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A FRAMEWORK OF ROGERS-RAMANUJAN IDENTITIES AND
THEIR ARITHMETIC PROPERTIES
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ABSTRACT. The two Rogers—Ramanujan g¢-series
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where 0 = 0, 1, play many roles in mathematics and physics. By the Rogers—Ramanujan
identities, they are essentially modular functions. Their quotient, the Rogers—Ramanujan
continued fraction, has the special property that its singular values are algebraic integral
units. We find a framework which extends the Rogers—-Ramanujan identities to doubly-
infinite families of g-series identities. If a € {1,2} and m,n > 1, then we have

Z qang,\(l, 4,¢%,...;q") = “infinite product modular function”,

A
Algm

where the Py (x1, 22, . ..;q) are Hall-Littlewood polynomials. These g-series are specialized
characters of affine Kac-Moody algebras. Generalizing the Rogers—Ramanujan continued
fraction, we prove in the case of Agi) that the relevant g-series quotients are integral units.

1. INTRODUCTION
The Rogers-Ramanujan (RR) identities [69)]
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play many roles in mathematics and physics. They are essentially modular functions, and
their ratio H(q)/G(q) is the famous Rogers—Ramanujan g-continued fraction

H(q) 1

=
(9) - q2

LT

14+ L

(1.3)

The golden ratio ¢ satisfies H(1)/G(1) = 1/¢ = (—1 + +/5)/2. Ramanujan computed
further values such a

_2 H(e™?)  [54+456 V541
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The minimal polynomial of this value is

ot 4223 — 622 — 22 + 1,

which shows that it is an algebraic integral unit. All of Ramanujan’s evaluations are such
units.

Ramanujan’s evaluations inspired early work by Watson [60, [78] [79] and Ramanathan
[67]. Then in 1996, Berndt, Chan and Zhang [11]H finally obtained general theorems
concerning such values. The theory pertains to values at ¢ := e*™7, where the 7 are
quadratic irrational points in the upper-half of the complex plane. We refer to such a
point 7 as a CM point with discriminant —D < 0, where —D is the discriminant of the
minimal polynomial of 7. The corresponding evaluation is known as a singular value.
Berndt, Chan and Zhang proved that the singular values ¢~/%°G(q) and ¢"'/*°H(q) are
algebraic numbers in abelian extensions of Q(7) which satisfy the exceptional property
(see [T, Theorem 6.2]) that their ratio ¢*/°H(q)/G(q) is an algebraic integral unit which
generates specific abelian extensions of Q(7).

Remark. The individual values of ¢~'/°G(q) and ¢''/°H(q) generically are not algebraic
integers. For example, in ([L4]) we have 7 = i, and the numerator and denominator

1 1 2y/10 + 2 1 1 — 210+ 2
q_ﬁoG@:(/ +3V5 + 0+42v5 and qu(Q):i/ +3v5 0+ 2v5

10 10
share the minimal polynomial 6252¢ — 250212 — 10252 — 902* + 1.
In addition to the algebraic properties described above, (I.I]) and (I.2]) have been related

to a large number of different areas of mathematics. They were were first recognized by
MacMahon and Schur as identities for integer partitions [59, [71], but have since been

'He offered this value in his first letter to Hardy (see p. 29 of [12]).
2Cais and Conrad [24] and Duke [27] later revisited these results from the perspective of arithmetic
geometry and the symmetries of the regular icosahedron respectively.
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linked to algebraic geometry [23], 37], K-theory [2§8], conformal field theory [10, 144} [52],
group theory [32], Kac-Moody, Virasoro, vertex and double affine Hecke algebras [25] [31]
50, 511, 53] 54, 55], [56], knot theory [6l 139, 40], modular forms [16, 17, 18], 19, 20, 21], 22,
63], orthogonal polynomials [7, [15, 5], statistical mechanics [4, 9], probability [33] and
transcendental number theory [68].

In 1974 Andrews [I] extended (LII) and (I2]) to an infinite family of Rogers—Ramanu-
jan-type identities by proving that

P24 2 et rm 2m+3. 2m+3)OO
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where 1 <i < m+ 1. As usual, here we have that

(1—a)(l—aq)---(1—agt) if k>0,

(@i = (@i q)i = H(l —aq’) if k= oo,
j=0
and
0(a; ) == (a5 q)oo(q/a; @)oo
is a modified theta function. The identities (LH), which can be viewed as the analytic

counterpart of Gordon’s partition theorem [36], are now commonly referred to as the
Andrews-Gordon (AG) identities.

Remark. The specializations of 0(a;q) in (LH]) are (up to powers of q) modular functions,
where ¢ := e*™7 and 7 is any complex point with Im(7) > 0. It should be noted that this
differs from our use of ¢ and 7 above where we required 7 to be a quadratic irrational point.
Such infinite product modular functions were studied extensively by Klein and Siegel.

There are numerous algebraic interpretations of the Rogers—Ramanujan and Andrews—
Gordon identities. For example, the above-cited papers by Milne, Lepowsky and Wilson
show that they arise, up to a factor (¢;¢*)s, as principally specialized characters of in-
tegrable highest-weight modules of the affine Kac-Moody algebra Agl). Similarly, Feigin
and Frenkel proved the Rogers—Ramanujan and Andrews—Gordon identities by consider-
ing certain irreducible minimal representations of the Virasoro algebra [31]. We should
also mention the much larger program by Lepowsky and others on combinatorial and
algebraic extensions of Rogers-Ramanujan-type identities, leading to the introduction
of Z-algebras for all affine Lie algebras, vertex-operator-theoretic proofs of generalized
Rogers-Ramanujan identities, and Rogers—Ramanujan-type identities for arbitrary affine
Lie algebras in which, typically, the sum side is replaced by a combinatorial sum, see e.g.,
[34, 49, [62] and references therein.

In this paper we have a similar but distinct aim, namely to find a concrete framework of
Rogers-Ramanujan type identities in the g-series sense of “infinite sum = infinite product”,
where the infinite products arise as specialized characters of appropriately chosen affine
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Lie algebras XE\T,) for arbitrary N. Such a general framework would give new connections
between Lie algebras and the theory of modular functions.

In [5] (see also [30} [76]) some results concerning the above question were obtained,
resulting in Rogers-Ramanujan-type identities for Agl). The approach of [5] does not
in any obvious manner extend to AL for all n, and this paper aims to give a more
complete answer. By using a level-m Rogers—Selberg identity for the root system C,, as
recently obtain by Bartlett and the third author [8], we show that the Rogers-Ramanujan
and Andrews—Gordon identities are special cases of a doubly-infinite family of ¢g-identities
arising from the Kac—-Moody algebra A;i) for arbitrary n. In their most compact form, the
“sum-sides” are expressed in terms of Hall-Littlewood polynomials Py(z;q) evaluated at
infinite geometric progressions (see Section [2 for definitions and further details), and the
“product-sides” are essentially products of modular theta functions. We shall present four
pairs (a,b) such that for all m,n > 1 we have an identity of the form

Z M Po(1,q,¢%, ... ¢*"*") = “infinite product modular function”.
A

A1<m

To make this precise, we fix notation for integer partitions, nonincreasing sequences
of nonnegative integers with at most finitely many nonzero terms. For a partition A =
(A, Az, o), we let [N := A+ Ao+ -+, and we let 2\ := (2A1, 2\, ...). We also require
X, the conjugate of A, the partition which is obtained by transposing the Ferrers—Young
diagram of . Finally, for convenience we let

(1.6) O(ar,...,ax;q) = 0(as;q) -~ 0(ax; q).

Example. If A\ = (5,3,3,1), then we have that |A\|] = 12, 2\ = (10,6,6,2) and X =
(4,3,3,1,1).

Using this notation, we have the following pair of doubly-infinite Rogers—-Ramanujan
type identities which correspond to specialized characters of Agzn)

Theorem 1.1 (Agi) RR and AG identities). If m and n are positive integers and K :=
2m + 2n + 1, then we have that

(1.7a) > MPn(lq.¢% . )
A

A1<m

n

_ (q’ﬂ qﬁ)go . He( i+m, /-z) H ‘9( j—i it+j—1. /-z)
- (q)n q ’ q q ? q ’ q
- 1<i<j<n

m

_ (g %qm)oo _He(qi—kl;qn) H e(qj—i’qz'—i-j-i-l;qn)’

(@)s i=1 1<i<j<m
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and

(1.7b) > PMPn(Lg.4% )

A
A1<m

n

_ (qz;;;:)go -H9(qi;q“) H e(qj Z’qH-] q )

00 i=1 1<i<j<n
(q’i'q“)m i ) o
=n o) 11 0@ av:a).
00 i=1 1<i<j<m

Remarks. (1) When m = n = 1, Theorem [T gives the Rogers—-Ramanujan identities (L))
and (2). The summation defining the series is over the empty partition, A\ = 0, and
partitions consisting of n copies of 1, i.e., A = (1™). Since

n(n+o)

@+l p 1 2 Co) — q
q n 4,4 5 ...34 )

identities (1)) and (L.2]) thus follow from Theorem [[.1] by letting o = 0, 1.

(2) When n = 1, Theorem [[T] gives the i = 1 and the i = m+1 instances of the Andrews—
Gordon identities in a representation due to Stembridge [74] (see also Fulman [32]). The
equivalence with (LL3]) follows from the specialization formula [58] p. 213]

- q
¢y (1 q,¢% . ) =] (

221 q)rl —Tit1

ri(rito)

Y

where 7; := A.. Note that \; < m implies that A, = r; = 0 for i > m.

(3) We note the beautiful level-rank duality exhibited by the products on the right-hand
sides of the expressions in Theorem [LT] (especially those of (LL7h)).

(4) In the next section we shall show that the more general series

(1.8) > Py (14,45 q")

A
A1<m

are also expressible in terms of ¢-shifted factorials, allowing for a formulation of Theo-
rem [[T] (see Lemma [2.]) which is independent of Hall-Littlewood polynomials.

Example. Here we illustrate Theorem [[.T] when m = n = 2. Then ([.7a) is

Zc1|’\‘]32,\(1,q,c12,...7 H (L= g™

A (1-¢)
AL<2
giving another expression for the g-series studied by Dyson in his “A walk through Ra-
manujan’s Garden” [29]:
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“The end of the war was not in sight. In the evenings of that winter I kept sane by
wandering in Ramanujan’s garden. ... I found a lot of identities of the sort that Ramanujan
would have enjoyed. My favorite one was this one:

o0

Z n2gn (L+z+2?)(14+22+2%) - (142" +2*) ﬁ (1— a2
v .
(=)0 =22 (1 — 22 1) 11 l—x"

n=0

In the cold dark evenings, while I was scribbling these beautiful identities amid the death
and destruction of 1944, I felt close to Ramanujan. He had been scribbling even more
beautiful identities amid the death and destruction of 1917.”

