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Exercise 1. (4 points)
Let ⌦ = Z!1 � · · · � Z!n be a full lattice in Rn endowed with the standard scalar
product. By the definition of a lattice, the n-tuple (!1, . . . ,!n) forms a basis of Rn,
so let (!0

1, . . . ,!
0
n) denote the corresponding Gram-Schmidt-orthogonalized basis (i.e.

!0
j = !j +

P
i<j µi,j!i for certain µi,j such that h!0

i, !
0
ji = 0 for i 6= j). Show that

for every ! 2 ⌦ \ {0} we have the inequality

k!k � min {k!0
1k, . . . , k!0

nk} .

Exercise 2. (4 points)

Let !1 := 5 + 2i
p

7 and !2 := 7
2 + i3

p
7

2 and define the lattice ⌦ := Z!1 � Z!2.

(a) Show that ⌦ = Z�
⇣

1+i
p

7
2

⌘
Z.

(b) Using Exercise 1, determine

min(⌦) := min{|!| : ! 2 ⌦ \ {0}}

and
S(⌦) := {! 2 ⌦ \ {0} : |!| = min(⌦)}.

Exercise 3. (4 points)
Find integers m1, m2, m3, not all zero, such that

(⇤)
���m1

p
2 + m2

⇣p
3 + i

p
5
⌘

+ m3i
p

7
��� < 1

and that m2
1 + m2

2 + m2
3 is minimal under the condition (⇤).

Exercise 4. (4 points)
Let ⌦ = Z!1 � Z!2 be a full lattice in C and let ! = m1!1 + m2!2 2 ⌦. Show the
equivalence of the following statements.

(i) There exists an !0 2 ⌦ such that ⌦ = Z! � Z!0.

(ii) m1 and m2 are coprime.

(iii) If n 2 Z, n > 1, then 1
n! /2 ⌦.

Deadline: Tuesday, Oct. 28, 2014 at the beginning of the lecture.


