On the Application of KAM Theory to

Discontinuous Dynamical Systems

M. Kunze^1, T. Küpper^1 & J. You^2 1 Mathematisches Institut der Universität Köln Weyertal 86, D - 50931 Köln, Germany 2 Department of Mathematics, Nanjing University

Nanjing 210093, P.R. China

Key words: dynamical systems, KAM theory, unbounded solutions

Abstract So far the application of Kolmogorov-Arnold-Moser (KAM) theory has been restricted to smooth dynamical systems. Since there are many situations which can be modelled only by differential equations containing discontinuous terms such as statedependent jumps (e.g. in control theory or nonlinear oscillators), it is shown by a series of transformations how KAM theory can be used to analyze the dynamical behaviour of such discontinuous systems as well. The analysis is carried out for the example

ẍ+x+asgn(x) = p(t)

with p 2 C^6 being periodic. It is known that all solutions are unbounded for small a > 0. We prove that all solutions are bounded for a > 0 sufficiently large, and that there are infinitely many periodic and quasiperiodic solutions in this case.

1 Introduction and Main Result

Classical KAM theory deals with the analysis of smooth dynamical systems, but in many applications discontinuous or non-smooth systems play an important rôle, e.g. in control theory, dynamical contact problems, or in oscillators where state-dependent kicks have to be included. In this paper we look at this new problem from the point of view of dynamical systems. We address similar questions as they are investigated in the smooth case ẍ+ f(x) = p(t), i.e. we ask if all solutions are bounded, or whether there are ”many” periodic and quasiperiodic solutions (cf. Littlewood’s question [13] and [12, 14, 5, 8, 9, 10, 17, 18, 11]).

We will illustrate our results by investigating a forced oscillator equation, where a nonlinearity is introduced by a jump of the restoring force at x = 0, i.e.

ẍ+ f_a(x) = p(t) (1)

with p ∈ C^6(IR) being ω-periodic, and for fixed a ≥ 0

f_a(x) := { x + a : x ≥ 0 x − a : x < 0 , (2) so that the equation is ẍ+ x + asgn(x) = p(t) (3) if x(t) ≠ 0.

Using a suitable Lyapunov function approach, it follows from [7] (which is along the lines of [2]) that all solutions of (3) are unbounded in the (x,ẋ)-phase plane in case that a < | ∫_2π 0 p(t)e^{it} dt|/4. This implies that some condition on the size of a (the size of the ”gap” of f_a) is needed, and we shall show the boundedness of all solutions of (3) as well as the existence of infinitely many periodic and quasiperiodic solutions for all a being sufficiently large. Here a solution is understood to be W^{2,2} on every finite interval.

A direct application of Moser’s invariant curve theorem requires smoothness. To describe how (3) nevertheless can be subordinated to an application of a suitable invariant curve theorem, we first remark that this equation is Hamiltonian with H_a(x,y,t) = 1 2 y^2 + F_a(x) − xp(t), (4)

where, letting x_+ = max{x,0} and x_− = max{−x,0},

F_a(x) = 1 2 ( (x_+ + a)^2 + (x_− + a)^2 − a^2 ) (5) is continuous, but not smooth in x. It is easy to see that also F_a(x) = F_a(−x). In the corresponding autonomous equation with p = 0, for h being sufficiently large, the level set {(x,y) :^1_2 y^2 + F_a(x) = h} is a closed curve which carries the periodic solution of (1) with period denoted by T (h), cf. Figure 1.

Fig. 1: Phase portrait of (1) with p = 0.

By introducing suitable action-angle variables (I,ϕ) (which will be defined precisely in (12), (14) below), the Hamiltonian H_a(x,y,t) from (4) of the full system will be transformed into H(ϕ,I,t) = h_0(I) − x(ϕ,I)p(t) (6) through some transformation Φ_1 : (x,y) → (ϕ,I). The new Hamiltonian (6) is smooth in I, but only continuous in ϕ. In order to apply KAM theory, the perturbation needs to be sufficiently smooth in the angle variable ϕ. To overcome the difficulty that x(ϕ,I) is only continuous with respect to ϕ, we shift the lack of regularity from x(ϕ,I) to the forcing p(t) by exchanging the rôles of the ϕ and t-variables, cf. the very illustrative [9, Fig. 1.2, p. 47]. This is achieved by the further transformation

Φ_2 : θ = t, r = h_0(I) + x(ϕ,I)p(t), τ = ϕ (7)

where τ plays the rôle of new time. We note that this change of variables (and a further transformation) was made use of in [3, 9, 16] to get at least the leading term time-independent. Our purpose here is different: since p is assumed to be C^6, we have obtained a new Hamiltonian which is regular enough in (θ,r) to apply Moser’s twist theorem to the corresponding Poincaré map.

In this paper we will show the following

Theorem 1 For every given ω-periodic function p ∈ C^6(IR) there is a sufficiently large a_∗ such that for all a ≥ a_∗, every solution of equation (3) is bounded, i.e. for every (t_0,x_0,ẋ_0)

sup_{t∈IR} (|x(t;t_0,x_0,ẋ_0)| + |ẋ(t;t_0,x_0,ẋ_0)|) < ∞.

Moreover, there are infinitely many periodic solutions and quasiperiodic solutions with large amplitude of the form x(t) = f(λt,t/ω), with f being defined on a 2-torus.

Remark that taking the gap (i.e. a in (2)) sufficiently large corresponds to making p small. In fact our system is close to a linear one, since we will show h_0(I) ∼ I, cf. Lemma 2 below. This indicates that we cannot expect to obtain results without some smallness condition on p, because techniques like [5, Proposition 1] cannot be applied to improve the perturbation step by step. In this respect, we are in a position comparable to [18], where similar results were obtained for ẍ+ f(x) = 1 + p(t) with f piecewise linear, but continuous at x = 0. Although we know that the condition a ≥ |

∫_2π

0 p(t)e^{it} dt|/4 is necessary to have bounded solutions, we do not know whether this condition is also sufficient, or if a_∗ from Theorem 1 has to be ”very large”.

Since we wanted to show the boundedness of all solutions we cannot use KAM theory in a fixed compact domain, but we have to derive estimates for the perturbation. It should also be noted that it is enough to assume p ∈ C^4(IR) in Theorem 1, since the version of Moser’s twist theorem which will be applied below (cf. Theorem 2) holds if the Poincaré-map is only C^3-regular, cf. [6].