The series in (L.7D) is

2| P A S A (S
2 Pt a) = g ==y

9n—8)

A
<2

We also have an even modulus analog of Theorem [[.Tl Surprisingly, the a = 1 and a = 2

cases correspond to dual affine Lie algebras, namely C{ and D,(fll.

Theorem 1.2 (Cg) RR and AG identities). If m and n are positive integers and k =
2m + 2n + 2, then we have that

> MPn(lq,¢% . ™)

A
A1<m

2. .2 K/2. k)2 K. K\n—1 n ) L
_ (@ )(q ,qn+1)oo(q 145 TIoa7) T 0@ a0

()% =1 1<i<j<n
_ (g §qm)oo _He(qi-l-l;qn) H Q(qj—i AEARY S )
(Q)m i—1 1<i<j<m

Theorem 1.3 (Df}rl RR and AG identities). If m and n are positive integers such that
n > 2, and Kk := 2m + 2n, then we have that

(1.10) > PMNPu(Lg.q% )

A
A1<m

(q 4 )oon . H e(qj—i’qi—i-j—l;qn)

= 7 9.2 -
(q g )OO(Q)OO 1<i<j<n

(qﬁ§qﬁ)g . i K i—i  it+j. K
=W~H«9(q;q) T (@ a":q).
0 =1

1<i<j<m
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Remarks. (1) The (m,n) = (1, 2) case of (ILI0) is equivalent to Milne’s modulus 6 Rogers—
Ramanujan identity [61, Theorem 3.26].

(2) If we take m = 1 in ([LL9)) (with n — n — 1) and ([.10), and apply formula (2.7) below
(with § = 0), we obtain the ¢ = 1,2 cases of Bressoud’s even modulus identities [13]

P22 it 2n+42. 2n+2)
00

(1.11) > ! _ S gt

1> > >0 (Q)m—rz U (q)T’n—l_Tn (q2; q2)7’n

By combining (L7)—-(LI0), we obtain an identity of “mixed” type.

Corollary 1.4. If m and n are positive integers and k := 2m +n + 2, then for o = 0,1
we have that

(112) > ¢y (1,6 50"
)\1%771
(1.13) - (q(;;]m—)“'ﬂﬂqi‘”“;q“) IT 0@ a7 "),
o0 i=1 1<i<j<m

Identities for ASZI also exist, although their formulation is perhaps slightly less satis-
factory. We have the following “limiting” Rogers-Ramanujan type identities.

Theorem 1.5 (AS_)1 RR and AG identities). If m and n are positive integers and k =
m + n, then we have that

K. ,k\n—1
3 —m( n q 7q e} i K
Tim g7 Py (1,4,0% 1 ):%' [T o6
Tos 1<i<j<n
K. k\m—1
9549 ) i
_ ) (),?1 - I 0@ 50
7)oo 1<i<j<m

Now we turn to the question of whether the new ¢-series appearing in these theorems,
which arise from the Hall-Littlewood polynomials, enjoy the same algebraic properties
as (LI, (L2), and the Rogers-Ramanujan continued fraction. As it turns out they do:
their singular values are algebraic numbers. Moreover, we characterize those ratios which
simplify to algebraic integral units.

To make this precise, we recall that ¢ = ™" for Im(7) > 0, and that m and n are
arbitrary positive integers. The auxiliary parameter k = k.(m,n) in Theorems [L.T]
and is defined as follows:

ki(m,n) :=2m+2n+1 for Agi)

(1.14) K= ka(m,n) :=2m+2n+2 for C
k3(m,n) := 2m + 2n for D,(i)rl.
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Remark. The parameter x has a representation theoretic interpretation arising from the
corresponding affine Lie algebra X}@ (see Section [3]). It turns out that

Ke(m,n) = %(lev(A) +hY),

where lev(A) is the level of the corresponding representation, h" is the dual Coxeter number
and r is the tier number.

To obtain algebraic values, we require certain normalizations of these series. The sub-
scripts below correspond to the labelling in the theorems. In particular, ®;, and ®, appear
in Theorem [L.Il ®5 is in Theorem [I.2] and ®3 is in Theorem [I.3l Using this notation, the
series are

mn(4dmn—4m+2n—3)
(1.15a) O, (m,n;T) =g 125 Z quz,\(l, ¢, ")
A:A1<m
mn(4mn+2m+2n+3)
(1.15Db) Oy (m,n;7T) :=¢q 12 Z q2|/\‘P2/\(1a ¢ ")
A A1<m
m(2n+1)(2mn—m+n—1)
(1.15¢) Oy(m,n;7) :=¢q 12k Z QWP%(LC],QQ, g
A A <m
m(2n—1)(2mn+n+1) 2| 9 9r—2
(1.15d) O3(m,n;7) :=q 12k Z “'Pox(1,q,9%, .. .5 q )-

A Ai<m

Remarks. (1) We note that ®3(m,n;7) is not well defined when n = 1.

(2) We note that the x.(m,n) are odd in the Agzn) cases, and are even for the C and D1(124)r1
cases. This dichotomy will be important when seeking pairs of ®, whose singular values
have ratios that are algebraic integral units.

Our first result concerns the algebraicity of these values and their Galois theoretic prop-
erties. We show that these values are in specific abelian extensions of imaginary quadratic
fields (see [14} 26] for background on the explicit class field theory of imaginary quadratic
fields). For convenience, if —D < 0 is a discriminant, then we define

Dy ::{% if D=0 (mod 4),

L=l if—D=1 (mod 4).

Theorem 1.6. Assume the notation above, and let k = k.(m,n). If kT is a CM point
with discriminant —D < 0, then the following are true:

(1) The singular value ®,(m,n;T) is an algebraic number.
(2) The multiset

{é*(ma n, TQ/'I{')%'?%Q(T)) : (7) Q) € W/i,‘r X QD}

(see Section[3 for definitions) consists of multiple copies of a Galois orbit over Q.
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(3) If k > 10, |=D| > k*/2, and ged(Dy, k) = 1, then the multiset in (2) is a Galois
orbit over Q.

Remarks. (1) For each pair of positive integers m and n, the inequality in Theorem
(3) holds for all but finitely many discriminants.

(2) In Section Bl we will show that the values ®,(m,n;7)'?* are in a distinguished class
field over the ring class field Q(j(x%7)), where j(7) is the usual Klein j-function.

(3) The &, singular values do not in general contain full sets of Galois conjugates. In
particular, the singular values in the multiset in Theorem (2) generally require g-series
which are not among the four families ®,. For instance, only the ¢ = 1 and ¢ = m+1 cases
of the Andrews—Gordon identities arise from specializations of ®;, and ®y, respectively.
However, the values associated to the other AG identities arise as Galois conjugates of these
specializations. One then naturally wonders whether there are even further families of
identities, perhaps those which can be uncovered by the theory of complex multiplication.
(4) Although Theorem [L0 (3) indicates that the multiset in (2) is generically a single orbit
of Galois conjugates, it turns out that there are indeed situations where the set is more
than a single copy of such an orbit. Indeed, the two examples in Section [7] will be such
accidents.

We now address the question of singular values and algebraic integral units. Although
the singular values of ¢~/%°G(q) and ¢''/%*H(q) are not generally algebraic integers, their
denominators can be determined exactly, and their ratios always are algebraic integral
units. The series @, exhibit similar behavior. The following theorem determines the
integrality properties of the singular values. Moreover, it gives algebraic integral unit
ratios in the case of the A;i) identities, generalizing the case of the Rogers—-Ramanujan
continued fraction.

Theorem 1.7. Assume the notation and hypotheses in Theorem[I.8. Then the following
are true:

(1) The singular value 1/®,(m,n;T) is an algebraic integer.

(2) The singular value ®.(m,n;7) is a unit over Z[1/K].

(3) The ratio ®1,(m,n;7)/P1p(m,n; T) is an algebraic integral unit.

Remarks. (1) We have that ®1,(1,1;7) = ¢~ /G (q) and ®1,(1,1;7) = ¢*/°H(q). There-
fore, Theorem [[7] (3) implies the theorem of Berndt, Chan, and Zhang that the ratios of
these singular values—the singular values of the Rogers—Ramanujan continued fraction—
are algebraic integral units.

(2) It is natural to ask whether Theorem [[.7] (3) is a special property enjoyed only by the
Agi) identities. More precisely, are ratios of singular values of further pairs of ®, series
algebraic integral units? By Theorem [[.7 (2), it is natural to restrict attention to cases
where the k,(m,n) integers agree. Indeed, in these cases the singular values are already
integral over the common ring Z[1/k|. Due to the parity of the k.(m,n), the only other
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cases to consider are pairs involving ®5 and ®3. In Section[fwe give an example illustrating
that such ratios for ®; and ®5 are not generically algebraic integral units.

Example. In Section [7] we shall consider the g-series ®1,(2,2;7) and ®,(2,2; 7). For 7 =
i/3, the first 100 coefficients of the g-series respectively give the numerical approximations

s 1

®14(2,2;i/3) = 0.577350 - - - = —
1a(2,2;1/3) 7

®15(2,2;i/3) = 0.125340. ...

Here we have that k1(2,2) = 9. Indeed, these values are not algebraic integers. Respec-
tively, they are roots of

3% — 1
196832'® — 80919z + 393662” + 110162° + 4862" — 1.
However, Theorem [L7 (2) applies, and we find that v/3®,,(2,2;i/3) and v/3®1,(2,2;1/3)
are units. Respectively, they are roots of
z—1
2" + 62" — 93z'% — 3042° + 4202° — 1022° + 1.

Lastly, Theorem [I.7] (3) applies, and so their ratio

P14(2,2;1/3)

®1p(2,2;1/3)
is a unit. Indeed, it is a root of

2 — 1022 + 420212 — 3042° — 932° + 623 + 1.

= 4.60627 . ..

