Instability of the Periodic Motion of a Particle Interacting with a Scalar Wave Field

Markus Kunze

Mathematisches Institut der Universität Köln Weyertal 86, D - 50931 Köln, Germany email: mkunze@mi.uni-koeln.de Fax: 0049-221-470-5021

Abstract We consider the system of a point particle, accelerated through a confining potential, and interacting with a scalar wave field. We prove that the periodic solutions of the linearized system (which has an eigenvalue embedded in the continuous spectrum) do not survive perturbation through the nonlinearity, if some ”mode” of the wave field does not couple to the particle.

1 Introduction and Main Results

We consider the physical system of a mechanical point particle coupled in a translation invariant manner to a scalar wave field, described through the equations ϕ̇(t,x) = π(t,x), π̇(t,x) = Δϕ(t,x)−ρ(x−q(t)), q̇(t) = (1+p(t)^2)^{−1/2}p(t), ṗ(t) = −∇V (q(t))− ∫ ∇ϕ(t,x)ρ(x−q(t))dx, (1)

for t ∈ IR and x ∈ IR^3. Here ϕ = ϕ(t,x) is the scalar wave field, and q = q(t) ∈ IR^3 is the position of the particle, whereas π = π(t,x) and p = p(t) represent the velocity field and the momentum of the particle, respectively. The motion of the particle is subjected to a potential V = V (q), and the coupling is realized through a radially symmetric and compactly supported form factor ρ, thus allowing only finite-distance interactions. We assume that the potential V satisfies

V ∈ C^3(IR^3), lim_{|q|→∞}V (q) = ∞, (V )

and for the charge distribution ρ we require

ρ ∈ C^∞_c (IR^3), ρ(x) = ρ_r(|x|). (C)

System (1) describes radiative damping, where the accelerated charge generates fields which partially are radiated to infinity, cf. [2], [3], [5], [11]. There has also been a lot of work on the question whether there is a consistent, relativistically covariant, theory of point charges and field, cf. [4], [18], [14], [6], a question which on the classical level seems to be undecided, see [19]. It should also be remarked that instead of the scalar wave field in (1), an analogous system with the full Maxwell field was looked at in [9], whereas the asymptotic of soliton solutions to (1) was considered in [8].

In this paper we are interested in the qualitative behaviour of solutions to the Hamiltonian system (1) for large times. For this, we first note that the stationary solutions of (1) are S = {(ϕ,q,π,p) = (ϕ_q�,q^∗,0,0) =: Y_q� |q^∗ ∈ S}, where S = {q ∈ IR^3 : ∇V (q) = 0} is the set of critical points for V , and

ϕ_q� (x) = Δ^{−1}ρ(x−q^∗) = − 1 4π ∫ d^3y |x−y| ρ(y −q^∗). In [10] we supposed that the Wiener condition

ρ̂(k) = (2π)^{−3/2} ∫ e^{−ik·x}ρ(x)d^3x ≠ 0, k ∈ IR^3 , (W ) holds, and under this condition we proved that solutions of finite energy converge to S in suitable local energy norms. In addition, we detected the rate of convergence of solutions Y (t) = (ϕ(t),q(t),π(t),p(t)) → Y_q� , provided that Y (0) decays sufficiently fast in x-space, and provided that Y (0) is close enough to Y_q�, with q^∗ being ”stable” for V , i.e., D^2V (q^∗) is positiv definite.

So the natural question arises whether there are generated periodic solutions in the neighborhood of some equilibrium, if (W ) is violated on some sphere |k| = |k_0|, a condition which can be interpreted to say that some ”mode” of the wave field does not couple to the particle. Since (W ) is used mainly to exclude purely imaginary eigenvalues of the linearization of (1) around an equilibrium, we ask more precisely if the periodic solutions of the linearized system generated by an eigenvalue (due to a zero of ρ̂) create periodic solutions of the full non-linear system.

To explain this in greater detail, we restrict ourselves to the case q^∗ = 0 ∈ S and D^2V (0) = ω^2_0E_3 (E_3 being the unit matrix), i.e., q^∗ = 0 is ”stable” for the linearization. We consider the system around the corresponding equilibrium Y_q� = Y_0 ∈ S. With u = ϕ−ϕ_q� = ϕ−ϕ_0 the second order system for ψ = (u,q) reads as

ψ̈ = −Aψ +F (ψ) (2)

with linearization Aψ = A(u,q) = ( −Δu(x)−∇ρ(x)·q (ω^2_0 +ω^2_1)q − ∫ ∇ρ(x)u(x)dx ) (3) in D(A) = H^2 ⊕C^3, H^m = H^m(IR^3) = W^{m,2}(IR^3) being the usual Sobolev space of functions having m’th order distributional derivatives in L^2 = L^2(IR^3), and nonlinearity

F (ψ) = ρ(x)−ρ(x−q)−∇ρ(x)·q , [∇V (0)−∇V (q)+ω^2_0 q] + ∫ [ρ(x)−ρ(x−q)−∇ρ(x)·q]∇ϕ_0(x)dx + ∫ [∇ρ(x−q)−∇ρ(x)]u(x)dx ∈ C^∞_c (IR^3)⊕C^3 . (4)

Here we let ω^2_1 =^1_3 |ρ̂|^2_L2 , and for simplicity of notation we considered (1) with q̇ = p instead of q̇ = (1+p^2)^{−1/2}p ; note also that ∇V (0) = 0 = ∫ ρ(x)∇ϕ_0(x)dx. Suppose now that the Wiener condition (W ) is violated, in that

ρ̂(k) = 0 for |k| = |k_0| > 0, but ρ̂(k) ≠ 0 for |k| ≠ |k_0|. (5)

Then [0,∞[ is the spectrum of A, with continuous spectrum [0,∞[\{|k_0|^2} and an isolated imbedded eigenvalue λ_0 = |k_0|^2, cf. Lemma 3 below. The corresponding eigenspace is

E = {ψ : Aψ = |k_0|^2ψ} = { ψ = ψ_q := ( u_q q ) : q ∈ C^3,û_q(k) = i(k ·q)ρ̂(k) k^2 −|k_0|^2 } . (6)

Since Aψ = |k_0|^2ψ consists of two equations, in order to obtain an eigenvalue we have to assume additionally that ρ is adjusted in the right way, i.e., ρ = γ ρ_0 with some parameter γ which can be choosen such that

α(±i|k_0|) = 0, with α(λ) = ω^2_0 +λ^2 ( 1+ 1 3 γ^2 ∫ dk |ρ̂_0(k)|^2 k^2 +λ^2 ) , (7)

see again Section 2, since otherwise A will have empty point spectrum. Note that it was exactly the fact that α had no zeros on the imaginary axis which allowed us to prove in [10] that (u,q) = (0,0) was exponentially attracting (in a suitable sense), if (W ) is assumed to hold.