The paper is organized as follows. In Section 2 we describe the necessary coordinate changes to transform the system into a smooth and nearly integrable one. We also state the corresponding estimates for the application of the twist theorem, postponing their proofs to the Appendix in Section 3. Although these estimates are lengthy, we consider it to be important to give the details since they are cruical in the procedure to fit the problem into the framework of KAM theory.

2 Coordinate transformations, estimates, and proof of Theorem 1

In this section we give some preliminary results and introduce in detail suitable transformations which will allow us to apply Moser’s twist theorem. To simplify notations, we don’t consider (3) directly, but the equivalent

ẍ+ x + sgn(x) = εp(t) (8)

where ε =^1_a . In the autonomous case p = 0, for energies h > 1/2, the closed curve H^0_1 (x,y) = 1 2 y^2 + F_1(x) = h with F_1 from (5) carries the periodic solution of (1) with period T (h). If we let α(h) = √ 2h − 1 > 0, then the intersections of this level set with the x-axis in the phase plane are (±α(h),0). Hence symmetry of F_1 yields

T (h) = 4

∫ α_(h_) 0 dx √ 2(h − F_1(x))

= 2π − 4 arcsin(2h)^{−1/2} = 4 arccos(2h)^{−1/2} (h > 1/2). (9)

Some properties of T (h) are collected in

Lemma 1 T (·) is smooth in h, 0 ≤ T (h) ≤ 2π, T^′(h) > 0, and

T^{−1}(ρ) = 1 2 cos^2(ρ/4) , 0 < ρ < 2π . In addition, the following estimates hold:

c_i h^{− 12 −i} ≤ |D^iT (h)| ≤ C_ih^{− 12 −i} (i ≥ 1) (10) c_0 |2π − ρ|^{−2} ≤ T^{−1}(ρ) ≤ C_0 |2π − ρ|^{−2} , c_i |2π − ρ|^{−(i+2)} ≤ |D^iT^{−1}(ρ)| ≤ C_i |2π − ρ|^{−(i+2)} (i ≥ 1) (11)

for some constants C_i,c_i > 0 and h sufficiently large resp. 2π − ρ sufficiently small; here D^i denotes the i’th derivative. Moreover, let δ_n = 1/n. Then for suffciently large n ∈ IN the intervals [b^−_n ,b^+_n ] := T^{−1}([2π − 2δ_n,2π − δ_n]) ⊂ (1/2,∞) are disjoint, and b^−_n , b^+_n , b^+_n − b^−_n → ∞ as n → ∞. Proof : From (9) we have T^′(h) = 2 h √ 2h − 1 . Thus it follows by induction that D^iT (h) = P_{i−1}(h)h^{−i}(2h − 1)^{1/2−i} for i ≥ 1, with P_{i−1} being a polynomial of degree i, and hence we obtain the claimed estimates for D^iT . The estimates for D^iT^{−1} are obtained inductively by differentiation of T^{−1}(T (h)) ≡ h and by (10), cf. [9, (A1.5), p. 73] for the corresponding formula. The claim concerning the intervals [b^−_n ,b^+_n ] can also be derived from the explicitely known T^{−1}. 2

To construct the action-angle variables (cf. [4], [9, Section 2] for more information) and to transform the Hamiltonian into a nearly integrable one, let Φ_1 : (x,y) → (ϕ,I) be defined implicitly by the following two equations: For h > 1/2 and |x| ≤ α(h) set

ϕ(x,h) = ϕ_1(x,h) : x,y ≥ 0, π − ϕ_1(x,h) : x ≥ 0, y ≤ 0, π + ϕ_1(−x,h) : x,y ≤ 0, 2π − ϕ_1(−x,h) : x ≤ 0, y ≥ 0, (12)

where for 0 ≤ x ≤ α(h)

ϕ_1(x,h) = 2π T (h) ∫ x 0 dξ √ 2(h − F_1(ξ)) = 2π T (h) ( arcsin

1 + x √ 2h − arcsin 1 √ 2h ) , (13) and I(h) = 4

∫ α_(h_) 0 √ 2(h − F_1(x))dx = 4

∫_{1+}α_(h_) 1 √ 2h − x^2 dx = 2hπ − 2 √ 2h − 1− 4harcsin(2h)^{−1/2} = hT (h) − 2 √ 2h − 1. (14)

So by (12), (13) and (14) we have obtained concrete formulae for the action-angle transformation Φ_1. Geometrically, I(h) is the area surrounded by {(x,y) :^1_2 y^2 + F_1(x) = h}.

Before turning our attention to Φ_1, we first collect some properties of I(h). Here and in the sequel, positive constants not depending on important quantities are denoted by the same symbols c,c_i,C_i ... etc.

Lemma 2 I(·) as well as its inverse I → h(I) =: h_0(I) are smooth, and I^′(h) = T (h) > 0. Moreover, for suitable positive constants and for sufficiently large h resp. I

c_0 h ≤ I(h) ≤ C_0 h, c_1 ≤ I^′(h) ≤ C_1 , c_i h^12^{−i} ≤ D^iI(h) ≤ C_i h^12^{−i} (i ≥ 2) (15) c_0 I ≤ h_0(I) ≤ C_0 I , c_1 ≤ h^′_0(I) ≤ C_1 , |D^ih_0(I)| ≤ C_i I^12^{−i} (i ≥ 2). (16)

Proof : First, (14) gives I^′ = T , and the estimates for I follow from (14), (9), and (10). Second, the desired estimates for h_0 are again obtained by successive differentiation of h_0(I(h)) ≡ h using (15). 2

Hence h_0(·) behaves like I(·) itsself. Now we can investigate Φ_1 in greater detail.

Lemma 3 Φ_1 is a homeomorphism from IR^2 \{0} to the cylinder [0,2π] × (1/2,∞). Moreover, if (x,y)(ϕ,I) := Φ^{−1}_1 (ϕ,I), then x(ϕ,I) is smooth in I for every fixed ϕ, and |∂^i_I x(ϕ,I)| ≤ C_iI^{12 −i} (i ≥ 0). (17) Proof : By construction of (ϕ,I) it is clear that Φ_1 is continuous, onto and one-to-one. In addition, we note that x(ϕ,I) = x̃(ϕ,h_0(I)), where we have e.g. in the first quadrant ϕ = ϕ_1(x̃,h) with h = h_0(I) and ϕ_1 from (13). Therefore for ϕ ∈ (0,π/2), by solving ϕ = ϕ_1(x̃,h) w.r.t. x̃, x̃(ϕ,h) = −1 + √ 2h sin (T (h) 2π ϕ + arcsin(2h)^{−1/2} )

= −1 + √ 2h − 1 sin (T (h) 2π ϕ ) + cos (T (h) 2π ϕ ) , (18) where we used the formula sin(v + arcsin(u)) = √ 1 − u^2 sin(v) + ucos(v) for u ∈ [0,1], v ∈ IR.