The remainder of this paper is organized as follows. In Section 2] we recall some ba-
sic definitions and facts from the theory of Hall-Littlewood polynomials. We use these
facts to give a different combinatorial representation for the left-hand side of (IL12) (see
Lemma 2.]). Then, in Sections [l and @, we prove Theorems and Theorem [I.5]
respectively. The proofs require Weyl denominator formulas, Macdonald identities, and
a lemma for C, hypergeometric series from [§]. We also interpret each of the theorems
from the point of view of representation theory. Namely, we explain how these identities
correspond to specialized characters of Kac—Moody algebras of affine type.

As noted above, the specializations of the 6(a;¢) that arise in these identities are es-
sentially modular functions of the type which have been studied extensively by Klein and
Siegel. This is the key fact which we employ to derive Theorems and [[L7l In Section
we recall the Galois theoretic properties of the singular values of Siegel functions as devel-
oped by Kubert and Lang, and in Section [6l we prove Theorems and [L7l In the last
section we conclude with a detailed discussion of examples of Theorems and [L.7]
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Note added. One of the referees asked about Rogers—Ramanujan identities for affine Lie
algebras other than those considered in this paper. It is indeed possible to extend some of
our results to also include BY and Aéi)_l. However, the results of [§]—which are essential
in the proofs of Theorems [LTHL.3}—are not strong enough to also deal with these two Kac—
Moody algebras. In [66] Eric Rains and the third author present an alternative method
for expressing characters of affine Lie algebras in terms of Hall-Littlewood polynomials
to that of [8]. Their method employs what are known as virtual Koornwinder integrals
[64], [65] instead of the C,, Bailey lemma used in [§]. This results in several further Rogers—
Ramanujan identities, including identities for B and Agi)_l. At this stage it is not clear

to us how to deal with D or any of the exceptional affine Lie algebras.
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2. THE HALL-LITTLEWOOD POLYNOMIALS

Let A = (A1, Aa, ... ) be an integer partition [3], a nonincreasing sequence of nonnegative
integers Ay > Ay > ... with only finitely nonzero terms. The positive \; are called the
parts of A, and the number of parts, denoted [()\), is the length of A\. The size |A| of A
is the sum of its parts. The Ferrers—Young diagram of A\ consists of [(\) left-aligned rows
of squares such that the ith row contains \; squares. For example, the Ferrers—Young
diagram of v = (6,4, 4,2) of length 4 and size 16 is

The conjugate partition X corresponds to the transpose of the Ferrers—Young diagram of
A. For example, we have 1/ = (4,4,3,3,1,1). We define nonnegative integers m; = m;(\),
for i > 1, to be the multiplicities of parts of size i, so that [A| = > im,. It is easy to see
that m; = A, — \;_ . We say that a partition is even if its parts are all even. Note that
X is even if all multiplicities m;(\) are even. The partition v above is an even partition.
Given two partitions A, u we write g C A if the diagram of y is contained in the diagram of
A, or, equivalently, if u; < A; for all . To conclude our discussion of partitions, we define
the generalized q-shifted factorial

(2.1) oa(a) = [ [(@m: = [ [(@nn,,-

i>1 i>1

Hence, for v as above we have b,(q) = (¢)3(q)2-
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For a fixed positive integer n, let * = (z1,...,2,). Given a partition A such that

I(\) < n, write 2* for the monomial 23" ...z, and define

(2.2) wlo) =TT 22

im0 1~ q)™

where mg := n—1[()\). The Hall-Littlewood polynomial Py(x;q) is defined as the symmetric
function [5§]

(2.3) Py(x39) = wl(q) dow ( M xx__ . )

weGy, i<j

where the symmetric group &,, acts on x by permuting the z;. It follows from the definition
that Py(z;q) is a homogeneous polynomial of degree ||, a fact used repeatedly in the rest
of this paper. Py(x;q) is defined to be identically 0 if [(A) > n. The Hall-Littlewood
polynomials may be extended in the usual way to symmetric functions in countably-many
variables, see [58].

Here we make this precise when x is specialized to an infinite geometric progression. For
x = (x1, %2, ...) not necessarily finite, let p, be the r-th power sum symmetric function

pr(z) =af +ah+---

and py = [[,~;pr- The power sums {px(z1,...,2,)} i<, form a Q-basis of the ring
of symmetric functions in n variables. If ¢, denotes the ring homomorphism ¢,(p,) =
pr/(1 — q"), then the modified Hall-Littlewood polynomials Pj(x;q) are defined as the
image of the P, (z;¢) under ¢,:

Py = Pq (P/\)'
We also require the Hall-Littlewood polynomials @, and @ defined by
(2.4) Qx(z;9) == bA(g)P(z;9) and  Q)\(x;q) := ba(g) Py(x;q).

Clearly, Q) = 6,(Q»).
Up to the point where the z-variables are specialized, our proof of Theorems [[.IHI.3

will make use of the modified Hall-Littlewood polynomials, rather than the ordinary Hall—-
Littlewood polynomials. Through specialization, we arrive at P\ evaluated at a geometric
progression thanks to

(2.5) P\(1,q4,¢%...54") = P\(1,q,...,4" "5 q"),
which readily follows from
1—g¢v 1
n r 1 ce n-t == .
O (Lot ")) =

From [45] [77] we may infer the following combinatorial formula for the modified Hall-
Littlewood polynomials:

=p(1,q,¢%...).

(a—1) (a)

gl Ty [
CETED 91111 il [
i=1 a=1 7 7
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where the sum is over partitions 0 = p™ C .- C ™ C p© = X and

(9)

=

3

it me{0,1,...,n}

otherwise

is the usual ¢g-binomial coefficient. Therefore, by (ZI)—(2.5]), we have obtained the follow-
ing combinatorial description of the g-series we have assembled from the Hall-Littlewood
polynomials.

Lemma 2.1. If m and n are positive integers, then

DR AR N WA Ay )

A
A1<m
©

(a—1) (a)

) n
a)+n (a _ (a) 1 — i
o :[Iq ) (a=1) _  (a) ’
S a

%(cr—l—l

(0) 22 — Ky

St

where the sum on the right is over partitions 0 = p™ C - C ™ C u© such that ()’
is even and I(u?) < 2m.

Lemma 2Tl may be used to express the sum sides of (L.7)—(L.12) combinatorially. More-
over, we have that (2.0) generalizes the sums in (LI)), (L2)), and (LH). To see this, we
note that the above simplifies for n = 1 to

Z q(a+1)|)\\P2)\(1’ q, q2’ o Z H qz“z

A
A1<m

(pito)

—Hit+1

summed on the right over partitions p of length at most 2m whose conjugates are even.
Such partitions are characterized by the restriction pg; = jo;—1 =: r; so that we get

Z dIN P (1,q, 4%, q) = Z H

ri>e>rm >0 i=1 m—n+1

m T +O’

A
A1<m

in accordance with (LH).
If instead we consider m = 1 and replace u¥) by (rj,s;) for j >0, we find

> T P (14,455 q")
r=0

(e+1)ro j1—75 o .
_ § q Hng-i-Sg-i-n - J)+n( j— 12 ) |f’j 1— Sj :| |:S]—1:|
. /r]—l - /r] qm Sj qn

n+4. n+4)

_ (@
(9)oo

where the second sum is over rg, Sg, ..., "n_1, Sp—1 such that rq = sg, and r, = s, :== 0.

0(¢* 7 "),
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We conclude this section with a remark about Theorem [[L5l Due to the occurrence of
the limit, the left-hand side does not take the form of the usual sum-side of a Rogers—
Ramanujan-type identity. For special cases it is, however, possible to eliminate the limit.
For example, for partitions of the form (2") we found that

n q
27)  Per(La. ¢’ .. = >

r2—r4r2etr2 4ri ety

vomfnse @rrn (@D (D (70562701
for 6 = 0,1. This turns the m = 2 case of Theorem into
Z qr%+---+r%+n+---+m _ (q2n+2+5;q2n+2+5)00 H(g q2"+2+5),
P> >0 (Q)m—r’z T (Q)rnﬂ—m (q2_6§ q2_6)7"n (Q)oo

For 6 = 1 this is the i = 1 case of the Andrews—Gordon identity (L.5]) (with m replaced by
n). For § = 0 it corresponds to the i = 1 case of (IL.TI]). We do not know how to generalize
[27) to arbitrary rectangular shapes.

3. PROOF OF THEOREMS [[LTHIT 3

Here we prove Theorems [LTHI.3l We begin by recalling key aspects of the classical
works of Andrews and Watson which give hints of the generalizations we obtain.

3.1. The Watson—Andrews approach. In 1929 Watson proved the Rogers—Ramanujan
identities (ILT]) and (L.2) by first proving a new basic hypergeometric series transformation
between a terminating balanced 4¢3 series and a terminating very-well-poised g¢; series
[75]

—N)

(aq,aq/bc)y i (b, c,aq/de, g ), .
(ag/b,aq/c)n “= (¢, aq/d, ag/e,beq=" /a),

Zl—aq (a,b,c,d,e,q ), a’gVNt2\"
N 1—a (q,aq/b,aq/c,aq/d, aq/e) bede )

Here a, b, c,d, e are indetermlnates, N is a nonnegative integer and

(3.1)

(CL1> e ,&m)k = (@1> .. ->Qm;Q) = (al;Q)k te (am;Q)k-

By letting b, ¢, d, e tend to infinity and taking the nonterminating limit N — oo, Watson
arrived at what is known as the Rogers—Selberg identity [70] 72]|§g
(3 2) C arqr2 1 i 11— anT (a)T’ ( 1)7"a27“ 5( )+27’
. = . q
(@) (0o = 1—a  (q)

r=0

3Here and elsewhere in the paper we ignore questions of convergence. From an analytic point of view,
the transition from @B to (32) requires the use of the dominated convergence theorem, imposing the
restriction |¢| < 1 on the Rogers—Selberg identity. We however choose to view this identity as an identity
between formal power series in ¢, in line with the combinatorial and representation-theoretic interpretations
of Rogers—Ramanujan-type identities.
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For a =1 or a = ¢ the sum on the right can be expressed in product-form by the Jacobi
triple-product identity

> (—1)"2"q) = (g)we - O(z; ),
resulting in (LI) and (L2).

Almost 50 years after Watson’s work, Andrews showed that the Andrews—Gordon identi-
ties (LO) for ¢ = 1 and ¢ = m+1 follow in a similar way from a multiple series generalization
of (B) in which the g¢7 series on the right is replaced by a terminating very-well-poised
om+60am+s series depending on 2m + 2 parameters instead of b, c,d, e [2]. Again the key
steps are to let all these parameters tend to infinity, to take the nonterminating limit, and
to then express the a = 1 or @ = ¢ instances of the resulting sum as a product by the
Jacobi triple-product identity.

