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Abstract

The Umbral Moonshine Conjectures assert that there are infinite-dimensional graded mod-
ules, for prescribed finite groups, whose McKay-Thompson series are certain distinguished mock
modular forms. Gannon has proved this for the special case involving the largest sporadic sim-
ple Mathieu group. Here we establish the existence of the umbral moonshine modules in the
remaining 22 cases.
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1 Introduction and Statement of Results

Monstrous moonshine relates distinguished modular functions to the representation theory of the
Monster, M, the largest sporadic simple group. This theory was inspired by the famous observations
of McKay and Thompson in the late 1970s [18,51] that

196884 = 1 + 196883,
21493760 = 1 + 196883 + 21296876.

The left hand sides here are familiar as coefficients of Klein’s modular function (note q := €?™7),
o
J(r) =Y eln)g” :=j(r) — 44 = ¢~ + 196884q + 21493760¢° + . ...
n=-—1

The sums on the right hand sides involve the first three numbers arising as dimensions of irreducible
representations of M,

1, 196883, 21296876, 842609326, ..., 258823477531055064045234375.

Thompson conjectured that there is a graded infinite-dimensional M-module

vie @ v

n=—1

satisfying dim(V,E) = ¢(n). For g € M, he also suggested [50] to consider the graded-trace functions

o0

Ty(r) =Y te(glVid",

n=-—1

now known as the McKay- Thompson series, that arise from the conjectured M-module V%. Using
the character table for M, it was observed [18,50] that the first few coefficients of each T;(7) coincide
with those of a generator for the function field of a discrete group I'y < SLy(R), leading Conway
and Norton [18] to their famous Monstrous Moonshine Conjecture: This is the claim that for each
g € M there is a specific genus zero group I'y such that T,(7) is the unique normalized hauptmodul
for T'y, i.e., the unique I'y-invariant holomorphic function on H which satisfies T,(7) = ¢~ + O(q)
as (1) — oo.

In a series of ground-breaking works, Borcherds introduced vertex algebras [2], and generalized
Kac-Moody Lie algebras [3,4], and used these notions to prove [5] the Monstrous Moonshine
Conjecture of Conway and Norton. He confirmed the conjecture for the module V? constructed by
Frenkel, Lepowsky, and Meurman [30-32] in the early 1980s. These results provide much more than
the predictions of monstrous moonshine. The M-module V¥ is a vertex operator algebra, one whose
automorphism group is precisely M. The construction of Frenkel, Lepowsky and Meurman can be
regarded as one of the first examples of an orbifold conformal field theory. (Cf. [23].) Here the
orbifold in question is the quotient (R24 / A24) /(Z]27), of the 24-dimensional torus Aoy @7 R/Agg ~
R4 /A24 by the Kummer involution x — —x, where Agy denotes the Leech lattice.

We refer to [24.]32,|35[36] for more on monstrous moonshine.
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In 2010, Eguchi, Ooguri, and Tachikawa reignited moonshine with their observation [28] that
dimensions of some representations of My, the largest sporadic simple Mathieu group (cf. e.g.
[20,121]), are multiplicities of superconformal algebra characters in the K3 elliptic genus. This
observation suggested a manifestation of moonshine for Myy: Namely, there should be an infinite-
dimensional graded Ms4-module whose McKay-Thompson series are holomorphic parts of harmonic
Maass forms, the so-called mock modular forms. (See [45,54,55] for introductory accounts of the
theory of mock modular forms.)

Following the work of Cheng [10], Eguchi and Hikami [27], and Gaberdiel, Hohenegger, and
Volpato [33},34], Gannon established the existence of this infinite-dimensional graded Mas-module
in [37].

It is natural to seek a general mathematical and physical setting for these results. Here we
consider the mathematical setting, which develops from the close relationship between the monster
group M and the Leech lattice Ag4. Recall (cf. e.g. [20]) that the Leech lattice is even, unimodular,
and positive-definite of rank 24. It turns out that Moy is closely related to another such lattice.
Such observations led Cheng, Duncan and Harvey to further instances of moonshine within the
setting of even unimodular positive-definite lattices of rank 24. In this way they arrived at the
Umbral Moonshine Conjectures (cf. §5 of [15], §6 of [16], and §2 of |17]), predicting the existence
of 22 further, graded infinite-dimensional modules, relating certain finite groups to distinguished
mock modular forms.

To explain this prediction in more detail we recall Niemeier’s result [43] that there are 24 (up to
isomorphism) even unimodular positive-definite lattices of rank 24. The Leech lattice is the unique
one with no root vectors (i.e. lattice vectors with norm-square 2), while the other 23 have root
systems with full rank, 24. These Niemeier root systems are unions of simple simply-laced root
systems with the same Coxeter numbers, and are given explicitly as

A, AP, A3, AS, AG, AY,
A3Dy, AZD2, A3, A2Dg, A11D7FEg, AysDg, A17E7, Aoy, (1.1)
DS, D¢, D3, DioE2, D%, DigEs, Doy, Eg, E3,

in terms of the standard ADE notation. (Cf. e.g. [20] or [39] for more on root systems.)

For each Niemeier root system X let NX denote the corresponding unimodular lattice, let WX
denote the (normal) subgroup of Aut(N¥) generated by reflections in roots, and define the umbral
group of X by setting

GX == Aut(NX)/WH. (1.2)

(See for explicit descriptions of the groups GX.)

Let m*X denote the Coxeter number of any simple component of X. An association of dis-
tinguished 2m~-vector-valued mock modular forms HX () = (H (7)) to elements g € G* is
described and analyzed in [15-17].

For X = A?* we have GX ~ M4 and m* = 2, and the functions H ;{1 (1) are precisely the
mock modular forms assigned to elements g € My in the works [10,27,33,[34] mentioned above.
Generalizing the Moy moonshine initiated by Eguchi, Ooguri and Tachikawa, we have the following
conjecture of Cheng, Duncan and Harvey (cf. §2 of [17] or §9.3 of [24]).
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Conjecture (Umbral Moonshine Modules). Let X be a Niemeier root system X and set m := m™X.

There is a naturally defined bi-graded infinite-dimensional GX-module

K= &y KX pam (1.3)

relX D€z, DO,
D=r? (mod 4m)

such that the vector-valued mock modular form H, *gX =(H ;fr) is a McKay-Thompson series for K~
relate to the graded trace of g on KX by

Hgfr(T) = —2q_1/4m5r,1 + Z tr(g’Ké{fD/Alm)q_D/Zlm (1.4)
DeZ, D<0,
D=r2 (mod 4m)

for r € IX.

In and the set IX C Z/2mZ is defined in the following way. If X has an A-type
component then I~ := {1,2,3,...,m—1}. If X has no A-type component but does have a D-type
component then m = 2 mod 4, and I* := {1,3,5,...,m/2}. The remaining cases are X = Ej
and X = E3. In the former of these, IX := {1,4,5}, and in the latter case IX := {1,7}.

Remark. The functions H, gX (1) are defined explicitly in An alternative description in terms
of Rademacher sums is given in §B.4]

Here we prove the following theorem.
Theorem 1.1. The umbral moonshine modules exist.

Two remarks.
1) Theorem for X = A?* is the main result of Gannon’s work [37].

2) The vector-valued mock modular forms HX = (H, g)fr) have “minimal” principal parts. This
minimality is analogous to the fact that the original McKay-Thompson series T,(7) for the Monster
are hauptmoduln, and plays an important role in our proof.

Example. Many of Ramanujan’s mock theta functions [46] are components of the vector-valued
umbral McKay-Thompson series HgX = (H, ;fr). For example, consider the root system X = Al%
whose umbral group is a double cover 2.M1o of the sporadic simple Mathieu group Mis. In terms

'In the statement of Conjecture 6.1 of 16| the function H,', in is replaced with 3H,', in the case that
X = A3. This is now known to be an error, arising from a misspecification of some of the functions H gX for X = A3.
Our treatment of the case X = A2 in this work reflects the corrected specification of the corresponding H. 5( which is
described and discussed in detail in [17].
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of Ramanujan’s 3rd order mock theta functions

n2

q
)=1
*; 21+ )7 (1472
o0 n2
q
=1
¢<Q) +;(1+q2)(1+q4)...(1+q2n)’
o n2
q
=1
x(4) +n§_:1(1—q—l—q2)(1—q2+q4)~--(1—qn+q2")
o0 2n(n+1)
q
W(Q):Z 2 3)2 2nt1)2’
= (=gl —¢?)? - (1= ¢
o0 q2n(n+1)
p(Q)_nz%(lﬂLquq)(1+q3+q6)--~(1+q2”“+q4”+2)’

we have that

H2XB,1(T) = H2Xc,1(7) = ch,l T

Hie

Hie (

HQXB,2(7') = _HQXC,Q T

HGXC,z(T) = —Hém T

See §5.4 of |16] for more coincidences between umbral McKay-Thompson series and mock theta
functions identified by Ramanujan almost a hundred years ago.

(1) = —2q" 1= - f(4?),

(1) =—2¢"1 - x(q
)= HE (1) = —2¢7 % - §(—¢?),

(1) =

(1) =

X
T) = H6D,1 T

2
—4q3- (—q),

Our proof of Theorem involves the explicit determination of each GX-module K* by com-
puting the multiplicity of each irreducible component for each homogeneous subspace. It guarantees
the existence and uniqueness of a KX which is compatible with the representation theory of GX
and the Fourier expansions of the vector-valued mock modular forms H.¥ (1) = (H;%,.(7)).

At first glance our methods do not appear to shed light on any deeper algebraic properties of the
KX, such as might correspond to the vertex operator algebra structure on V%, or the monster Lie
algebra introduced by Borcherds in [5]. However, we do determine, and utilize, specific recursion
relations for the coefficients of the umbral McKay-Thompson series which are analogous to the
replicability properties of monstrous moonshine formulated by Conway and Norton in §8 of [1§]
(cf. also [1]). More specifically, we use recent work [41] of Imamoglu, Raum and Richter, as
generalized [42] by Mertens, to obtain such recursions. These results are based on the process of
holomorphic projection.

Theorem 1.2. For each g € GX and 0 < r < m, the mock modular form H;’(T(T) is replicable in
the mock modular sense.

A key step in Borcherds’ proof [5] of the monstrous moonshine conjecture is the reformulation of
replicability in Lie theoretic terms. We may speculate that the mock modular replicability utilized
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in this work will ultimately admit an analogous algebraic interpretation. Such a result remains an
important goal for future work.

In the statement of Theorem replicable means that there are explicit recursion relations
for the coefficients of the vector-valued mock modular form in question. For example, we recall the
recurrence formula for Ramanujan’s third order mock theta function f(q) = > o2, cs(n)g™ that
was obtained recently by Imamoglu, Raum and Richter [41]. If n € Q, then let

d if n € Z,
o1(n) := {de

0 otherwise,

sgn(n) if n #0,
sgn(n) := {1 if 0 =0

and then define o ) o
d(N,N,t,7) == sgn™(N) - sgnt (V) - (|N Tt - N+ t|) .

Then for positive integers n, we have that
Z m + 1 crln— §m2 - 1m
6,7 2 2

meZ
3m2+m<2n
4 16 n ~ 11
=-on)— —o(=)—2 d(N,N,=, =
30(n) 30<2> Z <7 ’6’6)’
a,beZ

2n=ab

where N := £(-3a+b—1) and N := $(3a 4+ b—1), and the sum is over integers a,b for which
N, N € Z. This is easily seen to be a recurrence relation for the coefficients c¢(n). The replicability
formulas for all of the H;fT(T) are similar (although some of these relations are slightly more
complicated and involve the coefficients of weight 2 cusp forms).

It is important to emphasize that, despite the progress which is represented by our main results,
Theorems [1.1] and the following important question remains open in general.

Question. Is there a “natural” construction of KX 2 Is KX equipped with a deeper algebra structure
as in the case of the monster module V? of Frenkel, Lepowsky and Meurman?

We remark that this question has been answered positively, recently, in one special case: A
vertex operator algebra structure underlying the umbral moonshine module KX for X = E§’ has
been described explicitly in [25]. See also [14}/26], where the problem of constructing algebraic
structures that illuminate the umbral moonshine observations is addressed from a different point
of view.

The proof of Theorem is not difficult. It is essentially a collection of tedious calculations.
We use the theory of mock modular forms and the character table for each GX (cf. §A.2)) to solve
for the multiplicities of the irreducible GX-module constituents of each homogeneous subspace in
the alleged GX-module KX. To prove Theorem it suffices to prove that these multiplicities
are non-negative integers. To prove Theorem [1.2] we apply recent work [42] of Mertens on the
holomorphic projection of weight % mock modular forms, which generalizes earlier work [41] of
Imamoglu, Raum and Richter.
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In §2| we recall the facts about mock modular forms that we require, and we prove Theorem
We prove Theorem in The appendices furnish all the data that our method requires. In
particular, the umbral groups G are described in detail in §Al and explicit definitions for the

mock modular forms H, gX (1) are given in

2 Harmonic Maass forms and Mock modular forms

Here we recall some very basic facts about harmonic Maass forms as developed by Bruinier and
Funke [9] (see also [45]).

