INTEGRALITY PROPERTIES OF CLASS POLYNOMIALS FOR
NON-HOLOMORPHIC MODULAR FUNCTIONS

MICHAEL GRIFFIN AND LARRY ROLEN

ABSTRACT. In his paper Traces of Singular Moduli [14], Zagier studied values of cer-
tain modular functions at imaginary quadratic points known as singular moduli. He
proved that “traces” of these algebraic integers are Fourier coefficients of certain half-
integral weight modular forms. In this paper, he obtained similar results for certain
non-holomorphic modular functions. However, he observed that these “singular moduli”
are not necessarily algebraic integers. Based on numerical examples, the “class polyno-
mials” whose roots are these singular moduli seem to have predictable denominators.
Here we explain this phenomenon and provide a sharp bound on these denominators.

1. INTRODUCTION AND STATEMENT OF RESULTS

Classically, the term singular modulus refers to a value of the modular j-invariant
at an imaginary quadratic point in the upper half plane. These are well-known to be
algebraic integers, and they play a beautiful role in the theory of complex multiplication
and explicit class field theory for imaginary quadratic fields. In [14], Zagier initiated the
study of “traces” of singular moduli. He proved that the generating function associated
to these numbers is a modular form of weight 3/2.

We say a function f(z) is modular of weight k € 1Z on I' C SLy(Z) if f(z) satisfies

P =t s

for every v = <CCL 2) € I and z in the upper half plane H. Here £(v) is a certain

multiplier depending on whether k is integral or not. In general we have e(y)* = 1 if
ke %Z, and e(y) = 1 if k € Z (for more on the theory of half-integral weight modular
forms, see [12]). If f(z) is modular of weight k, holomorphic on H, and meromorphic at
the cusps of T', we call f(z) a weakly holomorphic modular form (or if k = 0, simply a
modular function). For any k we denote the space of weakly holomorphic modular forms
of weight k on I' = SLy(Z) by M;. If f(z) is bounded (resp. vanishes) at all the cusps,
we call f a holomorphic modular form (resp. a cusp form), and denote the space of all
such forms by My (resp. Sk).

Zagier studied the special values of modular functions evaluated at CM points. Let
Op be the set of binary positive definite integral quadratic forms

Q(x,y) = ar? + bry + cy? with discriminant D = b? — 4ac and a, b, c € Z. Given such a
1
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x,1), the associated CM point zp is given b
) p QIsE Yy

—b+vVD
29 = ——— :
@ 2a
Matrices in SLo(Z) act on Qp by Q|y(z,y) := Q((z,y)yT) for v € SLy(Z). If d = 0,1
(mod 4), and D is any fundamental discriminant with dD < 0, then given a modular
function F' € M), Zagier defined the twisted trace of singular moduli by

Tryp(F) = Z wélx(Q)F(zQ).
QEQ4p/T
Here the factor wg = 1 unless Q ~ a(z? + y?) or Q ~ a(z? + zy + y?), in which case
wg = 2 or 3 respectively, and the genus character x(Q) is defined by

Xo(r) if (a,b,¢, D) = 1 and Q represents r, where (r, D) = 1;
= ab7 = 1
X(@) == x(a,b,¢) {0 if (a,b,c, D) > 1,

where xp is the Kronecker symbol (2)
To illustrate, let j(z) be the usual modular j-invariant and consider the Hauptmodul
for SLy(Z),
J(2) == 7j(z) — 744 = ¢~ ' 4 196884q + 21493760¢> + . ..

(where here and throughout this paper ¢ := ¢*™*). Let n(z) be the usual Dedekind eta-
function and Ej(z) the usual weight k& Eisenstein series. Then we define the weight 3/2
modular form g(z) by

where 01 (2) == 3, (—1)"¢".

Theorem (Zagier [14], Theorem 1). Let d be any positive integer such that d = 0,3
(mod 4). Then

Tr_y1 (J(2)) = —B(d).

Zagier also considered examples of trace generating functions associated to modular
forms of negative even weight k by taking the twisted trace of the non-holomorphic
modular function

(1.1) Of := R7*2f

where R” is the iterated Maass raising operator defined in . Zagier also showed that
these traces are the coefficients of certain half-integral weight modular forms.

