On the asymptotic behaviour of a one-dimensional, monocharged plasma and a rescaling method

Jürgen Batt Mathematisches Institut der Universität München Theresienstr. 39, 80333 München, Germany

Markus Kunze Mathematisches Institut der Universität Köln Weyertal 86, 50939 Köln, Germany

Gerhard Rein Mathematisches Institut der Universität München Theresienstr. 39, 80333 München, Germany

Abstract

We consider a one-dimensional, monocharged plasma as described by the Vlasov- Poisson system and investigate the behaviour of the solutions for large times. Using a rescaling method we are able to determine an explicit solution of the system which corresponds to a globally attractive steady state for the rescaled system. We investigate in which sense and at which rate the solutions of the rescaled system converge to this global attractor and interpret the results for the original system.

1 Introduction

Consider a large ensemble of particles which are all of the same charge and mass and interact by the electrostatic force field which they create collectively. If we neglect collisional as well as relativistic effects and restrict ourselves to a one-dimensional setting such a monocharged plasma is modelled by the following system of partial differential equations, known as the Vlasov-Poisson system: ∂_tf +v ∂_xf +E ∂_vf = 0, ∂_xE = ρ, ρ(t,x) = ∫ f(t,x,v)dv, t ≥ 0, x,v ∈ IR. Here t, x, and v denote time, position, and velocity, f = f(t,x,v) denotes the particle distribution function on phase space, ρ = ρ(t,x) is the spatial charge density, and E = E(t,x) the electric field.

0AMS subject classification: 35B40, 82D10, 35Q99

We need to supplement the Vlasov-Poisson system by an initial condition for f and a boundary condition for E: f(0) =^∘f

for_∘ f ∈ D := { g ∈ C^1(IR^2) | 0 ≤ g ≤^∘d, g(x,v) = 0 for |x| >^∘r or |v| >^∘u } ; ∘ d> 0,^∘r> 0,^∘u> 0 are arbitrary constants which we keep fixed throughout the rest of the paper. As boundary condition for E we request that E(t,−∞) = −E(t,∞), and if we denote by_∘ m:= ∫∫_∘ f(x,v)dv dx,^∘f ∈ D, the total charge of the system, this boundary condition for E implies that E(t,x) = − ∘m 2 + ∫ x −∞ ρ(t,y)dy, t ≥ 0, x ∈ IR, (1.1) which yields the a-priori-estimate − ∘m 2 ≤ E(t,x) ≤ ∘m 2 , t ≥ 0, x ∈ IR. (1.2)

In the investigation of the Vlasov-Poisson system much progress has been made concerning the question of global existence of classical solutions, and global existence is now known even for the much more difficult three-dimensional case, cf. [1, 6, 10, 12, 14, 16]. These results also give bounds on the possible growth of ρ and E with respect to the supremum norm, both for the plasma physics and the stellar dynamics cases. For the plasma physics case it can actually be shown that these quantities decay as t → ∞. Partial results in this direction were contained in [4, 5], and more recently decay of ‖ρ(t)‖_{5/3} and ‖E(t)‖_2 was established in [8, 11]. The latter results have been used to improve the bounds in the supremum norm for the plasma physics case, cf. [13].

The present paper is devoted to a more detailed investigation of the asymptotic behaviour of the solutions to the relatively simple form of the Vlasov-Poisson system presented above: We wish to determine explicitly the asymptotic profile of f, ρ, and E for large times.

In Section 2 we prove that ρ(t) is asymptotically O(t^{−1}) in the supremum norm. The remaining part of the paper is concerned with the application of the rescaling method outlined by J. R. Burgan, M. R. Feix, E. Fijalkow, and A. Munier in [2]. While rescaling methods are widely used in different areas of mathematical analysis, we do not know of any other application to the area of Vlasov-Poisson or related systems than the recent investigation [3], in which the asymptotic convergence of the solutions of the Vlasov-Fokker-Planck-Poisson system to an equilibrium state was shown.

We prove the conjecture stated in [2], that all solutions of the rescaled system tend to a steady state as a global attractor—this is the aim of Sections 3–5. We thoroughly investigate the kind of convergence and the convergence rates. Section 6 interprets the obtained results for the original system. The rescaling method yields a new explicit solution of the original system which is obtained by applying the inverse transformation to the global attractor of the rescaled system. We disprove the natural conjecture that this is a globally asymptotically stable solution of the original system, which shows that the rescaling method may change the stability of a solution.

Throughout the paper we use the following Convention on constants: Constants denoted by C depend only on the initial data set D, i. e., on the parameters^∘d,^∘r,^∘u, and may change from line to line.

2 L^∞-decay of the spatial density

The purpose of this section is to investigate the asymptotic behaviour of the solutions of the Vlasov-Poisson system directly, i. e., without referring to any rescaled system. We prove: Theorem 2.1 For every solution of the Vlasov-Poisson system with^∘f ∈ D the following estimate holds: ‖ρ(t)‖_∞ ≤ C 1+t , t ≥ 0. Proof : Let (X,V )(s,t,x,v) denote the solution of the characteristic system ẋ = v, v̇ = E(s,x) with initial condition (X,V )(t,t,x,v) = (x,v), t ≥ 0, x,v ∈ IR. It is well known that f(t,x,v) =^∘f((X,V )(0,t,x,v)), t ≥ 0, x,v ∈ IR, and thus ρ(t,x) = ∫_∘ f((X,V )(0,t,x,v))dv, t ≥ 0, x ∈ IR. (2.1) The idea of the proof is to estimate the derivative |∂_vX(0,t,x,v)|. To this end we define for fixed t,x,v, ξ(s) := ∂_vX(s,t,x,v), 0 ≤ s ≤ t. From the characteristic system we conclude that ξ̈ = g(s)ξ, ξ(t) = 0, ξ̇(t) = 1 with g(s) := ∂_xE(s,X(s,t,x,v)) = ρ(s,X(s,t,x,v)) ≥ 0; at this point the fact that the plasma is monocharged enters. Now choose a ∈ [0,t[ minimal with the property that ξ < 0 on the interval ]a,t[. Then ξ̈ ≤ 0 on ]a,t[, and therefore ξ̇ ≥ 1 on ]a,t], in particular, a = 0 and ξ < 0 on [0,t[. This in turn implies that ξ̇ ≥ 1 on [0,t] and ξ(s) = − ∫ t s ξ̇(τ)dτ ≤ −(t−s), 0 ≤ s ≤ t, in particular, ξ(0) ≤ −t so that |∂_vX(0,t,x,v)| ≥ t, t ≥ 0. The transformation of variables v → X = X(0,t,x,v) in (2.1) completes the proof. 2 Since ‖ρ(t)‖_1 =^∘m for all t ≥ 0 we obtain the following corollary by interpolation: Corollary 2.2 For every solution of the Vlasov-Poisson system with^∘f ∈ D the estimate ‖ρ(t)‖_p ≤ C(1+t)^{1p −1} holds for all t ≥ 0 and p ∈ [1,∞].