In the same way we obtain for ϕ ∈ (3π/2,2π) x̃(ϕ,h) = 1 − √ 2h − 1 sin (T (h) 2π [2π − ϕ] ) − cos (T (h) 2π [2π − ϕ] ) , and this proves the continuity of x̃(ϕ,h) in ϕ at ϕ = 0 ∼= 2π. Hence it follows that x̃(ϕ,h) is continuous in (ϕ,h), and this carries over to x because of Lemma 2. Moreover, (18) shows that x̃(ϕ,h) is smooth in h for fixed ϕ ∈ [0,π/2], and thus x(ϕ,I) is smooth in I in view of Lemma 2.

To verify the desired estimates, we first claim that |∂^i_h x̃(ϕ,h)| ≤ C_i h^{12 −i} (i ≥ 0). (19) For ϕ ∈ [0,π/2] this can be derived from (18) and (10). Here we omit the details, since the required technique will be applied lateron once more, cf. the Appendix, or [5, 9, 14, 18] and related papers. Usually, these estimates can be derived by induction, using Leibniz’ rule and the formulas from Lemma 8. Since x(ϕ,I) = x̃(ϕ,h_0(I)), the estimate (19) also carries over to x, by Lemma 8 and the estimates for D^ih_0 from (16). 2

Applying the action-angle transformation to the full system, the Hamiltonian H_1(x,y,t) = 1 2 y^2 + F_1(x) − εxp(t) which corresponds to (8) is transformed into a new function in (ϕ,I), that is H(ϕ,I,t) = h_0(I) − εx(ϕ,I)p(t). (20) From Lemma 3 it follows that H(ϕ,I,t) is smooth in I and continuous in ϕ. Moreover, |∂_I x(ϕ,I)| ≤ C I^{−1/2} by (17). Therefore (16) implies that H(ϕ,·,t) is invertible for sufficiently large I.

Next we exchange the rôles of ϕ and t by means of Φ_2 : (ϕ,I,t) → (θ,r,τ ) := (t,H(ϕ,I,t),ϕ), cf. [9, Section 3]. This transformation again leads to a Hamiltonian system, where the new Hamiltonian is H(θ,r,τ ) = [H(τ,·,θ)]^{−1}(r). (21) Thus H(θ,r,τ ) is ω-periodic in θ, 2π-periodic in τ , and smooth in (θ,r). We write H(θ,r,τ ) = I(r) + εH_1(θ,r,τ ), (22) i.e. H_1 is defined by this formula. Some estimates of H_1 are given in

Lemma 4 For r sufficiently large,

|∂^i_θ ∂^j_r H_1(θ,r,τ )| ≤ C_{i,j} r^{12 −j} (0 ≤ i + j ≤ 6), (23)

where C_{i,j} depends on |p|_Ci_{([0,ω])}.

Proof : Cf. appendix. 2 Since I^′ = T , the equations of motion corresponding to the Hamiltonian H from (22) are dθ dτ = T (r) + ε∂_rH_1(θ,r,τ ), dr dτ = −ε∂_θH_1(θ,r,τ ), (24) with τ serving as time in the equation and H_1(θ,r,τ ) being ω-periodic in θ and 2π-periodic in τ . Moreover, since ∂_rH_1 resp. ∂_θH_1 are C^6 resp. C^5 in θ, smooth in r, and continuous in τ , we note that in particular solutions τ → (θ(τ ),r(τ )) of (24) exist. In addition, by Lemma 4 and the equation for dr/dτ , there are (a large) r_∗ > 0 and a constant C_∗ such that all solutions of (24) with ε ≤ 1 and initial values r_0 ≥ r_∗ are defined on the whole of [0,2π] and satisfy there |r(τ ) − r_0| ≤ C_∗r_0, hence [C_∗ − 1]r_0 ≤ r(τ ) ≤ [C_∗ + 1]r_0. Thus, letting δ_n = 1/n and retaining the notation of Lemma 1, we obtain for initial values r_0 ∈ J_n := [b^−_n /(C_∗ − 1),b^+_n /(C_∗ + 1)] (25) that T (r(τ )) ∈ [2π − 2δ_n,2π − δ_n], τ ∈ [0,2π]. (26) Also note that b^−_n /(C_∗ − 1) → ∞, b^+_n /(C_∗ + 1) → ∞, and b^+_n /(C_∗ + 1) − b^−_n /(C_∗ − 1) → ∞ as n → ∞. In particular we may assume that the initial values r_0 are large enough that all estimates derived so far hold. Supressing the index n, we rescale, cf. [9, Section 4.2], θ̄(τ ) = ω^{−1} θ(τ ) and ρ̄(τ ) = δ^{−1} [T (r(τ )) − 2π]. (27) Thus ρ̄ ∈ [−2,−1] (28) by (26), and differentiation yields dθ̄ dτ = δ ω ρ̄ − 2π ω + εf_1(θ̄,ρ̄,τ ) and dρ̄ dτ = εf_2(θ̄,ρ̄,τ ) (29) with

f_1(θ̄,ρ̄,τ ) = ω^{−1} ∂_rH_1(ωθ̄,r(ρ̄),τ ) and f_2(θ̄,ρ̄,τ ) = −δ^{−1} T^′(r(ρ̄))∂_θH_1(ωθ̄,r(ρ̄),τ ), where we let r(ρ̄) = T^{−1}(δρ̄+ 2π). Then f_1 and f_2 are 1-periodic in θ̄ and 2π-periodic in τ . Estimates on f_1 and f_2 are given in Lemma 5 There is a C depending on |p|_C6_{([0,ω])} (but not on δ) such that |∂^i¯_θ ∂^j_{ρ̄} f_1(θ̄,ρ̄,τ )| + |∂^i¯_θ ∂^j_{ρ̄} f_2(θ̄,ρ̄,τ )| ≤ Cδ (0 ≤ i + j ≤ 5), (30) Proof : Cf. appendix. 2 Let P̄ : IR× [−2,−1] → IR× IR denote the time-2π-map of (29). Then this Poincaré-map is of class C^5 in (θ̄,ρ̄), 1-periodic in θ̄, and it can be written in the following form

P̄ :

θ̄_1 = θ̄ + α + δ̄ρ̄ + δ̄εP̄_1(θ̄,ρ̄) ρ̄_1 = ρ̄ + δ̄εP̄_2(θ̄,ρ̄)

, (31)

i.e. we define P̄_1 and P̄_2 through this relations. Here α = −4π^2/ω and δ̄ = 2πδ/ω. Note that P̄ , P̄_1, P̄_2, and δ̄ in fact depend on n. The next result gives estimates on P̄_1 and P̄_2.