Recently, Bartlett and the third author obtained an analog of Andrews’ multiple se-
ries transformation for the C, root system [8, Theorem 4.2]. Apart from the variables
(x1,...,2,)—which play the role of a in ([B.I), and are related to the underlying root
system—the C,, Andrews transformation again contains 2m + 2 parameters. Unfortu-
nately, simply following the Andrews—Watson procedure is no longer sufficient. In [61]
Milne already obtained the C,, analogue of the Rogers—Selberg identity ([B.2]) (the m =1
case of (B.3) below) and considered specializations along the lines of Andrews and Watson.
Only for C, did this result in a Rogers—Ramanujan-type identity: the modulus 6 case of
(LI0) mentioned previously.

The first two steps towards a proof of (L7)-(T.I2), however, are the same as those of
Watson and Andrews: we let all 2m + 2 parameters in the C,, Andrews transformation
tend to infinity and take the nonterminating limit. Then, as shown in [§8], the right-hand
side can be expressed in terms of modified Hall-Littlewood polynomials, resulting in the
level-m C,, Rogers—Selberg identity

(3.3) > NP (rig) = L) (39),
A

A1<m

where

n

LSS) (:q) = Z Ac(zq") H x?(m—l—l)nq(m-i-l)r?—l-n(gi) ) H (_ﬂ)ri ((xzxj)n

rezn Aclz) 4 ij=1 T 9/ 5)r,

Here we have that

n

Acla)=JJa=2)) [ (@i-2)@m;—1)

i=1 1<i<j<n

is the C,, Vandermonde product, and f(xq") is shorthand for f(x14™, ..., z.q"™).

Remark. As mentioned previously, ([B.3)) for m = 1 is Milne’s C,, Rogers—Selberg formula
[61], Corollary 2.21].
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The strategy for the proofs of Theorems [L.THI.3lis now simple to describe. By comparing
the left-hand side of (3.3)) with that of (L.7)—(T.I0), it follows that we should make the
simultaneous substitutions

(3.4) q—q", z; = ¢TI (1 < < ).

Then, by the homogeneity and symmetry of the (modified) Hall-Littlewood polynomials
and (2.0)), we have

> P (ig) — > ¢TI PL(LL g, ¢ "),

A1<m A1<m

Therefore, we wish to carry out these maneuvers and prove that the resulting right-hand
side can be described as a product of modified theta functions in the four families in the
theorems. The problem we face is that making the substitutions (3.4) in the right-hand
side of (3.3) and then writing the resulting g-series in product form is very difficult.

To get around this problem, we take a rather different route and (up to a small constant)
first double the rank of the underlying C,, root system and then take a limit in which
products of pairs of z-variables tend to one. To do so we require another result from [g].

First we extend our earlier definition of the ¢-shifted factorial to

(3.5) (@)x = (a)oo/(aq")ox

Importantly, we note that 1/(q)x = 0 for k a negative integer. Then, for x = (x4, ..., z,),
p an integer such that 0 < p <n and r € Z", we have

A m T T
(3.6) L®(x:q) Z qu Hx?( PO (e D+ (n) ()

)

rewn i=1
(2 2
i=1j=pt1 T (qzi/xj)r.
Note that the summand of LY (x; q) vanishes if one of 7,41, ...,7, <O0.

The following lemma will be crucial for our strategy to work.
Lemma 3.1 ([8 Lemma A.1]). For1<p<n-—1,
(3.7) lim L (zq) = L (zy, .. xp 1, Tpir, o T Q).

Tp1-Tp

This will be the key to the proof of the generalized Rogers—Ramanujan identities of
Theorems although the level of difficulty varies considerably from case to case.

We begin with the simplest proof, that of the C,, Rogers-Ramanujan and Andrews—
Gordon identities of Theorem [[.2l Although this theorem may also be proved more directly
by principally specializing [8 Theorem 1.1] (more on this later), we take a more indirect
approach in order to describe the general method using the simplest available example.
For the Agi) and Dﬁl Rogers-Ramanujan and Andrews-Gordon identities we have no
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analogues of [8, Theorem 1.1}, and in these cases we rely on to the method described
below.

3.2. Proof of Theorem [M.2. Here we carry out the strategy described in the previ-
ous section by making use of the C,, and B,, Weyl denominator formulas, and the D,(fll

Macdonald identity.
Proof of Theorem[1.2. By iterating (3.1), we have
lim ... lm LZO®G, 1, ... 20, y0) = L (zq,.. ., 2,).

—1
Y1—xy yn_XEn

Hence, after replacing x — (1,91, ..., %, ypn) in ([B3) (which corresponds to the doubling
of the rank mentioned previously) and taking the y; — x; ! limit for 1 < i < n, we find

1
‘)\|Pl +. —
R Ay SN C ) 7
2 ()% [Tz, 0(2759) H1§i<j§n 0(xi/zj, zizj; q)

A
A1<m
« 3" Acleg) H et
rezmn
where k = 2m+2n+2and f(2%) = f(z1, 27", ..., 2, 2;1). Next we make the simultaneous
substitutions
(3.9) ¢ g we TP =gy (1<i<n),
which corresponds to ([B.4]) with (n,0) — (2n,0). By the identity
(q2n.q2n)n ﬁe(q2n 27,-1—1 H 9 J— 7, 2n i—j+1. q2 ) (q)go-i-l
i=1 1<i<j<n (q Q)
and
"M P (g R g g R g )

= NPy (2 Y ) by symmetry

=P (L, ... ™) by homogeneity

= NP1, 4,65 47" by (2.3),
we obtain

N T (L
(3.10) > dNPa(La. 5 d™) = S A
A1<m

where

n
M= 2 Ac(i,q2nr H ki —it]1 nm’ 2_on2 Ti
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We must express .# in product form. As a first step, we use the C,, Weyl denominator
formula [46, Lemma 2]

(3.11) Ac(r) = det (z]7!'—af"™7Hh),

1<i,j<n
as well as multilinearity, to write .#Z as

(312) —  det (Z AT —it1 nnr2—2n r((l,iq%w“)j—l (Ilq2nr)2n ]—l—l)).

1<4,5<n

We now replace (i,7) — (n —j+ 1,n — i+ 1) and, viewing the resulting determinant as
being of the form det (>, wij; — Y., vijir), we change the summation index r — —r — 1
in the sum over v;j,,. Then we find that

(313) ,// = det ( Qg5 Zy2nr z+1 2rm )+%nr<(yiqm~)j_1 . (yiqm,)Qn_j))’

1<4,5<n
’ reZ

where y; = ¢"/?7" and a;; = j% — % + (i — j)(k + 1)/2. Since the factor ¢% does not
contribute to the determinant, we can apply the B,, Weyl denominator formula [46]

n

(3.14) det (xg—1 - x?n_j) = H(l — ;) H (#; — @) (wiz; — 1) =: Ap(x)

1<i,j<n !
=1 1<i<j<n
to obtain

’%: Z AB(yq Hy2nn 2+1 2rm )—I— KT

ren

By the D) 1 Macdonald identity [57]

Z AB ZL’q H 2nri— 2+1q2n(”)+ i

rezn

= (¢"%4"P)e(@% [ 0@ ) [ O@i/z),2i2559)
i=1 1<2<j<n
with (¢, x) — (¢",y) this yields
(315> -~ (q.l~z/27 qH/Q)OO(qR’ qn)go—l He(q27 qH/Q) H e(qj—i7 qi-l—j; qli)’

i=1 1<i<j<n

where we have also used the simple symmetry 6(¢%~% ¢%) = 6(¢% ¢*). Substituting (3.15)

into (B.10) proves the first equality of (L.9]).
Establishing the second equality is a straightforward exercise in manipulating infinite

products, and we omit the details. O
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There is a somewhat different approach to (I.9) based on the representation theory of
the affine Kac-Moody algebra ey [43]. Let I ={0,1,...,n}, and oy, @ and A; for i € I
the simple roots, simple coroots and fundamental weights of cW. Let (-,-) denote the
usual pairing between the Cartan subalgebra h and its dual h*, so that <A,~,a]V) = 0.

Finally, let V' (A) be the integrable highest-weight module of c¥ of highest weight A with
character ch V' (A).
The homomorphism

(3.16) Fy . Clle™,...,e7 ]| = C[[¢]], Fy(e*)=q foralliel

is known as principal specialization [48]. Subject to this specialization, ch V(A) admits a
simple product form as follows. Let p be the Weyl vector (that is (p, ) =1 for i € I)
and mult(a) the multiplicity of o. Then [42] [49] we have

_ (A+p,a) mult(@)
(3.17) Fi(e™chv(A) = [] (1q7) :

— qlp)
aeAi 1 q

where AY is the set of positive coroots. This result, which is valid for all types XE\T,), can
be rewritten in terms of theta functions. Assuming Cc® and setting

(3.18) A= Mo —A)Ao+ (A1 —X)A1+ -+ (Aot — M)At + NAy,
for A = (Ao, A1, ..., \n) a partition, this rewriting takes the form
02 ") oo (%5 ¢°)5

(¢; q)5t!

Aitn—itl. r/2 N—Aj—iti  NtAE2nt2—ioj.
< [T o™ Y I || AN e 1q"),
i=1 1<i<j<n

(3.19) Fi(e *chV(A)) = (4% 4*) oo

where k = 2n + 2)\¢ + 2.