In general, it seems that these special values or “singular moduli” for a set of primitive
quadratic forms of a fixed discriminant d form a single orbit of Galois conjugates, though
this remains to be proven in general. These special values generate ring class fields over
the imaginary quadratic field Q(v/—d). Analogously to the classical case of j(z), we
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define the generalized Hilbert class polynomial of discriminant d for a holomorphic or
non-holomorphic modular function F(z), given by

(1.2) Hy(F;ix) == [ (&—F(z))".
QEQq/T

The degree of Hy(F, z) is the Hurwitz-Kronecker class number h(d). Note that Hy(F'; x)
is not actually always a polynomial, but if d is a negative fundamental discriminant with
|d| > 4, then Hy(F;z) is a polynomial, and we will denote its coefficients by

h(d)
(1.3) Hy(Fix) =Y epp(d)a" D™,

n=0

If F'(z) has integral coefficients, then e, r(d) will be integral; however the other coefficients
may not be. For example, consider the weight —2 modular form
Ei(2)E
Fy(z) := W = ¢ ' — 240 — 141444q — 852928004 — 238758390¢> + .. .,

and define the weight 0 non-holomorphic derivative
E3(2)E4(2)Es(2) + 3E3(2) + 2E4(2)?
6A(2) ’

where F3(z) := FE(z) — 5= is the non-holomorphic Eisenstein series of weight 2. The

following table gives Hy(K;x) for the first few negative fundamental discriminants of
class number at least 3.

K(Z) = 8F2 = R_ZFQ =

d Hy(K;x)

—23 2® — 2314182627 — 322U, — 7693330369871

—31 2% — 31120114922 — S13402040 4 1143159756791823

—39 x* — 39 - 80675887 4 H02A22TE 12 _ 84(29669303810035

95749227855890319016073
+ 392

Note that in the examples above, both e;.r(d), the third symmetric function es. p(d)
also always appears to be integral. Extensive calculations along these lines suggest that
these two are the only coefficients which are integral in general. We explain this phe-
nomenon and give a bound on all other denominators of the coefficients of the class
polynomials. This bound appears to be sharp in general.

Our result holds for a class of primes with possible exceptions dependent on the weight
k of the original modular form and the specific coefficient e,,.r(d) under consideration.
We call such primes good for the pair (k,n). The definition of a good prime relies on
the Hecke algebra acting on modular forms of certain relevant weights. If k is a negative
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even integer and n a positive integer, then we say that an integer ¢ is a relevant weight
for the pair (k,n) if kn < ¢ < 0 and there is no integer i, 0 < ¢ < —g — 1, such that
¢ = kn + 4i + 2. If the Hecke operator 7, does not act nilpotently on the space of cusp
forms S,_,, then we say that p is good for the weight ¢. If p is good for every ¢ relevant
for the pair (k,n), we say that p is good for the pair (k,n).

Our main result is the following.

Theorem 1.1. Let f(z) € M, be a modular form of negative, even weight with integer
coefficients, d be a negative fundamental discriminant, d # —3 or —4, and let €,,57(d) be

defined as in . If (p,d) =1, then enp¢(d) is p-integral. Otherwise, let

—nk '
B(n,k) =4 % zf4|n/'<:
1(=nk +2k —2)  otherwise.

Then if p is good for the pair (k,n), we have that
P €n;¢(d)
18 p-integral.

As there are no non-zero cusp forms of weight less than 12, we obtain the following
corollary with no additional conditions to check.

Corollary 1.2. For any f(z) € M', with integral principal part, we have that
eg;f(d) € 7.
In particular, this explains the integrality pattern in the computed examples for K (z).

Remark. Although the theorem is only stated for D = 1 and d negative and primitive, it
is clear from the proof that an analogous result for arbitrary “twisted class polynomials”
holds in general, though care must be taken when d is —3 or —4 times a square.

1.1. Outline of the proof and the paper. When 4|nk, or p { d, the proof only
requires the integrality results for singular values of Eg(z)/\/A(z), E4(2)/A(2)3, and
E3(2)/A(2)s given, for instance, in [I4]. The remaining case requires additional consid-
eration.