We begin by briefly recalling the definition of a harmonic Maass form of weight k € %Z and
multiplier v (a generalization of the notion of a Nebentypus). If 7 = = + iy with x and y real, we
define the weight k hyperbolic Laplacian by

0? 0? 0 0
. ) . .
A==y (8:1:2 8y2> iky (8:/6 Z@y) ’ (2.1)

Suppose T is a subgroup of finite index in SLy(Z) and k € 3Z. Then a function F(7) which is
real-analytic on the upper half of the complex plane is a harmonic Maass form of weight k on T’
with multiplier v if:

(a) The function F'(7) satisfies the weight & modular transformation,

F(7)|ky = v(7)F(7)

b
d
square root is taken to be the principal branch.

for every matrix v = <CCL > €T, where F(7)|yy := F(y7)(ct +d)~%, and if k € Z + 1, the
(b) We have that ApF(7) =0,

(c) There is a polynomial Pr(g~!) and a constant ¢ > 0 such that F(7) — Pp(e ™) = O(e~%)
as T — 100. Analogous conditions are required at each cusp of T'.

We denote the C-vector space of harmonic Maass forms of a given weight k, group I' and
multiplier v by Hy (I, v). If no multiplier is specified, we will take

1\ 2k
() = { (%) (dl) ,

where (3) is the Kronecker symbol.

2.1 Main properties

The Fourier expansion of harmonic Maass forms F (see Proposition 3.2 of [9]) splits into two
components. As before, we let ¢ := >,
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Lemma 2.1. If F(7) is a harmonic Maass form of weight 2 — k for T where % <ke %Z, then

F(r)=F"(1) + F (),

where FT is the holomorphic part of F', given by

Fr(r)= Y ci(n)g"

n>—oo

where the sum admits only finitely many non-zero terms with n < 0, and F'~ is the nonholomorphic
part, given by
F~(r)= Z cp(n)T(k = 1,4my|n|)q".

n<0

Here T'(s, z) is the upper incomplete gamma function.

The holomorphic part of a harmonic Maass form is called a mock modular form. We denote
the space of harmonic Maass forms of weight 2 — k for I' and multiplier v by Hy(T',v). Similarly,
we denote the corresponding subspace of holomorphic modular forms by My (T, v), and the space

of cusp forms by Si(I',7). The differential operator &, := 2iy“’a% (see [9]) defines a surjective map
§o-k : Hy (I, v) — Si(T, D)

onto the space of weight k£ cusp forms for the same group but conjugate multiplier. The shadow
of a Maass form f(7) € Hy_(T',v) is the cusp form g(7) € Si(T',7) (defined, for now, only up to
scale) such that & f(7) = H%H’ where || e || denotes the usual Petersson norm.

2.2 Holomorphic projection of weight % mock modular forms

As noted above, the modular transformations of a weight % harmonic Maass form may be simplified
by multiplying by its shadow to obtain a weight 2 nonholomorphic modular form. One can use
the theory of holomorphic projections to obtain explicit identities relating these nonholomorphic
modular forms to classical quasimodular forms. In this way, we may essentially reduce many
questions about the coefficients of weight % mock modular forms to questions about weight 2
holomorphic modular forms. The following theorem is a special case of a more general theorem due
to Mertens (cf. Theorem 6.3 of [42]). See also [41].

Theorem 2.2 (Mertens). Suppose g(7) and h(t) are both theta functions of weight % contained in
Ss(I',vy) and Ss3 (I, vy,) respectively, with Fourier expansions
2 2

S

9(m) =D nxi(n)g”,

i=1 nezZ

h(t) := Z Z n; (n)q"Z,

Jj=1n€ezZ
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where each x; and v; is a Dirichlet character. Moreover, suppose h(T) is the shadow of a weight %
harmonic Maass form f(r) € Hi(I',7y,). Define the function
2

DH(r 222 > xi(m)(n)(m —n)q".

r=1xi,%; m,nezt
m2—n2=r

If f(7)g(7) has no singularity at any cusp, then f+(7)g(t) + DF9(7) is a weight 2 quasimodular
form. In other words, it lies in the space CEQ(T) ® My(T, vyvp), where Eo(T) is the quasimodular

FEisenstein series Fo(T) :=1— 24 Z nq

n>1

Two Remarks.

1) These identities give recurrence relations for the weight % mock modular form f* in terms of
the weight 2 quasimodular form which equals f*(7)g(7)+ D79(7). The example after Theorem
for Ramanujan’s third order mock theta function f is an explicit example of such a relation.

2) Theorem extends to vector-valued mock modular forms in a natural way.

Proof of Theorem[I.2. Fix a Niemeier lattice and its root system X and let M = m*X denote its
Coxeter number. Each H, g{( (7) is the holomorphic part of a welght harmonic Maass form H; HX (7).
To simplify the exposition in the following section, we will emphasme the case that the root system
X is of pure A-type. If the root system X is of pure A-type, the shadow function S;fr (1) is given

by Xg'r ASrr(T) (see , where
n2
SM,T(T) = Z n qra

nez
m=r (mod 2M)

and XXA— X?A or X4 depending on the parity of 7 is the twisted Euler character given in the
appropriate table in E a character of GX. (If X is not of pure A-type, then the shadow function
S;f,, (7) is a linear combination of similar functions as described in )

Given X and g, the symbol ng|h, given in the corresponding table in deﬁnes the modularity
for the vector-valued function (H o-(7)). In particular, if the shadow (S,',(7)) is nonzero, and if

for v € T'g(ng) we have that

(Sgur (T))l3/27 = 07 (S0 (7)),
then

(Hap (1) 27 = Tgr (Hip (7).

9, / 9,
Here, for v € T'o(ng), we have o4, = v4(y)oe where vy(y) is a multiplier which is trivial on
I'g(nghg). This identity holds even in the case that the shadow S;fr vanishes.
The vector-valued function (H, g)fT (7)) has poles only at the infinite cusp of I'g(n,), and only at the

component H, !fr(T) where r = 1 if X has pure A-type, or at components where 2 = 1 (mod 2M)

otherwise. These poles may only have order ;7. This implies that the function (H o (1)5:5.(7))
has no pole at any cusp, and is therefore a candidate for an application of Theorem
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The modular transformation of Sy, (7) implies that

(‘7675)2 = (UE,T)4M =1

1 01

a scalar-valued modular function, is modular on I'(4M), and so (f[;fr(T)S;fr(T)) is a weight 2
nonholomorphic scalar-valued modular form for the group I'(4M) NT'o(ny) with trivial multiplier.

Applying Theorem we obtain a function F| g)fT(T)—caH it the holomorphic projection of
HX, (T)Sé(r (7)—which is a weight 2 quasimodular form on I'(4M) NI'g(ng). In the case that ngr (1)
is zero, we substitute SX.(7) in its place to obtain a function FV;(T(T) = H.X.(7)S52.(7) which is a
weight 2 holomorphic scalar-valued modular form for the group I'(4M) NITy(ny) with multiplier v,
(alternatively, modular for the group I'(4M) N T'g(nghg) with trivial multiplier).

The function FgXﬂ.(T) may be determined explicitly as the sum of Eisenstein series and cusp
forms on I'(4M ) NT'g(nghg) using the standard arguments from the theory of holomorphic modular
forms (i.e. the “first few” coefficients determine such a form). Therefore, we have the identity

where S = <O _01>, T = <1 1), and I is the identity matrix. Therefore Sﬁ’r(v'), viewed as

F5(r) = Hy\ (1) - Sy (7) + Dy (7), (2.2)

where the function Dgfr (1) is the correction term arising in Theorem If X has pure A-type,
then

DX =2 Y enm)dn(n)(m — n)gin, (2.3)

N=1 mmneZy
m2—n2=N
where
+1 ifé=+r (mod2M
on(l) = | )
0 otherwise.

oo
Suppose H;fT(T) = Z A;{T(n)qn_& where 0 < D < 4M and D = r? (mod 4M), and Fg)f,,(T) =
n=0

oo
Z Bng(n)q”. Then by Theorem H we find that
N=0

. D —m .
B =g X meal (Ve PR ) @ D erdma ) )
m=r r?lfl%d 2M) 2_p2-N

(2.4)

The function F;{J,(T) may be found in the following manner. Using the explicit prescriptions
for H g)fr(r) given in & and 1) above, we may calculate the first several coefficients of each
component. The Eisenstein component is determined by the constant terms at cusps. Since Dgfr (1)
(and the corresponding correction terms at other cusps) has no constant term, these are the same as
the constant terms of H;¥, (7')557(74 (7), which are determined by the poles of H%,. Call this Eisenstein
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component E;fT(T). The cuspidal component can be found by matching the initial coefficients of
Fg)gn(’]') - E§T<T).

Once the coefficients Bgfr (n) are known, equation 1) provides a recursion relation which may
be used to calculate the coefficients of Hy,.(7). If the shadows S;',.(7) are zero, then we may apply

o0
a similar procedure in order to determine ﬁgXT (7). For example, suppose fg)fr (1) = Z E;fr(n)q”,
N=0

and X has pure A-type. Then we find that the coefficients EﬁfT(N ) satisfy

BX (N) = 3% 4% (v Do
ar(N) = X7 > e Agr \ N g (2.5)
mez
m=s (mod 2M)

Proceeding in this way we obtain the claimed results. O

3 Proof of Theorem 1.1

Here we prove Theorem The idea is as follows. For each Niemeier root system X we begin
with the vector-valued mock modular forms (H, gX (7)) for g € GX. We use their g-expansions to
solve for the g-series whose coefficients are the alleged multiplicities of the irreducible components
of the alleged infinite-dimensional GX-module

- X - X
K= P SP R A
r  (mod 2m) DeZ, D<O0,
D=r? (mod 4m)
These g-series turn out to be mock modular forms. The proof requires that we establish that these
mock modular forms have non-negative integer coefficients.

Proof of Theorem [I.1. As in the previous section, we fix a root system X and set M := mX, and
we emphasize the case when X is of pure A-type.
The umbral moonshine conjecture asserts that

Hy () =33 X, (n)x(g)q" (3.1)

n=0 x

where the second sum is over the irreducible characters of GX. Here we have rewritten the traces
of the graded components KX 2 in in terms of the values of the irreducible characters of

ALy

G, where the me(n) are the corresponding multiplicities. Naturally, if such a KX exists, these
multiplicities must be non-negative integers for n > 0. Similarly, if the mock modular forms
H g)f;, (1) can be expressed as in with mgT (n) non-negative integers, then we may construct the

umbral moonshine module KX explicitly with KX defined as the direct sum of irreducible

rn—r2/4m
components with the given multiplicities me(n)
Let

H)ifr(T) = ‘Glx‘ Z@H;(r(ﬂ- (3.2)
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X

(1) required so that

It turns out that the coefficients of Hi{r(’l') are precisely the multiplicities m
B holds: if

o0 r2
HY (1) =Y my,(n)g" (3.3)
n=0

then -
-2
HY () =YY my (n)x(9)g" v
n=0 x

Thus the umbral moonshine conjecture is true if and only if the Fourier coefficients of Hfg?q (1) are
non-negative integers.
To see this fact, we recall the orthogonality of characters. For irreducible characters x; and x;,

K;l)q > xilgxilg) = {1 X = X5 (3.4)

otherwise.
geGX 0

We also have the relation for ¢ and h € G¥X,

— Cax(g if g and h are conjugate,
S x@n = 19ex ) . (3.5)
" 0 otherwise.

Here |Cgx(g)| is the order of the centralizer of g in GX. Since the order of the centralizer times
the order of the conjugacy class of an element is the order of the group, (3.2) and (3.5 together
imply the relation

Hy (1) =Y x(9)Hy (1),

which in turn implies [3.3]

We have reduced the theorem to proving that the coefficients of certain weight 1/2 mock modular
forms are all non-negative integers. For holomorphic modular forms we may answer questions of
this type by making use of Sturm’s theorem [49] (see also Theorem 2.58 of [44]). This theorem
provides a bound B associated to a space of modular forms such that if the first B coefficients of a
modular form f(7) are integral, then all of the coefficients of f(7) are integral. This bound reduces
many questions about the Fourier coefficients of modular forms to finite calculations.

Sturm’s theorem relies on the finite dimensionality of certain spaces of modular forms, and
S0 it can not be applied directly to spaces of mock modular forms. However, by making use of
holomorp/h\ic projection we can adapt Sturm’s theorem to this setting.

