ON A SPECIAL CLASS OF NONLINEAR INTEGRAL EQUATIONS

MARKUS KUNZE

ABSTRACT. We consider nonlinear integral equations φ(t,x(t))+ ∫ 1 0 ψ(t,s,x(t),x(s))ds = 0 for t ∈ [0,1] with a certain monotonicity in the argument y = x(t) and a certain compactness in the argument x = x(s). 1. Introduction

In [8], the nonlinear integral equation

(F x)(t) := x^2(t)−t^2 + J 4π ∫ 1 0 k(t,s,x(t),x(s))ds = 0 (1.1) was investigated. Here J ≥ 0 is a parameter, t ∈ [0,1], and the kernel k is nonlinear in all 4 arguments with ∂_yk(t,s,y,x) ≥ 0; cf. (3.11) below for the explicit form of k. Since k is x(t)- dependent in a non-trivial way, (1.1) is not of standard type. For example, the theory of Hammerstein or Volterra equations, cf. e.g. [9], [10], [20], [21], [22], or [6], does not include (1.1).

In fact integral equations which show the same characteristic features (described more precisely later on) as (1.1), and whose general form is φ(t,x(t))+ ∫ 1 0 ψ(t,s,x(t),x(s))ds = 0 for t ∈ [0,1] , (1.2) arises in a variety of other setting, e.g. in neutron transport theory; cf. [16] and [2]. As a result, it is of interest to obtain a general existence theory for equation (1.2).

Now the main observation concerning (1.1) is that a difference can be made between x with argument t and x with argument s. To make this clearer, define a nonlinear operator depending on two functions x,y ∈ C(J) with J = [0,1] by

G(x,y)(t) = y^2(t)−t^2 + J 4π ∫ 1 0 k(t,s,y(t),x(s))ds ; G is obtained from F by replacing x(t) with y(t). Then F x = G(x,x). Moreover, if x ∈ C(J) is fixed, then G(x,·) : C(J) → C(J) will exhibit some kind of monotonicity, uniformly in x, since ∂_yk(t,s,y,x) ≥ 0. Finally, if y ∈ C(J) is fixed, then there is some hope that G(·,y) : C(J) → C(J) satisfies a certain compactness condition, possibly uniformly in y, because we removed x(t) in the integral part.

By making this more precise, the definition of the class of strongly semicondensing operators is arrived at quite naturally; cf. Definition 2.3 below. It turns out that strongly semicondensing operators are semicondensing, and that for the latter class [15] gave an excellent presentation of a mapping degree which generalizes the degree for compact or condensing pertubations of the identity. Therefore we can use a mapping degree as a basic tool in the investigation of (1.2).

It should be mentioned that a variety of maps having diagonal representations F x = G(x,x) were investigated in Chapters 12 and 13 of [4]; cf. also [5].

We shall start with some preliminaries in section 2. After that, in the main section 3 we shall prove various results on the existence of solutions to (1.2) in the case that the equation shows a certain compactness in x and a certain monotonicity in y in the sense motivated above. Many examples will show that our results are easily applicable.

2. Preliminaries

Let us first recall some basic concepts from nonlinear analysis. Throughout this paper, X will denote an infinite dimensional Banach space with norm | · | and dual space X^∗. Let B ⊂ X be bounded. Then

α(B) = inf {d > 0 : there is a finite system B_1,..., B_n ⊂ X

with B = n⋃ i=1 B_i and diamB_i ≤ d, 1 ≤ i ≤ n} ,

is the Kuratowski measure of noncompactness. Properties of α may be found in [6, Proposition 7.2]. By means of the (in general multivalued) duality mapping F of X, where F x = {x^∗ ∈ X^∗ : |x^∗ | = |x|, x^∗(x) = |x|^2} , the semi-inner products (·,·)_± : X ×X → IR are defined by

(x,y)_+ = max{y^∗(x) : y^∗ ∈ F y} and (x,y)_− = min{y^∗(x) : y^∗ ∈ F y}

for x,y ∈ X. Some essential properties of (·,·)_± are collected in [6, Paragraph 13]; cf. also [15, Proposition 0.3.1]. Additionally, let us note that ( ∫ b a x(s)ds,y ) + ≤ ∫ b a (x(s),y)_+ ds (2.3)

for a,b ∈ IR with a < b, y ∈ X, and a Bochner integrable x : [a,b] → X (cf. [7] for the terminology) by Definition of (·,·)_+; cf. [11, Lemma 1.5].