Lemma 6 For sufficiently large n ∈ IN, i.e. sufficiently small δ̄ = δ̄_n,

|∂^i¯_θ ∂^j_{ρ̄} P̄_1(θ̄,ρ̄)| + |∂^i¯_θ ∂^j_{ρ̄} P̄_2(θ̄,ρ̄)| ≤ C (0 ≤ i + j ≤ 5), (32)

with C depending on |p|_C6_{([0,ω])}, but not on n.

Proof : Cf. appendix. 2

Up to one more transformation, we are now in the position to apply Moser’s twist theorem [15]. We state it in the form analogous to [18, Theorem 4.5], which follows from the results of [6, Section 5]. For the definition of an irrational number of constant type and the corresponding Markoff constant see also [6, 18], whereas the term ”intersection property” is made precise in Lemma 7 below.

Theorem 2 (Invariant curve theorem) Let P : IR× [−6,−3] → IR^2, (u,v) → (u_1,v_1), be of class C^5, one-to-one, and 1-periodic in u. In addition, assume that P has the intersection property, and that P may be written in the form

u_1 = u + β + δ̄v + δ̄F_1(u,v), v_1 = v + δ̄F_2(u,v)

where δ̄ ∈ (0,2), and β is an irrational of constant type with Markoff constant γ satisfying γ ≤ δ̄ ≤ Mγ (33) for some fixed constant M. Then there is a positive constant M_∗, depending only on M, such that if |F_1|_C5_{(IR}2_) + |F_2|_C5_{(IR}2_) ≤ M_∗ , one finds μ ∈ C^3(IR/ZZ) such that the curve Γ_μ = {(u,μ(u)) : u ∈ IR} is invariant under P , and P |_{Γμ} has rotation number β.

Now we can carry out the

Proof of Theorem 1:

The proof of the boundedness of all solutions is similar to the one of [18, Theorem 4.1]. We will no longer supress the index n, to emphasize the dependence of P̄ , P̄_1, P̄_2, and δ̄ on n. In order to apply Theorem 2, we need to approximate α = −4π^2/ω by irrationals of constant type with suitable Markoff constants. By [18, Lemma 4.4] we can find such irrationals α_n of constant type with Markoff constants γ_n such that 4π ωn ≤ α_n − α ≤ 8π ωn and π 4ωn ≤ γ_n ≤ π ωn , hence ρ̄ + α − α_n δ̄_n ∈ [−6,−3]. (34)

We obtain from (31) that

P̄_{(n)} : θ̄_1 = θ̄ + α_n + δ̄_n [ ρ̄ + α − α_n δ̄_n ] + δ̄_n εP̄_{1,(n)}(θ̄,ρ̄), ρ̄_1 = ρ̄+ δ̄_nεP̄_{2,(n)}(θ̄,ρ̄),

and this implies that we finally can transform u = θ̄, v = ρ̄ + α − α_n δ̄_n (35) to obtain in new coordinates (u,v) the Poincaré-maps P_{(n)} : IR× [−6,−3] → IR^2, (u,v) → (u_1,v_1), where

P_{(n)} : u_1 = u + α_n + δ̄_n v + δ̄_n εP_{1,(n)}(u,v), v_1 = v + δ̄_nεP_{2,(n)}(u,v),

with P_{j,(n)}(u,v) = P̄_{j,(n)}(u,v − (α − α_n)/δ̄_n) for j = 1,2. We also have

Lemma 7 Every P = P_{(n)} has the intersection property, i.e. if an embedded circle C in IR× [−6,−3] is homotopic to a circle v = const, then P (C) ∩C ≠ ∅.

Proof : Let P_{(24)} be the time-2π-map of (24). Since (24) comes from a Hamiltonian system, P_{(24)} has the intersection property, cf. [5, Lemma 5]. Let Φ_3 : (θ,r) → (θ̄,ρ̄) → (u,v) denote the transformations from (27) and (35). Then P = Φ_3 ∘ P_{(24)} ∘ Φ^{−1}_3 , i.e. P and P_{(24)} are conjugated, and hence P also has the intersection property. 2

Next we note that by (34) γ_n ≤ 2π ωn = δ̄_n = M π 4ωn ≤ M γ_n with M = 8.

Hence we may choose M_∗, independent of n, such that the claim of the invariant curve theorem holds (where β = α_n), since for large n we also have δ̄_n ∈ (0,2). Thus by Lemma 6, for sufficiently small ε > 0 (corresponding to sufficiently large a in (1)) and all large n, every P_{(n)} has an invariant curve. Transformed back to the original system this means that we have found arbitrary large invariant tori in (x,ẋ,tmodω) space, and this implies the boundedness of all solutions, cf. [5, 9, 18].

Finally we remark that the existence of infinitely many periodic solutions is obtained via the Poincaré-Birkhoff-theorem. This theorem may be applied to P_{(24)}, the area-preserving time-2π-map of the Hamiltonian system (24), just like in [5, pp. 92/93], cf. also [9, Thm. 1]. Moreover, the existence of quasiperiodic solutions may also be shown analogously to these papers. 2

3 Appendix

In this appendix we give the proofs of the estimates in Lemma 4, 5, and 6 stated in Section 2. Before doing this, we first include, for convenience of the reader, a result on the differentation of chain functions.

Lemma 8 Let F : IR^2 → IR and f,g : IR^2 → IR be sufficiently smooth. Then for i + j ≥ 1

∂^i_x ∂^j_y [F ∘ (f,g)] = ∑_{(k,p)∈IN2} 0:1≤k+p≤i+j, ⃗i=(i1,...,ik+p),|⃗i|=i, ⃗j=(j1,...,jk+p),|⃗j|=j c_{k,p,⃗i,⃗j} (∂^k_1 ∂^p_2 F (f,g))(∂^{i1}_x ∂^{j1}_y f) ... (∂^{ik}_x ∂^{jk}_y f)(∂^{ik+1}_x ∂^{jk+1}_y g) ... (∂^{ik+p}x ∂^{jk+p}y g),

with integer coefficients c_{k,p,⃗i,⃗j} satisfying c_{k,p,⃗i,⃗j} = 0 if i_l = j_l = 0 for some 1 ≤ l ≤ k + p, i.e. no terms with i_l = j_l = 0 will appear. In particular, the above formula gives for F : IR → IR and f : IR^2 → IR

∂^i_x ∂^j_y [F ∘ f] = ∑ 1≤k≤i+j, ⃗i=(i1,...,ik ),|⃗i|=i, ⃗j=(j1,...,jk),|⃗j|=j c_{k,⃗i,⃗j} (D^k F (f))(∂^{i1}_x ∂^{j1}_y f) ... (∂^{ik}_x ∂^{jk}_y f).