3 The rescaled Vlasov-Poisson system; bounds on the support of the solutions

We introduce the following scaled variables: τ = ln(1+t), ξ = x (1+t)^2 , η = v 1+t − 2x (1+t)^2 . The inverse transformation is given by t = e^τ −1, x = e^{2τ} ξ, v = e^τ η +2e^τ ξ, which implies | | | | ∂(x,v) ∂(ξ,η) | | | | = e^{3τ} . If we define f̃(τ,ξ,η) := (1+t)^3f(t,x,v), ρ̃(τ,ξ) := (1+t)^2ρ(t,x), Ẽ(τ,ξ) := E(t,x), then the Vlasov-Poisson system takes the form ∂_τ f̃ +η ∂_ξf̃ +∂_η((Ẽ −2ξ −3η)f̃) = 0, (3.1) ∂_ξẼ = ρ̃, ρ̃(τ,ξ) = ∫ f̃(τ,ξ,η)dη. (3.2) Note that the rescaled Vlasov equation contains a frictional term which will slow the particles down and an external force which will push them into a spatial interval centered at ξ = 0; this will be shown in this and the next section. We still have Ẽ(τ,−∞) = −Ẽ(τ,∞), and since ‖f̃(τ)‖_1 = ‖f(t)‖_1 = ‖^∘f‖_1 =^∘m we retain (1.1) and (1.2) for the new system.

We denote by (Ξ,H)(σ,τ,ξ,η) the solution of the characteristic system ξ̇ = η, η̇ = Ẽ(σ,ξ)−2ξ −3η with initial condition (Ξ,H)(τ,τ,ξ,η) = (ξ,η), τ ≥ 0, ξ,η ∈ IR. Then f̃(τ,ξ,η) = e^{3τ} ~^∘f ((Ξ,H)(0,τ,ξ,η)), in particular, suppf̃(τ) = (Ξ,H) ( τ,0,supp ~^∘ f ) , (3.3) where we define ~^∘ f (ξ,η) :=^∘f(ξ,2ξ +η) for^∘f ∈ D. Using this information we can prove the following estimate on the support of f̃(τ):

Lemma 3.1 For every solution f̃ of the rescaled Vlasov-Poisson system with^∘f ∈ D we have suppf̃(τ) ⊂ [−b(τ),b(τ)]×IR, τ ≥ 0, where b(τ) := ∘m 4 +^∘Ce^{−τ} and_∘ C := sup { max(|2ξ +η|,|ξ +η|)| (ξ,η) ∈ supp ~^∘ f } . Proof : Let (ξ(τ),η(τ)) denote a solution of the characteristic system and let

h(τ) := Ẽ(τ,ξ(τ)) (3.4)

so that − ∘m 2 ≤ h ≤ ∘m 2 . The characteristic system can then be rewritten in the form d dτ ( ξ η ) = ( 0 1 −2 −3 )( ξ η ) + ( 0 h(τ) ) . We solve this linear, inhomogeneous system and obtain the following formula for ξ(τ) in terms of the function h:

ξ(τ) = c_1e^{−τ} +c_2e^{−2τ} + ∫ τ 0 ( e^{σ−τ} −e^{2(σ−τ)} ) h(σ)dσ where c_1 = 2ξ(0)+η(0), c_2 = −ξ(0)−η(0).

If (ξ(0),η(0)) ∈ supp ~^∘ f then |ξ(τ)| ≤^∘Ce^{−τ} + ∘m 2 ∫ τ 0 ( e^{σ−τ} −e^{2(σ−τ)} ) dσ =^∘Ce^{−τ} + ∘m 2 ( 1 2 −e^{−τ} + 1 2 e^{−2τ} )

≤ ∘m 4 +^∘Ce^{−τ} , and the assertion follows. 2

4 Exponential decay of energy-type quantities

For a solution f̃ of the rescaled Vlasov-Poisson system we define

E_{kin}(τ) := ∫∫ η^2f̃(τ,ξ,η)dη dξ (4.1) and E_{pot}(τ) := ∫ b(τ) −b(τ) (Ẽ(τ,ξ)−2ξ)^2dξ, (4.2) where b(τ) is defined in Lemma 3.1. The purpose of the present section is to show that these quantities decay exponentially fast in rescaled time. From a physics point of view this is a consequence of the frictional term and the external force in the rescaled Vlasov equation. As a first step we derive a system of differential equations for these quantities which is set up in such a way that the inhomogeneities either have a definite sign or decay exponentially fast.