In particular, if J ⊂ IR is compact and X := C(J), then

(x,y)_+ = max{x(t)y(t) : t ∈ J_y} and (x,y)_− = min{x(t)y(t) : t ∈ J_y} (2.4)

for x,y ∈ X with J_y = {t ∈ J : |y (t)| = |y |}; cf. [6, Example 13.1(c)].

In general Banach spaces, the non-negativity of elements may be described by means of cones. The following example collects some properties of the standard cone in X = C(J).

Example 2.1 Let J ⊂ IR be compact, X := C(J). Then C^+(J) := {x ∈ X : x(t) ≥ 0 on J} is a cone (i.e. a closed convex set such that λK ⊂ K for all λ ≥ 0 and K ∩(−K) = {0}) with^ffiK ≠ ∅, since e.g. x_0 ∈^ffiK for x_0(t) := 1 on J. Moreover, the dual cone K^∗ := {x^∗ ∈ X^∗ : x^∗(x) ≥ 0 on K} may be identified with the set of all positive regular Borel measures on J; cf. [3, Chapter 29]. With K_r := K ∩B_r (0), we have K_r = {x ∈ C(J) : 0 ≤ x(t) ≤ r on J} for r > 0.

Now we turn our attention to nonlinear operators. Let M = {ω : [0,∞) → [0,∞) : ω is continuous and strictly increasing with ω(0) = 0 and ω(r) → ∞ as r → ∞}, ω ∈ M, and D ⊂ X. A map F : D → X is called accretive, if (F x−F y, x−y)_+ ≥ 0 for x,y ∈ D, and F is called ω−accretive, if (F x−F y, x−y)_+ ≥ ω(|x−y |)|x−y | for x,y ∈ D. Furthermore, F is called strongly accretive, if F is ω−accretive for some ω ∈ M.

In particular, if J ⊂ IR is compact, X = C(J), D ⊂ C^+(J), and n ∈ IN, then

Φ : D → X , (Φx)(t) := (x(t))^n on J , (2.5)

is strongly accretive since we can choose ω(r) := r^n on [0,∞); note that (a^n −b^n)(a−b) ≥ |a− b|^{n+1} for a,b ≥ 0.

The following definition if taken from [15]; cf. Definition 1.1.

Definition 2.2 Let Ω ⊂ X be open bounded. A continuous F : Ω → X is called semicondensing if there exist a continuous bounded map G : Ω×Ω → X and an ω ∈ M such that

(a) F x = G(x,x) for x ∈ Ω;

(b) {G(·,y) : y ∈ Ω} is equicontinuous (pointwise);

(c) for all A ⊂ Ω with α(A) > 0 there exist an ε with 0 ≤ ε < ω(α(A)) and a finite covering A = ⋃K k=1 A_k of A such that ω(|y −ȳ|)|y −ȳ| ≤ (G(x,y)−G(x̄,ȳ),y −ȳ)_+ +ε|y −ȳ| for all y,ȳ ∈ Ω and all x,x̄ in the same A_k.

In this case (G,ω) is called a representation of F .

Next we shall introduce another important class of nonlinear operators which have a diagonal representation F x = G(x,x); cf. the introduction.

Definition 2.3 Let Ω ⊂ X be open bounded and F : Ω → X continuous. F is called strongly semicondensing if there exist a continuous bounded map G : Ω×Ω → X and an ω ∈ M such that

(a) F x = G(x,x) for x ∈ Ω;

(b) G_x := G(x,·) : Ω → X is ω−accretive for x ∈ Ω;

(c) The map Ω ∋ x^Γ−→ G_x ∈ C(Ω; X) satisfies α(Γ(A)) < ω(α(A)) for all A ⊂ Ω with α(A) > 0.