Proof : The proof is omitted, cf. [1, p. 3], [5, p. 88], [9] or [18, Lemma 3.8] for similar results. The claim follows inductively by use of Leibniz’ rule for the differentiation of products of n ≥ 2 functions. 2

Proof of Lemma 4 :

We obtain from (21) and (20) with H_1 = H_1(θ,r,τ ) r = H(τ,I(r) + εH_1,θ) = h_0(I(r) + εH_1) − εx(τ,I(r) +εH_1)p(θ), and thus, since I(·) = h^{−1}_0 , εH_1 = I(r + εx(τ,I(r) + εH_1)p(θ)) − I(r). Consequently, differentiation of f(ρ) := I(r + ρεx(...)p(θ)) and I^′ = T yield

H_1 = x(τ,I(r) + εH_1)p(θ)

∫_1 0 T ( r + ρεx(τ,I(r) + εH_1)p(θ) ) dρ. (36) From this equation the claimed estimates will be derived inductively, always assuming that r is large enough and that ε ≤ 1.

For that, we consider first the case i = j = 0. Then (36), (17) and the boundedness of T imply |H_1| ≤ C |x(τ,H)| ≤ C |H|^{1/2}. Consequently, by (22), and since |I(r)| ≤ C r, we find |H_1| ≤ C r^{1/2} as desired. In particular, (15) and (22) yield cr ≤ |H| ≤ Cr , (37) and thus |∂^k_I x(τ,H)| ≤ C r^{12 −k} (k ≥ 0) (38) because of (17). For the induction step we assume that (23) already holds for all 0 ≤ i + j ≤ N and is to be shown for some fixed i^∗ + j^∗ = N + 1. We start to estimate the derivatives of the ingredients of the right-hand side of (36). First we will show

|∂^i_θ ∂^j_r [x(τ,H)]| ≤ C (r^{− 12} |∂^i_θ ∂^j_r H| + r^{12 −j} ) (0 ≤ i + j ≤ N + 1). (39)

By induction assumption this will yield in particular

|∂^i_θ ∂^j_r [x(τ,H)]| ≤ C (r^{− 12} r^{12 −j} + r^{12 −j} ) ≤ C r^{12 −j} (0 ≤ i + j ≤ N). (40)

To prove (39), we write, using the second formula from Lemma 8,

∂^i_θ ∂^j_r [x(τ,H)] = (41) C (∂_I x(τ,H))(∂^i_θ ∂^j_r H) + ∑_{2≤k≤i+j,} ⃗i=(i1,...,ik),|⃗i|=i, ⃗j=(j1,...,jk),|⃗j|=j c_{k,⃗i,⃗j} (∂^k_I x(τ,H))(∂^{i1}_θ ∂^{j1}_r H) ... (∂^{ik}_θ ∂^{jk}_r H).

Since due to (38) the first term is dominated by C r^{− 1}2 |∂^i_θ ∂^j_r H|, we only have to show that every term in the ∑ is ≤ C r^{12 −j} . To do this, we note that because of Lemma 8, the nonzero terms in this sum have i_l + j_l ≥ 1 for every 1 ≤ l ≤ k, and thus i_l + j_l ≤ N, since in the opposite case one would obtain i + j = i_l + j_l = N + 1, and thus ⃗i = ie_l ∈ IR^k and ⃗j = j e_l ∈ IR^k, with e_l being the l’th unit vector. But since k ≥ 2, this would imply that at least either i_{l+1} = j_{l+1} = 0 or i_{l−1} = j_{l−1} = 0, a contradiction. Therefore i_l + j_l ≤ N in the non-vanishing terms, and hence we can apply the induction hypotheses to estimate |∂^{il}_θ ∂^{jl}_r H_1| ≤ C r^12^{−jl} for those indices. Thus if i_l ≥ 1 we obtain from (22) that |∂^{il}_θ ∂^{jl}_r H| = ε|∂^{il}_θ ∂^{jl}_r H_1| ≤ C r^{12 −jl} . On the other hand, if i_l = 0, then |∂^{jl}_r H| = |D^{jl} I + ε∂^{jl}_r H_1| ≤ { C + C r^{−1/2} : j_l = 1 C r^{1/2−jl} + C r^{1/2−p} : j_l ≥ 2 ≤ { C : j_l = 1 C r^{1/2−jl} : j_l ≥ 2 , where we have used (15). To sum up, we have shown that for all non-vanishing terms in the sum in (41) one has |∂^{il}_θ ∂^{jl}_r H| ≤ { C : (i_l,j_l) = (0,1) C r^{1/2−jl} : (i_l,j_l) ≠ (0,1) , 1 ≤ l ≤ k . (42) This information can be used as follows. If in one of the non-zero terms there are no indexpairs (i_l,j_l) = (0,1), then by (38) and (42) |(∂^k_I x(τ,H))(∂^{i1}_θ ∂^{j1}_r H) ... (∂^{ik}_θ ∂^{jk}_r H)| ≤ C r^{12 −k} r^{1/2−j1} ... r^{1/2−jk} = C r^{12 (1−k)−|⃗j|} = C r^{12 (1−k)−j} , but for every appearing pair (i_l,j_l) = (0,1) the corresponding term r^{1/2−jl} = r^{−1/2} in this estimate has to be replaced by a constant. Thus, if in a general non-zero term in the sum in (41) there are 1 ≤ M ≤ k such pairs, then we obtain the estimate |...| ≤ C r^{12 (1−k)−j} r^{M2} = C r^{12 (1−k+M )−j} . Since 1 − k + M ≤ 1, we finally conclude that |...| ≤ C r^{12 −j} , as was desired to finish the proof of (39) and (40).