Lemma 4.1 For every solution f̃ of the rescaled Vlasov-Poisson system the following identities hold:

Ė_{kin} = −6E_{kin} −Ė_{pot} +R_1(τ), Ë_{pot} = −3Ė_{pot} −4E_{pot} +4E_{kin} +3R_1(τ)+Ṙ_1(τ)+R_2(τ)+R_3(τ) where R_1(τ) := 1 2 (^∘m−4b(τ))^2ḃ(τ),

R_2(τ) := 2 ∫ b(τ) −b(τ) (Ẽ(τ,ξ)−2ξ)^2(2−ρ̃(τ,ξ))dξ, R_3(τ) := 2 ∫ ( j̃^2(τ,ξ)−ρ̃(τ,ξ) ∫ η^2f̃(τ,ξ,η)dη ) dξ, and j̃(τ,ξ) := ∫ η f̃(τ,ξ,η)dη. Proof : Using the rescaled Vlasov equation we have Ė_{kin} = ∫∫ η^2 ( −η ∂_ξf̃ −∂_η((Ẽ −2ξ −3η)f̃) ) dη dξ = 2 ∫ (Ẽ −2ξ) ∫ η f̃ dη dξ −6 ∫∫ η^2f̃ dη dξ = 2 ∫ (Ẽ −2ξ)j̃dξ −6E_{kin} . (4.3) Integrating the rescaled Vlasov equation with respect to η yields the conservation law ∂_τ ρ̃+∂_ξj̃ = 0, so that by (1.1) ∂_τ Ẽ(τ,ξ) = ∫ ξ −∞ ∂_τ ρ̃(τ,ζ)dζ = − ∫ ξ −∞ ∂_ζj̃(τ,ζ)dζ = −j̃(τ,ξ), and Ė_{pot} = (Ẽ −2ξ)^2 | | | ξ=b(τ) ḃ(τ)− (Ẽ −2ξ)^2 | | | ξ=−b(τ) (− ḃ(τ)) +2 ∫ b(τ) −b(τ) (Ẽ −2ξ)∂_τ Ẽ dξ = R_1(τ)−2 ∫ (Ẽ −2ξ)j̃dξ; (4.4) note that Ẽ(τ,±b(τ)) = ±^∘m/2. By adding (4.3) and (4.4) we obtain the first assertion of the lemma. Differentiating (4.4) again we have

Ë_{pot} = Ṙ_1 +2 ∫ j̃^2dξ −2 ∫ (Ẽ −2ξ)∂_τ j̃dξ. The rescaled Vlasov equation yields ∂_τ j̃ = − ∫ η ( η ∂_ξf̃ +∂_η((Ẽ −2ξ −3η)f̃) ) dη = −∂_ξ ∫ η^2f̃ dη + ∫ (Ẽ −2ξ −3η)f̃ dη = −∂_ξ ∫ η^2f̃ dη +(Ẽ −2ξ)ρ̃ −3j̃, so that

Ë_{pot} = Ṙ_1 +2 ∫ j̃^2dξ +2 ∫ (Ẽ −2ξ)∂_ξ ∫ η^2f̃ dη dξ −2 ∫ (Ẽ −2ξ)^2ρ̃dξ +6 ∫ (Ẽ −2ξ)j̃dξ = Ṙ_1 +2 ∫ j̃^2dξ −2 ∫ ρ̃ ∫ η^2f̃ dη dξ +4E_{kin} −2 ∫ (Ẽ −2ξ)^2ρ̃dξ +3R_1(τ)−3Ė_{pot},

and the proof is complete. 2 Next we establish some estimates on the quantities R_1, R_2, R_3 introduced above.

Lemma 4.2 Let f̃ be a solution of the rescaled Vlasov-Poisson system with^∘f ∈ D and let R_1, R_2, and R_3 be defined as in Lemma 4.1. Then the estimates |R_1(τ)|+|Ṙ_1(τ)|+|R_2(τ)| ≤ Ce^{−3τ} , and R_3(τ) ≤ 0

hold for τ ≥ 0.

Proof : The estimates for R_1 and Ṙ_1 follow immediately from the definitions of R_1 and b, cf. Lemma 3.1. Next observe that

|R_2(τ)| = | | | | |2 ∫ b(τ) −b(τ) (Ẽ −2ξ)^2(ρ̃−2)dξ | | | | | = | | | | |2 ∫ b(τ) −b(τ) (Ẽ −2ξ)^2∂_ξ(Ẽ −2ξ)dξ | | | | | = 2 3 | | | | ∫ b(τ) −b(τ) ∂_ξ(Ẽ −2ξ)^3dξ | | | | ≤ 2 3 | | | (Ẽ −2ξ)^3 | | | ξ=b(τ) | | | + 2 3 | | |(Ẽ −2ξ)^3 | | | ξ=−b(τ) | | | = 4 3 ( 2b(τ)− ∘m 2 )3 ≤ Ce^{−3τ} .

Finally the Cauchy-Schwarz inequality implies that |j̃(τ,ξ)| ≤ ∫ |η|f̃(τ,ξ,η)dη ≤ (∫ η^2f̃(τ,ξ,η)dη )1/2 (∫ f̃(τ,ξ,η)dη )1/2 , whence R_3 ≤ 0, and the proof is complete. 2 Combining the estimates in the previous lemma with the differential equations in Lemma 4.1 we are now able to establish the desired exponential decay of E_{kin} and E_{pot}. Lemma 4.3 For every solution f̃ of the rescaled Vlasov-Poisson system with^∘f ∈ D the estimate E_{kin}(τ)+E_{pot}(τ) ≤ Ce^{−2τ} holds for all τ ≥ 0.