The earlier product form now arises by recognizing (see e.g., [8, Lemma 2.1]) the right-
hand side of (3.8]) as

(3.20) e ™ ch V(mA,)
upon the identification
q= 6_00_2051_"'_2051171_05'” and x; = e—Oli—"'—OCn—l—Oln/2 (1 <i< n)

Indeed, the equality between the left-hand side of (8.8) and (B.20) is exactly the first
part of the previously mentioned [8, Theorem 1.1]. Since (B.9) corresponds exactly to the
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principal specialization (3.16]), it follows from (B.19]) with A\ = (m, 0™), that

(7% 4%) 0o (7% /%) oo (¢ )
(q; )t

n

> He(qn—i—l-l; qH/2> H ‘9(qj—i7 qi—i-j; qH)

i=1 1<i<j<n

Fi(e7™ chV(mAy)) =

This representation-theoretic approach is not essentially different from our earlier g-series
proof. The principal specialization formula (3.19]) itself is an immediate consequence of
the Dﬂl Macdonald identity, and if instead of the right-hand side of (3.8) we consider the
more general

1
—A
e “chV(A) = -
(@) ITi=, 0(zF:9) H1§i<j§n 0(zi/xj, 2753 q)
J—Xj— 2n—j+X;+1 Kri+XNi—i+1 —m“ —nr;
% 1§(%7ejt§n ((zzq ) ~ (w:4") )1193 ¢
resLr 7

for k = 2n + 2\g + 2, then all of the steps carried out between (B.8)) and (3.I3]) carry over
to this more general setting. The only notable changes are that (3.12) generalizes to

M = det ( Z i@r+ki—i+1qnnr2—2n2r i <( 2q2nr)] Aj—1 (:i,iq2nr)2n—j+)\j+l)) ’

1<i,j<n
’ rez

and that in ([3.I3) we have to redefine y; as ¢"/>*»—+17" and a;; as

F P = )R+ D24 G YDAy — (= YDA
3.3. Proof of Theorem [[1 (I7a). Here we prove (I7a) by making use of the BY
Macdonald identity.

Proof of Theorem [L (L Tal). Again we iterate (3.7)), but this time the variable z,,, remains
unpaired:

lim ... lim Lﬁg)(a:l, Yly ey Tty Yno1, Tn) = L%‘_l)(xl, ce Tp).
T I TR P
Therefore, if we replace z — (21, Y1, .-+, Tn_1, Yn—1,Ts) in ([B.3) (changing the rank from n
to 2n — 1) and take the y; — x*l limit for 1 <7 < n — 1, we obtain
(3.21) Z gMPy, (.t s q)
)\1<m
1

_ —1
(@) 1(72) oo [0 (025 @, 0270 Thcicjon1 (0505 ) oo

> Z Ac(llj'qr) - __f mq%ﬁrf 1(@n—1)r; (len)rz ’
Ac(l’) iy x (qxi/xn)ri

rezn % n
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where k = 2m 4+ 2n + 1, (a7F) oo := (a2i) oo (az; ) and

(axi:zi) (a:zi:zj)oo(a:zi_lzzj)oo(axix;l)oo(a:zi_la:j_l)oo

Recalling the comment immediately after (8.6, the summand of (B.21I]) vanishes unless
r, > 0.

Let & := (—x1,...,—x,_1,—1) and
1 ifr=0
3.22 =
(3:22) ¢ {2 ifr=1,2,....
Letting x, tend to 1 in (3:21)), and using
Ac( :Eq z (xixn)r, Ag(zq
x g Ac( H x;/xy) = o AB(( ))
n C el q i/ In)r; B
we find that
qupé)\ R nlalaQ)
)\1<m
1
I+
( ) Hz 1 (qxz ,q:L’ )oo H1<i<j<n—1(qxi Ty )oo

[e.e] n

% Z Z ¢rn AAB :):q H % 12—%(2n—1)ri'

71,3 Tn—1=—00 Tn,=0 1=1

It is easily checked that the summand on the right (without the factor ¢,,) is invariant
under the variable change r,, — —r,. Using the elementary relations

(3.23) 0(—1;q9) =2(—0)%, (—0)x(G:6*) =1, 0(z,—2;q)0(qz% ¢°) = 0(z*),

we can then simplify the above to obtain

(324> qu\‘Pé)\ xlv’”u n— 1717Q)

)\1<m

1
(9)% H?:l 0(%:; 9)0(q27; ¢%) Hl<i<j<n 0(2:/25,2:%; q)

X ZAB(iq ﬁ i =it ggwri—3 (2n=1)r;

rezn i=1

The remainder of the proof is similar to that of (L.9). We make the simultaneous
substitutions

(3.25) g e (1<i<n),
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so that from here on &; := —¢"~*. By the identity

( 2n— 1 2n 1 ooHe 2n 1)9(q2n—2i+1;q4n—2)

[T 0@ i) = 2()%

1<i<j<n
and (2.0), we find that

2n— 1)_ 'ﬂ

NPy, (1,q,42 ... ,
Zq o (1,4,¢%, .54 o0

A< <m

where we have that

n
M= § Ag 2n r H Akry—it]l 5(2n Drr2—1(@2n—1)2r;

rezn i=1

By (814) and multilinearity, .# can be rewritten in the form

— 1<C}3t<n (Z KT — z+1q2(2n 1)kr? —5(271 1)2r <(l,zq(2n r ) -1 (ZL’ q(gn Dr )2n—j)).

Following the same steps that led from ([3.I2) to (BI3), we obtain
(326) % _ det ((_1)7,—](11)” Z(_1)ryi(2n—1)T’—i+1q(2n—l)l-€(;)

(™ = ) ).

reZ

where

Lis )+ 3).

(3.27) yi =2t~ and bij = j* —i® + 5

Again, the factor (—1)=7¢% does not contribute, and so (3.14)) then gives

M= Ap(yig™) ﬁ iy gn (),

rezn =1
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To complete the proof, we apply the following variant of the B Macdonald identityH

n

328 Z AB Zlfq H rl (2n )r;— Z+1q(2n 1)( )

rezmn =1
=2)% [[0ii) ] Oi/zj zimsiq),
=1

1<i<j<n

with (¢, z) — (¢",y). O

Identity (I.7a)) can be understood representation-theoretically, but this time the relevant

Kac-Moody algebra is Agi) According to [8, Lemma 2.3] the right-hand side of (3.24]),
with Z interpreted (not as & = (—xy,...,—%,_1,—1)) as

Ty =e T Tt (1 <4< n)
and ¢ as
(3.29) q = e 200~ 20m1—an
is the Agi) character
e ™ ch V(mA,,).
The substitution ([B.25]) corresponds to
(3.30) e = —1 and e ¥ —gq (1<i<n).

Denoting this by F', it is not hard to derive the general specialization formula
(3.31)

F(e—A ch V(A)) — % H e(q)\i—l-n—i—i-l; qn) H Q(q’\i_Aj_Hj, q)\i+)\j—i—j+2n+2; qn)7

(@)% i=1 1<i<j<n

where A is again parametrized as in ([BI8]), A\g — A; is evenﬁ, and Kk = 2n + \g + A1 + 1.
For A = (m™*1) (so that A = mA,,) this yields the right-hand side of (L. 7Tal).

3.4. Proof of Theorem [I.1] (I.7h). Here we prove the companion result to (L 7Tal).

4The actual B’ Macdonald identity has the restriction |r| =0 (mod 2) in the sum over r € Z™, which
eliminates the factor 2 on the right. To prove the form used here it suffices to take the al, e, Qo1 — 0

and ag, — —1 limit in Gustafson s multiple g1 summation for the affine root system A2n 1, see [38].
SFor Ao — A1 odd, F(e ™ chV(A)) = 0.
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Proof of Theorem [ (LTH). In (B:21)) we set x,, = ¢'/? so that

ZQ'A‘PA 1,05 q)

)\1<m

1
n— n—1
(@)% 1) oo TS (63227, 4272 00 [hcicjcn—1 (025725 ) oo

n

AC xq 2 )
> E E H TZ.CL’HTZ(]ERT m"l’

T1yeeesT—1=—00 T, =0 i=1
where k = 2m+2n+1and & = (21, ...,7,_1,¢"?). The r,-dependent part of the summand
is
k() —nr 1 — g%ntt nol x;q" — qﬁﬁ-l/2 xiqrn—i—rﬁl/z 1
(_1)an 2 " : 5
l—q 23 z; — q'/? xiqt/? —1

which is readily checked to be invariant under the substitution r, — —r,, — 1. Hence

Z q‘)\|P2/)\ (xizltv RS xi:—l’ q1/2; Q)

A
A1<m
B 1
- n n—1 . .
2(q)n TS (=1)0(q %2, 235 q) H1§i<j§n—1 0(xi/x;, xixj; q)
ST T akTi— trr2—nr41
x> Ac(@g) [J(=1)ragmigzrrimmta,
rezn i=1
Our next step is to replace x; — ¥, ;41 and r; — r,_;11. By 0(z;q) = —x0(x~1;¢) and
([3:23), this leads to
(3.32) Z ¢ Py (¢"? 25, w )
)\1<m
B 1
()% [Tz 0(=a"224)0(37; 6*) [i<icjcn 0(2i/ 25, 2455 q)
A p T SKT—1 m’2—nm
x> Aclig) [ [(=1)agm gz,
rezn =1
where now & = (¢'/?, x5, ..., 1,). Again we are at the point where we can specialize, letting

(3.33) q— ¢ z e U2 =g (1 <i<n).



ROGERS-RAMANUJAN IDENTITIES AND THEIR ARITHMETIC PROPERTIES 25

This is consistent, since z; = ¢*/? — ¢"~'/2. By the identity

(q2n 1. 2n 1 ooHQ 2n 1)9(q2n—2i+1;q4n—2)
[T 9@ 7 ) =29,
1<i<j<n
we obtain
M
2|\ |P 1 2n 1\ _
q 2)\ , 4, q yoes( )

Z ) 2(q)7,

)\1<m
where

m“l —i+1 (2n )kr2—(2n— l)nrl

M= ZAC (2n—1)r VE

n
rezn i=

1
Expressing .# in determinantal form using (3.I1) yields
% = det (Z(_l)riﬁr—iﬁ-lqé@n 1)m“ —(2n—1)nr

1<i,j<n !
reZ

% ((Izq(zn )r Pyt (iiq(2n—1)r)2n—j+1>)‘

We now replace (i,j) — (j,i) and, viewing the resulting determinant as of the form
det (3, wijz — >, vijyr), we change the summation index r — —r in the sum over u;,,.
The expression for .# we obtain is exactly ([B.28]) except that (—1)*7¢% is replaced by
¢% and y; is given by ¢" "' instead of ¢*+t1)/2=%  Following the previous proof results in

(LTh). 0

To interpret (L.7D) in terms of Agi), we note that by [8, Lemma 2.2] the right-hand side
of (332) in which # is interpreted as

Iy = —qtPetot Tt (1 < < p)
(and ¢ again as (3.29)) corresponds to the Agi) character
e 2m%0 ch V(2mA,).