In this case (G,ω) is called a representation of F .

It is easily seen that strongly semicondensing maps are semicondensing; cf. [11, Lemma 1.23(b)].

To solve integral equations of the type (1.2), we shall need two abstract results on the existence of zeros of semicondensing operators. The first one contains two special cases in which the Leray-Schauder boundary condition is satisfied; cf. [4, Theorem 13.15 (b), (c), (d)], [15, Corollary 3.2], and [11, Corollary 1.18].

Theorem 2.4 Let Ω ⊂ X be open bounded, F : Ω → X semicondensing. In addition, suppose that (a) Ω is convex and (I −F )(∂Ω) ⊂ Ω , or (b) ∃x_0 ∈ Ω∀x ∈ ∂Ω : (F x,x−x_0)_+ ≥ 0 .

Then F has a zero in Ω.

The following theorem is taken from [12].

Theorem 2.5 Let K ⊂ X be a cone with^ffiK ≠ ∅, r > 0, K_r := K ∩B_r (0), and F :^ffiK_r = K_r → X semicondensing. Suppose that (a) x ∈ K, |x| = r, F x+λx = 0 =⇒ λ ≤ 0 , and (b) x ∈ ∂K, |x| ≤ r, x^∗ ∈ K^∗, x^∗(x) = 0 =⇒ x^∗(F x) ≤ 0. Then F has a zero in K_r.

Finally, let us state a lemma from the theory of Banach spaces which will be needed later. For a proof, we refer to [11, Lemma 2.6]; cf. also [19, Theorem 1.3] or [14, Remark 2.4] for similar results.

Lemma 2.6 Let X,Y be Banach spaces, D ⊂ X bounded, (Ω,Σ,μ) a measurable space with a positive finite measure μ. Suppose that, for all ω ∈ Ω, there is an operator U(ω) : D → Y such that the following conditions are satisfied.

(a) U(ω) : D → Y is compact, i.e. continuous, and U(ω)(D) ⊂ Y is relatively compact. (b) U(·)(x) : Ω → Y is strongly measurable for all x ∈ D; (c) sup_{x∈D} ∫ Ω |U(ω)(x)|_Y μ(dω) < ∞ ; (d) lim

μ(Ω0)→0 sup_{x∈D} ∫ Ω0 |U(ω)(x)|_Y μ(dω) = 0 . Then Ū : D ∋ x → ∫ Ω U(ω)(x)μ(dω) ∈ Y is a compact operator.

Note that assumptions (c) and (d) of the above lemma hold if |U(ω)(x)|_Y ≤ M on Ω×D for some M > 0.

3. Existence of Solutions and Applications

The following theorem will turn out to be quite useful and easily applicable when we look for non-negative continuous solutions of integral equations of the type (1.2). This will be illustrated by the Examples 3.3 and 3.9 below.

Theorem 3.1 Let 0 ≤ x_0 ∈ X = C([0,1]), K = C^+([0,1]), and r = |x_0 | > 0. Suppose that the following conditions are satisfied.

(a) φ : [0,1]×[0,r] → IR is continuous and ψ : [0,1]×[0,1]×[0,r]×[0,r] → IR is measurable. (b) There exists an ω ∈ M such that

(i) Φ :^ffiK_r → X,(Φx)(t) := φ(t,x(t)), is ω-accretive, and (ii) K_r ∋ x^{Γ1}−→ ( K_r ∋ y → ∫ 1 0 ψ(·,s,y(·),x(s))ds ∈ X ) ∈ C(K_r;X) is a well-defined, continuous, and bounded operator such that α(Γ_1(A)) < ω(α(A)) for all A ⊂^ffiK_r with α(A) > 0.