Thanks to Newton’s identities, we may express the elementary symmetric functions in
terms of power-sums. We recall that if

er(z, ..., x,) = Z Tj ... T,

1<J1<j2...<jr<n

is the usual elementary symmetric polynomial of degree k in z1,...,x, and

n
pr(x, ... x,) = fo
i=1
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is the k" power-sum, then Newton’s identities state that

k
(1.4) kep(wr,. o an) = Y (1) epmi(@r, . a)pi(@, . an).

i=1
Thus, our problem is reduced to the of study of traces of singular moduli for powers of
J0f(z). We may decompose these powers of raises of modular forms further by using the
following theorem due to Shimura. Theorem [1.3] allows to write such functions as sums
of raises of weakly holomorphic modular forms. The statement of Theorem requires
the use of the iterated Maass lowering operator, L™ which is defined in ([2.4).

Theorem 1.3 (Shimura [13]). Suppose F' is a smooth function on H which is modular of
weight k < 0 and is in the kernel of L+, Then there exist uniquely determined modular
forms g; € M,’C_zj such that

E
F=> Ry,
j=0

We refer to the set of weights {k —2j | g; # 0} in Theorem as the decomposition
weights of F', and the minimal F such that the theorem applies as the depth of F'.

This decomposition allows us to apply the work of Duke and Jenkins [5] which gen-
eralizes Zagier’s orignal paper and provides important integrality results. In particular,
Duke and Jenkins define the lifting operations 3p(f) given in (3.1]) which take a modular
form f of negative even weight to forms of half-integral weight, whose coefficients are
given in terms of the traces of values of df(z). Moreover they show that if f has integral
coefficients, then so does 3p(f). Applying this to each of the pieces in Theorem [1.3| gives
a bound on the denominators of e,.s¢(d), although this is far from optimal. It falls short
for two reasons. Firstly, the use of the decomposition in Theorem introduces artificial
denominators which we need to show cancel out. Secondly, certain weights which can
appear give larger denominators than in Theorem [I.T] so we need to show that they are
irrelevant.

The proof of our full result requires a generalization of the Zagier lift, Zp, defined in
, which we can apply to powers of f(z) and consider the Zagier lifts of every form
in the decomposition at once. The analogous integrality result is as follows.

Theorem 1.4. Let F(z) be a non-holomorphic modular function, which may be decom-
posed as in Theorem and let p be a prime which is good for each k in the set of

decomposition weights of F. If F(z) € Zyy) [ﬁ] ((q)), then there is an explicit integer
M dependent on the decomposition weights of F' so that RM Zp(F (2)) € Z) [ﬁ} ((q))-
In particular, if p* exactly divides n, then the coefficients of ¢ in p"™M Zp(F(2)) is p-
integral.

The formulae for the coefficients of Zp(F(z)) give bounds on the powers of primes
which can divide the denominators of the traces of F(z). These bounds are given in
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terms of the decomposition weights of F'. A priori, the decomposition weights may sit
in a broad range; however when F(z) = (0f(2))" with f(2) € M}, we find that only
the weights which are relevant for the pair (k,n) appear, and thus can contribute to the
bound.

Theorem 1.5. Let f € M} and consider the product F = (0f)". As in Theorem
write ' = 0(g;), where each g; € M',;. If —2m is not a relevant weight for (k,n),
we have that g,, = 0.

Theorem shows that certain weights which would weaken the bound cannot appear.
Therefore these results, including the exact evaluation of the M given in theorem in
terms of the decomposition weights, together prove Theorem [I.1} The remainder of the
paper is organized as follows. In §2| we define the Maass lowering and raising operators
and use them to give a proof of the decomposition theorem. In §3| we recall the work
of Duke-Jenkins which we will build on in §4] to prove Theorem [I.4] In §5 we introduce
the Rankin-Cohen brackets and use them to prove Theorem [1.5

2. OPERATORS ON MAASS FORMS AND THE SPECTRAL DECOMPOSITION

In this section we recall some of the basic differential operators on Maass forms and
prove Theorem [I.3]

2.1. Maass forms and raising and lowering operators. Maass forms are general-
izations of the modular forms previously described. We say that a function f: H — C
which is modular of weight k is a weak Maass form (or simply a Maass form) if it has
at most linear exponential growth at the cusps and is an eigenfunction of the weight k
hyperbolic Laplacian Ay, which is defined as

02 02 0 0
A== | == + = ky| — +i— | .
k Yy (8x2+8y2)+2 y(ax—l—zay)
For more on the theory of such Maass forms, see e.g. [§].
Given k € %Z, we define the Maass raising operator Ry by

(2.1) B = 2mi 0z 4wy’

This operator preserves modularity, and sends Maass forms to Maass forms. If f(z) is
modular of weight k& then Ry f(z) is modular of weight k& + 2. If f(z) has eigenvalue A
with respect to Ay, then Ry f(2) has eigenvalue A + k with respect to Ao (see [3]). We
also define the iterated raising operator R¢ as the composition of d raising operators of
the appropriate weights:

Rﬁ = Rk+2(d—1) [ Ne Rk.