Let Hér(’i') be defined as above. Recall that the transformation matrix for the vector-valued

—

function HX,.(7)) is 4, the conjugate of the transformation matrix for (SZ.(7)) when v €
Lo(nghg), and o4 is the identity for v € I'(4M). Therefore if

N = lem{nghy | g € G, x(g) # 0},
then the scalar-valued functions .FI?(XJ»(T) are modular on I'(4M) N FQ(N%).
Let
AXJ”(T) = H)fr(T)Sg,(l(T%
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and let A, (1) be the holomorphic projection of A, (7). Suppose that H X.(7) has integral coef-
ficients up to some bound B. Formulas for the shadow functions (cf. §B.2) show that the leading

coefficient of Sé(l (1) is 1 and has integral coefficients. This implies that the function
Axr(7) = H, (1)S24(7)

also has integral coefficients up to the bound B. The shadow of Hf(fr(T) is given by
1 -
S)‘?:r(T) = W ZX(Q)S;(T(T)
g

If X is pure A-type, then S;.(7) = xJASmr(7) = (X'(9) + X"(9))Sn,(7) for some irreducible
characters x’ and x”, according to and Therefore,

X ()= ) Sur(m) i x =X ory”,
0 otherwise.

When X is not of pure A-type the shadow is some sum of such functions, but in every case has
integer coefficients, and so, applying Theorem to Ay (), we find that Ax,r (1) also has integer
coefficients up to the bound B. In particular, since A, (1) is modular on I'(4M) N FO(Nf), then
if B is at least the Sturm bound for this group we have that every coefficient of Axm (7) is integral.
Since the leading coefficient of 551(7') is 1, we may reverse this argument and we have that every
coefficient of HX, (7). Therefore, in order to check that H;ér(T) has only integer coefficients, it
suffices to check up to the Sturm bound for I'(4M) N 'y(Ny). These calculations were carried out
using the sage mathematical software [47].

The calculations and argument given above shows that the multiplicities mfé +(n) are all integers.
To complete the proof, it suffices to check that they are also are non-negative. The proof of this
claim follows easily by modifying step-by-step the argument in Gannon’s proof of non negativity
in the Moy case [37] (i.e. X = A2%). Here we describe how this is done.

Expressions for the alleged McKay-Thompson series H, g)fT(T) in terms of Rademacher sums
and unary theta functions are given in §B.4 Exact formulas are known for all the coefficients of
Rademacher sums because they are defined by averaging the special function r[lo;]z (v, 7) (see (B.114))
over cosets of a specific modular group modulo I'y,, the subgroup of translations. Therefore,
Rademacher sums are standard Maass-Poincaré series, and as a result we have formulas for each of
their coefficients as convergent infinite sums of Kloosterman-type sums weighted by values of the
I > modified Bessel function. (For example, see [8] or [53] for the general theory, and [12] for the
specific case that X = A2%.) More importantly, this means also that the generating function for the
multiplicities mf +(n) is a weight % harmonic Maass form, which in turn means that exact formulas
(modulo the unary theta functions) are also available in similar terms. For positive integers n, this
then means that (cf. Theorem 1.1 of [8])

mér(n) — Z Z af»((m) i Kbx(m7n76) X <47T\/ \nm|) ’ (3.6)

1
1 C C
p m<0 n4 c=1

where the sums are over the cusps p of the group FO(NgX ), and finitely many explicit negative
ff (m) are essentially the coefficients which describe the gen-
erating function in terms of Maass-Poincaré series. Here I is a suitable normalization and change

of variable for the standard I, modified Bessel-function.

rational numbers m. The constants a
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The Kloosterman-type sums K 5( (m,n,c) are well known to be related to Salié-type sums (for
example see Proposition 5 of [40]). These Salié-type sums are of the form

Smnad= Y demme(2E).

Cc

z (mod ¢)
z?2=—D(m,n) (mod c)

X
p

form, and #X is a nonzero positive rational number.

These Salié sums may then be estimated using the equidistribution of CM points with discrim-
inant —D(m,n). This process was first introduced by Hooley [38], and it was first applied to the
coeflicients of weight % mock modular forms by Bringmann and Ono [7]. Gannon explains how to
make effective the estimates for sums of this shape in §4 of [37], thereby reducing the proof of the
My case of umbral moonshine to a finite calculation. In particular, in equations (4.6-4.10) of [37]
Gannon shows how to bound coefficients of the form in terms of the Selberg—Kloosterman
zeta function, which is bounded in turn in his proof of Theorem 3 of [37]. We follow Gannon’s
proof mutatis mutandis. We find, for each root system, that the coefficients of each multiplicity
generating function are positive beyond the 390th coefficient. Moreover, the coefficients exhibit
subexponential growth. A finite computer calculation in sage has verified the non-negativity of
the finitely many remaining coefficients. O

where € (m,n) is a root of unity, —D(m,n) is a discriminant of a positive definite binary quadratic

Remark. 1t turns out that the estimates required for proving nonnegativity are the worst for the
My, case considered by Gannon.
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A The Umbral Groups

In this section we present the facts about the umbral groups that we have used in establishing
the main results of this paper. We recall (from [16]) their construction in terms of Niemeier root
systems in §A.1] and we reproduce their character tables (appearing also in [16]) in §A.2l Note
that we use the abbreviations a,, := v/—n and b, := (—1 4+ y/—n)/2 in the tables of

The root system description of the umbral groups (cf. gives rise to certain characters
called twisted Fuler characters which we recall (from [16]) in §A.3] The data appearing in §A.3]
plays an important role in where we use it to describe the shadows Sg( of the umbral McKay-
Thompson series H, j( explicitly.

A.1 Construction

As mentioned in there are exactly 24 self-dual even positive-definite lattices of rank 24 up to
isomorphism, according to the classification of Niemeier [43] (cf. also [19,[52]). Such a lattice L is
determined up to isomorphism by its root system Lo := {a € L | (o, &) = 2}. The unique example
without roots is the Leech lattice. We refer to the remaining 23 as the Niemeier lattices, and we
call a root system X a Niemeier root system if it occurs as the root system of a Niemeier lattice.

The simple components of Niemeier root systems are root systems of ADE type, and it turns
out that the simple components of a Niemeier root system X all have the same Coxeter number.
Define m*X to be the Coxeter number of any simple component of X, and call this the Cozeter
number of X.

For X a Niemeier root system write NX for the corresponding Niemeier lattice. The wmbral
group attached to X is defined by setting

GX = Aut(NX)/w™X (A1)

where W is the normal subgroup of Aut(NX) generated by reflections in root vectors.

Observe that GX acts as permutations on the simple components of X. In general this action
is not faithful, so define G* to be the quotient of GX by its kernel. It turns out that the level of
the mock modular form H, ;( attached to g € G¥X is given by the order, denoted ng, of the image of
g in GX. (Cf. for the values ny.)

The Niemeier root systems and their corresponding umbral groups are described in Table
The root systems are given in terms of their simple components of ADE type. Here DjgE?, for
example, means the direct sum of one copy of the Dy root system and two copies of the E7 root
system. The symbol / is called the lambency of X, and the Coxeter number m~ appears as the
first summand of /.

In the descriptions of the umbral groups G¥, and their permutation group quotients GX, we
write Msy4 and Mo for the sporadic simple groups of Mathieu which act quintuply transitively on
24 and 12 points, respectively. (Cf. e.g. [21].) We write GL,(q) for the general linear group of
a vector space of dimension n over a field with ¢ elements, and SL,(q) is the subgroup of linear
transformations with determinant 1, &c. The symbols AGL3(2) denote the affine general linear
group, obtained by adjoining translations to GL3(2). We write Dih,, for the dihedral group of order
2n, and Sym,, denotes the symmetric group on n symbols. We use n as a shorthand for a cyclic
group of order n.
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Table 1: The Umbral Groups

X | Ay Al? A A8 AiD, Al AZD?
e 2 3 4 5 6 7 8

GX Moy 2. Mo 2.AGL3(2) GL2(5)/2 GL2(3)  SL2(3)  Dihy
GX Moy Mo AGL3(2) PGLy(5) PGLy(3) PSLy(3) 22

X ‘ Ag AgDﬁ A11D7E6 A%Q A15D9 A17E7 A24
e ]9 10 12 13 16 18 25

GX Dihg 4 2 4 2 2

GX | Sym; 2 1 2 1 1 1

X | D D} D} DyoE2 D?, DigFs Doy
¢ | 643 10+5 14+7 1849 22411 30415 46423
GX | 3.Symg Sym, Symy 2 2 1 1

GX Symyg Symy Syms; 2 2 1 1

X | E§ E?

¢ | 1244 30+6,10,15

QX GL2(3) Symyg

GX | PGLy(3) Syms

16

We also use the notational convention of writing A.B to denote the middle term in a short exact
sequence 1 - A — A.B — B — 1. This introduces some ambiguity which is nonetheless easily
navigated in practice. For example, 2.Mj9 is the unique (up to isomorphism) double cover of M,
which is not 2 x Mjs. The group AGL3(2) naturally embeds in GL4(2), which in turn admits a
unique (up to isomorphism) double cover 2.GL4(2) which is not a direct product. The group we
denote 2.AGL3(2) is the preimage of AGL3(2) < GL4(2) in 2.GL4(2) under the natural projection.
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Table 4: Character table of GX ~ 2.AGL3(2), X = A}
[ | FS|1A 2A 2B 4A 4B 2C 3A 6A 6B 6C 8A 4C 7A 14A 7B 14B
[9°] 1A 1A 1A 2A 2B 1A 3A 3A 3A 3A 4A 2C T7A T7A 7B 7B
[9°] 1A 2A 2B 4A 4B 2C 1A 2A 2B 2B 8A 4C 7B 14B T7A 14A
[97] 1A 2A 2B 4A 4B 2C 3A 6A 6B 6C S8A 4C 1A 2A 1A 2A
x1 | + 1 1 1 1 1 1 1 1 1 1 1 1 1 11 1
x2 | o 3 3 3 -1 -1 -1 0 0 0 0 1 1 by b, by by
xs | o 3 3 3 -1 -1 -1 0 0 0 0 1 | by
x4 | + 6 6 6 2 2 2 0 0O 0O O O 0 -1 -1 -1 -1
x5 | + 7 7 7 -1 -1 -1 1 1 1 1 -1 -1 0 0 0 0
X6 | + 8 8 8 0 0O 0O -1 -1 -1 -1 0 o0 1 11 1
x7 | + 7 7 -1 3 -1 -1 1 1 -1 -1 1 -1 0 0 0 0
xs | + 7 7 1 -1 -1 3 1 1 -1 -1 -1 1 0 0 0 0
xo | + ] 14 14 -2 2 -2 2 -1 -1 1 1 0 0 0 0 0 0
Xo| +]20 22 -3 1 1 -3 0 0 0O 0 -1 1 0 0 0 0
xu | +1]20 22 -3 -3 1 1 0 0 O O 1 -1 0 0 0 0
X1z | + 8§ -8 0O O O O 2 -2 0O O 0O O 1 -1 1 -1
X13 | © 8 -8 0 O O O -1 1 a a O O 1 -1 1 -1
X14 | © 8§ -8 0O O O O -1 1 @ a O O 1 -1 1 -1
X5 © [ 24 -24 0 0 O O O 0O O O 0 0 by —by by —by
X6| o| 24 -24 0 0O 0O 0O O O 0 O O 0 by —=b;r by —br
Table 5: Character table of GX ~ GLy(5)/2, X = A
[g) | FS|1A 2A 2B 2C 3A 6A 5A 10A 4A 4B 4C 4D 12A 12B
[9°] 1A 1A 1A 1A 3A 3A 5A  5A 2A 20 2C 2C  6A  6A
[9°] 1A 2A 2B 2C 1A 2A 5A 10A 4B 4A 4D  4C 4B 4A
[9°] 1A 2A 2B 2C 3A 6A 1A 2A 4A 4B 4C 4D 12A 12B
x1 | + 1 1 1 1 1 1 1 1 1 1 1 1 1 1
X2 | + 1 1 1 1 1 1 1 1 -1 -1 -1 -1 -1 -1
X3 | + 4 4 0 0 1 1 -1 -1 2 2 0 0 -1 -1
Xa | + 4 4 0 0 1 1 -1 -1 -2 -2 0 0 1 1
x5 | + 5 5 1 1 -1 -1 0 0 1 1 -1 -1 1 1
X6 | + 5 5 1 1 -1 -1 0 0 -1 -1 1 1 -1 -1
x7 | + 6 6 -2 -2 0 0 1 1 0 0 0 0 0 0
X8 o 1 -1 1 -1 1 -1 1 -1 aq —Qaq aq —aq [25] —ai
X9 e} 1 -1 1 —1 1 -1 1 -1 —aq ay —aq al —ai ajq
X10 [¢) 4 —4 0 0 1 -1 -1 1 2(11 720,1 0 0 —ai al
X11 o 4 —4 0 0 1 -1 -1 1 —2(11 2(11 0 0 ai —ai
X12 o 5 =5 1 -1 -1 1 0 0 a1 —a1 - a a; —ai
X13 @) 5 -5 1 -1 -1 1 0 0 —aq aq aq —aq —aq al
X4 | + 6 -6 -2 2 0 0 1 -1 0 0 0 0 0 0
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Table 6: Character table of GX ~ GLy(3), X € {A2Dy, E¢}