Returning to the problem at hand, we hence find that the linear equation ψ̈ +Aψ = 0 has gained the 2π/|k_0|-periodic solutions sin(|k_0|t)ψ_q with ψ_q ∈ E, or stated differently, the operator

K_0ψ = |k_0|^2

∂^2 ∂t^2 ψ +Aψ has kernel kerK_0 = {e^{−it}ψ_− +e^{it}ψ_+ : ψ_± ∈ E}. (8)

In general, when investigating non-linear equations, often it can be shown that the fully non-linear problem is somehow dominated by the linearized system, at least near to the equilibria. Thus we fix q ∈ IR^3, small ε > 0, and the initial value ε(0,|k_0|)ψ_q of the periodic solution (ψ(t),ψ̇(t)) = ε(sin(|k_0|t),|k_0|cos(|k_0|t))ψ_q of the linearized equation, and we ask whether there are initial values (ψ^0_ε ,ψ̇^0_ε ) for the full system (2) close to ε(0,|k_0|)ψ_q which generate periodic solutions of (2) with period τ_ε = 2π/ω_ε close to 2π/|k_0|. We fix this in more mathematical terms in the following

Definition 1 Let E be defined through (6). An ψ_q ∈ E is called stable for (2), if there are initial values (ψ^0_ε ,ψ̇^0_ε ) such that the corresponding solutions (ψ_ε(t),ψ̇_ε(t)) of (2) are periodic with period τ_ε = 2π/ω_ε, and

(a) ‖ψ^0_ε ‖_{L2⊕C}3 +‖ψ̇^0_ε −ε|k_0|ψ_q‖_{L2⊕C}3 = o(ε) as ε → 0^+,

(b) |ω_ε −|k_0|| = o(ε) as ε → 0^+, and

(c) ‖ψ^0_ε ‖_{H21,Δ⊕C}3 +‖ψ̇^0_ε ‖_{H11 ⊕C}3 = O(ε) as ε → 0^+.

Here (c) is a technical assumption, which appears due to the fact that we have to derive certain bounds in weighted L^2-spaces in order to apply a suitable limit absorption principle, cf. the remarks below; the spaces H^2_{1,Δ} and H^1_1 are defined in (20) resp. (19) below.

Our main result is that no ψ_q with q ≠ 0 is stable for (2).

Theorem 1 Let assumptions (C) on ρ and (V) on V be satisfied. Suppose furthermore that (W ) is violated, i.e., (5), and that ρ = γ ρ_0 can be adjusted to fulfil (7). Then every ψ_q ∈ E with q ≠ 0 is unstable for (2), in the sense of Definition 1.

Remarks. (i) With regard to the original system (1), Theorem 1 may be summarized that the periodic solutions of the linear system near Y_q� = Y_0 do not survive the perturbation through the nonlinearity, even if q^∗ = 0 is assumed to be stable, in the sense that D^2V (0) > 0 as a quadratic form (we had D^2V (0) = ω^2_1E_3 only for simplicity). This transfers to the other equilibria Y_q� ∈ S with 0 ≠ q^∗ ∈ S under the respective assumptions.

(ii) To simplify some technicalities, during the proof we will assume V ∈ C^4(IR^3), but in fact V ∈ C^3(IR^3) is enough.

(iii) It is also not important that we considered q̇ = p instead of q̇ = (1+p^2)^{−1/2}p in (1), since in case of a relativistic kinetic energy the linearization remains unchanged, while in the second component of F there appears an additional term of order four, which will not affect the function f_1(ψ) = (∂/∂ε)(ε^{−1}F (εψ)) | | | ε=0, and it is mainly the properties of this functions that enter the proof of the theorem.

(iv) We prove that the periodic solutions of the linear system do not generate periodic solutions of the non-linear system, but this a priori does not exclude the existence of periodic solutions to (1) in case that (W ) is violated. However, actually we expect that there are no such periodic solutions, at least for some potentials.

(v) For the proof of this theorem we rely heavily on the ideas of Sigal [15]. There it was shown that for non-linear wave equations −^{∂2u}_{∂t2} = Hu+f_ε(u) with a Schrödinger-like operator H having an isolated eigenvalue λ_0 > 0, periodic solutions of the linearized equation are unstable to non-linear perturbations in a sense similar to Definition 1. The main assumptions were that H satisfies the Mourre estimate, and that n^2λ_0 ∉ disc specH ∪thresholdsH for n ≥ 2. Additionally, it was important to impose a further condition in order to exclude the possibility of δ(H −n^2λ_0)f_n = 0 for all n ≥ 2, cf. [15, Equ. (2.15)]. Here f_n are the Fourier coefficients of ∂f_ε/∂ε at ε = 0, evaluated at the periodic solution of the linearized system, and δ is related to a certain limiting absorption principle explained in more detail below. We note that the analogon to this latter condition will already be guaranteed by

ρ̂(k) ≠ 0 on the sphere |k| = 2|k_0| (9)

in our present case, since this will imply δ(A−4|k_0|^2)f_2 ≠ 0. In (5) it is assumed more restrictively that ρ̂(k) ≠ 0 for |k| ≠ |k_0| only to avoid additional eigenvalues besides λ_0 = |k_0|^2 and to ensure the validity of the limiting absorption principle for A for all λ ∈]0,∞[\{|k_0|^2}.