Now we intend to show that with U(θ,r,τ ) := x(τ,H(θ,r,τ ))p(θ) we also have |∂^i_θ ∂^j_r U| ≤ C (r^{− 12} |∂^i_θ ∂^j_r H| + r^{12 −j} ) (0 ≤ i + j ≤ N + 1), (43) and therefore again by induction assumption |∂^i_θ ∂^j_r U| ≤ C r^{12 −j} (0 ≤ i + j ≤ N). (44) Estimate (43) is in fact a direct consequence of Leibniz’ rule, since by (40) and (39) |∂^i_θ ∂^j_r U| = |∂^i_θ(∂^j_r [x(τ,H)]p)| ≤ C ( i_{−1}∑ k=0 |∂^k_θ ∂^j_r [x(τ,H)]| + |∂^i_θ ∂^j_r [x(τ,H)]| )

≤ C ( i_{−1}∑ k=0 r^{12 −j} + r^{− 12} |∂^i_θ ∂^j_r H| + r^{12 −j} ) ≤ C (r^{− 12} |∂^i_θ ∂^j_r H| + r^{12 −j} ).

Our next step towards the estimation of |∂^{i∗}_θ ∂^{j∗}_r H_1| by means of (36) will be to prove that for fixed ρ ∈ [0,1] |∂^i_θ ∂^j_r [T (r + ρεU)]| ≤ C (r^{−2} |∂^i_θ ∂^j_r H| + r^{−1/2−j}) (0 ≤ i + j ≤ N + 1). (45) Again this implies by induction assumption |∂^i_θ ∂^j_r [T (r + ρεU)]| ≤ C r^{−1/2−j} (0 ≤ i + j ≤ N). (46)

To see (45), we first remark that |U| ≤ C (r^{−1/2}|H| + r^{1/2}) ≤ C r^{1/2} by (43) and (37). Therefore |r + ρεU| ≥ cr, and this in turn yields by means of (10) |D^kT (r + ρεU)| ≤ C |r + ρεU|^{− 12 −k} ≤ C r^{− 12 −k} (k ≥ 1). (47) Moreover, ∂^i_θ ∂^j_r [r + ρεU] ≤ { 1 + ρε(∂_r U) : i = 0,j = 1 ρε(∂^i_θ ∂^j_r U) : otherwise for i + j ≥ 1 First we show (45) for i = 0, j = 1. In this case by (47) and (43) |∂_r [T (r + ρεU)]| ≤ C |T^′(r + ρεU)|(1 + |∂_rU|) ≤ C r^{−3/2} (1 + r^{−1/2} |∂_rH| + r^{−1/2}) ≤ C (r^{−2} |∂_rH| + r^{−3/2}). So we can turn to the general case i + j ≥ 1 and (i,j) ≠ (0,1) where we have |∂^i_θ ∂^j_r [r + ρεU]| ≤ C |∂^i_θ ∂^j_r U|. By Lemma 8 we obtain, analogously to (41)

∂^i_θ ∂^j_r [T (r + ρεU)] = C T^′(r + ρεU)(∂^i_θ ∂^j_r [r + ρεU]) (48) + ∑ 2≤k≤i+j, ⃗i=(i1,...,ik),|⃗i|=i, ⃗j=(j1,...,jk),|⃗j|=j c_{k,⃗i,⃗j} D^kT (r + ρεU)(∂^{i1}_θ ∂^{j1}_r [r + ρεU]) ... (∂^{ik}_θ ∂^{jk}_r [r + ρεU]).

As a consequence of (47) and (43) the first term may be estimated by

C r^{− 32} (r^{− 12} |∂^i_θ ∂^j_r H| + r^{12 −j} ) ≤ C (r^{−2} |∂^i_θ ∂^j_r H| + r^{−1−j} ).

Concerning the sum, using (47) and (44) we may argue completely analogous to the estimation of (41) to obtain the bound C r^{−1/2−j} for every non-zero term, and from this (45) follows.

Finally we turn to prove the claim of the induction step by means of (36). For that, we let T̃ (ρ) := T (r + ρεU). In this notation, (36) reads as H_1 = U

∫_1

0 T̃ (ρ)dρ. Therefore, by Leibniz’ rule, (43), (45), (44) and (46), |∂^{i∗}_θ ∂^{j∗}_r H_1| ≤ |∂^{i∗}_θ ∂^{j∗}_r U| + ∫_1 0 |∂^{i∗}_θ ∂^{j∗}_r [T (r + ρεU)]|dρ +C ∑ p=0,...,i∗ k=0,...,j∗ (p,k)≠(0,0), (p,k)≠(i∗,j∗) |∂^p_θ ∂^k_r U| (∫_1 0 |∂^{i∗−p}_θ ∂^{j∗−k}_r [T (r + ρεU)]|dρ )

≤ C ( r^{−1/2} |∂^{i∗}_θ ∂^{j∗}_r H| + r^{1/2−j∗} + r^{−2} |∂^{i∗}_θ ∂^{j∗}_r H| + r^{−1/2−j∗} + ∑ (p,k) r^{1/2−k} r^{−1/2−[j∗−k]} )

≤ C (r^{−1/2} |∂^{i∗}_θ ∂^{j∗}_r H| + r^{1/2−j∗} ). Therefore we can choose r as large as is necessary to ensure C r^{−1/2} ≤ 1/2, and thus to obtain the claim of (23). 2

Proof of Lemma 5 :

We first remark that by (11), (28) and the definition of r(ρ̄)

cδ^{−2} ≤ c_0 δ^{−2}|ρ̄|^{−2} ≤ r(ρ̄) ≤ C_0 δ^{−2}|ρ̄|^{−2} ≤ C δ^{−2} , (49) |D^i[r(ρ̄)]| = δ^i |D^iT^{−1}(δρ̄+ 2π)| ≤ C δ^i(δ|ρ̄|)^{−(2+i)} ≤ C δ^{−2} (i ≥ 1) Consequently (10) implies |D^iT (ρ̄)| ≤ C |ρ̄|^{− 12 −i} ≤ C δ^{1+2i} (i ≥ 1). Therefore in particular |T^′(ρ̄)| ≤ C δ^3, and the second formula in Lemma 8 yields for i ≥ 1

|D^i[T^′(r(ρ̄))]| = | | ∑ 1≤k≤i, ⃗i=(i1,...,ik),|⃗i|=i, ∀1≤l≤k:il≥1 c_{k,⃗i} D^{k+1}T (r(ρ̄))(D^{i1} [r(ρ̄)]) ... (D^{ik} [r(ρ̄)]) | |