[g) | FS|1A 2A 2B 4A 3A 6A B8A 8B

[9?] 1A 1A 1A 2A 3A 3A 4A 4A

[9°] 1A 2A 2B 4A 1A 2A B8A 8B

X1 | + 1 11 1 1 1 1 1

X2 | + 1 1 -1 1 1 1 -1 -1

X3 | + 2 2 0 2 -1 -1 0 0

X4 | + 3 3 -1 -1 0 0 1 1

X5 | + 3 3 1 -1 0 0 -1 -1

X6 o 2 =2 0 0 -1 1 a a3

X7 | © 2 -2 0 0 -1 1 @ a

xs |+ 4 -4 0 0 1 -1 0 0

Table 7: Character table of GX ~ 3.Symg, X = D§
[g) | FS|1A 3A 2A 6A 3B 3C 4A 12A 5A 15A 15B 2B 2C 4B 6B 6C
[9%] 1A 3A 1A 3A 3B 3C 2A 6A 5A 15A 15B 1A 1A 2A 3B 3C
[9°] 1A 1A 2A 2A 1A 1A 4A 4A 5A 5A  5A 2B 2C 4B 2B 2C
9] 1A 3A 2A 6A 3B 3C 4A 12A 1A 3A 3A 2B 2C 4B 6B 6C
xi |+ |1 1 1 1 1 1 1 11 1 r 1 1 1 1 1
x2 | + | 1 1 1 1 1 1 1 11 1 1 -1 -1 -1 -1 -1
x3s | + | 5 51 1 2 -1 -1 -1 0 0 0 3 -1 1 0 -1
xa | + | 5 51 1 2 -1 -1 -1 0 0 0 -3 1 -1 0 1
xs | + | b 51 1 -1 2 -1 -1 0 0 0 -1 3 1 -1 0
xe | + | b 51 1 -1 2 -1 -1 0 0 0 1 -3 -1 1 0
xr |+ |16 16 0 0 -2 -2 0 0 1 1 1 0 0 0 0 0
xs | + | 9 9 1 1 0 0 1 1 -1 -1 -1 3 3 -1 0 0
xo | + | 9 9 1 1 0 0 1 1 -1 -1 -1 -3 -3 1 0 0
Xo| +] 10 10 -2 -2 1 1 0 0 0 0 0o 2 -2 0 -1 1
xu| +] 10 10 -2 -2 1 1 0 0 0 0 0o -2 2 0 1 -1
X12 | © 6 -3 -2 1 o 0 2 -1 1 b5 bs 0 0 0 0 0
X13 | © 6 -3 -2 1 0 0 2 -1 1 bis bis 0 0 0 0 0
xual| + |12 -6 4 -2 0 0 0 o 2 -1 -1 0 0 0 0 0
x5 | + |18 -9 2 -1 0 0 2 -1 -2 1 1 0 0 0 0 0
xi6 | + 3 -15 -2 1 0 0 -2 1 0 0 o 0 0 0 0 0
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Table 8: Character table of GX ~ SLy(3), X = A}

[g) | FS|1A 2A 4A 3A 6A 3B 6B

[9°] 1A 1A 2A 3B 3A 3A 3B
(93] 1A 2A 4A 1A 2A 1A 2A
x1 | + 11 1 11 11
X2 o 1 1 1 bs by by b3
X3 | © 1 1 1 by by by b3
xa |+ 3 3 -1 0 0 0 0
s | —| 2 -2 0 -1 1 -1 1
x6 | © 2 -2 0 —b3y by —by b3
X7 | © 2 -2 0 —by by —by b

Table 9: Character table of GX ~ Dihy, X = A2D?

[g) | FS|1A 2A 2B 2C 4A
6?1 |1A 1A 1A 1A 2A
X1 | + 1 1 1 1 1
X2 |+ 1 1 -1 -1 1
xs |+ 1 1 -1 1 -1
xa |+ 1 1 1 -1 -1
Xxs | +] 2 -2 0 0 0

Table 10: Character table of GX ~ Dihg, X = Ag

lg) | FS|1A 2A 2B 2C 3A 6A

[9?] 1A 1A 1A 1A 3A 3A
[97] 1A 2A 2B 2C 1A 2A
xi |+ 1 1 1 1 1 1
2|+ 1 1 -1 -1 1 1
xs |+ 2 2 0 0 -1 -1
xa | +] 1 -1 -1 1 1 -1
xs | +] 1 -1 1 -1 1 -1
x6 | +] 2 -2 0 0 -1 1
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Table 11: Character table of GX ~ 4, for X € {AZDg, A%,}

[g] | FS|1A 2A 4A 4B
6?1  |1A 1A 2A 2A
X1 | + 1 1 1 1
X2 |+ 1 1 -1 -1
X3 | © 1 -1 a a
X4 | © I -1 a1 u

Table 12: Character table of GX ~ PGLy(3) ~ Sym,, X = D¢

[g] | FS|1A 2A 3A 2B 4A

[9?] 1A 1A 3A 1A 2A
[9°] 1A 2A 1A 2B 4A
x|+ 1 1 1 1 1
xe |+ 1 1 1 -1 -1
xs | + | 2 2 -1 0
xa |+ 3 -1 0 1 -1
xs | + 3 -1 0 -1 1

Table 13: Character table of GX ~ 2, for X € {Ay1D7Egs, A15Dg, A17E7, Aoy, DlgEg, D%}

[9] | FS|1A 2A

91| | 1A 1A
X1 | + 1 1
X2 | + 1 -1

Table 14: Character table of GX ~ Sym,, X € {D$, E3}

[g] | FS|1A 2A 3A

[9°] 1A 1A 3A
[9°] 1A 2A 1A
x1 |+ 1 1 1
X2 | + 1 -1 1
X3 | + 2 0 -1
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A.3 Twisted Euler Characters

In this section we reproduce certain characters—the twisted Euler characters—which are attached
to each group G, via its action on the root system X. (Their construction is described in detail
in §2.4 of [16].)

To interpret the tables, write X4 for the (possibly empty) union of type A components of
X, and interpret Xp and Xp similarly, so that if m = m~ Then X = Aﬁl_l for some d, and
X = X4 UXp U Xg, for example. Then g — )fo‘ denotes the character of the permutation
representation attached to the action of GX on the simple components of X4. The characters
g X;(D and g — )Z?E are defined similarly. The characters Xff‘, Xé(D, X?E and X?D incorporate
outer automorphisms of simple root systems induced by the action GX on X. We refer to §2.4
of |16] for full details of the construction. For the purposes of this work, it suffices to have the
explicit descriptions in the tables in this section. The twisted Euler characters presented here will
be used to specify the umbral shadow functions in

The twisted Euler character tables also attach integers ny and hg to each g € GX. By definition,
ng is the order of the image of g € GX in G¥ (cf. §A.1)). The integer hg may be defined by setting
hg := Ng/ng where N, is the product of the shortest and longest cycle lengths appearing in the
cycle shape attached to g by the action of G¥ on a (suitable) set of simple roots for X.

Table 15: Twisted Euler characters at ¢ = 2, X = A%*

) | 1A2A 2B 3A 3B 4A 4B 4C 5A GA 6B
nglhg | 1/12]1 22 3[1 33 4[2 41 44 5|1  6/16/6
Xp4 | 248 0 6 0 0 4 0 4 20

[g) |7AB 8A 10A 11A 12A 12B 14AB 15AB 21AB 23AB
nglhg | 7|1 81102 11|11 12|12 12/12 141 15[1 21|13 23]1
x4l 32 0 2 0 0o 1 1 0 1

Table 16: Twisted Euler characters at £ =3, X = A}?

l9)  |1A 2A4A2B2C3A6A 3B 6B 4B 4C5A 10A 12A 6C 6D SABSCD 20AB 11AB 22AB
nglhg |11 1]42|82(12(23|13[43|33|124/24/15[1 5[46/246/16/2 84 8|1 10/ 11j1 114

XXa 112 12 0 4 4 3 3 0 00 42 2 011 0 2 0 1 1
Xg# |12-12 0 4-4 3-3 0 000 2 -2 0 1-1 0 O 0 1 -1
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Table 17: Twisted Euler characters at £ =4, X = A§

[9)  |1A 2A 2B 4A 4B 2C 3A 6A 6BC 8A 4C TAB 14AB

nglhg [ 111 112 2[2 24 4|4 2|1 3[1 3|2 6]2 48 41 7]1 7|2

)‘<§§48800042200211
XA 88 0 0 0 0 2-2 0 0 0 1 -1

Table 18: Twisted Euler characters at ¢ =5, X = A§

l9)  |1A 2A 2B 2C 3A 6A 5A 10A 4AB 4CD 12AB
nglhg [111 1|4 22 21 3|3 3[12 5|1 5[4 28 41 6]24

ggA66220011020
XA 6-6-2 2 0 0 1 -1 0 0 0

Table 19: Twisted Euler characters at £ =6, X = A§D4

[9) |1A 2A 2B 4A 3A G6A 8AB
nglhg | 1J1 112 2(1 2[2 3]1 3]2  4[2

Y Xa 4 4 2 0 1 1 0
X%A 4 =4 0 0 1 -1 0
ng 1 1 1 1 1 1 1
Xg(D 1 1 -1 1 1 1 -1
Xy ° 2 2 0 2 -1 -1 0

Table 20: Twisted Euler characters at £ =6 + 3, X = D§

l9) | 1A 3A 2A 6A 3B 6C 4A 12A 5A 15AB 2B 2C 4B 6B 6C

nglhy | 111|321 23 3[1 3|3 4|2 4/65]1 5|3 2[12/2 4|1 6]1 6/6

1 1 4 0 2 1 0
1 1-4 0-2-1 0
2 -1 0 0 0 0 O

24
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Table 21: Twisted Euler characters at £ =7, X = A‘é

[g9) |1A 2A 4A 3AB G6AB
nglhg | 11 1]4 2)8  3[1 3[4

ngt 4 4 0 1 1
Xo A 4 4 0 1 -1

Table 22: Twisted Euler characters at ¢ = 8, X = A2D?

[g] |[1A 2A 2B 2C 4A
nglhg | 111 112 2(1 2]1 24

;zift 2 2 0 2 0
XA 2 2 0 0 0
ggD 2 2 2 0 0
X P 2 2 0 0 0

Table 23: Twisted Euler characters at £ =9, X = A3

9] |1A 2A 2B 2C 3A 6A
nglhg | 11 1]4 2[1 22 3[3 3[12

X§A331100
g4 | 3 -3 1 -1 0 0

Table 24: Twisted Euler characters at £ =10, X = AgDG

lg9) | 1A 2A 4AB
nglhg | 111 12 22

ngx 2 2 0
Xg 4 2 -2 0
Y Xp 11

X
Wl
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Table 25: Twisted Euler characters at £ = 10+ 5, X = Dé

[ |1A 2A 3A 2B 4A
nglhg | 1]1 2[2 3[1 2]1 4[4

X§D40120
X | 4 0 1 -2 0

Table 26: Twisted Euler characters at £ = 12, X = A11D7FEg

] |1A 2A

Table 27: Twisted Euler characters at £ =12+ 4, X = Eél

[ |1A 2A 2B 4A 3A 6A B8AB
nglhg | 11 1|2 2]1 24 3]1 3]2 48

5@?4420110
X2 | 4 -4 0 0 1 -1 0

Table 28: Twisted Euler characters at £ = 13, X = A2,

[9] | 1A 2A 4AB
nglhg | 11 1]14  2[8

ng 2 2 0
Xg 4 2 -2 0
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Table 29: Twisted Euler characters at £ =14 +7, X = Dg

[g] | 1A 2A 3A
nglhg | 1J1 2[1 33
P 31 0

X
X%@ 3 1 0

Table 30: Twisted Euler characters at £ = 16, X = A15Dq

lg] |1A 2A
nglhg | 1]1 1|2
XA 11
Xg# 1 -1
ng 11
Xg ? 1 -1

Table 31: Twisted Euler characters at £ = 18, X = A7 Er

[g] ‘ 1A 2A
nglhg | 1|1 1|2
;@A 11
Xg* 1 -1

;zng\l 1

Table 32: Twisted Euler characters at £ =18 +9, X = D10E$

lg] |1A 2A
nglhy | 111 2|1
ng 11
Xg? 1 -1

XoE |2 0
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Table 33: Twisted Euler characters at £ =22 + 11, X = D%,

lg] |1A 2A
nglhg | 1|1 2|2
YD 2 0

X
ngD 2 0

Table 34: Twisted Euler characters at £ =25, X = Ay

[g]  |1A 2A
nglhg | 11 1|4
XgA 11
Xg 4 1 -1

Table 35: Twisted Euler characters at £ = 30 + 6, 10,15, X = E3

[g) |1A 2A 3A
nglhg | 1J1 2(1 3[3
XoE |3 10

28
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B The Umbral McKay-Thompson Series

In this section we describe the umbral McKay-Thompson series in complete detail. In particular,
we present explicit formulas for all the McKay-Thompson series attached to elements of the umbral
groups by umbral moonshine in Most of these expressions appeared first in [15,/16], but some
appear for the first time in this work.