(vi) In (b) of Definition 1 we impose the condition |ω_ε −|k_0|| = o(ε) as ε → 0^+, which is stronger than |ω_ε −|k_0|| → 0, as was assumed in (i) of [15, Def. 2.1]. This is compensated through the fact that we only have to require L^2 ⊕C^3-convergence of the initial data in (a). Theorem 1 remains true, if (b) is relaxed to |ω_ε −|k_0|| → 0, and the convergence in (a) is strengthened to convergence in H^2_{1,Δ} ⊕C^3-norm for ψ^0_ε resp. in H^1_1 ⊕C^3-norm for ψ̇^0_ε . We preferred the conditions chosen, since they fit more into the framework considered earlier in [10].

Next we describe the strategy of the proof of Theorem 1, following [15]. Consider ψ̃_ε(t,x) = ε−1ψ_ε(t/ω_ε,x) with a sequence ψ_ε according to Definition 1. Then ψ̃_ε is 2π-periodic in t and satisfies, dropping the tilde again for notational simplicity,

ω^2_ε ψ̈_ε +Aψ_ε = ε^{−1}F (εψ_ε) (10)

as well as (ψ^0_ε ,ψ̇^0_ε ) ∈ (H^2_{1,Δ} ⊕C^3)⊕(H^1_1 ⊕C^3),

(a) ‖ψ^0_ε ‖_{L2⊕C}3 +‖ψ̇^0_ε −ψ_q‖_{L2⊕C}3 → 0 as ε → 0^+ , (b) |ω_ε −|k_0|| = o(ε) as ε → 0^+ , and (c) sup_{ε∈]0,ε0]} ‖ψ^0_ε ‖_{H21,Δ⊕C}3 + sup_{ε∈]0,ε0]} ‖ψ̇^0_ε ‖_{H11 ⊕C}3 ≤ C .

(11)

We write (10) as 0 = [ |k_0|^2

∂^2 ∂t^2 ψ_ε +Aψ_ε ] + [ (ω^2_ε −|k_0|^2)

∂^2 ∂t^2 ψ_ε +f_ε(ψ_ε) ] =: K_0ψ_ε +I_ε(ψ_ε) (12)

with f_ε(ψ) = ε^{−1}F (εψ) and try to ”invert” K_0. For this we have to avoid kerK_0 from (8) and thus introduce the orthogonal projections

P_0 : H^2 → kerK_0 and P̄_0 = 1−P_0 : H^2 → (kerK_0)^⊥

with H^2 = L^2(S^1 ×IR^3)⊕L^2(S^1;C^3). By e.g. Fourier series expansion it may be seen that some ”invertability” of P̄_0H_0P̄_0, i.e., of K_0 outside kerK_0, will be an immediate consequence of some kind of ”invertability” of (A−n^2|k_0|^2) for n ≥ 2; note that in our case n^2|k_0|^2 ∉ disc specA for n ≥ 2, as is a basic assumption of [15, Thm. 2.2]. Hence an adaption of the limiting absorptions principle, cf. [1, Section 4], is needed for λ = n^2|k_0|^2, n ≥ 2, and this works as follows. By formally solving (u_1,q_1) = (A−λ)(u,q) for (u,q) with given (u_1,q_1), we obtain from the first equation by Fourier transform

û(k) = û_1(k)+i(k ·q)ρ̂(k) k^2 −λ . Because of the singularity we hence cannot expect a solution u ∈ L^2, but if – argueing very heuristically – û_1 had a derivative, then in integrals the 1/(k^2 −λ) singularity could be improved to a logarithmic singularity through integration by parts, and this logarithmic singularity is harmless. The property of û_1 to have a derivative corresponds to u_1 being an element of the weighted L^2-space L^2_1(IR^3), with

L^2_s = L^2_s(IR^3) = { u = u(x) : ‖u‖^2_L2_{s(IR}3_) = ∫ (1+x^2)^s|u(x)|^2 dx < ∞ } , s ∈ IR. By using the classical limiting absorption principle for −Δ from [1, Thm. 4.1], this can be made precise to yield (cf. Lemma 6 below) the following

Lemma 1 For λ ∈]0,∞[ such that ρ̂(k) ≠ 0 on the sphere |k| = √ λ, the limits R^±_A(λ) = lim_{η→0+} (A−λ±iη)^{−1} exist in the strong operator topology B(L^2_1 ⊕C^3,L^2_{−1} ⊕C^3). As noted above this in turn implies Lemma 2 The limits R^±_{K0} (0) = (P̄_0K_0P̄_0 ±i0)^{−1} := lim_{η→0+} (P̄_0K_0P̄_0 ±iη)^{−1} exist in the strong operator topology B(P̄_0H^2_1,P̄_0H^2_{−1}). Here we defined H^2_s = L^2_s(S^1 ×IR^3)⊕L^2(S^1;C^3) with

L^2_s(S^1 ×IR^3) = { u = u(t,x) : ‖u‖^2_L2_{s(S}1_{×IR}3_) = ∫ 2π 0 ∫ (1+x^2)^s|u(t,x)|^2 dxdt < ∞ } , s ∈ IR. This can be used as follows. Projection of (12) yields

P̄_0K_0P̄_0ψ_ε = −P̄_0I_ε(ψ_ε), and thus (P̄_0K_0P̄_0 ±iη)P̄_0ψ_ε = P̄_0(±iηψ_ε −I_ε(ψ_ε)). Hence if our assumptions (11) on the initial values (ψ^0_ε ,ψ̇^0_ε ) can be used to ensure ψ_ε,I_ε(ψ_ε) ∈ H^2_1 , (13) then Lemma 2 gives (P̄_0K_0P̄_0 ±i0)^{−1}(P̄_0I_ε(ψ_ε)) = −P̄_0ψ_ε , and hence δ(P̄_0K_0P̄_0)(P̄_0I_ε(ψ_ε)) = 0, (14) where δ(P̄_0K_0P̄_0) = 1 2πi [(P̄_0K_0P̄_0 −i0)^{−1} −(P̄_0K_0P̄_0 +i0)^{−1}].

