudo weight lattice and its dual,

X=7N =(é,....en), XY= ={(e,...,ey),

as well as the real version Xg = X ®7 R. The pseudo simple roots and coroots are
N
aj=> apéy € X, af=¢& € XV,
k=1

Note that &; = &y, if i; = i, but &y, ..., &y are linearly independent. Then we clearly have
<aj7ak> = <aij7aik> = Qjk-
A pseudo simple reflection is
§j . X]R — X]R
v

r o r—(2,0))a

and these generate a pseudo Weyl group W. Also define certain analogs of fundamental

weights
5]' = Z €r € X,
k<j
’Lk:Z]
which form a basis of X, but not the dual basis of {ay}. We consider the linear map
proj : X — X defined by proj (3]) = wj;, where w; is the ith fundamental weight of the
ordinary root system. Then we have proj(a;) = a;;, but in general proj(s}-i) # i, proj(S\).

Example For our running example G = SL(4), i = (1,3,2,1,2), we have the ordinary and
pseudo Cartan matrices,

2 -1 0 } 0 2 -1 0 4
A= -1 2 -1 and A= -1 -1 2 -1 2 [;
0 -1 2 2 0 -1 2 -4
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the pseudo simple coroots and roots

~V ~% ~V ~%
Oll 261, O[5 265,
a1 = Gy = 2€1 — €3 — 2€4 — €5, Qo = 2e9 — €3 — €5,
3 = a5 = —e€1] — €3 + 2€3 — €4 + 2€5;

and the analogs of fundamental weights
01 = €1, 09 = éo, 53 = €3, 54 =e€1 + ey, 85 = e3 + es5.

Now consider rational piecewise linear paths 7 : [0,1] — Xg. For any pseudo simple root
@, we may define the analogs fd, €4 of the lowering and raising operators exactly as for the
ordinary root system, but using the pseudo roots and coroots, etc. These operators have the
same properties as those for the usual root system.

Let It be the set of all dominant paths, those 7 with (7(t), &) >0 for all t and j. For

7ellt, let B (7); be the set of paths generated from 7 by applying the lowering operators
to 7 in the fixed order given by i:

B(fr)lz{f?lf]’r\l]N%‘nhanNZO},

where f] is the lowering operator associated to ¢&;. The character of a set B of paths is again
the formal sum of the endpoints of the paths, projected to the ordinary weight lattice X:
CharB =) . p eProim(l),

Theorem 11.2.1 Let @ € It be a dominant path with 7(1) = § := m101 + - - + mOx.
Then the character CharB(7); is equal to the character of V (i, m), the dual B-representation
to V(i,m)*.

We may define L-S paths for (i,m) as the set LS(i,m) = B(7j);, where 75 : t — td is the
straight-line path from 0 to 6 in Xg. The extremal paths of LS (i,m) are by definition the
straight-line paths, which are all of the form 75 for some w € w. Any path in LS(i,m) is
a sequence of straight-line steps in extremal path directions, and so may be described like a
usual L-S path by a sequence 7 of extremal weights 7; = zf)jg and a sequence g of increasing
rational numbers between 0 and 1 encoding the lengths of the steps.

The L-S paths for (i,m) are closely related to the following geometric partially ordered
set. A Bott-Samelson subvariety Y of Z;j is a product P, x -+ x B x --- x P,,/BY™, where

we have replaced some of the factors P;; with B. Now consider the projection 1 : Gr(i) —
I1 jim;>0 G/ P; ;» Where we drop all factors with m; = 0. Then consider the set of all images
{np(Y) | Y C Z; a Bott-Samelson subvariety }, and order these varieties by inclusion. The
resulting poset bears a relationship to LS(i,m) similar to that of the usual Bruhat order to
usual L-S paths.

Now we consider a set of paths which will allow us to construct a basis in the framework
of the previous section. Let i = fi(i,m) € IOt be the piecewise-linear path defined as a
concatenation of N straight line paths

V= Wmlgl koee. *T(mNSN'
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so that (1) = d. Define the set of pseudo standard tableaus as the paths ST(i,m) = B(¥);.
Now, for each path 7 in Xg, consider its projection proj 7(t) to Xgr, and define the set
of standard tableaur as ST (i,m) = proj S~T(i, m), the projection of the pseudo standard
tableaux. There is an obvious inclusion

ST(i,m) = B(D); C B(md1); * - - * B(mndn);i
which projects to the inclusion
ST(i,m) C B(wWm,i,) * -+ * B(mywiy ).

We may also construct the standard tableaux S7T(i,m) using only the usual lowering
operators f; in Xg and another path version of Demazure’s character formula:

ST(i,m) = { f1 (T, * S22 (T, * -« (FI Ty, ) - ))) | s omy = 0.

Finally, we can characterize the paths in ST'(i,m) by certain standardness conditions (the
factors must decrease in an appropriate analog of the Bruhat order). See [26], [27].

Now we construct our basis for V (i, m)*. Recall the path basis B(\) = {p, | # € B(\)} for
each G-representation V' (\)* with lowest weight —\ € X. Now, for each standard tableau

v=m*---xmy € ST(i,m) C B(myw;,) *---* B(mywiy)

we may define

Py =Dry Pry € V(mimy )" @ @ V(mywiy)"

Let B(i,m) = {p, € ST(i,m)}.
Theorem 11.2.2 The set B(i,m) restricts to a basis of V (i, m)*.

Example Again taking G = GL(4), i = 13212, m = (0,0, 1,0, 2), let us denote an extremal
weight w(ww;) by a subset of i elements in {1,2, 3,4}, and use the same symbol to denote the
straight-line path 7,(s,) in Xg. Thus a path in ST'(i,m) is of the form ab * cd * ef, where
1<a,bcde f<4and a<b, c<d,e< f;but not all such paths are standard tableaux.
A typical standard tableau is m = 24 x 23 * 13, which is generated by our Demazure formula
as

To= [P (12 % f1 R (12 % 12))
= fif3f5(12x f7 (12 % 12))
fLfaf2(12 % f1f2(12 % 12)).

By taking all 54 such tableaux one obtains the standard basis as indicated in the example of
the previous section.
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