Proof : By Lemma 4.1 the triple Z := (E_{pot},Ė_{pot},E_{kin}) satisfies an inhomogeneous linear system of differential equations of the form Ż = AZ +W (τ) where A = 0 1 0 −4 −3 4 0 −1 −6 and W (τ) = ( 0, 3R_1(τ)+Ṙ_1(τ)+R_2(τ)+R_3(τ), R_1(τ) ) . Thus Z(τ) = X(τ)Z_0 + ∫ τ 0 X(τ −σ)W (σ)dσ , where X(τ) is the solution of Ẋ = AX, X(0) = id and Z_0 is determined by ~^∘ f . We are only interested in the first component of Z, and observing that the eigenvalues of the matrix A are −2,−3,−4 we obtain E_{pot}(τ) = c_1e^{−2τ} +c_2e^{−3τ} +c_3e^{−4τ} + ∫ τ 0 ( 2e^{−2(τ−σ)} −3e^{−3(τ−σ)} +e^{−4(τ−σ)} ) ( 3R_1(σ)+Ṙ_1(σ)+R_2(σ)+R_3(σ) ) dσ + ∫ τ 0 ( 2e^{−2(τ−σ)} −4e^{−3(τ−σ)} +2e^{−4(τ−σ)} ) R_1(σ)dσ ≤ C e^{−2τ} +C ∫ τ 0 e^{−2(τ−σ)}e^{−3σ}dσ ≤ C e^{−2τ} . Here we have used the estimates from Lemma 4.2; note that with e^τ = 1+ϑ where ϑ ≥ 0 for τ ≥ 0 we have 2e^{−2τ} −3e^{−3τ} +e^{−4τ} = ϑ(1+2ϑ) (1+ϑ)^4 ≥ 0, so that the product of this term with R_3 in the above estimate can be dropped. Therefore, the estimate for E_{pot} is established. Integrating the differential equation for E_{kin} in Lemma 4.1 we obtain E_{kin}(τ) = E_{kin}(0)e^{−6τ} + ∫ τ 0 e^{−6(τ−σ)} ( R_1(σ)−Ė_{pot}(σ) ) dσ = (E_{kin}(0)+E_{pot}(0))e^{−6τ} −E_{pot}(τ) + ∫ τ 0 e^{−6(τ−σ)}(R_1(σ)+6E_{pot}(σ))dσ ≤ C e^{−6τ} +C ∫ τ 0 e^{−6(τ−σ)} ( e^{−3σ} +e^{−2σ} ) dσ ≤ C e^{−2τ} , and the proof is complete. 2 As an obvious corollary of the decay of the kinetic energy and the conservation of ‖f̃(τ)‖_1 we obtain by the Cauchy-Schwarz inequality:

Corollary 4.4 For every solution f̃ of the rescaled Vlasov-Poisson system with^∘f ∈ D, ∫∫ |η|f̃(τ,ξ,η)dη dξ ≤ C e^{−τ} , τ ≥ 0. 5 The asymptotic behaviour of the rescaled system

Intuitively, we may interpret Lemma 3.1 and the estimates for E_{kin}(τ) and E_{pot}(τ) in Lemma 4.3 as saying that the final state of the evolution governed by the rescaled system is given by f̃_∞(ξ,η) := 2χ_{[− ∘m/4, ∘m/4]}(ξ)δ(η), ρ̃_∞(ξ) := 2χ_{[−} ∘_{m/4,} ∘_{m/4]}(ξ),

Ẽ_∞(ξ) := −^∘m/2 , x ≤ −^∘m/4, 2ξ , −^∘m/4 ≤ ξ ≤^∘m/4, ∘m/2 , ξ ≥^∘m/4. Here χ_M denotes the characteristic function of the set M, and δ is the Dirac measure centered at η = 0. This triple is a measure solution of the rescaled system: the equations (3.2) are satisfied classically—the first one with the exception of ξ = ±^∘m/4, where Ẽ_∞ is not differentiable—whereas (3.1) is satisfied in the sense that for all φ ∈ C^1(IR^2), ∫∫ ( η∂_ξφ(ξ,η)+(Ẽ_∞(ξ)−2ξ −3η)∂_ηφ(ξ,η) ) f̃_∞(ξ,η)dη dξ = 2 ∫^∘m/4 −^∘m/4 ( η∂_ξφ(ξ,η)+(Ẽ_∞(ξ)−2ξ −3η)∂_ηφ(ξ,η) )| | η=0dξ = 0. In particular, f̃_∞ is a distributional solution of (3.1), and the points in suppf̃_∞ = [−^∘m/4,^∘m/4]×0 are all stationary with respect to the flow induced by the characteristic system of (3.1).

The following theorem and its corollaries show that (f̃_∞,ρ̃_∞,Ẽ_∞) is indeed a global

attractor for the rescaled system, and we investigate in which sense and at which rate

(f̃(τ),ρ̃(τ),Ẽ(τ)) tends to (f̃_∞,ρ̃_∞,Ẽ_∞) as τ → ∞; ‖·‖_p denotes the norm in L^p(IR) or L^p(IR^2)

respectively for p ∈ [1,∞].

Theorem 5.1 Let f̃ be a solution of the rescaled Vlasov-Poisson system with^∘f ∈ D.

(a) For τ ≥ 0, ‖Ẽ(τ)−Ẽ_∞‖_2 ≤ Ce^{−τ} . (b) For all φ ∈ C^1(IR) such that the norms appearing below are finite and for all τ ≥ 0, | | | | ∫ (ρ̃(τ,ξ)−ρ̃_∞(ξ))φ(ξ)dξ | | | | ≤ C ‖φ^′‖_2e^{−τ} , and | | | ∫ (ρ̃(τ,ξ)−ρ̃_∞(ξ))φ(ξ)dξ | | | ≤ C ‖φ^′‖_∞e^{−τ} . (c) For all φ ∈ C^1(IR^2) such that the norms appearing below are finite and for all τ ≥ 0, | | | | | ∫∫ f̃(τ,ξ,η)φ(ξ,η)dη dξ −2 ∫^∘m/4 −^∘m/4 φ(ξ,0)dξ | | | | | ≤ C ‖∂_{(ξ,η)}φ‖_∞e^{−τ} . Proof : To derive (a) from Lemma 4.3 we use the estimate ∫ b(τ) −b(τ) (Ẽ_∞(ξ)−2ξ)^2 dξ ≤ 8 3 ∘ C^3e^{−3τ} .