The specialization (3.33)) is then again consistent with (3.30). From (B31)) with A\ =
(2m, 0™), the first product-form on the right of (L.7h) immediately follows. By level-rank

duality, we can also identify (7)) as a specialization of the A character =20 ch V (2nA,).
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3.5. Proof of Theorem [IT.3l This proof, which uses the D,(f) Macdonald identity, is the

most complicated of the four.

Proof of Theorem[I.3. Once again we iterate (3.17), but now both z, ; and z, remain
unpaired:

: : 0 n—2
hmﬁ1 e hmi1 ng) (T1, Y1y oy T2y Y2y Ty 1, Tpy) = Lgn )(:L'l, ce Tp).
Yy1—xy Yn—2—T, "o

Accordingly, if we replace  — (21,91, .., Tn_2,Yn—2, Tn_1, ) in (B3] (thereby changing
the rank from n to 2n — 2) and take the y; — ;" limit, for 1 <i < n — 2, we obtain

Z q|>\‘P2/)\ . n 27:1:% 17:1:n7q)
)\1<m
_ 1
(@)% 2(q22 1, qTn—12n, q72) s
1

>< —
H?:f(qa??ﬂa qz;tzn—la qz;tzn)m Hl§i<j§n—2(qzixi)

X Z AC(xqr) ﬁ ( . )Tiq%’wiz_(n—l)ri (xixn—laxixn>m
AC (SL’) im1 Tpn—1Tp (qxi/xn—lv qxz/xn>n ’

T‘GZ"

where kK = 2m + 2n. It is important to note that the summand vanishes unless r,_; and
7, are both nonnegative. Next we let (z,_1,2,) tend to (¢'/2,1) using

n

Ac xq H (TiTn—r, Tin)r, _  Ap(iq")
qxz/xn 1anz/xn)r " AB(i’) ’

(#n—1,2n)—(q"/2,1) i=1

with ¢, as in (3.22) and 2 := (—x1,..., —Tn_2, —¢'/%, —1). Hence we find that
‘)\|P/ 1/2 1
Z q 2>\ 1 lp_2,4 Q)
)\1<m
1

S

_ n—2
(@)% 1((]3/2? 7"?)o0 Hi:l (qx?:; q"?)so(q 2)00 ngKan_z(qxixi)

T1yeeyTp—2=—00 Tp—1,"n=0 =1
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Since the summand (without the factor ¢, ) is invariant under the variable change r, —
—1rn, as well as the change r,_1 — —r,_1 — 1, we can rewrite this as

ZQWP% TY, Ty g, ¢ 1; Q)

)\1<m
B 1
()21 (g% ) oo TTizy 0(2656V2) Thcicjan 033/ 25, 2i%5)

« ZAB(W f[ nn—z—i—l —m‘ (2n 1)r; ’

rezn =1

where, once again, we have used (3.23)) to clean up the infinite products. Before we can

carry out the usual specialization, we need to relabel xy,...,z, 2 as xs,...,2,_1 and,
accordingly, we redefine # as (—q¢'/?, —2s,..., —2,_1, —1). For n > 2, we then find that
(334) qupé)\ 1/2 1'2 7"'>$7:$—1a1;Q)
A
A1<m

1
(@424 D)0 Ty 045 0Y2) T jan 0(23 /25, 205)

> ZAB(SL’Q ﬁ ARG — —1+1 —m‘l——(2n Dr;

rezn =1

We are now ready to make the substitutions
(3.35) qr ¢ T @V (2<i<n—1),
so that #; := —¢"* for 1 < i < n. By the identity

(q2n—2; q2n—2)go 1 ’ oo H ‘9 )

<TI0 e ?) = g Pla)ls

1<i<j<n
and (2.5]), we obtain
n— 3) M

21|
E NPy (1,9.¢%, .. .3 q ;
? 4(4?%; ¢%) oo (q)

A< <m

where .# is given by

n

M= Z A 2(n r H Rn—l—l—l (n— 1)nrf—(n—l)(2n—l)ri.

rezn i=1
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By the B,, determinant (3.14]), we find that

— 1<dl‘ejt<n (Z KT — H—l (n—1)kr2—(n—1)(2n—1)r <(i,iq2(n—1)r)j—1 i ($2q2(n Dr )2n—j>) .

By the same substitutions that transformed (B.12) into ([B.13]), we obtain

o i—j bij 2(n—1)r—i+1 2(n—1)x(" kr\J—1 ke 2n—j—1
= gt (10 O () ) )
re
where y; and b;; are as in ([B.27). Recalling the Weyl denominator formula for D,, [46]
1 . .
= det (x4l = H (z; — x)(zx; — 1) = Ap(x)

2 1<i,j<n -
1<i<j<n

we can rewrite .# in the form

—2Y An(ad’ Hyl i ()

rezn
Taking the aq,...,a2,-2 — 0, as,_1 — 1 and as, — —1 limit in Gustafson’s multiple g1)g

summation for the affine root system A2n 1 [38] leads to the following variant of the DY
Macdonald 1dent1ty|§

ZAD ZL’q H 2(n 1)7‘1—Z+1q2(n 1)(7) :2((])20 H 9($Z/$],l’l$j7Q)

rezn 1<i<j<n

This implies the claimed product form for .# and completes our proof. 0

Identity (LI0) has a representation-theoretic interpretation. By [8, Lemma 2.4], the
right-hand side of (8:34)) in which Z is interpreted as

Z;=e T (1 << p)

and q as
—2a0——20an

qg=-e
yields the Dﬁl character
e 2m%0 ch V(2mAy).
The specialization (3.38]) then corresponds to
e e i —1 and e ¥>qg 2<i<n-—1).
Denoting this by F, we have

Fle V(A — (¢"; ¢")5 O (Nt Pttt ey
(V) =G e L1 e 7)

6As in the BS) case, the actual DS}) Macdonald identity contains the restriction |r| = 0 (mod 2) on
the sum over 7.
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where k = 2n + 2o and
A=2N—A)Ao+ M — )M+ -+ (Nm1 — M)At + 20,0,
for A = (Ao, A1, ..., \n) a partition or half-partition (i.e., all \; € Z+1/2). For A = (m,0")
this agrees with (LI0).
4. PROOF OF THEOREM

For integers k£ and m, where 0 < k < m, we denote the the nearly-rectangular partition
(m,...,m,k)as (m" k). Using these partitions, we have the following “limiting” Rogers—
———

r times

Ramanujan-type identities, which imply Theorem when k=0 or k = m.

Theorem 4.1 (A,(ll_)1 RR and AG identities). If m and n are positive integers and 0 <
k <m, then we have

(4.1) lim q‘m(g)‘”@(mr,k)(l, a7, .. q")

r—00
-1
0" 0o (0% )" T 00 -
! >(ZO()" ke [[o(a*5ar)- T] 6@ 54,
9o i=1 1<i<j<n—1

where kK = m + n.

Remark. A similar calculation when k > m gives

. —m r+1 n
lim ¢ ("3 )Q(k,mr>(1,q,q2,---;q )
k’ —m + n — 1:| (qn qn)oo(q;@7 qli)n—l H .y
_ ! > 0(¢" " q%).
[ q

Proof of Theorem [{.1]. 1t suffices to prove the identity for 0 < k£ < m, and below we assume
that k satisfies this inequality.

The following identity for modified Hall-Littlewood polynomials indexed by near-rectangular
partitions is a special case of [8, Corollary 3.2]:

Qo iy (T:0) = (@)1 (@)1 Z Z Hzfui+(m_k>viqk(7§i)+(m—k)(Uzi)

u€LT veZT i=1
|lu|=r+1 |v|=r

X H qxl/x.? Ui —Uyj . (qxi/xj)vi_vj )

ii=1 qxz/x]>ul—v] (qx2/$J>Uz

It is enough to compute the limit on the left-hand side of (4.1]) for r a multiple of n. Hence
we replace r by nr in the above expression, and then shift u; — u; +r and v; — v; + r,
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for all 1 <17 < n, to obtain

@@wmw@=¢v~wanM%W@mmx

« Z Z H kuZ +(m—k)v; k “1 +(m k) ”z H qxz ul—u] (qxi‘/xj‘)vi—vj.

WEZL™ vEL™ i=1 j=1 qxl )uz_v] (qxl/x]>7‘+vi
|u|=1 |v|=0
Since the summand vanishes unless u; > wv; for all i and |u| = |v| + 1, it follows that
u = v+ €, for some £ =1,...,n, where (¢); = dy;. Hence we find that

Q/(mnr,k)(x; q) = (z1-- 'zn)mrqmn(;)-i_kr(Q)nr

Next we use

- _ A(xqv) (n—1)|v| —(‘;‘) - nv;—|v| n(vg)-l-(i—l)vi
i]];ll(qzl/x])vi—vj_ A(ZIZ’) ( 1) q sz q )

where A(z) := HlSKan(l — z;/x;), and

n

- 1
2otlly—m = 2w = o) = s (),

=1 U 1< <ip<o<ig <
ik

where h; and s, are the complete symmetric and Schur function, respectively. Thus we
have

Q/(mm",k) (Zlf, q) = (1'1 o In)mrqmn(2)+kr(Q)nr

X Z s(k)(xq )

vEL™
[v]=0

n

A(:Eq”) - Kv; 2 k02 +iv; 1
A(l’) El’l q2 + H '

Z,]:1 (qu/x])r+U1 ’

where k := m + n. Note that the summand vanishes unless v; > —r for all 7. This implies
the limit

! .
lim ¢ D)t Ll i) (z:9)

—mn(
r—00 (xl ce xn)mr

1 T
_ stea) A zg?) [[ gt
(q)nt H1§i<j§n 0(xi/j;q) gZ:n 211
|v|=0

The expression on the right is exactly the Weyl-Kac formula for the level-m A ’, character
43
e chV(A), A= (m—k)A+ kA,
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provided we identify

g=e 07Tt and  x;/rig=e Y (1<i<n-—1).

Hence
/
r nr x;
lim q—mn(z)—kr Q(m 7k)( q)
r—00 ([L’l cee In)mr

=eAchV(A),

with A as above. For m = 1 and k = 0 this was obtained in [45] by more elementary

means. The simultaneous substitutions ¢ — ¢" and x; — ¢"* correspond to the principal
specialization (3.16]). From (B.I7) we can then read off the product form claimed in (4.T]).
O

5. SIEGEL FUNCTIONS

The normalizations for the series ®, were chosen so that the resulting g-series are mod-
ular functions on the congruence subgroups I'(IV), where

N):={(2%) €SLy(Z): a=d=1 (mod N), b=c=0 (mod N)}.

at+b
cT+d?