Suppose moreover that we can show from (11) that 1 ε I_ε(ψ_ε) =

(ω^2_ε −|k_0|^2) ε ( ∂^2 ∂t^2 ψ_ε ) +ε^{−2}F (εψ_ε) → f_1(ψ_q) in H^2_1 , (15) with f_1(ψ) = ∂ ∂ε f_ε(ψ) | | | ε=0 , and f_ε(ψ) = ε^{−1}F (εψ).

Then by continuity of δ(P̄_0K_0P̄_0) : P̄_0H^2_1 → P̄_0H^2_{−1} we obtain from (14) as ε → 0^+ δ(P̄_0K_0P̄_0)(P̄_0f_1(ψ_q)) = 0.

This corresponds exactly to equation (5.8) of [15]. Thus exactly as in this paper we derive δ(A−n^2|k_0|^2)f_n = 0, n ≥ 2, (16) where f_n(x) = ∫ 2π 0 f_1(sintψ_q)(x)e^{−int} dt = ∫ 2π 0 f_1 ( sint ( u_q q ) ) (x)e^{−int} dt. It will turn out, cf. Section 4 below, that f_1(sintψ_q)(x) = f_1(ψ_q)(x) sin^2 t, and because of ∫ 2π 0 sin^2 te^{−int} dt ≠ 0 iff n = 2, (16) is equivalent to

δ(A−4|k_0|^2)f_1(ψ_q) = 0. (17)

Contrary to this we will incorporate (9) to complete the proof of the theorem, in that we can show [R^−_A(λ)−R^+_A(λ)]f_1(ψ_q) = 2πiδ(A−λ)f_1(ψ_q) ≠ 0 (18) with λ = 4|k_0|^2, thus contradicting (17).

Note that (18) is the key point of the whole argument, being a kind of non-linear version of the Fermi Golden Rule from quantum mechanics, cf., e.g., [16, Section 4] or [13]. Since λ = 4|k_0|^2 lies in the continuous spectrum, (18) may be interpreted as saying that there is a non-vanishing coupling of the periodic solutions of the linear system to this continuous spectrum. This allows energy to be transported to infinity by radiation, thus excluding the possibility of periodic solutions to persist under the influence of the nonlinearity.

The paper is organized as follows. In Section 2 we first analyze the spectrum of A. Afterwards in Section 3, the limiting absorption principle for A is shown, while in Section 4 the outline of proof from above is completed. Since in [10] we didn’t treat (1) in weighted L^2-spaces, we added an appendix Section 5 where we derive existence and useful estimates for the dynamics of (1) in such setting.

We end this section by introducing some further notation. Let

H^1_1 = H^1_1 (IR^3) = {u = u(x) ∈ H^1 : u,∇u ∈ L^2_1}, ‖u‖^2_H1_1 = ‖u‖^2_L2_1 +‖∇u‖^2_L2_1 , (19) and H^2_{1,Δ} = H^2_{1,Δ}(IR^3) = {u = u(x) ∈ H^2 : u,∇u,Δu ∈ L^2_1}, ‖u‖^2_H2_{1,Δ} = ‖u‖^2_H2 +‖u‖^2_H1_1 +‖Δu‖^2_L2_1 . (20) Recall also that the Fourier transform in L^2 is an isometric isomorphism from H^s to L^2_s, s ≥ 0, cf. [17, Section 10.2]. In general, only standard notations will be used, as may be found in many basic references like [7], [17]. E.g., we define ⟨u,v⟩_L2 = ∫ u(x)v(x)dx to be the usual inner product in L^2, with conjugation in the second argument.

2 On the spectrum of the linearization

From (3) above we recall that Aψ = A(u,q) = ( −Δu(x)−∇ρ(x)·q (ω^2_0 +ω^2_1)q − ∫ dx∇ρ(x)u(x) )

in D(A) = H^2 ⊕C^3 ⊂ L^2 ⊕C^3. Thus, trying to solve ( u_1 q_1 ) = (A−λ) ( u q ) with given (u_1,q_1) ∈

L^2 ⊕C^3 for (u,q) ∈ D(A), we obtain by Fourier transform

û(k) = û_1(k)+i(k ·q)ρ̂(k) k^2 −λ , (21) and also, recalling ω^2_1 =^1_3 |ρ̂|^2_L2 , due to the spherical symmetry of ρ̂,

q_1 = (ω^2_0 −λ)q +i ∫ k ρ̂(k)û(k)−ω^2_1q = (ω^2_0 −λ)q + ( − 1 3 ∫ k^2 k^2 −λ |ρ̂(k)|^2 dk + 1 3 ∫ |ρ̂(k)|^2 dk ) q + i ∫ k ρ̂(k) û_1(k) k^2 −λ dk = β(−λ)q + i ∫ k ρ̂(k) û_1(k) k^2 −λ dk , (22) where β(λ) = ω^2_0 +λ ( 1+ 1 3 ∫ |ρ̂(k)|^2 k^2 +λ dk ) ; (23)

note that α(λ) = β(λ^2) with α as in (7), hence β(−|k_0|^2) = 0. From (21) and (22) it is seen that C\[0,∞[ is contained in the resolvent set of A. Concerning the point spectrum of A, (22) and (21) imply that λ ∈ [0,∞[ is an eigenvalue iff β(−λ) = 0 and ρ̂(k) = 0 for |k| = √ λ. Thus (5) and β(−|k_0|^2) = 0 yield that λ_0 = |k_0|^2 > 0 is the only eigenvalue of A, and consequently it follows from (21) and (22) that under our assumptions we have the following

Lemma 3 If (5) and (7) hold, then A has resolvent set C\[0,∞[, continuous spectrum [0,∞[\{|k_0|^2}, and an embedded eigenvalue λ_0 = |k_0|^2 with eigenspace E from (6).