Using Lemma 3.1 and integration by parts we obtain for all φ ∈ C^1(IR), | | | | ∫ (ρ̃(τ,ξ)−ρ̃_∞(ξ) ) φ(ξ)dξ | | | | = | | | | ∫ ∂_ξ(Ẽ(τ,ξ)−Ẽ_∞(ξ))φ(ξ)dξ | | | | = | | | ∫ (Ẽ(τ,ξ)−Ẽ_∞(ξ))φ^′(ξ)dξ | | | ≤ ‖Ẽ(τ)−Ẽ_∞‖_2‖φ^′‖_2 ≤ Ce^{−τ} ‖φ^′‖_2 cf. Lemma 4.3. This proves the first estimate in (b). The second estimate in (b) is obtained

if instead of using the Cauchy-Schwarz inequality one takes ‖φ^′‖_∞ out of the integral above

and uses the fact that ‖Ẽ(τ)−Ẽ_∞‖_1 can be estimated by the L^2-norm of Ẽ(τ)−Ẽ_∞, since

by Lemma 3.1 this difference has compact support, uniformly in τ. As to (c), we have | | | | | ∫∫ f̃(τ,ξ,η)φ(ξ,η)dη dξ −2 ∫^∘m/4 −^∘m/4 φ(ξ,0)dξ | | | | | ≤ ∫∫ f̃(τ,ξ,η)|φ(ξ,η)−φ(ξ,0)|dη dξ + | | | | ∫ ρ̃(τ,ξ)φ(ξ,0)dξ −2 ∫^∘m/4 −^∘m/4 φ(ξ,0)dξ | | | | ≤ ‖∂_ηφ‖_∞ ∫∫ |η|f̃(τ,ξ,η)dη dξ +C ‖∂_ξφ(·,0)‖_∞ e^{−τ} ≤ C ( ‖∂_ξφ(·,0)‖_∞ +‖∂_ηφ‖_∞ ) e^{−τ} for every φ ∈ C^1(IR^2) by Corollary 4.4. 2 There are now various possible topologies in which to express the convergence result contained in parts (b) and (c) of the theorem above, and we give three such possibilities. Using the fact that the continuously differentiable functions are dense in W^1_2 (IR^n) and W^1_∞(IR^n) (n = 1,2) we get as a first possibility

Corollary 5.2 Under the above assumptions on f̃ the estimates

‖ρ̃(τ)−ρ̃_∞‖_W 1_{2 (IR)}′ ≤ C e^{−τ} , ‖ρ̃(τ)−ρ̃_∞‖_W 1_{∞(IR)}′ ≤ C e^{−τ} , and ‖f̃(τ)−f̃_∞‖_W 1_{∞(IR}2_)′ ≤ C e^{−τ} , hold for all τ ≥ 0.

Next, if we consider the metric d on the space M_0(IR^n) of positive measures with total mass ∘m (n = 1,2), which is given by the so-called bounded Lipschitz distance

d(μ,ν) := sup {| | ∫ φdμ− ∫ φdν | | | φ ∈ B(IR^n) } , where B(IR^n) := { φ : IR^n → [0,1] | |φ(x)−φ(y)| ≤ |x−y|, x,y ∈ IR^n } , we obtain

Corollary 5.3 Under the above assumptions on f̃ the estimate d(ρ̃(τ),ρ̃_∞)+d(f̃(τ),f̃_∞) ≤ C e^{−τ} holds for all τ ≥ 0.

Let C_b(IR^n) denote the space of bounded continuous functions on IR^n with the supremum norm and C^1_b (IR^n) the space of continuously differentiable functions which are bounded together with their first order derivatives. In our third corollary to Theorem 5.1 we consider M_0(IR^n) as a subset of the dual space of C_b(IR^n) (n = 1,2):

Corollary 5.4 Under the above assumptions on f̃, ρ̃(τ) → ρ̃_∞, f̃(τ) → f̃_∞ for τ → ∞ in the weak^∗-topology on M_0(IR) or M_0(IR^2), respectively.

Proof : For φ ∈ C_b(IR) there exists ψ ∈ C^1_b (IR) such that ‖φ−ψ‖_∞ is arbitrarily small. From Theorem 5.1 (b) we obtain the estimate | | | ∫ (ρ̃(τ)−ρ̃_∞)φ | | | ≤ | | | ∫ (ρ̃(τ)−ρ̃_∞)ψ | | | + | | | ∫ (ρ̃(τ)−ρ̃_∞)(ψ −φ) | | | ≤ C ‖ψ^′‖_∞e^{−τ} +2^∘m‖φ−ψ‖_∞, and this implies the assertion for ρ̃. The proof for f̃ is completely analogous. 2 Note that this result does not give an estimate for the rate of convergence, but it has the advantage that the test functions which are used need not be differentiable or Lipschitz.

6 The asymptotic behaviour of the original system

In this final section we exploit the asymptotic estimates obtained for the rescaled system

to describe the asymptotic behaviour of the original Vlasov-Poisson system. As a direct

consequence of Theorem 5.1 and its corollaries we obtain the following two results:

Theorem 6.1 Let f be a solution of the Vlasov-Poisson system with^∘f ∈ D.