Whenever the weight is clear from context, we suppress the dependence on the weight
and simply write R?. Standard formulas for the iterated raising operator (for example
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see [2 Ch. 1]) give us that

(22 Rl () = i (j) F(ll;(—]iji_i)j) (4;1y>j (27362) fz).

Asin (1.1)), if f € M} with k even and non-positive, we also define df := R™%/2f so that
df is modular of weight 0.

In conjunction with the Maass raising operator, we will also need the Maass lowering
operator Ly, defined as

(2.3) Ly = —87rz'y2%.

See [§] or [3] for more details (note that we normalize the factor of automorphy differently
than in [3]). If f is a weight £ Maass form with eigenvalue A\, then L f is a Maass form
of weight k — 2 and eigenvalue \ — k + 2. We also define the iterated lowering operator

(2.4) Li=L%:= Ly gq4-1y0- 0Ly

We choose the specific normalizations for the raising and lowering operators above to
preserve integrality in the following sense. Not all non-holomorphic modular forms are

in C((q)) ﬁ} ; however for the purposes of this paper we restrict our attention to those

which are. We refer to such a non-holomorphic modular form G with integral weight
as having integral coefficients if G € Z((q)) [ﬁ] . If G has half-integral weight, we will

instead require that G be in Z((q)) [ﬁ] . Analogously, we say that G has rational or

p-integral coefficients if G is in Q((q)) [ﬁ} or Zy((q)) [ﬁ} respectively.

With these definitions, we have that if G(z) has integral coefficients, then so does
RiG(2), as does LiG(z) if G has integral weight or 4L, G(2) if G has half-integral weight.
We also have the following facts about the Maass raising and lowering operators.

Proposition 2.1. For any complex functions f and g on H and any integer k, the
following are true.

(1) Rk_ng = —Ak, and Lk+2Rk = —Ak — k.

(2) Ry and Ly, both satisfy the Leibniz rule; that is

Rive(fg) = (Bef) -9+ f - (Reg) and  Lyyo(fg) = (Lf) - g+ f - (Leg).
(3) We have that Ly f = 0 if and only if f is holomorphic.
These facts imply that sums and products of raises of weakly holomorphic modular
forms must be in the kernel of some finite power of L. This allows a decomposition
for such forms as in Theorem This theorem is originally due to Shimura (see [13]

Proposition 3.4, or [6] Section 10.1), however we give a short proof which gives explicit
components which we will need later.
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2.2. Proof of Theorem [1.3.

Proof. Since LFH'F = 0, we have that LEFF is weakly holomorphic. We define the g;
recursively beginning with gg. Let

LPF

)
CE.E

g =

and for each ¢ with 0 <7 < E| let

E
1 (., -
AR (LZF— > il 9j> 7

' J=i+1
where
. gl (=k+j+1)!
AR
By assumption, £ < 0, so ¢; ; is defined for all j > 7. Note that each g; is modular of

weight k£ — 2¢. By rearranging the definition of gq, we see that F' = ZZE:O R'g;. Therefore
we need only prove that each g; is weakly holomorphic. We do so by inductively showing
that Lg; = 0 for each g;.

By hypothesis, Lgg = 0. Suppose that ¢ < E is fixed, and that g; is weakly holomorphic
for each i < j < E. By construction, we have that

E
(2.5) L'F =Y ¢ ;R
j=i

Applying the lowering operator to g; gives
1 E
Lgi=— | L'MF — § i(LR)RI™"1g, | .
9 Cia ( e ¢ij(LR) 9j

Since g; is holomorphic, we have that R/~""'g; is an eigenfunction with respect to LR =
(Aj_2i—a—(k—2i—2)). A short calculation using Proposition [2.1]shows that the eigenvalue
is

(j — i) (=k+j+i+1). However, ¢;;(j —i)(—k+j+i+1) = cit1, s0

E
Ci,iLgi = (Li—HF— Z Ci+1,jRj_i_1gj> =0.

j=itl

3. INTEGRALITY RESULTS OF DUKE AND JENKINS

In this section we describe the important work of Duke and Jenkins on integrality
of traces of singular moduli in [5]. In particular, their results allow us to bound the
denominators of the traces of singular moduli of each summand arising in the relevant
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case of Theorem [1.3] Following their paper, consider any f = Z a(n)q" € My _,, with

n>—0o
S € N FOI‘ COIlVGIliGIlCe7 set

. s if (-1)°D >0
S =
1—s otherwise.