In order to facilitate explicit formulations we recall certain standard functions in We
then, using the twisted Euler characters of explicitly describe the shadow functions of umbral
moonshine in The umbral McKay—Thompson series defined in may also be described in
terms of Rademacher sums, according to the results of [17]. We present this description in

B.1 Special Functions

Throughout this section we assume ¢ := e2™7, and u := e?>™*, where 7,2 € C with Im 7 > 0. The
Dedekind eta function is n(7) := ¢"/#4 ][, .(1 — ¢"), where . Write Ap/(7) for the function

Ap(r) = Mq(i] (log ”(MT)> = M(J\244— DN MY Y d (qk - Mqu> :

n(7) E>0 d|k
which is a modular form of weight two for I'o(N) if M|N.
Define the Jacobi theta function 61 (7, z) by setting
01(7, 2) :=iq"/3u~/? Z Yl /2, (B.1)
nez
According to the Jacobi triple product identity we have
01(7,2) = —ig"Su2 T (1 = w1 (1 = ug)(1 - ¢"). (B.2)

n>0

The other Jacobi theta functions are

Oa(7,2) = ¢ /*ul? [T (1 + ulg" (L +ug™) (1~ ¢"),

n>0
03<T7 Z) = H(l +u - ?’L 1/2)<1 + uqn71/2)<1 - qn)? (BS)
n>0
Oa(r,2) == [[(1—uq" /31 = ug" %) (1 = ¢").
n>0
Define ¥y ; and ¥y _/; by setting
3
\111’1(7', Z) = —i—el(T7 22:)77(27—) X
01 (T7Z) (B4)
Uy _1y2(7,2) 1= —i ()"
/2D 01(7, 2)

These are meromorphic Jacobi forms of weight one, with indexes 1 and —1/2, respectively. Here,
the term meromorphic refers to the presence of simple poles in the functions z — ¥y (7, 2), for
fixed 7 € H, at lattice points z € Z7 + Z. (Cf. §8 of [22].)
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From §5 of [29] we recall the index m theta functions, for m € Z, defined by setting

O, (T Z Z u2mk+rq(2mk+r) /4m (B.5)
kEZ

where r € Z. Evidently, 0,,, only depends on r mod 2m. We set Sy, () := 5= 0200 (T, 2)|._,,
so that

Spnr(T) = Z(gmk + r)q(2mk+r)2/4m. (B.6)
keZ

For a m a positive integer define

2km mk2uq +1 U+1
pm,0(7, 2) ;Zu wF—1- a1 T 0w (B.7)

and observe that we recover Wy ; upon specializing (B.7) to m = 1. Observe also that

—1 u—1
1/2) 2 m’qu 0(q). B.8
a2 1/2) = S = 0l B8)

Define the even and odd parts of fi,, 0 by setting

1
pho(7,2) 1= 3 (o (7, 2) + (<) (7,2 +1/2) (B9
for £k mod 2.
For m,r € Z + % with m > 0 define half-integral index theta functions
O (T, 2) := Z e(mk + r/2)u2mk+rq(2mk+r)2/4m, (B.10)
keZ
and define also S, (1) := 2;28 O, (T, 2)|2=0, s0 that
Sma(T) =3 e(mbk +1/2)(2mk + r)q2mk+r)/4m, (B.11)
keZ

As in the integral index case, ), , depends only on » mod 2m. We recover —f; upon specializing
O tom=r=1/2.
For m € Z+1/2, m > 0, define
o 1/2

. 2 1 —U
pm 0(T,2) = 1 ) (=Pt gk o =51 T 0@ (B.12)
kEZ

Given a € Q write [a] for the operator on g-series (in rational, possibility negative powers of ¢)
that eliminates exponents not contained in Z + a, so that if f =" 8eQ c(ﬁ)qﬂ then

[a]f = Z c(n+ a)g" ™™ (B.13)

ne”L
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B.2 Shadows

Let X be a Niemeier root system and let m = m*X be the Coxeter number of X. For g € G¥X we
define the associated shadow function Sj( = (S;(T) by setting

S 1= SXA 4 SXD 4 Gfr (B.14)

where the S;(A, &c., are defined in the following way, in terms of the twisted Euler characters fo,
&c. given in and the unary theta series Sy, (cf. (B.G)).

Note that if m = m* then S;(T = S;,(r+2m = —S;(,r for all g € GX, so we need specify the Sjﬂf‘,
&ec., only for 0 < r < m.

If X4 =0 then Sj(A := 0. Otherwise, we define ng;‘ for 0 < r < m by setting

X e
S;(;j‘ . Xg(ASm,r ?f r=0 mod 2, (B.15)
' Xg ASmy ifr=1 mod 2.
If Xp =0 then Sg(D :=0. If Xp # 0 then m is even and m > 6. If m = 6 then set
0 ifr=0 mod 2,
SpP = XXP g + X5 P Se6-r if r=1,5 mod 6, (B.16)
Xo 2 S, if r=3 mod 6.

If m > 6 and m =2 mod 4 then set

0 ifr=0 d2
SXp= 37 N e ot £ (B.17)
Xg DS+ Xy PSmm—r ifr=1 mod 2.

If m > 6 and m =0 mod 4 then set

Xp Xg(DSm,mHﬂ if r=0 mod 2,
Sgr =

B.18
XgPSmy  ifr=1 mod 2. (B.18)

If Xp = () then SgXE := 0. Otherwise, m is 12 or 18 or 30. In case m = 12 define S;f;? for
0 < r < 12 by setting

Xy B (S121 4 S127)  ifre{1,7},
SXT{‘J _ x;(E (51275 + 512711) ifre {5, 11}, (B.19)
7 Xy E(Si24 4 S128)  if r € {4,8},

0 else.

In case m = 18 define S;ff for 0 < r < 18 by setting

X E(S18r + S18,18-r) if r € {1,5,7,11,13,17},
X ES if 3,15
SxXp =g Ng 1 ifr € 13,15}, (B.20)
' X ©(S18,3 + S189 + S1815) if r =9,

0 else.
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In case m = 30 define ngf for 0 < r < 30 by setting

XX (S50, + S3011 + Ss019 + Ss020) if 7 € {1,11,19,29},
SXF = Xo E (830,74 S30,13 + S30,17 + S30.23)  if 7 € {7,13,17,23}, (B.21)

0 else.

B.3 Explicit Prescriptions

Here we give explicit expressions for all the umbral McKay-Thompson series H, gX . Most of these
appeared first in [15,/16]. The expressions in §§B.3.3| [B.3.4} [B.3.7] [B.3.14] are taken from [26]. The
expressions in §§B.3.11|, |B.3.15|, |B.3.19|7 |B.3.23 are taken from [14]. The expressions for H;( with

X = E3 appeared first in [25]. The expression for Hé?;rf' ) in §B.3.6, and the expressions for H, &szl)

and Héf;ﬁ) in §B.3.13} appear here for the first time.
The labels for conjugacy classes in GX are as in

B.3.1 (=2, X =A%

We have G?) = GX ~ My, and m¥ = 2. So for g € Moy, the associated umbral McKay-Thompson
series H, 52) = (H, g(zr) ) is a 4-vector-valued function, with components indexed by r € Z/47Z, satistying

Hé%n) = —H;?_T,, and in particular, Hﬁ« = 0 for » = 0 mod 2. So it suffices to specify the Hﬁ)
explicitly.
Define Hf) = (H;?,)) for g = e by requiring that
—201(r, )¢ (12) = ~2pmo(r )+ Y, HR(T)0(r,2), (B.22)
r mod 4
where
(2)( o 0o (T, z)2 N 05 (T, z)2 N 04 (T, z)2 (B.23)
PRI 05,02 T 03(7,002 T 04(r,0)2 ) '

More generally, for g € G define

e
@y Xo @y @) 1
AR = B~ FP ) g, (B.21)

where )‘(f) and Ff) are as specified in Table Note that ng) = X?A, the latter appearing in

Table Also, S2.1(7) = n(7)3.
The functions fa3, and fag in Table |36 are cusp forms of weight two for I'g(23), defined by

T 3 T 3
fosalr) = W +3(Pn(3)? + An(n(nnnEST) + (e

fazp(T) = 77(7')277(237')2.

Note that the definition of Fg(2) appearing here for g € 23A U 23B corrects errors in [111|12].
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Table 36: Character Values and Weight T'wo Forms for £ = 2, X = A?*

gl 7 FPr)

1A 24 0

24 8 16As(7)

2B 0 2n(r)¥n(2r)~*

3A 6 6A3(7)

3B 0 2n(1)n(37)72

4A 0 2n(27)8n(4r)~*

4B 4 4(*/\2(7’) + A4(T))

4C 0 2n(7)*n(27)%n(4r)~2

5A 4 2A5(7’)

6A 2 2(—A2(T) — Ag(’l’) + AG(T))

6B 0 2n(r)*n(27)*n(37)*n(67) >

TAB 3 Az (1)

8A 2 —A4( ) + As(7)

104 0 2n(1)3n(2r)n(57)n(107) !

11A 2 (AH(T) 11n(7)? (117)2)/5

124 0 2n(7)3n(47)%n(67)3n(2 ) n(37)~n(127)72

12B 0 ( Yin(4r)n(67)n(21) " tn(127)~1
14AB 1 (—Aa(7) — 7(T)+A14( ) — n(T)n(27)n(7T)n(147))/3
15AB 1 (—As(r) — As(7 )+A15( )—1577(T) (37)n(57)n(157))/4
21AB 0 (7n(r)*n(77)*n(3r) " n(217) =" —n(r)%n(37)72)/3
23AB 1 (A23 7') — 23f23,a( )— 69f23 b( ))/11

B.3.2 (=3, X = Al?

We have G®) = GX ~ 2.M5 and m* = 3. So for g € 2.Mio, the associated umbral McKay-
Thompson series Hg(3) (Hg(?’r) ) is a 6-vector-valued function, with components indexed by r €
7./67Z, satistying Hgs,n) = Hfg )T, and in particular, Hé?r) = 0 for » = 0 mod 3. So it suffices to
specify the H (1) and H (2) explicitly.

Define H( ) (Hér)) for g = e by requiring that

2011 (1, ) (7,2) = —12ps0(r )+ Y HEN(1)b3,(7, 2), (B.26)

r mod 6

where

(B.27)
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More generally, for g € G3) define

(3)
By . Xg 43 L/ 3 1
Hol(r) = "y B3 + 5 (B0 + ) 5 (25
3)
3 X 3 1
Hy ) = B 4 (B0 - F) g (B.29)

where X§3) and Fé?’) are as specified in Table and z is the non-trivial central element of G©).
The action of g — zg on conjugacy classes can be read off Table[37] for the horizontal lines indicate
the sets [g] U [zg].

Note the eta product identities, S31(7) = n(27)°/n(47)?, and Sso(7) = 2n(7)*n(47)?/n(27).

Note also that X( ) = )Z;(A and X§3) = Xfff“, the latter appearing in Table

Table 37: Character Values and Weight Two Forms for ¢ = 3, X = Al?

IR ¢ 2 S

1A 12 12 0
2A 12 -12 0

44 0 0 —2n(r)*n(2r)?/n(4r)?
2B 4 4 —16A2(7-)

2C 4 =4 16As(r) — 28A4(7)
30 3 3 —6A3(7)
6A 3 =3 —9Aa(7) — 2A3(7) + 3A4(T) + 3A6(T) — Ar2(7)
3B 0 0 8As(7)— 2Mg(7) + 215(7) /0 (37)
6B 0 0 —2n(7)°n(37)/n(27)n(67)
4B 0 0 —2n(27)8/n(4r)*
¢ 4 0 —8A4(7)/3
5A 2 2 —2A5(7)
1A 2 =2 Y gu0ci0a(d)Aa(7) + En(27)*n(107)?
1200 0 —2n(7)n(27)°n(37) /n(47)*n(67)
6C 1 L 2(Aa(7) + As(7) — ( )
6D 1 =1 —5A5(7) — 2A3(7) + 3A4(7) + 3A6(T) — Ara(7)
8AB 0 0 —2n(27)*n(47)?/n(87)?
8CD 2 0 —2As(7) + 3A4(7) — As(7)
20AB 0 0 —2n(27)n(57)/n(T)n(47)?n(107)
1AB 1 1 —2A5(1) — By(r)2p(117)?
22AB 1 -1 Y guice(d)Aa(r) — Y4, ¢y (d)n(dr)®n(11dr)? + Z fuu(r)

The function f44 is the unique new cusp form of weight 2 for I'y(44), normalized so that fy4(7) =
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g+ O(¢*) as (1) — oo. The coefficients ¢ (d) and ¢ (d) for g € 10A U224 U 22B are given by

5 2 1
c104(2) = =5, c104(4) = ~3 c104(5) = ~3 c104(10) =1, ¢104(20) = ~3 (B.30)
11 11 2 1 1
c224B(2) = — 5 c24B(4) = = c24B(11) = 15 c224B(22) = 5 c2aB(44) = 15 (B.31)
Choap(l) =1, cyap(2) =4, chyap(4) = 8. (B.32)

B.3.3 (=4, X = A}

We have m* = 4, so the umbral McKay-Thompson series H, 4 — = (Hy ( r)) associated to g € G is
an 8-vector-valued function, with components indexed by r € Z/8Z.