(a) For every t ≥ 0: ‖E(t,(1+t)^2x)−Ẽ_∞‖_2 ≤ C 1+t . (b) For all φ ∈ C^1(IR) such that the norms appearing below are finite and for all t ≥ 0, | | | | ∫ (1+t)^2ρ(t,(1+t)^2x)φ(x)dx−2 ∫^∘m/4 −^∘m/4 φ(x)dx | | | | ≤ C ‖φ^′‖_2 1 1+t , and | | | | ∫ (1+t)^2ρ(t,(1+t)^2x)φ(x)dx−2 ∫^∘m/4 −^∘m/4 φ(x)dx | | | | ≤ C ‖φ^′‖_∞ 1 1+t . (c) For all φ ∈ C^1(IR^2) such that the norms appearing below are finite and for all t ≥ 0, | | | | | ∫∫ (1+t)^3f(t,(1+t)^2x,(1+t)v)φ(x,v)dv dx−2 ∫^∘m/4 −^∘m/4 φ(x,2x)dx | | | | | ≤ C ‖∂_{(x,v)}φ‖_∞ 1 1+t . Proof : The assertions in (a) and (b) follow directly from the corresponding assertions in

Theorem 5.1. As to (c), we have by definition of the rescaling transformation | | | | | ∫∫ (1+t)^3f(t,(1+t)^2ξ,(1+t)η +2(1+t)ξ)φ(ξ,η)dη dξ −2 ∫^∘m/4 −^∘m/4 φ(ξ,0)dξ | | | | | ≤ C ‖∂_{(ξ,η)}φ‖_∞ 1 1+t . With x = ξ, v = 2ξ +η, and ψ(x,v) = φ(x,v −2x) this estimate can be rewritten as | | | | | ∫∫ (1+t)^3f(t,(1+t)^2x,(1+t)v)ψ(x,v)dv dx−2 ∫^∘m/4 −^∘m/4 ψ(x,2x)dx | | | | | ≤ C ‖∂_{(x,v)}φ‖_∞ 1 1+t , and since the mapping φ → ψ is bijective on C^1(IR^2) with ‖∂_{(x,v)}φ‖_∞ ≤ 2‖∂_{(x,v)}ψ‖_∞ the as-

sertion in (c) follows. 2

Corollary 6.2 Let f be a solution of the Vlasov-Poisson system^∘f ∈ D. Then the estimates ‖ ‖ ‖(1+t)^2ρ(t,(1+t)^2·)−2χ_{[−} ∘_{m/4,} ∘_{m/4]} ‖ ‖ ‖ W 12 (IR)^′ ≤ C 1+t ,

‖ ‖(1+t)^2ρ(t,(1+t)^2·)−2χ_{[−} ∘_{m/4,} ∘_{m/4]} ‖ ‖ W 1_∞(IR)^′ ≤ C 1+t , ‖ ‖ ‖(1+t)^3f(t,(1+t)^2·,(1+t)·)−2χ_{[−} ∘_{m/4,} ∘_{m/4]}δ(v −2x) ‖ ‖ ‖ W 1_∞(IR)^′ ≤ C 1+t , d ( (1+t)^2ρ(t,(1+t)^2·),2χ_{[−} ∘_{m/4,} ∘_{m/4]} ) ≤ C 1+t , and d ( (1+t)^3f(t,(1+t)^2·,(1+t)·),2χ_{[−} ∘_{m/4,} ∘_{m/4]}δ(v −2x) ) ≤ C 1+t hold for all t ≥ 0. Moreover,

(1+t)^2ρ(t,(1+t)^2·) → 2χ_{[−} ∘_{m/4,} ∘_{m/4]} and (1+t)^3f(t,(1+t)^2x,(1+t)v) → 2χ_{[−} ∘_{m/4,} ∘_{m/4]}δ(v −2x)

for t → ∞ in the weak^∗-topology on M_0(IR) or M_0(IR^2), respectively.

We note that the direct translation of the results of the previous section gives us the asymptotic behaviour for f, ρ, and E in substituted variables. The attempt to deduce asymptotic results for f, ρ, and E in the original variables fails. For example, if we substitute y := (1+t)^2x and ψ(y) := φ(y/(1+t)^2) in the first estimate of Theorem 6.1 (b) we get | | | | | ∫ ρ(t,y)ψ(y)dy − 2 (1+t)^2

∫^∘m(1+t)2/4

−^∘m(1+t)2/4 ψ(y)dy | | | | | ≤ C ‖ψ^′‖_2. This observation leads to the conjecture that the triple t → (f_∞(t),ρ_∞(t),E_∞(t)), which corresponds to the attractor (f̃_∞,ρ̃_∞,Ẽ_∞) in the rescaled system, might not be globally asymptotically stable. In the subsequent part of this section we calculate (f_∞(t),ρ_∞(t),E_∞(t)) explicitly, show that this triple is a solution of the original system in a well defined sense, and prove that for T > 0, f_∞(t+T )−f_∞(t) and E_∞(t+T )−E_∞(t) do not tend to zero for t → ∞; note that since the Vlasov-Poisson system is autonomous, we obtain another solution by shifting the solution (f_∞,ρ_∞,E_∞) in time.

Since η = 0 ⇔ v = 2x/(1+t) we get f_∞(t,x,v) = 2 (1+t)^2 χ_{[−} ∘_{m(1+t)}2_{/4,} ∘_{m(1+t)}2_{/4]}(x)δ ( v − 2x 1+t ) , ρ_∞(t,x) = 2 (1+t)^2 χ_{[−} ∘_{m(1+t)}2_{/4,} ∘_{m(1+t)}2_{/4]}(x),

E_∞(t,x) = −^∘m/2 , x ≤ −^∘m(1+t)^2/4, 2x/(1+t)^2 , −^∘m(1+t)^2/4 ≤ x ≤^∘m(1+t)^2/4, ∘m/2 , x ≥^∘m(1+t)^2/4. Denote by μ_t the positive measure on IR^2 associated to f_∞(t). Now E_∞ is uniformly Lipschitz, in particular E_∞(t) is absolutely continuous, and E_∞ and ρ_∞ satisfy Poisson’s equation a. e. The characteristic system ẋ = v, v̇ = E_∞(t,x) is classically uniquely solvable for given initial data, and the measure μ_t satisfies Vlasov’s equation in the sense that it is invariant under the induced flow: Let M ⊂ IR^2 be measurable. Then