Also let

s—1

e p(f) = (=15 7 |D|F Trap((—1)°10f),

where Try p is defined as in ([1)). For any fundamental discriminant D, they define the
D™ Zagier lift of f to be:

=5
2

D

(3.1)
30(f) = 3 al=mm™ 3 xp(mntg " 4 S0~ 5, x0)a(0) + 3 T p(F)g!

m>0 nlm dD<0

The main theorem of [5] states that 3p(+) is a linear map between spaces of modular
forms, which preserves integrality of Fourier coefficients. The image of 3p is in a distin-
guished subspace of the modular forms of half-integral weight on I'g(4) which satisfy the
Kohnen plus-space condition (see [7]). Specifically, if k is half-integral, we define M} L1/2
to be the subspace of weakly holomorphic modular forms f(z) of weight A+1/2 on T'g(4)
which have a Fourier expansion

f(z) = > a(n)q".

n=0 or (—1)* (mod 4)
Assuming this notation, their theorem is as follows.

Theorem 3.1 ([5, Theorem 1]). Suppose that f € M _,, for an integer s > 2. If D is a
fundamental discriminant and § = s or 1 — s such that (—1)*D > 0, then we have that
3p(f) € Mz,!)/2_§. Furthermore, if f has integral Fourier coefficients, so does 3p(f).

Although this theorem is only stated for D fundamental, it extends naturally to any
discriminant D by way of the Hecke algebra. This theorem builds on Zagier’s original
work for s = 1. In that case Theorem holds, as long as the constant term of f is 0.
Note that Trg;(1) is the Hurwitz-Kronecker class number for d, which is integral for d
fundamental and not equal to —3 or —4. Therefore for the remainder of this paper we will
assume that the constant term of each weight 0 modular function under consideration is
zero. We also note that Tryp = Trp 4, which implies a duality between coefficients of
Zp(f) for positive and negative D.

Duke and Jenkins also give a result which we will need later relating the twisted trace
Tr .2 p(f) to other twisted traces. In particular they show the following.
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Proposition 3.2 ([5, Lemma 2]). For D and D" fundamental discriminants with DD’ <
0 and m a positive integer, we have

(32 Thapp(f) = (=m0 w@xe@xo0) () T, 0, ()

a-blm

4. PROOF OF THEOREM [.4]

The Zagier lift 3p acts only on a single weakly holomorphic modular form. We wish
to define a generalization which will give us information about the singular values of any
non-holomorphic modular function F(z) which can be decomposed by means of Theorem
L3l The function F can be written as

(4.1 F(2) =" 005(2) + 3 g2y (2)

for some non-negative integers e; and e, chosen minimally, where gi(2) € M',,. Letting
D > 0 and d < 0 be discriminants, we define

€1

€2
(42)  Zp(F):=> (~1)"|D|*P R 3p(gy;) + Y (=1)' 7| D|* 7RI 3p(g25-1),
=0 j=1
which is a non-holomorphic modular form of weight % + 2eq, and
Za(F) =Y (=1)7|d|" TR 34(gy;) + Y _(=1)|d|" R 34(g251),
j=0 =0
which is a non-holomorphic modular form of weight % + 2e5. Note that the coefficient of
¢ in Zp(F) and the coefficient of ¢/P! in Z4(F) are both equal to

(4.3) |d||D|**"Y2 Try p(F).

Theorem states that this must be p-integral for appropriate choices of p. Hence when
D =1, we have bounded the denominator by |d|°*. This bound determines the B(n, k)
of Theorem [L.1]

We will prove Theorem [1.4] by way of two propositions. In the following, we define the
1 n
principal part of a function F(z) = g g a(m,n)q™ <R> to be the polynomial

m>—o0 n>0

1 n
in ¢g~! and ﬁ given by Z Za(m,n)qm (4—) i
uy’

m<0 n>0

Proposition 4.1. Let F(z) be a non-holomorphic modular function in Q((q)) [ﬁ] with

depth E and integral principal part, and let m be chosen so that then RM Zp(F) has
weight at least 3/2+ E. Then RM Zp(F) has integral principal part, and the coefficients
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4y

M is chosen as in Proposition then RMZp(F) has p-integral coefficients for any
prime p which is good for F.