Define H§4) = (Hé?) for g € GW, g ¢ 4C, by requiring that

i (1, 2) = =Xl o(r,2) = XPpio(r )+ D HE)(1)ba(7,2), (B.33)

r mod 8

where XE;L) = ngA and )Zg )= )‘(5(/4 (cf. Table , and the ¢§4) are meromorphic Jacobi forms of
weight 1 and index 4 given explicitly in Table

Table 38: Character Values and Meromorphic Jacobi Forms for { =4, X = Ag

g P % i 2)

1A 8 8  2i01(7,22)301 (7, 2) *n(7)3

2A -8 8 2i1(7,22)305(r, z) 4n(r)3

9B 0 0 —2i0i(r,22)%01 (1, 2)205(, 2) " 2n(1)?

4N 0 0 —2i61(7,22)02(7,22)%02(27, 22) “2n(27) (1) !
4B 0 0 —2i01(27,22)05(27, 22)%04(27, 22)n(27)*n(T) "2 (41) 2
2C 0 4 2i01(7,22)02(7, 22)201 (1, 2) 202 (T, 2)~21(7)?

3A 2 2 201(37,62)01(r, 2) " 0.(37, 32) " ()3

6A -2 2 —2i61(37,62)0(r, 2) " 102(37, 32) " 1n(r)?

6BC 0 0 cf

SA 0 0 —20i(r,22)0s(27, 42)0s(4T, 42) " y(T)n(4m)n(2r) "
4C 0 2 2i0y(7,22)05(27, 42)01 (27, 22) 20 (27) Tn(r) 3n(4T) 2
7AB 1 1 cf (B.34

4AB -1 1 cf (B.34
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—i61(37,62)

4
,(/)630 T (61(77 z+ %)91(7—’ zZ+ %) - 91(7—’ z = %)01 (T? Z = %)) 01(37_’ 32;)92(37_’ 32)77(37—)
(4) i 2 2 3 2 2 —1 n(7T)
VraB = Eel(ﬂ 22+ 5)00(T, 2 — %) + 31;[1 01(7,22 = 5)0i(7,2 + %) 01(77,72) n(T)*
(@) - 2 2T 2 2 i ()
Vigap = EQI(T7 224 5 )b2(7, 2 — %) + jzl_Ilgl(T’ 2z — 7)0a(7, 2 + %) Oo(77,72) n(T)*
(B.34)
For use later on, note that w&) = —2\111,190§4), where
(4) 01 (7’, 22)2
= B.
(101 (7-7 Z) 01 (7_, 2)2 ( 35)

B.3.4 (=5,X=A§

We have m* = 5, so the umbral McKay-Thompson series Hg(5) = (Hg(s,n)) associated to g € G is
a 10-vector-valued function, with components indexed by r € Z/10Z.

Define H§5) = (Hé‘:’r)) for g € G®), g ¢ 5AU10A, by requiring that

D(rz) = —xPdo(r2) = XPmso(rz) + Y HE(1)05,:(7,2), (B.36)

r  mod 10

where Xé5) = X?A and ;z§,5) = Xfff‘ (cf. Table , and the ¢§5) are meromorphic Jacobi forms of
weight 1 and index 5 given explicitly in Table

Table 39: Character Values and Meromorphic Jacobi Forms for £ = 5, X = A$
(5)

—(5 5
b x§ X 0.2
1A 6 6 2i01(7,22)01(T,32)01 (1, 2) 3n(T)?
2A -6 6 —2i01(7,22)0(T,32)02(7, 2) 3n(7)3
2B -2 2 —2i01(7,22)01(7,32)01 (7, 2) " 0a(7, 2) 2n(7)3
2C 2 2 2i01(7,22)02(7,32)01 (1, 2) " 20a(7, 2) " In(1)3
3A 0 0 —2i61(r,22)01(r, 32)01(37,32) " tn(37)
6A 0 0 —2i61(r,22)02(T, 32)02(37,32) " tn(37)
4AB 0 0 cf (B.37)
4CD 0 2 cf. (B.37)
12AB 0 0 cf (B.37)
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) o O1(1, 2+ )01( 32+ —01(1, 2 — 1Yoy (1,32 - 1) n(27)?
biap(T:2) = —iba(7,22) 4924(27', 22)? 4 4 n(r)
(5) . 91(7’,2—%;)91(7',32’—1)4-91( —l)91(7'732’+ )77(27’)2
Yucop(T,2) 1= —iba(T,22) 4 01(27-,422)92( 2 1 o .
02(1,22)

5 .
Uioan(r.2) = "95(67,62) (01(7, 2 + $5)01(7, 2 + 1)01(7, 2 + 5)01(7,32 — §)

— 01(7, 2 — 35)01(7, 2 — PO1(7, 2 — $3)01(7,32 + 7))

For g € 5A use the formulas of §B.3.20| to define

25)
Héix),r(T) = 1Ar(7/5) 1A 10 A(7/5) + H1(?45,)10+r<7/5) HEA 20— (7/5) + HlA 20+r(7/5)

(B.38)
For g € 104 set H\y), (7)== —(~1)"H] (7).
For use later on we note that wﬂ = —2\1'17“,055), where
(5) L 91(7’, 32’) B
ng (7—7 Z) T 01(7_’ Z) . ( 39)

B.3.5 (=6, X =AiD,

We have m* = 6, so the umbral McKay-Thompson series H, ©) — (Hé(?) associated to g € G i

a 12-vector-valued function with components indexed by r € Z/12Z. We have Hér) =—-H ;617,, SO

it suffices to specify the Hé ) for 1 € {1,2,3,4,5}.
To define Hé ) = (H, ér)) for g = e, first define h(7) = (h,(7)) by requiring that

~20y (1, 2)p\") (7, 2) = —2pgo(r.2) + Y he(7)05,(7,2), (B.40)
r mod 12
where
(7, 2) == ¢P (1, 20 (1, 2) — @D (7, 2)0{Y (7, 2). (B.41)

(Cf. (B.23), (B.27)), (B.35), (B.39).) Now define the Hl(g)r by setting

1 (7) = o (5ha(7) + hs(r)
Hy(r) = ém( )
H o(r) = %hg( ) (B.42)

B () = gha(r),

By (r) o= o () + 5hs (7).
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Define HQ(Z)’T by requiring
H (7) = (1) H{, (7). (B.43)

For the remaining g, recall {D The H;?r) for g ¢ 1A U2A are defined as follows for r = 2
and r = 4, noting that Héif = g%

HS) (1) = [~2]H) (7/2)
H (1) = [ 5HD (7/2)
6 2 3
H) (1) = [~ HQ, (7/2) (B.44)
HE) (7)== [~5]H (7/2)
Hp (1) = =5 H,  (7/2)
For the H fg) we define
6 6 2
H) o(r), B (1) == ~ [~ Z1H  (7/3),
HE) (1), HE (7)== 0, (B.45)
H g 5(7) = ~ [ Z1HG), 1 (7/3).
Noting that Hg(25) = Hﬁ) and HS) = —Hﬁ), the H;i) and ngg are defined for o(g) # 0 mod 3
by setting
6 1 2 3
Y, (7) = =35 (H, (7/3) + HQ, (r/2)
6 1 2 3
H ()= (=315 (HE, (/39 + HE, (7/2) (B.46)
1
Hp (1) i= =115 (H3h,(7/3) + HOp,(7/2))

It remains to specify the Hg(? when g € 3AUGA and r is 1 or 5. These cases are determined by

using the formulas of to set
6 6 18 18 18
H (), iy, () o= H{Z (37) — HUZ, (3r) + H{ZY (8r),

(B.47)
6 6 18 18 18
H A{S(T), H AIS(T) = H§A7;(37) — H{A}(?,T) + H§A7>17(3T).

B.3.6 (=6+3,X =D}

We have m* = 6, so the umbral McKay-Thompson series H§6+3) = (H;?,?%)) associated to g €
G(6+3) is a 12-vector-valued function with components indexed by r € Z/127Z. In addition to the

Hg(?fs) H éﬁff ), we have Hé?f?’) =0 for » = 0 mod 2. Thus it suffices to specify the

HE for r € {1,3,5).

identity
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Recall (B.13]). For r = 1, define

HG (), B () = HS (1) + HY (1),
H (0), B (7) = HY) L (1) + Hy 5 (7),
H{G D (1) = H | (7) + B 5 (7),
HED ) = 22
HGD (), HG) (1) = HO () + B (1),
Héixﬁg)(ﬂ 1(53231)(7') = [ ; ]HgAB 1(7/3)
HYD (r) = H, (r) = HE 5 (),
4?13)(7) :HSAB (7)) = Hi(éil)B,S(T)v
6(15;13)(7-) = 6A1( T) — 6A5( ),
HED () = o M(27) n(37)

n(67)

Then define Hé?;f ) by setting

HD o) = 2 )+ 2 200

For r = 3 set

HGD (1) =20 (7).

H?EZJ,F?)S) (1) = _Hfix),?,(T)v

B (1) == 2H) (1),

HED (1) = —H) (1),

Hzﬁt}g) (1) = 2H5(;?4)B,3(7')7

HSE (1) == —Hp 5(7),

HGD (r) = =2 51 g 1 (7)),

HE () = [~ H {254 (7),
and

HED (), B (0), B (), BED (1), B (7), B (), B (7) 1= 0.

3B,3 3C,3 2B,3 20,3 4B,3 68,3 6C,3

39

(B.48)

(B.49)

(B.50)

(B.51)

For r =5 define H' 5 (r) := H%"™ () for [g] € {1A,34,2A4,64,3B,3C,44,12A,5A,15AB},

and set H;?;?’) (1) = —Hg(?;r?’) (1) for the remaining cases, [g] € {2B,2C,4B,6B,6C'}.



B THE UMBRAL MCKAY-THOMPSON SERIES 40

B.3.7 (=7,X=A}

We have m* = 7, so the umbral McKay-Thompson series Hggn = (Hyr)) associated to g € G(T =
GX ~ SLy(3) is a 14-vector-valued function, with components indexed by r € Z/14Z.

Define H( ) = = (H, yr)) for g € GV by requiring that

w§7) (7_7 Z) = —X(gnﬂg,o(ﬁ Z) - 2577)“%,0(7—7 Z) + Z Hép (7_)97,1“(7—? Z)> (B'52)
r mod 14

where x§7) = Xg(f‘ and )Zg) : _XA (cf. Tatble7 and the 7,/19 are meromorphic Jacobi forms of
40

weight 1 and index 7 given exphcltly in Table

Table 40: Character Values and Meromorphic Jacobi Forms for { =7, X = Aé

g 7 X7 i 2)

1A 4 4 2i01(7,42)01 (T, 2) 2 (7’)3

2A  —4 4 =261 (1,42)0(7, 2) " *n(1)?

4A 0 0 —2i01(7,42)05(27,22) " In(27)n(T)
3A 1 cf (B.53

6A —1 1 cf. (B.53

¢(7)(7_ z) _ 91(7—’ 4z + 3)01(77 < %) + 91(7_7 4z — %)01(7—’ Z+ 3) (37_>
AT 01 (37, 32) g (.53
wm(T 2) = _19 (1,42 + )91( z— %) —01(1,4z — %)01(7,,2 + %) (37)
A= 02(37,32) g
For use later on we note that @Z)ﬂ = —2\111,1g0§7), where
o\ (r,2) = bulr, 42) (B.54)

N 61(7-’ 22) .
B.3.8 (=8, X = A2D?

We have m* = 8, so the umbral McKay-Thompson series H, ® = (H, égr)) associated to g € G®) i
a 16-vector-valued function with components indexed by r € Z/16Z. We have Hér) - —H® 5o

it suffices to specify the Héf? for r € {1,2,3,4,5,6,7}. "
To define Hég) = (HESST)) for g = e, first define h(r) = (h,-(7)) by requiring that
=20y 4 (T, 2) <¢g8) (1,2) + %@g& (T, z)> = —24ugo(7,2) + Z hy ()05 (T, 2), (B.55)
r mod 16
where
e1(r,2) = 7 (1. 2)¢)" (1. 2) = 5] (1 2)7 (7. 2), (B.56)

(7, 2) = oV (1, 2)0 P (1, 2) — P (7, 2).
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Ct. (B.27), (B.35), (B.39), (B.41).) Now define the H®) by setting
1A,r

1
HY3),(7) = chel(7), (B.57)
for r € {1,3,4,5,7}, and
HE, (1), HEo(7) 1= =5 (ha(r) + () (B.58)

Define HQ(i),r for 1 < r < 7 by requiring
8 rrr(8
Hy) (7) o= = (=1 Hy3, (7). (B.59)

For the remaining g, recall 1) The H!S?,? for g € 2B U 2C U 4A are defined as follows for
r € {1,3,5,7}, noting that Hg(f? = H;lll = —Hg(?‘l), &ec.