μ_t(M) = 2 (1+t)^2 vol { x ∈ [−^∘m(1+t)^2/4,^∘m(1+t)^2/4] | (x,2x/(1+t)) ∈ M }

whereas μ_0((X,V )(0,t,M)) = 2vol {x ∈ [−^∘m/4,^∘m/4] | (x,2x) ∈ (X,V )(0,t,M)} = 2vol {x ∈ [−^∘m/4,^∘m/4] | (X,V )(t,0,x,2x) ∈ M} = 2vol { x ∈ [−^∘m/4,^∘m/4] | ((1+t)^2x,2(1+t)x) ∈ M } = 2vol { y/(1+t)^2 ∈ [−^∘m/4,^∘m/4] | (y,2y/(1+t)) ∈ M } = μ_t(M);

one can immediately verify that for x ∈ [−^∘m/4,^∘m/4], (X,V )(t,0,x,2x) = ((1+t)^2x,2(1+t)x). Finally, the measure μ_t induces, through integration with respect to v, a measure on IR with density ρ_∞.

Therefore, (f_∞,ρ_∞,E_∞) is indeed a solution of the Vlasov-Poisson system, which is of a very special structure, namely it is a fluid solution with pressure zero. By this we mean that if we define the velocity field u_∞ by u_∞(t,x) := 2x 1+t so that ρ_∞(t,x)u_∞(t,x) = ∫ v f_∞(t,x,v)dv then the triple (ρ_∞,u_∞,E_∞) satisfies the Euler-Poisson system with pressure zero ∂_tρ+∂_x(uρ) = 0, ∂_tu+u∂_xu = E, ∂_xE = ρ in a corresponding sense. For further information on the Euler-Poisson system with pressure zero and on its relation to the Vlasov-Poisson system we refer to [15].

Now we show that t → (f_∞(t),ρ_∞(t),E_∞(t)) is not globally asymptotically stable:

Proposition 6.3 Let T > 0. Then

(a) ‖E_∞(t+T )−E_∞(t)‖_2 ≥ C

T^2 (1+T )^4 , t ≥ 0, (b) ∃φ ∈ C^1_b (IR^2) : ⟨f_∞(t+T )−f_∞(t),φ⟩ ↛ 0, t → ∞. Proof : As to (a), we have the estimate

‖E_∞(t+T )−E_∞(t)‖^2 ≥ 2

∫^∘m(1+t)2/4 0 ( 2x (1+t)^2 − 2x (1+t+T )^2 )2 dx = 8 ( 1 (1+t)^2 − 1 (1+t+T )^2 )2 x^3 3 | | | ∘m(1+t)2/4 0 = C(1+t)^6 ( 2T (1+t)+T^2 (1+t)^2(1+t+T )^2 )2

≥ C T^2 (1+T )^4 , t ≥ 0. Next we prove (b). Beginning with t_1 := 1 we inductively define a sequence t_n ↗ ∞ with the property 1+ ∘m 4 (1+t_{n−1} +T )^2 ≤ ∘m 12 (1+t_n)^2, n = 2,3,.... For t ≥ 0 define the interval I(t) := [0,^∘m(1+t)^2/4].

Then I(t_{n−1}) ⊂ I(t_{n−1} +T ) ⊂ 1 3 I(t_n), n = 2,3,..., and with respect to the Euclidean distance dist in IR^2 the vertical strips

I(t_{n−1} +T )×IR and ( I(t_n)\ 1 3 I(t_n) ) ×IR have distance greater or equal to 1. The support of f_∞(t) is the straight line between the points ± (_∘ m 4 (1+t)^2, ∘m 2 (1+t) )

in the (x,v)-plane. Hence, for x ∈ I(t_n)\^1_3 I(t_n), u_∞(t_n,x)−u_∞(t_n +T,x) = 2x ( 1 1+t_n − 1 1+t_n +T )

≥ 2 ∘m 12 (1+t_n)^2 ( 1 1+t_n − 1 1+t_n +T )

= ∘m 6 T 1+t_n 1+t_n +T → ∘m 6 T, n → ∞.

Since the slopes ∂u_∞ ∂x (t_n,x) = 2 1+t_n > 2 1+t_n +T = ∂u_∞ ∂x (t_n +T,x) tend to zero we may assume that

dist ( suppf_∞(t_n) ∩ [( I(t_n)\ 1 3 I(t_n) ) ×IR ] , suppf_∞(t_n +T )∩ [( I(t_n +T )\ 1 3 I(t_n) ) ×IR ])

≥ ∘m 12 T > 0, n ∈ IN. Therefore, there exists a nonnegative function φ ∈ C^1_b (IR^2) with ‖φ‖_∞ = 1 and

φ = 0 on suppf_∞(t_n)∩ [( I(t_n)\^1_3 I(t_n) ) ×IR ] φ = 0 on ]−∞,0]×IR φ = 1 on suppf_∞(t_n +T )∩ [( I(t_n +T )\^1_3 I(t_n) ) ×IR ] for every n ∈ IN. This implies that for n ∈ IN, ∫∫ ( f_∞(t_n +T,x,v)−f_∞(t_n,x,v) ) φ(x,v)dv dx = ∫ I(tn+T ) 2 (1+t_n +T )^2 φ(x,u_∞(t_n +T,x))dx − ∫ I(tn) 2 (1+t_n)^2 φ(x,u_∞(t_n,x))dx = 2 (1+t_n +T )^2 (∫ I(tn+T )\ 13 I(tn) + ∫ 1 3 I(tn) ) φ(x,u_∞(t_n +T,x))dx − 2 (1+t_n)^2 (∫ I(tn)\ 13 I(tn) + ∫ 1 3 I(tn) ) φ(x,u_∞(t_n,x))dx ≥ 2 (1+t_n +T )^2 ∫ I(tn+T )\ 13 I(tn) dx− 2 (1+t_n)^2 ∫ 1 3 I(tn) dx ≥ 2 (1+t_n +T )^2 2 3 ∘m 4 (1+t_n +T )^2 − 2 (1+t_n)^2 1 3 ∘m 4 (1+t_n)^2 = ∘m 6 > 0, and the proof is complete. 2 The omission of ρ_∞ in the proposition above is not accidental: it is easily seen that ‖ρ_∞(t+T )−ρ_∞(t)‖_p → 0, t → ∞ for any p ∈ [1,∞].