Note that corresponding to this, the linearization of the original problem (1) around the equilibrium Y_q� = Y_0 ∈ S has continuous spectrum iIR \{±i|k_0|} and two conjugate imbedded eigenvalues ±i|k_0|.

A further property of the eigenelements ψ_q = (u_q,q) ∈ E, where û_q(k) = i(k ·q)ρ̂(k) k^2 −|k_0|^2

, is given in

Lemma 4 E ⊂ H^2_{1,Δ} ⊕C^3.

Proof : We have to show u_q ∈ H^2 ∩L^2_1, ∇u_q ∈ L^2_1, and Δu_q ∈ L^2_1, or equivalently û_q ∈ L^2 ∩H^1, k_iû_q ∈ H^1, and k^2_i û_q(k) ∈ H^1 for i = 1,2,3. Since ρ̂(k) = 0 for |k| = |k_0|, obviously û_q ∈ L^2. To prove the rest, we apply [1, Thm. 3.2] with f(k) = ^∇ρ·q(k) = i(k ·q)ρ̂(k). Then f ∈ S, the Schwartz space of rapidly decreasing functions, and hence the quoted theorem can be used with α = 0, α = δ_i, and α = 2δ_i (in the notation used there) to imply û_q = v_0 ∈ H^1, k_iû_q = v_{δi} ∈ H^1, and k^2_i û_q = v_{2δi} ∈ H^1. Note that by this theorem in fact even u_q,∇u_q,Δu_q ∈ L^2_s for every s ≥ 1. 2

3 Limiting absorption principle for A

In this section we prove a limiting absorption principle for A. This is readily obtained by means of the following lemma, which is a special case of a theorem of Agmon [1, Thm. 4.1].

Lemma 5 (Limiting Absorption Principle for −Δ) Let R_0(λ) = (−Δ−λ)^{−1} for λ ∈ C\[0,∞[. Then for λ ∈]0,∞[

(a) the limits R^±_0 (λ) = lim_{η→0+} R_0(λ±iη)

exist in the strong operator topology B(L^2_1,L^2_{−1}).

(b) the identities Im⟨R^±_0 (λ)u,u⟩_L2 = ± π 2 √ λ ∫ |k|= √ λ |û(k)|^2 dσ hold.

This can be used to derive the corresponding limiting absorption principle for A, which was partially stated already in Lemma 1 from the introduction.

Lemma 6 Let A be defined through (3). Then for λ ∈]0,∞[ such that ρ̂(k) ≠ 0 on the sphere |k| = √ λ the following holds.

(a) The limits R^±_A(λ) = lim_{η→0+} (A−λ±iη)^{−1} exist in the strong operator topology B(L^2_1 ⊕C^3,L^2_{−1} ⊕C^3).

(b) If additionally û_1(−k) = û_1(k) (k ∈ IR^3), we have the identities ⟨ R^±_A(λ) ( u_1 q_1 ) , ( u_1 q_1 ) ⟩ L2⊕C 3 = ⟨R^∓_0 (λ)u_1,u_1⟩_L2 +β(−λ±i0)^{−1}|q_1|^2 ,

with R^∓_0 (λ) from Lemma 5 and β(−λ±i0) = ω^2_0 −λ ( 1+ 1 3 ⟨R^∓_0 (λ)ρ,ρ⟩_L2 ) . (24)

Proof : Let (u_1,q_1) ∈ L^2_1 ⊕C^3. Solving ( u_1 q_1 ) = (A−λ±iη) ( u^±_η q^±_η ) for (u^±_η ,q^±_η ), we obtain from the first equation u^±_η = R_0(λ∓iη)(u_1 +∇ρ·q^±_η ). (25) Moreover, plugging the Fourier transform

û^±_η (k) = û_1(k)+i(k ·q^±_η )ρ̂(k) k^2 −λ±iη into the second equation q_1 = (ω^2_0 +ω^2_1)q^±_η +i ∫ dkkρ̂(k)û^±_η (k)−(λ∓iη)q^±_η and taking into account ω^2_1 =^1_3 |ρ̂|^2_L2 , we compute q^±_η = β(−λ±iη)^{−1} ( q_1 −i ∫ dkkρ̂(k) û_1(k) k^2 −λ±iη )

= β(−λ±iη)^{−1} ( q_1 + ∫ dk ^∇ρ(k) û_1(k) k^2 −λ±iη )

= β(−λ±iη)^{−1} (q_1 + ⟨R_0(λ∓iη)u_1,∇ρ⟩_{L2(IR3,C}3_) ), (26) cf. formula (4.6) of [1]. Here we had

β(λ) = ω^2_0 +λ ( 1+ 1 3 ∫ |ρ̂(k)|^2 k^2 +λ dk ) = ω^2_0 +λ(1+ 1 3 ⟨R_0(−λ)ρ,ρ⟩_L2 ), λ ∈ C\]−∞,0], recall (23) above. Hence Lemma 5(a) implies that

lim_{η→0+} β(−λ±iη) = ω^2_0 −λ ( 1+ 1 3 ⟨R^∓_0 (λ)ρ,ρ⟩_L2 ) =: β(−λ±i0) ∈ C exist, and Lemma 5(b) gives Imβ(−λ±i0) = ∓ π 6 √ λ ∫ |k|= √ λ |ρ̂(k)|^2 dσ ≠ 0, by assumption on λ. Using again Lemma 5 we thus conclude from (26) and (25) that (a) holds, with R^±_A(λ) ( u_1 q_1 ) =: ( u^±_0 q^±_0 ) = R^∓_0 (λ)(u_1 +∇ρ·q^±_0 ) β(−λ±i0)^{−1} (q_1 + ⟨R^∓_0 (λ)u_1,∇ρ⟩_{L2(IR3,C}3_) )

∈ L^2_{−1} ⊕C^3 .