(C d) If fis a meromorphic function on H and v € SLy(Z), then we define

(flen)(7) = (er +d) " f (7).

Modular functions are meromorphic functions which are invariant with respect to this
action. More precisely, a meromorphic function f on H is a modular function on I'(N) if
for every v € I'(N) we have

These groups act on H, the upper-half of the complex plane, by y7 :=

where v =

fyr) = (flon)(7) = f(7).

The set of such functions forms a field. We let Fy denote the canonical subfield of those
modular functions on I'( V) whose Fourier expansions are defined over Q({y), where (y :=
Q27i/N

The important work of Kubert and Lang [47] plays a central role in the study of these
modular function fields. Their work, which is built around the Siegel g, functions and the
Klein t, functions, allows us to understand the fields Fjy, as well as the Galois theoretic

properties of the extensions Fy/F;. These results will be fundamental tools in the proofs
of Theorems and [L7

5.1. Basic Facts about Siegel functions. We begin by recalling the definitions of the

Siegel and Klein functions. Let By(z) := 2% — x + é be the second Bernoulli polynomial
and e(z) := e?™®. If a = (ay,a2) € Q?, then the Siegel function g, is defined as

(51)  galr) = 2% @e(az(a — 1)/2) [T (@ =g "e(az)) (1 - ¢"“'e(—ap)).
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Notice this is a change of sign from the usual normalization of the Siegel function. The
Klein function t, is defined as

9a(T)
52 ta T) i=—= —
52) (m) = -2
where 1(7) := ¢/ [[22,(1 — ¢") is the Dedekind n-function.
Neither g, nor t, are modular on I'(IV), however if N - a € Z?2, then £V is on I'(N) (or

) if N is odd). Therefore if gi™""**") € Fy, and if N -’ € 22, then (£40)*" € Fy if
N is even and (gg“,—((TT)))N € Fy if N is odd. Given a € Q?, we denote the smallest N € N

such that N - a € Z? by Den(a).

Theorem 5.1 ([47, Ch. 2 of K1 and K2|). Assuming the notation above, the following are
true:

(1) If v € SLy(Z), then
(tal-17)(7) = tay (7).
(2) If b= (by,bs) € 72, then
ta+b(T) = 6(1/2 . (b1b2 + b1 + b2 — blCLg + bQCLl))tCW(T).

These properties for t,, (5.1)), and the fact that n(7)** = A(7) is modular on SLy(Z),
lead to the following properties for g,.

Theorem 5.2 ([47, Ch. 2, Thm 1.2]). If a € Z*/N and Den(a) = N, then the following

are true:
(1) If v € SLa(Z), then
(9a°lom)(7) = ga5 (7).
(2) If b= (b, by) € 72, then
Jass(T) = €(1/2 - (biby 4 by + by — byas + baar)) ga(T).

(3) We have that g_o(T7) = —gu(7).
(4) The go(1)*2N are modular functions on I'(N). Moreover, if v € SLy(Z), then we

have
(9a>lom)(T) = gaz (7).

The following theorem addresses the modularity properties of products and quotients of
Siegel functions.

Theorem 5.3 (J47, Ch. 3, Lemma 5.2, Thm 5.3]|). Let N > 2 be an integer, and let
{m(a)}re%zz/zz be a set of integers. Then the product of Siegel functions

) ARLS
a€L72/72
belongs to Fy if {m(a)} satisfies the following:
(1) We have that >, m(a)(Na1)* =3, m(a)(Naz)* =0 (mod ged(2,N) - N).
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(2) We have that Y, m(a)(Nai)(Nas)
(3) We have that ged(12, N) - >~ m(a)

0 (mod N).
0 (mod 12).

Additionally, we have the following important results about the algebraicity of the sin-
gular values of the Siegel functions in relation to the singular values of the SLy(Z) modular
function

(1 +2403°7 Zd\n dgqn)g

j(r) = :
gl (1 —gm)*
_ 77(7')24 13.98 4 3.916 77(27>24 4 92 77(27—)48
n(2r)* n(r)* n(r)*

= ¢t + 7444+ 196884 + - - -,

which are well known to be algebraic by the theory of complex multiplication (for example,
see [14], 26]).

Theorem 5.4 ([47, Ch. 1, Thm. 2.2]). If 7 is a CM point and N = Den(a), then the
following are true:

(1) We have that g,(7) is an algebraic integer.

(2) If N has at least two prime factors, then g,(7) is a unit over Z[j(7)].
(3) If N =p" is a prime power, then ¢,(7) is a unit over Z[1/p|[j(7)].
(4) If c€ Z and (¢, N) =1, then (gea/ga) is a unit over Z[j(7)].

5.2. Galois theory of singular values of products of Siegel functions. We now
recall the Galois-theoretic properties of extensions of modular function fields, and we then
relate these properties to the Siegel and Klein functions.

The Galois group Gal(Fy/Fi) is isomorphic to GLyo(N)/{£Il} = GL2(Z/NZ)/{£I}
(see [47, Ch. 3, Lemma 2.1}), where [ is the identity matrix. This group factors naturally
as

{(cl) ?z) S de <Z/NZ>*} x SLa(N) {1},

where an element (} ) acts on the Fourier coefficients by sending (y — (%, and a matrix
v € SLy(Z) acts by the standard fractional linear transformation on 7. If f(7) € Fx and
v € GLy(N), then we use the notation f(7)(,) := (yo f)(7). Applying these facts to the
Siegel functions, we obtain the following.

Proposition 5.5. If a € Q?, and Den(a) divides N, then the multiset
{97 (T)(7) == 923" (1) + v € GLa(N)}

is a union of Galois orbits for gV (1) over Fy.

If 6 is a CM point of discriminant —D, we define the field
Kny(0) :=Q(8)(f(0) : f € Fys.t. fis defined and finite at ),
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and H := Q(0, j(0)) be the Hilbert class field over Q(#). The Galois group K (0)/H is
isomorphic to the matrix group Wy (see [73]) defined by

w~{(500 ) e+ (1 1)

where Az?+ Bx + C' is a minimal polynomial for 6 over Z. The Galois group Gal(H/Q) is
isomorphic to the group Qp of primitive reduced positive-definite integer binary quadratic
forms of negative discriminant —D. For each Q = az? + bxy + cy?> € Qp, we define the
corresponding CM point 79 = W. In order to define the action of this group, we
must also define corresponding matrices 8y € GLo(Z/NZ) which we may build up by
way of the Chinese Remainder Theorem and the following congruences. For each prime p

dividing NV, we have the following congruences which hold (mod p°*d»(M)

( b
(g i) if pta
Bo = <12 0) if pla, and ptc
b b
—5—a —5-—c\ .
\ ( ) = ) if pla, and p|c
if —-D=0 (mod 4), and
(/. b=l
<E)L i ) ifpta
Bo = ( 12 0) if pla, and p1c
bl 1-b
< 21 ¢ 7 ) C) if pla, and plc

if =D =1 (mod 4). Then given 6 = 7o for some Q' € Qp, define §g(0) = B@lﬁQ. The
Galois group Gal(#/Q) can be extended into Gal(K(n)(0)/Q) by taking the action of a
quadratic form @ on the element f(0) € K)(f) to be given by

Qo f(0) = f(7Q) o))

We combine these facts into the following theorem.

Theorem 5.6. Let F(7) be in Fn and let 6 be a CM point of discriminant —D < 0. Then
the multiset

{F(10)(raqy = (1,Q) € Wer x Qp}
is a union of the Galois orbits of F(0) over Q.

6. PROOFS OF THEOREMS AND [I.7

Here we prove Theorems and [[.71 We shall prove these theorems using the results
of the previous section.
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6.1. Reformulation of the ®,(m,n;7) series. To ease the proofs of Theorems
and [l we begin by reformulating each of the ®,(m,n;7) series, as well as
by, (m,n;T)
Oyy(m, ;1)

as pure products of modified theta functions. These factorizations will be more useful for
our purposes. In order to ease notation, for a fixed &, if 1 < j < k/2, then we let

0, :=0(¢;q"),
If k is even, then we let
O/ = (0" ¢%) oo = 0(¢"%; ¢*),

which is a square root of 6(g"/?; ¢").
The reformulations below follow directly from (LI5]) by making use of the fact that

[~/2]

= 11

Lemma 6.1. Let m and n be positive integers and k. = ki(m,n) as in (LI4). Then the
following are true:

(la) With k = K1,

m+n

m
mn(4mn—4m+2n—3) — 1,[5/2]-1
éla(m’ /n,’ 7‘) — q 12k He] 1 H 9 mlnmn .7/ ] )

N

(1b) With k = Ky,

mn(4mn+2m+2n+3) _ 2
(I)lb(m,n;’T) =q o H 9 min(m,n,|j/ J)

(2) With k = ka,

m+n+1 [(m+n)/2]

m
m(2n+1)(2mn m+n—1) —min(m,n—LU/ﬂ—l)
(1)2(7”7 n; T) =4q | | 7K | | ej,/-; | | ‘92]—1—1 K*
)

(3) Forn > 2 and k = K3,

( X ) m m+n [(m+n+1)/2]

) m(2n—1)(2mn+n+1 — mln(m n—2 []/2] 1) —1

P3(m,n;7) =g 12 H H 0; H 2j—1,k°
i=1 Jj=n

Moreover, with k = k1(m,n),

Oy, (m,n;7) _mntmtn) rr 0(¢%; ¢F)
- O = q 2Kk H 97

) : =
1(m, n;7) Py (m, n;7)
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and with kK = Ka(m,n) = k3(m,n + 1),

m

Dy (m,n;7) _ m(m+1)@2n+1) 0(q”; q")
\:[] . = — 4k s ——
2(m7 n; T) (I>3(m,n—|— 1;7_) q H H(qﬂ'q“)

Proof. Since the proofs of the four cases are essentially the same, we only prove Lemmal6.I](1a).
Let ¢ = mn(4mn — 4m + 2n — 3)/(12k1). By Theorem [[T], we have that

(I)la(m,n;T):q@ q q ooHe z—l—m n H 9 j—i 2+] 1 )

1<i<j<n

_ <p q q ooHe H—l H 9 J— z z+j+1 )

1<i<j<m

Jj=1

Using the simple identity

m—+n
-1
H 0(¢;4") ",
we can rewrite these two forms as

[T, 0(a™™;q") v 15 00 a4 ")
12" 0(¢7: %) = H’T”@(q )

» 1lm 0(¢™q) H [EZ1 07, g+ gF)
[T 0% a%) 5 HZ’Q" 0(q'; q)
If m > n — 1 then the first identity reduces to

D1q(m,n;7) = ¢¥ (Heq q" ) lﬁ(‘mm 9(612';(1“))_1

P1a(m,n;7) = ¢ -

j=2 N i=2j—1
m ' -1 n—1 m+n . —1

=q*- <H9(Q’;Q“)) ( 11 9(@#;(1‘)) :
Jj=1 j=1 N i=2j+1

If m < n — 1 then the second identity reduces to

m-+n —1
<I>1a(m,n;7)=q“”-< ) I o0'sq) )

j=m+2
m-+n -1
XH( (¢, ¢t q H 0(q"; " )
1=2j+1
m -1 m m+n -1
“(Iwn) T IT o)
Jj=1 j=1 1=25+1

Together these imply Lemma [6.1] (1a). O
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Since the modified f-functions #(q%; ¢*) are essentially Siegel functions (up to powers of
q), we can immediately rewrite Lemma in terms of modular functions. We shall omit
the proofs for brevity.