Proposition implies Theorem since either Zp(F) or Z4(F) will satisfy the
hypotheses of Proposition [4.1] with M = 0.

4.1. Proof of Proposition 4.1} The proof of Proposition [£.1] involves certain tedious
combinatorial calculations. In the interest of brevity, we Wlll omit some details. In
particular, we only give the proof for for D > 0. Although the sign of D affects several
details, a similar argument and calculations hold for D < 0, mutatis mutandis.

We wish to write Zp(F) in terms of the traces of the non-holomorphic modular func-
tions R'L'F. If G is modular with integral weight and rational coefficients, let h;(G, 2)

Proposition 4.2. Let F(Z) be a non-holomorphic modular function in Z((q)) [L} If

J
be the coefficient of (ﬁ) in the expansion of GG, so that

G = Zh (G 2) (47Ty)j.

Similarly if G' has half-integral weight, let h3(G, z) be the coefficient of (ﬁ)j in the
expansion of GG, so that

J

If ¢ is a non-negative integer and F has integer coefficients, then %RtLtF has integer
coefficients, and in particular we find that

ho RJLJFZ = L9 jh~(F'z).
7! 2mi 9z ) 7V

If hj(F;2) = s oo @j(n)q", then let
hi(F;z) =

(D)7 [ X arl=m) S xplmnd (52) a5 4 SLgx0as(0) | + S Bha

m>0 nlm dD<0

0 if £is odd
where d is a negative discriminant, § = 1 ?S © and
1 if £ is even,

—j—1+6
2

; i—1 —j— |
BY), = (-7 ID| 7% Tryp (FRJLJF) .
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It suffices to prove the proposition with M chosen so that RM Z5(F) has weight 3/2+E.
In this case, we will show that RM Zp(F) is given by

. 1\ 1\ 2t
hae(F; 2) (T) + hopp1 (F; 2) (—) ] .

_1 1+¢ D 62+€R|.E/2J_e
> (=)D - Tomy

3/242¢
0<t<E/2

By Theorem , F(z) has a decomposition S."*! R%g,(2), where g, € M',,, and so
we may consider the contributions of the g(z) independently. If s is odd, s = 2t + 1,
then Theorem gives us that 3p(gs(z)) has weight —1/2 — 2t. We wish to show that

R*3p(gs(2)) is equal to

- LN L\ 2+
(4.4) Z (—|D|)t+1+€R§7§+% [h%(ags; z) (1—) + har11(09s; q) (—) :

et 67y 167y

Here we have factored out some of the raising operators since h;(0gs;2) = 0 if j > s.
Using (2.2)) to calculate dgs(z), we find that

s+ 7)! 0
h;(0gs, 2) = ﬁ <£> 95(2)

20+1
Similarly, if we use ‘) to calculate RT3 5(g,(2)), we find the coefficient of <ﬁ>
reduces to

(s +20+1)! (1 0

t—4
0+ DI(s — 20— 1)1 \2ni - £> 30(Gu(2) = (=IDN* harsa(9gs, 2)-

2 _
The coefficient of (ﬁ) is not itself (—|D|)***1hy(dgs, 2), however if we take the

partial derivative 55 - 2 of this coefficient, the result is. We now have that R*3p(gs(2))

and 1} must agree for powers of (ﬁ) up to 2t + 1, and therefore these are equal.

For even s, say s = 2t,, we have that 3p(gs(z)) has weight 3/2 + 2t. After factoring
out powers of the raising operator, we wish to show that 3p5(gs(2)) is equal to

. . 1 20 /\ 1 2041
(4.5) Z(_|D]) Ry g0 | hae(9gs, 2) o7y + hae41(99s, 2) Tomy .

0<e<t

Although (4.5) is not obviously weakly holomorphic as is 3p(gs(z)), we find that cancel-
lation occurs for all positive powers of ﬁ. Using {D we can expand 1| as a sum

1 . .
over powers of Torg" This process yields

S () s (al20 + a2+ 1),
i.5,6,;m>0

i+j+l+m=t
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where

IR A § LA U
o) = G — Ik = 1) <167ry) 3" g,

and by 35;7") (g9s) we mean a formal anti-derivative, so that if 3p(gs) = Za(n)q” then

n#0
BD_T) (g9s) = Za(n)n_rq”. This expression may be rearranged to find the coefficients
n#0
n
of (ﬁ) , however the resulting expression seems to have few obvious simplifications.

