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Exercise 1. (4 points)
Recall the definition of the Bernoulli numbers,
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Prove that

(a) Bn 2 Q for all n 2 N0,

(b) B1 = �1
2 and B2n+1 = 0 for all n 2 N,

(c) Calculate B2n for n 2 {0, ..., 6}.

Exercise 2. (4 points)
Let � be the normalized discriminant function, i.e.
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⌧(n)qn = q � 24q2 + 252q3 � 1472q4 + O(q5), q := e2⇡i⌧ .

(a) Use the results from Exercise 1 of Problem sheet 5 about the relations among
the Eisenstein series to show that
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(b) Show the congruence ⌧(n) ⌘ �11(n) (mod 691) for all n 2 N.

Hint: Using a computer to check the constants is acceptable.

Exercise 3. (4 points)
Prove the following identity,
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where �(s) :=
R1

0 ts�1e�tdt denotes the gamma function.
Hint: The first equality is just a simple substitution, for the second, write �
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a double integral and use polar coordinates to compute in another way.



Exercise 4. (4 points)
Let L = Z!1 � Z!2 be a full lattice in C and } = }L the corresponding Weierstraß
}-function.

(a) For all z, w 2 C such that z, w, z ± w /2 L prove that

}(z + w)� }(z � w) = � }0(z)}0(w)

(}(z)� }(w))2
.

(b) Use the Addition theorem and the di↵erential equation for the }-function
to find a polynomial 0 6= P 2 R[X, Y, Z], where R = Z[g2, g3] such that
P (}(z), }(w), }(z + w)) = 0 for all z, w 2 C such that z, w, z + w /2 L.

Hint: It is advisable to use a computer to find that polynomial.

Deadline: Tuesday, Nov. 18, 2014 at the beginning of the lecture.
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