’ (B.60)

HE) (1) = [ 5]HE, (r/2)
HE (1) = [-D1H) (1/2)

The HQ(%)CT and Hﬁl)r vanish for r =0 mod 2.

B.3.9 (=9, X = A}

We have m¥X =9, so for g € G the associated umbral McKay-Thompson series H, © _ (Hg(?T) is a
18-vector-valued function, with components indexed by r € Z/18Z, satisfying Hfgr) =—-H é ) Z, and
in particular, Hgg ) —0forr =0 mod 9. So it suffices to specify the Hgg?r) forr € {1,2,3,4,5,6,7,8}.

Define Hy ) — =(H é?)) for g = e by requiring that
~U11(r, )0 (1,2) = =3pgo(r,2) + > HE(1)8,(7, 2), (B.61)
r mod 18
where
9
P
(Ct. ([B27), (B-39), (B.54).)

Recall (B.13). The HQ(%)’T are defined for r € {1,2,4,5,7,8} by setting

(3) (7)

7,2) = o (1, 2)p1 ) (1,2) — o1 (7, 2)2. (B.62)

9 21 77(3
HY) (1) := [~ 5 H (7/3), (B.63)
where we note that Héil) = Hg)’) = H;32), &c. We determine HéB)S and HéB)G by using §B.3.17
to set
9 18 18
Hyg,(7) = H{3) (27) = Hyjys,(27) (B.64)

for r € {3,6}.
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The H:,(,Z) . are defined by the explicit formulas

HE) (7)== [~ 110 (r/3),
HE) (1) = [~ 117 (r/3),
Hz»()?ax),s(T) 1= —03,3(7,0),
HE) ,(7) = [~ 2110 (r/3),
© v 1 251409 (B.65)
Hyy 5(7) o= —[=55f17(1/3),
HE) §() = 03,0(7,0),
) (1) = [~ 8110 (r/3),
) (1) = [~ 8110 (r/3),
where
£ (7) = _pTIN(127)7(187)"

b n(67)n(97)n(367) ’ (B.66)

n(27)5n(127)n(187)? ?7(7)77(27)77(%)2'

177 = : -
n(r)n(4r)n(67)n(97)n(367) n(47)*n(97)

Finally, the H, ;?r) are determined for g € 24 U 2C' U 6A by setting

HY) (1) := (-1 HE) (),
HEY (1) = (=1 H (7), (B.67)
HE) (7) = (1) HY (7).

B.3.10 (=10, X = A2Dg

We have m* = 10, so the umbral McKay-Thompson series Hélo) =(H 5}19 )) associated to g € G(19)
is a 20-vector-valued function with components indexed by r € Z/20Z. We have Hg(,lﬁ) ) - _H ;71,01,
so it suffices to specify the Hé}ro) for1 <r<9.
To define Hgglo) = (Hé}ro)) for g = e, first define h(7) = (h,(7)) by requiring that
—6\11171(7',2/)@%10) (1,2) = —24p10,0(7, 2) + Z by (7)010,- (T, 2), (B.68)

r  mod 20

where

o1V (7, 2) 1= 501" (1, 2)01" (7, 2) — 07 (7, 2) 1V (7, 2). (B.69)
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(Cf. (B.35), (B.39), (B.41), (B.54).) Now define the H&Ol for r odd by setting

B () o= 5 (3ha(r) + ho(r)

D7) 1= o (3hs(7) + ha(r)
H{ (1) = éhg(T% (B.70)
B () o= 5 (hg(r) + 3ha(r)

H1(,140,£)<T) = i (h1(7) 4 3ho(7)) .

For r =0 mod 2 set
1

10
H{(r) = <5he(7), (B.71)
and define H2(11403n for 1 <17 <9 by requiring
10 r 77(10
H{Y) (7)== —(=1)" H{\(7). (B.72)

It remains to specify H (7179) for g € 4AU4B. For r =0 mod 2 set

10
H{yp,(7) =0, (B.73)
For r odd, recall (B.13)), and define
10 2,1 2 5
HEON () = [~ 5515 (Higw, (7/5) + HZp . (7/2)) (B.74)

B.3.11 ¢=10+5, X = D¢
We have m* = 10, so the umbral McKay-Thompson series Hém%) = (Hélf +5)) associated to
g € GUOt9) jg a 20-vector-valued function with components indexed by r € 7./20Z. We have

HE}S%) = 0 for »r = 0 mod 2, so it suffices to specify the Hg(,l79+5) for r odd. Observing that

g 10+5) _ g (1045) )

we may determine Hélo% by requiring that

g,T g,—T
U (r2) = =2 Pipspo(r )+ Y el /2 Hyy T ()50, (7. 2), (B.75)
reZ+1/2
r mod 5
where X§5/ D .— X?D as in Table and the ¢§5/ 2 are the meromorphic Jacobi forms of weight 1

and index 5/2 defined as follows.
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Table 41: Character Values and Meromorphic Jacobi Forms for ¢ = 10 + 5, X = D}

o) ¢ 0P (n)

1A 4 2i6(7,22)%01 (T, z)*377(7)3

2A 0 —2i01(r,22)2%01 (T, z)_ Oa(T, 2) 72 ( )3

3A 1 2i01(37,62)01(T,22) " 0,(37,32) " n(r)3
2B 2 2i01(7,22)02(7,22)01 (7, 2)~ 292( ,2) " In(r)3
4A 0 —2i0(r,22)02(1, 22)02(27, 22) " In(T)n(27)

B.3.12 (=12, X = A1 D;F

We have m~ =

12, so the umbral McKay-Thompson series Hg(,lz) = (Hé}rz)) associated to g €

GU?) ~ 7,/2Z is a 24-vector-valued function with components indexed by r € Z/247Z. We have

12
Hg(r) = _-H!g ?N

To define H'? = (H e(,l,?)), first define h(1) =

so it suffices to specify the H{S},?) for1 <r<11.
(hy(7)) by requiring that

—2Wy (T, 2) (80512) (1,2) + goglz) (1, z)) = —24p12,0(7, 2) + Z hy ()62, (T, 2), (B.76)
r mod 24
where
12 (r,2) =36 (r, )01V (7, 2) — 86V (m, )1 (7, 2) + 6 (7, )1 (7, 2),
(12) (4) 9) (5) (8) (12) (B.77)
Py (1y2) = Ay (T, 2)ey (To2) — 1 (T 2)1  (T,2) — @1 (T, 2).
(CL. (B.27), (B.35), (B.39), (B.54), (B.56), (B.62), (B.69).) Now define the H\'y) for r # 0 mod 3
by setting
12 1
H2 (7) 1= 57 (8h(7) + ha (7)),

12 12
HfA,)Q(T) HfA )10(7)

HD(r), B (r) =

Hah(7) =

HI (r) =
H842)11 (7')

For r =0 mod 3 set

Hyi (1) i=

)

and define HQ( Azﬂ by requiring

HID (1) == (1) H D ().

)

(h2( )+ hio(7)) s

(h4( ) + hs(7)),

(B.78)
1 (3h5(T) + h11(7)),
(hl( ) + 3hz (7)),
(h5( ) + 3h11(7')) .
1 h B.79
12/ (7); (B.79)
(B.80)
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B.3.13 (=12+4, X = E{

We have mX = 12, so the umbral McKay-Thompson series H5§12+4) = (Hgglr2 +4)) associated to

g € G2+ ig a 24-vector-valued function with components indexed by r € Z/247Z. In addition to
the identity Hyy ™ = —H{"M | we have HyY ™ = 0 for r € {2,3,6,9,10}, BT = H17HY,
Hg(,}42+4) = H§}82+4), and Hé}52+4) = Hé}ffr4). Thus it suffices to specify the Hg(,l12+4), H;’l42+4) and
p12+4)

g,
Recall " AISO, set SlEG (T) = 512’1(7') + 512’7(7'), and S5E6 (7‘) = 51275(7') + 512711(7'). For
r =1 define
1244 12 12
Hl(A,—li_ )(T) = Hl(A,)l (1) + HfA??(T)v
H{p " (r) i= (=45 (B, (r/2) — B 5(/2))

(12+4) 1 IPVACL AR (G b 1CC0 p-
H4A,1 ( )_ SIEG(T)2 —SE)EG(T)Z < 2 77(7_)4 Sl ( )+8 7](27_)4 55 ( ))a

it (0) = (4] (B3, (r/2) - HiZ 5 (7/2))

(1244), | 1 o p(12+4) E (12+4) E
Hgypy (7) = SFG(T)Q ~ 556(7)2 ( 2F5 1 (T)S1°(7) + 12Fg 5 5 (7/2) S5 6(7')> :

(B.81)

In the expression for g € 8AB, we write Féﬁ;? for the unique modular form of weight 2 for I'g(32)

such that
(12+4) .y _ 2 _ o4 5 16,6 _ .8 9
Fgapy (1) =1+ 12¢ +4q” — 24¢” — 16¢° — 8¢° + O(q"), (B.82)

and we write Fé}fgg) for the unique modular form of weight 2 for I'g(64) such that

Fins (1) = 3¢ +4¢° + 64° — 847 — 9¢° + 124" — 184" — 24¢" + O(¢'7). (B.83)
For r = 4 define
12+4 12 12
H{ (1) = BUD (1) + H{ZA (),

(B.84)
H:§1142I4)(7') = H:§,64),2(T/2) + H:,(’Z)A(T/Q),
and set H;}42+4)(7') =0 for g € 2BU4AU8AB.
For r = 5 define
Ay () = B () + HY ()
Hi Y () 1= 2] (B 5(7/2) — Hilp1(7/2)) .
1 (27)° n(r)*n(4r)*
g2 () = <277 SEo(r) -8 SPe(r) ),
B T G TG L T L (B.85)
12+4 6 6
HEH () 1= [=3] (H{ 5 (r/2) - B, (7/2)
(124+4) ,_\ . 1 (1244) B/ \ (1244) Ee
590 = Sm s —gEgy (2Rst (S50 — 12RIE/28 ().
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Finally, define H, é}r2+4) for g € 2A U 6A by setting
1244 rrr(12+4
Hyg 0 (7) i= —(-1) HUS (),

(B.86)
12+4 r (1244

Hy ™ (7) = = (-1 B (),

B.3.14 (=13, X = A%,

We have mX = 13, so the umbral McKay-Thompson series Hém) = (Hg(lf )) associated to g €

G13) = GX ~ 7/4Z is a 26-vector-valued function, with components indexed by r € Z/26Z.
Define Hélg) (H (13)) for g € GU3) by requiring that

wéw) (1,2) = (13),“13 0(7' z) — Xglg)ﬂ%&o(ﬂz) + Z Hé,lrg)(T)el?),r(T? z), (B.87)
r  mod 26

where X§13) = XfA and )Zgl?’) = )’(g(f‘ (cf. Table , and the wéw) are meromorphic Jacobi forms
42]

of weight 1 and index 13 given explicitly in Table |4

Table 42: Character Values and Meromorphic Jacobi Forms for £ =13, X = A%,

g P D ()

1A 2 2 2i01(7,62)01(7,2) 7101 (7,32) " tn(7)3
2A -2 2 —2if1(7,62)02(T,2) " 0o(1,32) " In(7)?

4A 0 0 cf. (B.88

01(, 2+ 1)01(7,32 4+ 1) — 01(7, 2 — 1)01(7,32 — 1) n(27)?