To conclude our investigation we remark that besides (f_∞,ρ_∞,E_∞) there exists another family of explicit solutions, which are constructed in [7] by a method going back to Kurth [9], namely f_K (t,x,v) := ∘m 2π ( 1−(x/r(t))^2 −(r(t)v −ṙ(t)x)^2 )−1/2 +

ρ_K (t,x) := ∘m 2r(t) χ_{[−r(t),r(t)]}(x),

E_K(t,x) := ∘m 2 −1 , x ≤ −r(t), x/r(t) , −r(t) ≤ x ≤ r(t), 1 , x ≥ r(t), where (·)_+ denotes the positive part of the argument and r : [0,∞[→]0,∞[ is any solution of the differential equation r̈ = 1 r^3 + ∘m 2 (6.1)

with initial data r(0) > 0 and ṙ(0) ∈ IR. With respect to Theorem 2.1 we note that all these solutions satisfy the estimates ‖ρ_∞(t)‖_∞, ‖ρ_K(t)‖_∞ ≤ C (1+t)^2 , t ≥ 0. The latter estimate follows from the fact that for every solution of (6.1) with initial data as stated the energy 1 2 ṙ^2 + 1 2r^2 − ∘m 2 r is conserved. This implies that r(t) ≥ C > 0 for t ≥ 0, therefore by (6.1) r(t) ≥ C(1+t)^2 for t ≥ 0 and | | | |r̈(t)− ∘m 2 | | | | ≤ C (1+t)^6 which shows that there exists a constant C > 0 such that | | | |r(t)− ∘m 4 t^2 | | | | ≤ C(1+t), t ≥ 0. This estimate implies that ‖ρ_K (t)−ρ_∞(t)‖_p → 0, t → ∞ for any p ∈ [1,∞]. It remains an open question whether for every solution (f,ρ,E) one has ρ(t)−ρ_∞(t) → 0 as t → ∞. The fact that this convergence holds in the supremum norm by Theorem 2.1 can obviously not be considered as an adequate answer to this question. Given the asymptotic estimates for the explicit examples above a further open problem is whether the estimate for ‖ρ(t)‖_∞ in Theorem 2.1 can be improved in general.

Acknowledgement: J. B. and G. R. want to thank Prof. J. L. Vázquez for an illuminating discussion during the European Workshop on Kinetic Equations in Granada, Spain, in April 1996. The authors also thank the referee for helpful hints and criticism.

References

[1] J. Batt, G. Rein, Global classical solutions of the periodic Vlasov-Poisson system in three dimensions, C. R. Acad. Sci. Paris 313 (1991), 411–416

[2] J. R. Burgan, M. R. Feix, E. Fijalkow, and A. Munier, Self-similar and asymptotic solutions for a one-dimensional Vlasov beam, J. Plasma Physics 29 (1983), 139–142

[3] J. A. Carrillo, J. Soler, and J. L. Vázquez, Asymptotic behaviour and self-similarity for the three-dimensional Vlasov-Fokker-Planck system, C. R. Acad. Sci. Paris 321 (1995), 1195–1200, and J. Funct. Anal. (to appear)

[4] R. Glassey, W. Strauss, Remarks on collisionless plasmas, Contemporary Mathematics 28 (1984), 269–279

[5] E. Horst, Symmetric plasmas and their decay, Commun. Math. Phys. 126 (1990), 613– 633 [6] E. Horst, On the asymptotic growth of the solutions of the Vlasov-Poisson system, Math.

Meth. in the Appl. Sci. 16 (1993), 75–85

[7] E. Horst, R. Hunze, Weak solutions of the initial value problem for the unmodified non-linear Vlasov equation, Math. Meth. in the Appl. Sci. 6 (1984), 262–279

[8] R. Illner, G. Rein, Time decay of the solutions of the Vlasov-Poisson system in the plasma physical case, Math. Meth. in the Appl. Sci. 19 (1996), 1409–1413

[9] R. Kurth, A global particular solution to the initial value problem of stellar dynamics, Quart. Appl. Math. 36 (1978), 325–329

[10] P.-L. Lions, B. Perthame, Propagation of moments and regularity for the 3-dimensional Vlasov-Poisson system, Invent. Math. 105 (1991), 415–430

[11] B. Perthame, Time decay, propagation of low moments and dispersive effects for kinetic equations, Commun. Part. Diff. Eqns. 21 (1996), 659–686

[12] K. Pfaffelmoser, Global classical solutions of the Vlasov-Poisson system in three dimensions for general initial data, J. Diff. Eqns. 95 (1992), 281–303

[13] G. Rein, Growth estimates for the solutions of the Vlasov-Poisson system in the plasma physics case, Math. Nachrichten (to appear)

[14] G. Rein, A. D. Rendall, Global existence of classical solutions to the Vlasov-Poisson system in a three-dimensional, cosmological setting, Arch. Rational Mech. Anal. 126 (1994), 183–201

[15] V. Sandor, “Das Euler-Poisson-System mit Druck Null als Kontinuumslimes des Vlasov- Poisson-Systems—der kugelsymmetrische Fall”, Dissertation, Munich, 1996

[16] J. Schaeffer, Global existence of smooth solutions to the Vlasov-Poisson system in three dimensions, Commun. Part. Diff. Eqns. 16 (1991), 1313–1335