Concerning (b), it hence suffices to show that

lim_{η→0+} ⟨R_0(λ∓iη)(∇ρ·q^±_0 ), u_1⟩_L2 = 0 = lim_{η→0+} ⟨R_0(λ∓iη)u_1,∇ρ⟩_{L2(IR3,C}3_) ·q_1 ,

but this follows from the additional assumption û_1(−k) = û_1(k), since also ρ̂(−k) = ρ̂(k), and the Fourier transform of ∇ρ produces an extra k, so that the integrand is an odd function of k; here we use again formula (4.6) of [1]. 2

4 Proof of Theorem 1

In this section we fill in some of the details missing in the scetch of proof in Section 1. Let f_1(ψ) = f_1(u,q) =^∂_{∂ε} (ε^{−1}F (εψ)) | | ε=0 ∈ C^∞_c (IR^3)⊕C^3 be given through

f_1(ψ) = − 1 2 D^2ρ(x)(q,q) − 1 2 D^3V (0)(q,q)− 1 2 ∫ ∇ϕ_0(x)D^2ρ(x)(q,q)dx− ∫ D^2ρ(x)(q)u(x)dx (27)

for ψ ∈ L^2 ⊕C^3, with D^2 denoting the Hessian. In the appendix we will show that (13) and (15) hold, cf. Corollaries A.1, A.2, and A.3. By (27) we have f_1(sintψ_q)(x) = f_1(ψ_q)(x) sin^2 t, and therefore we only need to prove

[R^−_A(λ)−R^+_A(λ)]f_1(ψ_q) = 2πiδ(A−λ)f_1(ψ_q) ≠ 0

with λ = 4|k_0|^2, cf. (18). To see this, let (u_1,q_1) = f_1(ψ_q). Then û_1(k) =^1_2 (k ·q)^2 ρ̂(k), and hence û_1(−k) = û_1(k) implies that Lemma 6(b) can be used to yield

Im⟨R^±_A(λ)f_1(ψ_q), f_1(ψ_q)⟩_{L2⊕C}3 = Im⟨R^∓_0 (λ)u_1,u_1⟩_L2 +Im(β(−λ±i0)^{−1}|q_1|^2 )

= Im⟨R^∓_0 (λ)u_1,u_1⟩_L2 −

|q_1|^2 |β(−λ±i0)|^2 Imβ(−λ±i0).

We have Im⟨R^∓_0 (λ)u_1,u_1⟩_L2 = ∓ π 8 √ λ ∫ |k|= √ λ |(k ·q)^2 ρ̂(k)|^2 dσ and Imβ(−λ±i0) = − λ 3 Im⟨R^∓_0 (λ)ρ,ρ⟩_L2 = ± π 6 √ λ ∫ |k|= √ λ |ρ̂(k)|^2 dσ by (24) and Lemma 5(b), whence

Im⟨R^±_A(λ)f_1(ψ_q), f_1(ψ_q)⟩_{L2⊕C}3 = ∓ π 8 √ λ ∫ |k|= √ λ |(k ·q)^2 ρ̂(k)|^2 dσ ∓ π 6 |q_1|^2 √ λ |β(−λ±i0)|^2 ∫ |k|= √ λ |ρ̂(k)|^2 dσ . Therefore Im ⟨ [R^−_A(λ)−R^+_A(λ)]f_1(ψ_q), f_1(ψ_q) ⟩ L2⊕C 3 = π 8 √ λ ∫ |k|= √ λ |(k ·q)^2 ρ̂(k)|^2 dσ + π 6 |q_1|^2 √ λ |β(−λ−i0)|^2 ∫ |k|= √ λ |ρ̂(k)|^2 dσ − ( − π 8 √ λ ∫ |k|= √ λ |(k ·q)^2 ρ̂(k)|^2 dσ − π 6 |q_1|^2 √ λ |β(−λ+i0)|^2 ∫ |k|= √ λ |ρ̂(k)|^2 dσ )

= π 4 √ λ ∫ |k|= √ λ |(k ·q)^2 ρ̂(k)|^2 dσ + π 6 |q_1|^2 √ λ ( 1 |β(−λ+i0)|^2 + 1 |β(−λ−i0)|^2 ) ∫ |k|= √ λ |ρ̂(k)|^2 dσ .

As ρ̂(k) ≠ 0 on the sphere |k| = √ λ = 2|k_0|, we find Im ⟨ [R^−_A(λ)−R^+_A(λ)]f_1(ψ_q), f_1(ψ_q) ⟩ L2⊕C 3 ≠ 0,

and therefore it is impossible to have δ(A−4|k_0|^2)f_1(ψ_q) = 0, cf. (18). This completes the proof of Theorem 1. 2

5 Appendix: Existence of the dynamics in L^2_1

In this appendix we give some additional remarks concerning existence and estimates for the dynamics of (10) in weighted L^2-spaces. We mainly scetch the proofs instead of giving full details, since most of the arguments are, though lengthy, rather straightforward.

We write Ψ = (ψ_1,ψ_2) = (ψ,ψ̇), ψ_i = (u_i,q_i) (i = 1,2), and consider (10) as d dt ( ψ_1 ψ_2 ) = ( 0 id −^1_{ω2ε} A 0 ) ( ψ_1 ψ_2 ) + ( 0 1 ω2_ε fε(ψ1) ) =: A_εΨ+F_ε(Ψ) (A.1) on D = D(A_ε) := (H^2_{1,Δ} ⊕C^3)⊕(H^1_1 ⊕C^3) ⊂ (H^1_1 ⊕C^3)⊕(L^2_1 ⊕C^3) =: X ,

with A from (3), f_ε(ψ) = ε^{−1}F (εψ), and F from (4). In the following, when considering (A.1), we always will include the case ε = 0, where we let ω_0 := |k_0| and F_0 := 0. First we have

Lemma A.1 The operator A_ε generates a C_0 semigroup T_ε(t), t ≥ 0, on X . We have the estimate sup t∈[0,t�],ε∈[0,ε0] ‖T_ε(t)Ψ‖_D ≤ C(t_∗)‖Ψ‖_D for Ψ ∈ D and t_∗ ≥ 0. (A.2)