(13) = B.88
Vaap(T 2) i= —iba(7,62) 02(27,22)0(27,62) n(r) (B-88)
(13) (13)
For use later on we note that 1, ,” = —2¥; 17", where
cpgw)(r, 2) = On(r, 2)00(7, 62) (B.89)

91 (7—7 22)01 (7—7 32) ‘

B.3.15 (=14+7, X =D}

We have m* = 14, so the umbral McKay-Thompson series Hg(14+7) = (Hfgqu1 +7)) associated to
g € G447 g a 28-vector-valued function with components indexed by r € Z/28Z. We have

Hél,furﬂ = 0 for r = 0 mod 2, so it suffices to specify the H5§14+7) for r odd. Observing that
H§1T4 N =—-H, (14+7) we may determine Hy (14+7) by requiring that
_ . (1447
(1, 2) = =28 Pipr o o(r,2) + D e(—1/2) g; N(1)07 207, 2), (B.90)
reZ+1/2
r mod 7
where X( 2= XffD is the number of fixed points of g € G147 ~ Ss in the defining permutation

(7/2)

representation on 3 points. The g
7/2 defined in Table

are the meromorphic Jacobi forms of weight 1 and index
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Table 43: Character Values and Meromorphic Jacobi Forms for £ =14 47, X = Dg’

gl %P v 2)

1A 3 2i61(r,32)01 (7, 2) "2n(7)3

2A 1 2i0y(7,32)01 (1, 2) " 105(7, 2) "' (7)?
3A 0 —2i0y (7, 2)01 (7, 32)01(37,32) 'n(37)

B.3.16 (=16, X = A15Dy

We have m* = 16, so the umbral McKay-Thompson series H£(,16) = (Hél,f3 )) associated to g €
GU9) ~ 7,/2Z is a 32-vector-valued function with components indexed by r € Z/32Z. We have

Hélf) = —H(16) so it suffices to specify the Hé},?) for 1 <r <15.
To define H(16) (H é}Tﬁ)) for g = e, first define h(7) = (h,(7)) by requiring that

1
~6014(r2) (1) + 305 ) = —2pnsalr )+ X mss(r2), (B

r mod 32
where
16 4 13 5 12 7 0
o1”(r2) =80 (120 (02 DDA )+ e e s
A .
o5 (r,2) = 120{0 (r, 2){! P (7, 2) = oD (7,200 (7, 2) = 36119 (7, 2).
(Cf. (B.35), (B.39), (B.54), (B.69), (B.77), (B.89).) Now define the H{}fl by setting
16 1
H{p (7) 1= —he(7) (B.93)
for r odd. For r even, 2 < r < 14, use
16 1
H{ (1) = o (he(7) 4 hig—r (7)) (B.94)
Define H2(Il462“ by requiring
16 r (16
H{P\(7) = — (=1 H{} ) (7). (B.95)
B.3.17 (=18, X = AirE;
We have mX = 18, so the umbral McKay-Thompson series H, (18) _ (Hél,n8 )) associated to g €

GU18) ~ Z/2Z is a 36-vector-valued function with components indexed by r € Z/36Z. We have
Hg(lf) = —H; )T, so it suffices to specify the Hé},?) for 1 <r<17.

To define H(lg) (H é}rg)) for g = e, first define h(7) = (h,(7)) by requiring that

—2401 1 (7, 2)¢" (7, 2) = =24z 0(r,2) + Y he(1)01s,(7, 2), (B.96)
r  mod 36



B THE UMBRAL MCKAY-THOMPSON SERIES 48

where

1 1 612 1
o1 = <<p§18) + 308+ s («p(u) + 205 + 3905,12))) . (B.97)

For the definition of (18 we require

03 (1,2) = <4>< )t (7, 2) — 4P (1, 2)2 — 49" (7, 2),

o' (1, 2) = 301V (7, 2)0{7 (7, 2) + 201V (7, 2) 8V (7, 2) — o1V (7, 2)0{ (7, 2),
é(m)z <m>wé’<m>,

o1, 2) =307 >go§””<r,z> o 2el (n) — 4 ae V) g
o (r,2) - =<P§ (1,2 (7,2) + 60 (1, 2) (7, 2) — oV (7, 2)1' D (7, 2), '
051, 2) = o1V (1, )P (7, 2) — 200 (7, 2) oD (7, 2) — 2 15><,z>,

o' (1,2) 1= 0P (1, 2)01 (7, 2) + 3P (7, 2) 'V (7, 2) — 41V (7, 2)17) (7, 2),

038 (1, 2) 1= oV (1, 2)08V (7, 2),

in addition to the other gokm that have appeared already. Now define the H &81 by setting

1
H{\(r) = 31 (7) (B.99)

for r even. For r odd, use

HIS (7) 1= o7 (2ha(r) + has(r)

() o= o (hs(r) 4 ho(7),

H{gy(r) = 7 L (2hs(r) + (1)

HIS7) 1= o (2hr(r) + b (7))

H{ph(r) = i 1 (h3(7) + 2ho(7) + s (7)), (B.100)
HS (7) = o (he(m) + 2ha (7))

HD\a(7) = o (hs(m) + 2has(r)

Hh5(7) 1= o7 (as(r) + ho(r)),

HD)2(7) = o (ha(r) + 2hag (7).

Define Hé}fl in the usual way for root systems with a type A component, by requiring

HY (1) o= — (1) HD (7). (B.101)
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B.3.18 (=18+9, X = DyoE?
We have mX = 18, so the umbral McKay-Thompson series Hg(IBJrg) = (Hgglr8 +9)) associated to
g € GU89) ~ 7,/97, is a 36-vector-valued function with components indexed by r € Z/36Z. We

have Hyw ™ = —H ) g = HOR) for 1 < <17, and Hy ™ =0 for r =0 mod 2, so
it suffices to specify the Hé}rerg) for r € {1,3,5,7,9}.

Define
HU Y () = HUG () + Hi (7). B0
1y (1) = HER () = s (7). |
for r € {1,3,5,7,9}.
B.3.19 (=22+11, X = D},
We have m* = 22, so the umbral McKay-Thompson series H§22+11) = (Hgf“l)) associated to

g € G2 ~ Z)27 is a 44-vector-valued function with components indexed by r € Z/44Z. We

have Hg@f“l) H(22+11) nd H(22+11) = 0 for » =0 mod 2, so it suffices to specify the H§22+11)

for r odd. Observing that H(22+11) H(22+11) we may determine H(22+11) by requiring that
U7 2) = 20 Dipnpo(r )+ Y. e(=r/DHG ()00, (r ), (B103)
reZ+1/2
r mod 11

where XgA/Q) =2, _(11/2) =0, and the w(11/2 are the meromorphic Jacobi forms of weight 1 and

index 11/2 deﬁned as follows

(11/2) .. 0i(7,42)
) = ") (B.104)
G PR ke A |

02 (T, 2’)92 (7‘, 22’)

B.3.20 (=25, X = Ay

25, so for g € G ~ Z/2Z, the associated umbral McKay-Thompson series

is a 50-vector-valued function, with components indexed by r € Z/50Z, satisfying
25)

We have mX =
Hé%) (H 25))

H5(,2T5) Hfi, and in particular, Hé T) =0 for r =0 mod 25. So it suffices to specify the Hg(

for 1 <r < 24.
Define H(%) (H (25)) for g = e by requiring that

~ Wi (1, )P (1,2) = —paso(r.2) + Y. HP (1)a5(7, 2), (B.105)
r  mod 50
where
1
¢ (7, 2) == 59055)(7, 2 (7, 2) — 017 (7, 2) e (7, 2) + Q‘P( (7,22, (B.106)
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For the definition of @&25) we require

o7 (r, 2) 1= 400 (1, 2) P (7,2) = 01 (7, 2)?,
4,0519) (1,2) = <p§4) (T, z)gog )(7', z) + 24,057)(7', z)goglg) (1,2) — @&5) (7, z)gogls’)(r, 2), (B.107)
oV (1,2) 1= 0P (7, 2)01 7 (7, 2) — 200 (7, 2) oV (7, 2),

in addition to the other gp,(cm) that have appeared already. Define H%Sl in the usual way for root

systems with a type A component, by requiring
18 r (18
H{Y)(7) o= —(=1)"H{ 1) (7). (B.108)

B.3.21 /(¢=30+4+15, X = DgE3

We have m* = 30, so the umbral McKay-Thompson series Hé30+15) = (HﬁfJ +15)) associated to

g € GBOF15) — fe} is a 60-vector-valued function with components indexed by r € Z/60Z. We have
I = gD g = O for 1 < v < 29, and HEYTY = 0 for r = 0 mod 2, so

e,—Tr

it suffices to specify the He(i«OJr % for r € {1,3,5,7,9,11,13,15}.
Define

D) = 5 (OO 4 (gl BT (7/3))

Hiys ™ () = [l s (7/3),

i3 () = [ Hylts 7 (7/3).

Hl(on;w (7) = % (Hl(it)ﬁ 10.15) | a9 320;5 (r /3)) (B.109)
Hl(ioﬁls %(Hl(?;loiro 10,15) ] 3}40;r5 (r /3>>

B ) o= (OO0 (1019 5

H ™ (1) = =810 (7/3)

B.3.22 (=30+6,10,15, X = E}
We have m¥ = 30, and G(30+6:10.15) — GX ~ G5 The umbral McKay-Thompson series H (30+6:10,15)

is a 60-vector-valued function with components indexed by r € Z/60Z. We have

EH GO0 ] 11,419,420 mod 60,
= iHéf’)70+6,10,15) if r = 47,413,417, +27 mod 60, (B.110)

0 else,

H§?79+6,10,15) (7)
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30+6,10,15
H‘é77‘ )

so it suffices to specify the for r = 1 and r = 7. These functions may be defined as

follows.
1
Hl(ioir&lo,ls) — (T)2 Z + Z (_1)k+z+mq(k2+12+m2)/2+2(kl+lm+mk)+(k+l+m)/2+3/4o
N k,ilm>0 kilm<0
(30+6,10,15) 1 k+m 3k24+m?2 /24+4km~+(2k+m) /24+3/40
Hy) Y =25 ST = 30 | (1) b 2hm) 243

km>0  km<0

H(30+6,10,15) — _9 n(7) Z(_l)kq15k2/2+3k/2+3/40

34,1 =
n(37) =,
1
H1(3Ao;r6,10,15):_2 (7)2 Z + Z (_1)k+l+mq(k2+12+m2)/2+2(kl+lm+mk)+3(k+l+m)/2+27/40
N klm>0 k,l,m<0
(3046,10,15) o 1 ktm3k2+m? /2+4km+3(2k+m)/2+27/40
Hyaz ~2en D = D | (gt s

km>0  km<0

30+6,10,15 T 2
F(30+6,1015) _ 5 n(7) Z(_l)kqlsk /249K /24-27/40

3A,7
n(37) &,

(B.111)

B.3.23 /(=46+23, X = Dy

We have m~ = 22, and G(*6+23) = {¢}. The umbral McKay-Thompson series ) _ (H§§~6+23))
is a 92-vector-valued function with components indexed by r € Z/92Z. We have He(,A}GHP’) =

—H*2) and He(flr6+23) = 0 for » = 0 mod 2, so it suffices to specify the Hglf”s) for r odd.

€,—T

Observing that Hgf”g) =-—H S‘E’PS) we may determine H§46+23) by requiring that
. 46423
Y& (7, 2) = —2if23/2,0(7, 2) + Z €<_T/2)H§,2r+ )(7)923/2,7”(7, 2), (B-112)
reZ+1/2
r  mod 23
where 1/1223/ 2 is the meromorphic Jacobi forms of weight 1 and index 23/2 defined by setting

01 (7—? 62)

(23/2) — o
e A) = A 0 (r )"

(7)3. (B.113)

B.4 Rademacher Sums

Let I'x denote the subgroup of upper-triangular matrices in SLy(Z). Given o € R and v € SLy(Z),

[16;}2(%7') = 1if v € I'c. Otherwise, set

define r
[a] v 3 (2mia(yT — y00))"H1/2
1y (77) = e(—alyr voo))kéo T 13/2) : (B.114)
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where e(z) = €2™®. Let n be a positive integer, and suppose that v is a multiplier system
for vector-valued modular forms of weight 1/2 on I' = T'g(n). Assume that v = (v;;) satisfies
v11(T) = e™/?™  for some basis {¢;}, for some positive integer m, where T = (} 1). To this data,

attach the Rademacher sum
. T ) _
Bro(r)i=Jim 3 wve (<o) eitnn) 4y e, @)
,YGFOQ\FK,KQ

where T'e g2 := {(24) €T |0<c< K, |d| < K?}, and j(y,7) = (et +d)~! for v = (¢8). If
the expression (B.115]) converges then it defines a mock modular form of weight 1/2 for T" whose
shadow is given by an explicitly identifiable Poincaré series. We refer to |13] for a review of this,
and to [53] for a more general and detailed discussion.

Convergence of (B.115]) can be shown by rewriting the Fourier expansion as in [53, Theorem 2]
in terms of a sum of Kloostermann sums weighted by Bessel functions. This expression converges
at w = 1/2 by the analysis discussed at the end of following the method of Hooley as adapted
by Gannon. That analysis requires not only establishing that the expressions converge, but also
explicitly bounding the rates of convergence.

For the special case that X = A3 we require 8-vector-valued functions fég) = (tqu?z) for g € GX
with order 3 or 6. For such g, define fg?ﬁ, for 0 < r < 9, by setting

0, if r#0 mod 3,
00 ,(7) 1= { —033(,0), ifr =3, (B.116)
030(7,0), if r =6,

in the case that g has order 3, and

0, if r#0 mod 3,
fg,r(ﬂ = —033(7,0), ifr=3, (B.117)
—9370(7',0), if r = 6,
when o(g) = 6. Here 0,, (7, 2) is as defined in (B.5)).

The following result is proved in [17], using an analysis of representations of the metaplectic
double cover of SLy(Z).

Theorem B.1 ([17]). Let X be a Niemeier root system and let g € G*. Assume that the

Rademacher sum Rffo (ng),7X COTVEIges. If X # A3, orif X = A} and g € G does not satisfy
g

o(g) =0 mod 3, then we have

rr X X
HJ (1) = =2R{ ) ox (B.118)

If X = A3 and g € G¥ satisfies 0(g) = 0 mod 3 then
Hy (1) = =2Rg () o (7) + 1) (7). (B.119)

g

The X = A?* case of Theorem was proven first in [12], via different methods.
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