≤ C ∑ k δ^{3+2k} δ^{−2} ...δ^{−2} ≤ C δ^3 ,

i.e. |D^i[T^′(r(ρ̄))]| ≤ C δ^3 for i ≥ 0. Next, it follows from the second formula in Lemma 8, Lemma 4, and (49), that

|∂^i¯_θ ∂^j_{ρ̄} [∂_θ H_1(ωθ̄,r(ρ̄),τ )]| = ω^i |∂^j_{ρ̄} [∂^{i+1}_θ H_1(ωθ̄,r(ρ̄),τ )]| = ω^i | | ∑ 1≤k≤j, ⃗j=(j1,...,jk),|⃗j|=j, ∀1≤l≤k:jl≥1 c_{k,⃗j} (∂^k_r ∂^{i+1}_θ H_1(ωθ̄,r(ρ̄),τ ))(D^{j1} [r(ρ̄)]) ... (D^{jk} [r(ρ̄)]) | |

≤ C ∑ k r(ρ̄)^{12 −k} δ^{−2} ...δ^{−2} ≤ C δ^{−1} . Since the same reasoning applies to give |∂^i_{θ̄} ∂^j_{ρ̄} [∂_r H_1(ωθ̄,r(ρ̄),τ )]|≤ C δ, only the estimate for |∂^i_{θ̄} ∂^j_{ρ̄} f_2| is still to be verified. For that, we note that due to the above estimates and Leibniz’ rule

|∂^i¯_θ ∂^j_{ρ̄} [T^′(r(ρ̄))∂_θH_1(ωθ̄,r(ρ̄),τ )]| ≤ C j∑ k=0 |D^{j−k}[T^′(r(ρ̄))]||∂^i¯_θ ∂^k_{ρ̄} [∂_θ H_1(ωθ̄,r(ρ̄),τ )]| ≤ C ∑ k δ^3 δ^{−1} ≤ C δ^2 .

Taking into consideration that |∂^i_{θ̄} ∂^j_{ρ̄} f_2| has an extra δ^{−1} in comparison with the estimated expression, we obtain the claim. 2

Proof of Lemma 6 :

We make the ansatz, cf. [5, Lemma 4],

θ̄(τ ) = θ̄ + α 2π τ + δ̄ 2π ρ̄τ + δ̄εA(θ̄,ρ̄,τ ), ρ̄(τ ) = ρ̄+ δ̄εB(θ̄,ρ̄,τ ) (50) for the solution τ → (θ̄(τ ),ρ̄(τ )) of (29) with initial values (θ̄,ρ̄). Here A(θ̄,ρ̄,τ ) and B(θ̄,ρ̄,τ ) are suitable functions which are defined through (50). Since P̄_1(θ̄,ρ̄) = A(θ̄,ρ̄,2π) as well as

P̄_2(θ̄,ρ̄) = B(θ̄,ρ̄,2π), we need to estimate the derivatives of A and B. For that, we first remark that due to (29) δ̄A(θ̄,ρ̄,τ ) = δ̄2 2π ∫ τ 0 B(θ̄,ρ̄,s)ds + ∫ τ 0 f_1(θ̄(s),ρ̄(s),s)ds and (51) δ̄B(θ̄,ρ̄,τ ) = ∫ τ 0 f_2(θ̄(s),ρ̄(s),s)ds. (52) Inserting (50) for θ̄(s) and ρ̄(s), we have obtained a system of two integral equations for A and B, from which the desired estimates inductively can be derived as follows. If we let ‖B‖_N := sup_{0≤i+j≤N} |∂^i_{θ̄} ∂^j_{ρ̄} B|_∞, and analogously for A, then (52), (30) and cδ̄ ≤ δ ≤ Cδ̄ imply ‖B‖_0 ≤ C, hence (51) and (30) yield δ̄‖A‖_0 ≤ Cδ̄^2 + C δ̄, and therefore also ‖A‖_0 ≤ C. Now we assume that we already have shown ‖A‖_N + ‖B‖_N ≤ C for some N, and we fix indices i^∗, j^∗ with 1 ≤ i^∗ + j^∗ = N + 1. We have by (50) ∂¯_θ[θ̄(τ ;θ̄,ρ̄)] = 1 + δ̄ε(∂¯_θA), ∂¯_θ[ρ̄(τ ;θ̄,ρ̄)] = δ̄ε(∂¯_θB), (53) ∂_{ρ̄}[θ̄(τ ;θ̄,ρ̄)] =^{δ̄}_{2π} τ + δ̄ε(∂_{ρ̄}A), ∂_{ρ̄}[ρ̄(τ ;θ̄,ρ̄)] = 1 + δ̄ε(∂_{ρ̄}B), and (54) ∂^i_{θ̄} ∂^j_{ρ̄} [θ̄(τ ;θ̄,ρ̄)] = δ̄ε(∂^i_{θ̄} ∂^j_{ρ̄} A), ∂^i_{θ̄} ∂^j_{ρ̄} [ρ̄(τ ;θ̄,ρ̄)] = δ̄ε(∂^i_{θ̄} ∂^j_{ρ̄} B) (i + j ≥ 2), (55) hence in particular

|∂^i¯_θ ∂^j_{ρ̄} [θ̄(τ ;θ̄,ρ̄)]| + |∂^i¯_θ ∂^j_{ρ̄} [ρ̄(τ ;θ̄,ρ̄)]| ≤ C(1 + ‖A‖_{i+j} + ‖B‖_{i+j}) (i + j ≥ 1). (56) Let F denote f_1 or f_2. Then by the first formula in Lemma 8 |∂^{i∗}¯_θ ∂^{j∗}_{ρ̄} [F (θ̄(τ ),ρ̄(τ ),τ )]| ≤ |c_1 ∂¯_θF (θ̄(τ ),ρ̄(τ ),τ )∂^{i∗}¯_θ ∂^{j∗}_{ρ̄} [θ̄(τ )]|+ |c_2 ∂_{ρ̄}F (θ̄(τ ),ρ̄(τ ),τ )∂^{i∗}¯_θ ∂^{j∗}_{ρ̄} [ρ̄(τ )]| + | | ∑ (k,p)∈IN20:2≤k+p≤i∗+j∗, ⃗i=(i1,...,ik+p),|⃗i|=i∗, ⃗j=(j1,...,jk+p),|⃗j|=j∗

( c_{k,p,⃗i,⃗j} ∂^k¯_θ ∂^p_{ρ̄} F (θ̄(τ ),ρ̄(τ ),τ )(∂^{i1}_{θ̄} ∂^{j1}_{ρ̄} [θ̄(τ )]) ... (∂^{ik}_{θ̄} ∂^{jk}_{ρ̄} [θ̄(τ )])