Lemma 6.2. Let m and n be positive integers and k. = ky(m,n) as in (LI4). Then the
following are true:

(la) With k = Ky,

m—+n
(I)la m n; 7' HgJ/HO KJT H gj/n(] /iT) min(m,n—1,[5/2]— 1)
7=1
m-+n . .
(I)lb(m, n; T) = H gj/,g,o(liT)_mm(m’"’U/2J)_
j=1

(2) With k = Ko,

Oy(m,n;T) = g%vo(le‘)_mi’“(m’"_l)_(S Hg%p(/ﬂ')_l

j=1
m+n . ' [(m+n—-1)/2]
« H g%p(ﬁn_)—mln(m,n—l,]'j/ﬂ—l) H QM’O(KT)_I’
j=1 Jj=n

(3) Forn > 2 and k = K3,

y(m,n;7) = g1 o(267) D ] g (k1)
j=1
m4n—1 [(m+n)/2]
> H ga o I{,’T — min(m,n—2,[45/2]—1) H 9(23 0 o K,’T) 1‘

(4) With k = Ky,

dra(m,n;7) 921 o(KT)
\\J T) = — L = —r
1(m,n;7) Oy (m, n;7) ]1:[1 gl’o(m-)

(5) With k = ka(m,n) = kg(m,n+ 1),

\112(m n; 7_) (I)2(m n; T) — HM

Os(m,n+1;7)

In parts (2) and (3) we have § =0 or 1 depending on if k/2 is even or odd respectively.
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6.2. Proofs of Theorems and [1.7. We now apply the results in Section [5l to prove
Theorems [[LG and [[.71

Proof of Theorem (1) and (2). Lemmal6.2]shows that each of the ®,(m, n; ) is exactly
a pure product of Siegel functions. Therefore, we may apply Theorem directly to each
of the Siegel function factors, and as a consequence to each ®,(m,n;7).

Since by Theorem 5.2 (4), g.(7)'* is in Fy if N = Den(a), we may take N = r,(m,n),
and so we have that ®,(m,n;7)'* € F (nn. We now apply Theorem to obtain
Theorem [L.6] (1) and (2). O

Sketch of the Proof of Theorem[1.d (3). By Theorem (2), we have that this multiset
consists of multiple copies of a single Galois orbit of conjugates over Q. Therefore to
complete the proof, it suffices to show that the given conditions imply that there are
singular values which are not repeated. To this end, we focus on those CM points with
maximal imaginary parts. Indeed, because each ®,(m,n;7) begins with a negative power
of ¢, one generically expects that these corresponding singular values will be the ones with
maximal complex absolute value.

To make this argument precise requires some cumbersome but unenlightening details
(which we omit)lj. One begins by observing why the given conditions are necessary. For
small x it can happen that the matrices in W, permute the Siegel functions in the
factorizations of ®,(m,n;7) obtained in Lemma [62. However, if k > 9, then this does
not happen. The condition that ged(Dg, k) = 1 is required for a similar reason. More
precisely, the group does not act faithfully. However, under these conditions, the only
obstruction to the conclusion would be a nontrivial identity between the evaluations of
two different modular functions. In particular, under the given assumptions, we may view
these functions as a product of distinct Siegel functions. Therefore, the proof follows by
studying the asymptotic properties of the CM values of individual Siegel functions, and
then considering the ®, functions as a product of these values.

The relevant asymptotics arise by considering, for each —D, a canonical CM point with
discriminant —D. Namely, we let

{@ if—D
-

5 0 (mod 4),

=l if-D=1 (mod4).

By the theory of reduced binary quadratic forms, these points are the CM points with
maximal imaginary parts corresponding to reduced forms with discriminant —D. More-
over, every other CM point with discriminant —D has imaginary part less than [v/—D|/3.
Now the singular values of each Siegel function then essentially arise from the values of
the second Bernoulli polynomial. The point is that one can uniformly estimate the infinite
product portion of each singular value, and it turns out that they are exponentially close
to the number 1. By assembling these estimates carefully, one obtains the result. O

A similar analysis is carried out in detail by Jung, Koo, and Shin in [41] Sec. 4].
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Proof of Theorem [1.7. Lemma reformulates each @, function in terms of products
of negative powers of Siegel functions of the form g;/.o(k7), where 1 < j < k/2, and
G1/40(267), when & is even. Theorem [5.4] (1) then implies Theorem [I.7 (1).

Since Den(j/k,0) may be any divisor of x, and since j(7) is an algebraic integer [14] 26],
Theorem [5.4] (2) and (3) imply Theorem [L.7 (2).

Using Theorem [6.2] (5), we have that

in the product is a unit. Therefore, Theorem [L7] (3) follows. O

7. EXAMPLES

Here we give two examples of the main results in this paper.

Example. This is a detailed discussion of the example in Section [I1
Consider the g-series

s (=¢™)
$1,(2,2;7) =¢q / EW
— g4 M 2g7 4 3¢1 £ 5 7l
and
S S
n=1 q) (1 — ¢ (1 — ¢"?)

=q+¢+q¢" +3¢° +3¢°+5¢" +6¢°+---

For 7 = i/3, the first 100 coefficients of the g-series respectively give the numerical ap-
proximations

2 1

®14(2,2:1/3) = 0.577350 - - - = —
1a(2,2;1/3) 7

®15(2,2;i/3) = 0.125340. ...

Here we have that £1(2,2) = 9. Theorem [5.3 tells us that ®1,(2,2;7)* and ®1,(2,2;7)*
are in Fy, so we may use Theorem to find the conjugates of the values of the functions
at 7 =1/3. We have x,(2,2) -1/3 = 3i and

I (R R )
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which has 27 elements. However each of these acts like the identity on ®1,(2,2;7), and the
group has an orbit of size three when acting on ®1,(2,2; 7). The set Q¢ has two elements
Q1 = 2® + 9y? and Q2 = 22* + 2xy + 5y?. These give us Bg, which is the identity, and
Bq, = (%1). Therefore ®1,(2,2;i/3)* has only one other conjugate,

—1+3i —1+3i —1+3i —1+3i\) *
92/9,1/9( B >94/9,2/9< 9 >96/9,3/9< 9 )98/9,4/9( B ) )

although the multiset described in Theorem (2) contains 27 copies of these two num-
bers. On the other hand, ®1,(2,2;i/3)% has an orbit of six conjugates, and the multiset
from Theorem (2) contains nine copies of this orbit. Theorem [[.7] (2) tells us that
®1,(2,2;1/3) and D15(2, 2;1/3) may have denominators which are powers of three, whereas
Theorem [I.7] (1) tells us that their inverses are algebraic integers. Therefore, we find the
minimal polynomials for the inverses and then invert the polynomials. In this way, we find
that ®1,(2,2;i/3) and ®1,(2,2;i/3) are roots of the irreducible polynomials

32— 1
19683z'® — 8091922 + 393662 + 110162° + 4862 — 1.

The full polynomials whose roots are the elements of the multisets corresponding to
D1,(2,2;1/3)% and ®15(2,2;1/3)3, counting multiplicity are

(2722 — 1)77
(196832° — 809192* — 393662> + 110162 — 48622 — 1)°.

Applying Theorem [[7/(2), we find that v/3®1,(2,2;i/3) and v/3®,,(2,2;i/3) are units
and roots of the polynomials

x—1
2 4+ 621° — 93212 — 3042° + 42025 — 10223 + 1.

Lastly, Theorem [ 7 (3) applies, and we know that the ratio

9n4 1 9n 5)

®1b(2a2 7) q= 1 q9”—8)
—q 2/3(1+q+q +¢ == =g+
evaluates to a unit at 7 = i/3. In fact we find that

®1,(2,2;1/3)
D15(2,2;1/3)

is a unit. Indeed, it is a root of

= 4.60627 . ..

18 _ 1022 + 4202 — 3042° — 932° + 62° + 1.
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Example. Here we give an example which illustrates the second remark after Theorem [[.7]
This is the discussion concerning ratios of singular values of &5 and ®35 with the same x,.
Here we show that these ratios are not generically algebraic integral units as Theorem [[.7](3)

guarantees for the Aéi) cases.

We consider ®5(1,1;7) and $3(1,2;7), with 7 = /—1/3. For these example we have
ko(1,1) = k3(1,2) = 6. A short computation by way of the g-series shows that

®,(1,1;4/—1/3) = 0.883210. . .,

and

B3(1,2; \/—1/3) = 0.347384 ...
Since ®5(1,1;7)?* and ®3(1,2;7)** are in Fiy, we find that
Oy(1,1;1/=1/3)" and  @4(1,2;1/—1/3)"

each have one other conjugate, namely

(/202 (V=A75) - /00 2V/=0)) " and (012 (V=13) - 20 (2V/=75))

respectively, and the corresponding multisets described in Theorem (2) each contain
six copies of the respective orbits. In this way we find that &, (1, 1;4/—1/ 3) is a root of

220 x48 o 212 . 131,24 ‘l’ 1
and ®3(1,2;/—1/3) is a root of
22031248 _ 196 . 3511322 + 1.

Therefore, their ratio

Dy(1,1; /-1
2LV o 505, .
is not a unit. Its minimal polynomial is

a2t — 622 — 3.
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