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Exercise 1. (4 points)

Let Q = Zw; ® -+ - @ Zw,, be a full lattice in R™ endowed with the standard scalar
product. By the definition of a lattice, the n-tuple (wy,...,w,) forms a basis of R",
so let (w], . ..,w!) denote the corresponding Gram-Schmidt-orthogonalized basis (i.e.
Wi = wj + >, tijwi for certain pi;; such that (w;,wj) = 0 for i # j). Show that
for every w € Q\ {0} we have the inequality

lwll = min {[jwn], ... lwp ]} -

Exercise 2. (4 points)
Let wy := 5+ 2i/7 and wy := % + z%ﬁ and define the lattice Q := Zw; ® Zws.

(a) Show that Q = Z @ (HTﬁ) Z.
(b) Using Exercise 1, determine
min(Q) := min{|w| : w € Q\ {0}}

and
S(Q) :={weQ\{0} : |w| =min()}.

Exercise 3. (4 points)
Find integers my, ms, ms, not all zero, such that

() mivV'2 + ms (\/3—}—2\/3) +m3i\/7‘ <1

and that m? + m3 + m3 is minimal under the condition (x).

Exercise 4. (4 points)
Let Q = Zw; ® Zws be a full lattice in C and let w = myw; + mawy € 2. Show the
equivalence of the following statements.

(i) There exists an w’ € €2 such that Q = Zw & Zuw'.
(i) my and my are coprime.

iii) If n € Z, n > 1, then tw ¢ Q.
(1ii) n
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