Using an implementation of the Wilf-Zeilberger method [9] for Mathematica [11], we find
that this new expression is identically zero for positive values of n. For n = 0, a quick
calculation shows that we have recovered 3p(gs).

4.2. Proof of Proposition [4.2] By Proposition [4.1} we have that the principal part
of RMZp(F) is integral. If RMZp(F) is not entirely p-integral, take ¢ to be the largest
integer such that hj(RM Zp(F); z) is not p-integral, and let p" exactly divide the denom-
inator. Then p”‘é—fLZRMZD(F) = p"h}(RMZp(F);z) (mod p). Since the principal part
of hj(RMZp(F); 2) is integral, we have that p"h}(RM™ Zp(F);2) is congruent to a cusp
form of the appropriate weight, say k. We note that £ must be a decomposition weight
for Zp(F), and therefore the corresponding weight 3—2k must be a decomposition weight
for F. Moreover, since the coefficients of hj(RY™ Zp(F); z) are given in terms of Zagier
lifts of weakly holomorphic modular forms, shows that this cusp form is eventually
annihilated (mod p) by the Hecke operator T)2. Since T2 acts nilpotently on the space
of cusp forms Si, it must also act nilpotently on S, _1, since these spaces are isomorphic
by way of the Shimura correspondence [7]. Thus p is not good for 3 — 2k.

5. A USEFUL VANISHING CONDITION

In this section, we prove Theorem [I.5 which is essentially a combinatorial fact. In
particular, we use the structure of Rankin-Cohen brackets to provide a convenient basis
for expressing the combinatorics of the spectral decomposition of the product of two
forms.

5.1. Rankin-Cohen Brackets. In [4] and [10], Rankin and Cohen utilized certain poly-
nomials in derivatives of modular forms which are again modular, called the Rankin-
Cohen Brackets. Let f be a modular form of weight k, g a modular form of weight ¢,
and n a non-negative integer. Then the n'® Rankin-Cohen bracket is defined as:

Faltri= 30 (TR (T 0 g

r4s=n

Here f( = (ﬁd%)n f. We will suppress the dependence on the weights k£ and ¢ and

write simply [f, g], when the dependence is clear from context. The key fact is that:

(5.1) [, '](k’z) : Ml'c ® Mé — Ml!c+€+2n'

n
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This can be seen, for example, using the Cohen-Kuznetsov lifting to Jacobi-like forms.

5.2. The Vanishing Lemma. Using the Rankin-Cohen brackets, we are now in position
to prove Theorem [I.5] Using an inductive argument and the spectral decomposition of
Theorem [1.3] it suffices to prove the following lemma for the product of raisings of just
two forms of possibly different weights.

Lemma 5.1. Let f € M, and g € M, have negative even weight. Set F := df - dg
and write F =" 0(g;) for the modular forms g; defined in Theorem[L.3] Suppose m =

k+ ¢+ 4i+ 2 where 0 <1 < —% — 1. Then if gm/2 has weight m, we have that
gm/2 = 0.
Proof. In Proposition 2.3 of [1], the authors consider a similar combinatorial expansion

which is given in terms of Rankin-Cohen brackets. Using their proposition, it suffices to
prove the following (setting k = —2r, { = —2s) whenever j < r and j is odd:

S(j) = Z()(—l)“*’”) ! (ir)_gTBWEQ?Tl‘)j> =0

Using the Wilf-Zeilberger method [9], one finds that the function S(j) satisfies the fol-
lowing recursion in the range j < r:

2+7)A+5—2r)1+j—25)(j —2r—2s)-5( +2)
—4(1+2j—2r —2s)(3+2j—2r—2s)(j—r—s)(1+j5—r—s)-5() =0.
For the base case, j = 1, we must show that gg_; vanishes in the notation of Theorem |[1.3]
A calculation shows that LF~[(9f) - (Og)] is some nonzero multiple of R(f - g), so that

by Theorem [I.3] we have that gp_; is a multiple of Rgp. However gg_; is holomorphic,
whereas Rgg is not, which implies that gg_; = 0. U
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