× (∂^{ik+1}_{θ̄} ∂^{jk+1}_{ρ̄} [ρ̄(τ )]) ... (∂^{ik+p}_{θ̄} ∂^{jk+p}_{ρ̄} [ρ̄(τ )]) )| |. In the ∑ 2≤k+p≤i∗+j∗ (...), every non-zero term must have il + jl ≥ 1 for all 1 ≤ l ≤ k + p, by

Lemma 8. This implies i_l + j_l ≤ N, since i^∗ + j^∗ = N + 1, and hence i_l + j_l = N + 1 is impossible because both vectors ⃗i and ⃗j under consideration have k + p, thus at least 2, components. Therefore in every non-zero term in the above sum for all 1 ≤ l ≤ k, by (56) and by induction hypotheses, |∂^{il}_{θ̄} ∂^{jl}_{ρ̄} [θ̄(τ )]| ≤ C(1 + ‖A‖_{il+jl} + ‖B‖_{il+jl} ) ≤ C(1 + ‖A‖_N + ‖B‖_N ) ≤ C . Since analogously |∂^{il}_{θ̄} ∂^{jl}_{ρ̄} [ρ̄(τ )]| ≤ C for k + 1 ≤ l ≤ k + p, we obtain from (30) | ∑ 2≤k+p≤i∗+j∗ (...)| ≤ C δ̄, and consequently, again by (30), for F = f_1 or F = f_2 |∂^{i∗}¯_θ ∂^{j∗}_{ρ̄} [F (θ̄(τ ),ρ̄(τ ),τ )]|≤ Cδ̄(1 + |∂^{i∗}¯_θ ∂^{j∗}_{ρ̄} [θ̄(τ )]| + |∂^{i∗}¯_θ ∂^{j∗}_{ρ̄} [ρ̄(τ )]|).

Then it follows from (53), (54), (55), and taking also into account τ ∈ [0,2π] and w.l.o.g. ε ≤ 1, that in any case |∂^{i∗}¯_θ ∂^{j∗}_{ρ̄} [F (θ̄(τ ),ρ̄(τ ),τ )]|≤ Cδ̄ ( 1 + δ̄[|∂^{i∗}¯_θ ∂^{j∗}_{ρ̄} A|_∞ + |∂^{i∗}¯_θ ∂^{j∗}_{ρ̄} B|_∞ ] ) . (57)

This in turn implies by (52) |∂^{i∗}¯_θ ∂^{j∗}_{ρ̄} B|_∞ ≤ C ( 1 + δ̄[|∂^{i∗}¯_θ ∂^{j∗}_{ρ̄} A|_∞ + |∂^{i∗}¯_θ ∂^{j∗}_{ρ̄} B|_∞ ] ) , and thus |∂^{i∗}_{θ̄} ∂^{j∗}_{ρ̄} B|_∞ ≤ C (1 + δ̄ |∂^{i∗}_{θ̄} ∂^{j∗}_{ρ̄} A|_∞ ) if δ̄ is sufficiently small. Inserting this and (57) with F = f_1 in (51), we finally conclude that |∂^{i∗}_{θ̄} ∂^{j∗}_{ρ̄} A|_∞ + |∂^{i∗}_{θ̄} ∂^{j∗}_{ρ̄} B|_∞ ≤ C for sufficiently small δ̄, so that we have shown ‖A‖_{N +1} + ‖B‖_{N +1} ≤ C, and thus in particular the claim of the lemma. 2

Acknowledgement: J. You gratefully acknowledges support by the Alexander von Humboldt- Foundation.

References

[1] Abraham R. & Robbin J.: Transversal Mappings and Flows, W.A. Benjamin, New York 1967

[2] Alonso J.M. & Ortega R.: Unbounded solutions of semilinear equations at resonance, Nonlinearity 9, 1099-1111 (1996)

[3] Arnold V.I.: On the behaviour of an adiabatic invariant under a slow periodic variation of the Hamiltonian, translated in Sov. Math., Dold. 3, 136-140 (1962)

[4] Arnold V.I.: Mathematical Methods of Classical Mechanics, 2nd edition, Springer, Berlin-Heidelberg-New York-Tokyo 1989

[5] Dieckerhoff R. & Zehnder E.: Boundedness of solutions via the twist-theorem, Ann. Sc. Norm. Sup. Pisa 14, 79-95 (1987)

[6] Herman M.R.: Sur les Courbes Invariantes par les Difféomorphismes de l’Anneau, Astérisque 103-104, Soc. Math. de France, Paris 1982

[7] Kunze M.: Unbounded solutions in non-smooth dynamical systems at resonance, submitted to Proc. GAMM Conference 1997

[8] Laederich S. & Levi M.: Invariant curves and time-dependent potentials, Ergodic Th. Dynamical Systems 11, 365-378 (1991)

[9] Levi M.: Quasiperiodic motions in superquadratic time-periodic potentials, Comm. Math. Phys. 143, 43-83 (1991)

[10] Levi M.: On the Littlewood’s counterexample of unbounded motions in superquadratic potentials, in Dynamics Reported 1, Eds. Jones C., Kirchgraber U. & Walther H.O., pp. 113-124 (1992)

[11] Levi M. & You J.: Oscillatory escape in a duffing equation with polynomial potential, preprint 1996

[12] Littlewood J.: Unbounded solutions of an equation ÿ + g(y) = p(t) with p(t) periodic and bounded and g(y)/y → ∞ as y → ±∞, J. London Math. Soc. 41, 497-507 (1966)

[13] Littlewood J.: Some Problems in Real and Complex Analysis, Heath. Lexington, Massachusets 1968

[14] Morris G.R.: A case of boundedness in Littlewood’s problem on oscillatory differential equations, Bull. Austral. Math. Soc. 14, 71-93 (1976)

[15] Moser J.: On invariant curves of area preserving mappings of an annulus, Nachr. Akad. Wiss. Göttingen Math. Phys. Kl. II, 1-20 (1962)

[16] Moser J.: Quasi-periodic solutions of nonlinear elliptic partial differential equations, Boll. Soc. Bras. Math. 20, 29-45 (1989)

[17] Norris J.W.: Boundedness in periodically forced second order conservative systems, J. Lond. Math. Soc. 45, 97-112 (1992)

[18] Ortega R.: Asymmetric oscillators and twist mappings, J. London Math. Soc. 53, 325-342 (1996)