Proof : By classical semigroup theory, cf. [12], it is sufficient to show that for Ψ^∗ ∈ X and |λ| < 1, the equation Ψ−λA_εΨ = Ψ^∗ has a solution Ψ ∈ D with ‖Ψ‖_X ≤ C (1−|λ|)^{−1} ‖Ψ^∗‖_X . Written in components, we obtain from (21)

û_1(k) = ω^2_εû^∗(k)+i(k ·q_1)ρ̂(k) k^2 +ω^2_ε /λ^2 with u^∗ = u^∗_1 +λu^∗_2 λ^2

∈ L^2_1 , and ψ_2 = ψ_1 −ψ^∗_1 λ . We first need to show u_1 ∈ H^2_{1,Δ}, or equivalently û_1 ∈ L^2 ∩H^1, kû_1 ∈ H^1, and k^2û_1(k) ∈ H^1, but this is straightforward from û^∗ ∈ H^1, ρ̂ ∈ S, and the additional power k^2 in the denominator. Thus also ψ_2 ∈ H^1_1 ⊕C^3, since ψ^∗_1 ∈ H^1_1 ⊕C^3, and therefore Ψ = (ψ_1,ψ_2) ∈ D. Through direct calculations it is then also possible to verify ‖Ψ‖_X ≤ C (1−|λ|)^{−1} ‖Ψ^∗‖_X , always switching from H^1 to L^2_1 and vice versa, via Fourier transform. The estimate (A.2) uniformly in ε ∈ [0,ε_0] also follows by direct calculation. For this, note that for Ψ = ((u_1,q_1),(u_2,q_2)) ∈ X we have T_ε(t)Ψ =: ((u_{1,ε}(t,·),q_{1,ε}(t)),(u_{2,ε}(t,·),q_{2,ε}(t))), implicitely given through

û_{1,ε}(t,k) = û_1(k)cos(|k|t/ω_ε)+û_2(k) ω_ε |k| sin(|k|t/ω_ε)+ iρ̂(k) ω_ε|k| ∫ t 0 sin(|k|(t−s)/ω_ε)k ·q_{1,ε}(s)ds, q_{1,ε}(t) = q_1 cos( √ ω^2_0 +ω^2_1 t/ω_ε)+q_2 ( ω_ε √ ω^2_0 +ω^2_1 ) sin( √ ω^2_0 +ω^2_1 t/ω_ε) + 1 ω_ε √ ω^2_0 +ω^2_1 ∫ t 0 sin( √ ω^2_0 +ω^2_1 (t−s)/ω_ε) (∫ dx∇ρ(x)u_{1,ε}(s,x) ) ds, û_{2,ε}(t,k) = ∂û_{1,ε} ∂t (t,k) and q_{2,ε}(t) = dq_{1,ε} dt (t), (A.3)

so that a Gronwall estimate may be derived for t → ‖u_{1,ε}(t)‖_{L2} , which in turn yields that also |q_{1,ε}(t)| is bounded on bounded t-intervals. If Ψ ∈ D, then this boundeness and the regularity of Ψ can be used in the implicit representation of T_ε(t)Ψ to ensure (A.2). 2

By (4), since D^2V (0) = ω^2_0E_3, and because ρ ∈ C^∞_c (IR^3), it is also more or less obvious that we have the following

Lemma A.2 The nonlinearity F_ε in (A.1) satisfies

F_ε((L^2 ⊕C^3)⊕(L^2 ⊕C^3)) ⊂ {0}⊕(C^∞_c (IR^3)⊕C^3) ⊂ D,

and F_ε is locally Lipschitz continuous, if considered X → X , and also, if considered D → D, where D is equipped with the graph norm of A_ε. In addition,

‖F_ε(Ψ)‖_D ≤ C ε^{−1} ‖F (εψ_1)‖_{H11 ⊕C}3 ≤ C ε|q_1|^2 ( 1+ε|q_1|+ sup_{τ∈[0,1]}|D^3V (τεq_1)| ) + C ε|q_1|‖u_1‖_L2 (A.4) for Ψ = (ψ_1,ψ_2) ∈ (L^2 ⊕C^3)⊕(L^2 ⊕C^3), with any norm for D^3V , the third derivatives of V .

According to Lemmas A.1 and A.2 we therefore find local solutions of (A.1) for ε ∈ [0,ε_0]. To be more precise, the remark following [12, Thm. 6.1.7] implies that for Ψ^0_ε := (ψ^0_ε ,ψ̇^0_ε ) ∈ D [with (ψ^0_ε ,ψ̇^0_ε ) from condition (11)], there exist t^{max}_ε ∈]0,∞] and a unique

Ψ_ε ∈ C^1([0,t^{max}_ε [;X )∩C([0,t^{max}_ε [;D)

being a classical solution of (A.1) with Ψ_ε(0) = Ψ^0_ε. Writing Ψ_ε = (ψ_{1,ε},ψ_{2,ε}) = (ψ_ε,ψ̇_ε) and ψ_{i,ε} = (u_{i,ε},q_{i,ε}), i = 1,2, we therefore obtain in particular that ψ_ε ∈ C^2([0,t^{max}_ε [;L^2_1 ⊕C^3).

In fact, t^{max}_ε = ∞, by the following

Lemma A.3 We have sup t∈[0,t�],ε∈]0,ε0] ‖Ψ_ε(t)‖_D ≤ C(t_∗) (A.5)

for every t_∗ ≥ 0, and hence in particular t^{max}_ε = ∞ for ε ∈]0,ε_0]. In addition, sup t∈[0,t�],ε∈]0,ε0] ‖ ‖ ‖ ‖ d^2ψ_ε dt^2 (t) ‖ ‖ ‖ ‖ L21⊕C 3 ≤ C(t_∗). (A.6)

This can be proved by using the variation of constants formula for Ψ_ε and by deriving a bound for ε|q_{1,ε}(t)|, uniformly in ε ∈]0,ε_0] and t in bounded intervals. The latter bound is obtain from the second-order Hamiltonian system for ψ_{1,ε} = (u_{1,ε},q_{1,ε}), cf. the arguments in [10, Section 2]. Here it is needed that V (q) → ∞ as |q| → ∞.

Identifying now ψ_ε(t,x) := (ψ_ε(t))(x), we thus obtain

Corollary A.1 For ε ∈]0,ε_0],

ψ_ε, I_ε(ψ_ε) = [ (ω^2_ε −|k_0|^2)

∂^2 ∂t^2 ψ_ε +ε^{−1}F (εψ_ε) ] ∈ H^2_1 = L^2_1(S^1 ⊕C^3)⊕L^2(C^3).

Additionally, we find from (A.6) and condition (11)(b)

Corollary A.2 As ε → 0^+,

(ω^2_ε −|k_0|^2) ε ( ∂^2 ∂t^2 ψ_ε ) → 0 in H^2_1 = L^2_1(S^1 ×IR^3)⊕L^2(C^3).

Having obtained the necessary bounds, next we investigate the convergence of Ψ_ε as ε → 0^+. For ε = 0 and ψ_q ∈ E we have Ψ_{0,q}(t) = (sint,cost)ψ_q as global solution with initial value Ψ_{0,q}(0) = Ψ^0_{,q} := (0,ψ_q). Thus condition (11)(a) means

‖Ψ^0_ε −Ψ^0_{,q}‖_{(L2⊕C}3_{)⊕(L2⊕C}3_) → 0 as ε → 0^+ . (A.7) Let F_1(Ψ) = ( 0 1 |k0|2 f1(ψ1) ) ∈ {0}⊕(C^∞_c (IR^3)⊕C^3) ⊂ D, Ψ = (ψ_1,ψ_2) ∈ (L^2 ⊕C^3)⊕(L^2 ⊕C^3),

(A.8) with f_1 from (27) above. By Taylor expansion up to order three the following result can be shown, where Ψ_{0,q}(t) = (sint,cost)ψ_q = T_0(t)(0,ψ_q),with the semigroup T_0(t) generated by A_0.

Lemma A.4 For t_∗ ≥ 0, sup t∈[0,t�] ‖ε^{−1}F_ε(Ψ_ε(t))−F_1(Ψ_{0,q}(t))‖_D → 0 as ε → 0^+ .

Recalling that Ψ_ε(t) = (ψ_ε(t),ψ̇_ε(t)), by definition of F_ε and F_1, cf. (A.1) resp. (A.8), this particularly implies Corollary A.3 As ε → 0^+, ε^{−2}F (εψ_ε) → f_1(ψ_q) in H^2_1 = L^2_1(S^1 ×IR^3)⊕L^2(C^3), where f_1(ψ_q)(t,x) := f_1(sintψ_q)(x), with the first component of f_1(sintψ_q) being applied to x, and similarly F (εψ_ε)(t,x) := F (εψ_ε(t))(x).

Acknowledgement. I’m grateful to C.E. Wayne for pointing out the paper [15] to me.

References

[1] Agmon, S.: Spectral properties of Schrödinger operators and scattering theory.

Ann. Scuola Norm. Sup. Pisa 2, 151-218 (1975) [2] Bambusi, D.: A Nekhoroshev-type theorem for the Pauli-Fierz model of classical electrodynamics. Ann. Inst. H. Poincaré Phys. Théor. 60, 339-371 (1994) [3] Bambusi, D., Galgani, L.: Some rigorous results on the Pauli-Fierz model of classical electrodynamics. Ann. Inst. H. Poincaré Phys. Théor. 58, 155-171 (1993) [4] Barut, A.O.: Electrodynamics and Classical Theory of Fields and Particles. New York:

Dover Publications 1980 [5] Dirac, P.A.M.: Classical theory of radiating electrons. Proc. Roy. Soc. London Ser. A 167, 148-169 (1938) [6] Gittel, H.P, Kijowski, J., Zeidler E.: The relativistic dynamics of the combined particlefield system in nonlinear renormalized electrodynamics. Preprint 1997 [7] Hislop, P.D., Sigal, I.M.: Introduction to Spectral Theory. With Applications to Schrödinger Operators. Berlin-Heidelberg-New York: Springer 1996 [8] Komech, A., Spohn H.: Soliton-like asymptotics for a classical particle interacting with a scalar wave field. To appear in Nonlinear Anal.

[9] Komech, A., Spohn H.: Long-time asymptotics for the coupled Maxwell-Lorentz equations. Preprint 1997 [10] Komech, A., Spohn, H., Kunze, M.: Long-time asymptotics for a classical particle interacting with a scalar wave field. Comm. Partial Differential Equations 22, 307-335 (1997)

[11] Lorentz, H.A.: Theory of Electrons. 2nd edition 1915. Reprint: New York: Dover 1952

[12] Pazy, A.: Semigroups of Linear Operators and Applications to Partial Differential Equations, 2nd ed. Berlin-Heidelberg-New York: Springer 1983

[13] Reed, M., Simon, B.: Methods of Modern Mathematical Physics, IV. Analysis of Operators. New York: Academic Press 1978

[14] Rohrlich, F.: Classical Charged Particles. Foundations of Their Theory. Reading:

Addison-Wesley 1965

[15] Sigal, I.M.: Non-linear wave and Schrödinger equations I. Instability of periodic and quasiperiodic solutions. Comm. Math. Phys. 153, 297-320 (1993)

[16] Simon, B.: Resonances in n-body quantum systems with dilatation analytic potentials and the foundations of time-dependent perturbation theory. Ann. of Math. 93, 247-274 (1973)

[17] Weidmann, J.: Linear Operators in Hilbert Spaces. Berlin-Heidelberg-New York:

Springer 1980

[18] Wheeler, J.A., Feynman R.P.: Interaction with the absorber as the mechanism of radiation. Rev. Modern Physics 17, 157-181 (1945)

[19] Yaghjian, A.D.: Relativistic Dynamics of a Charged Sphere. Berlin-Heidelberg-New York: Springer 1992