(c) If t ∈ [0,1] and x ∈ K_r, then [0,r] ∋ y → Ψ^x_1(t,y) := ∫ 1 0 ψ(t,s,y,x(s))ds ∈ IR is increasing.

(d) If t ∈ [0,1] and x ∈ K_r, then Ψ^x(t,·) := φ(t,·)+Ψ^x_1 (t,·) : [0,r] → IR satisfies Ψ^x(t,0) ≤ 0 as well as Ψ^x(t,x_0(t)) ≥ 0.

Then F : K_r → X, defined by (F x)(t) := (Φx)(t)+(Ψx)(t) := φ(t,x(t))+ ∫ 1 0 ψ(t,s,x(t),x(s))ds , (3.6) has a zero x ∈ K_r such that 0 ≤ x ≤ x_0.

Proof. First we show that F :^ffiK_r = K_r → X is strongly semicondensing. Define G_1 : K_r ×K_r → X , G_1(x,y)(t) := ∫ 1 0 ψ(t,s,y(t),x(s))ds on [0,1]. Then G_1(x,y) = (Γ_1(x))(y), and F x = Φx+G_1(x,x) for x,y ∈ K_r together with the assumptions on Γ_1 and φ show that F : K_r → X is continuous and bounded. Furthermore, (Φy −Φȳ,y −ȳ)_− ≥ ω(|y −ȳ|)|y −ȳ| for y,ȳ ∈^ffiK_r (3.7) by (b)(i) and the properties of (·,·)_±, since^ffiK_r is open. Let G :^ffiK_r ×^ffiK_r → X , (x,y) → Φy + G_1(x,y). Then (G,ω) may be used as a representation of F in the sense of Definition 2.3. Indeed, G is continuous and bounded, and F x = G(x,x) for x ∈^ffiK_r. Moreover, with Γ :^ffiK_r → C(^ffiK_r; X), x → G_x := G(x,·), we have Γ(x) = Φ+Γ_1(x) on^ffiK_r. Hence α(Γ(A)) = α(Φ+Γ_1(A)) = α(Γ_1(A)) < ω(α(A)) for A ⊂^ffiK_r with α(A) > 0. Fix x ∈^ffiK_r. To show that G_x is ω-accretive, we can use (3.7) and (2.4) to obtain (G(x,y)−G(x,ȳ),y −ȳ)_+ ≥ (G(x,y)−G(x,ȳ),y −ȳ)_− ≥ (Φy −Φȳ,y −ȳ)_− +(G_1(x,y)−G_1(x,ȳ),y −ȳ)_− ≥ ω(|y −ȳ|)|y −ȳ| +min{(G_1(x,y)(t)−G_1(x,ȳ)(t))(y(t)−ȳ(t)) : t ∈ J_{y−ȳ} } = ω(|y −ȳ|)|y −ȳ| +min{(Ψ^x_1 (t,y(t))−Ψ^x_1 (t,ȳ(t)))(y(t)−ȳ(t)) : t ∈ J_{y−ȳ} } ≥ ω(|y −ȳ|)|y −ȳ| for y,ȳ ∈^ffiK_r; recall the properties of (·,·)_±. Therefore F is strongly semicondensing, hence semicondensing, and we only have to make sure that conditions (a) and (b) from Theorem 2.5 are satisfied. For note first that Ψ^x_1 (t,·) : [0,r] → IR is continuous if t ∈ [0,1] and x ∈ K_r are fixed. Furthermore, if y_0,ȳ_0 ∈ (0,r), then (3.7) may be applied to y,ȳ ∈^ffiK_r, defined by y(t) := y_0,ȳ(t) := ȳ_0 on [0,1], to get (φ(t,y_0)−φ(t,ȳ_0))(y_0 −ȳ_0) ≥ ω(|y_0 −ȳ_0 |)|y_0 −ȳ_0 |. Therefore, by assumptions (c) and (d), Ψ^x(t,·) : [0,r] → IR is continuously increasing with Ψ^x(t,0) ≤ 0 and Ψ^x(t,x_0(t)) ≥ 0 for all t ∈ [0,1] and x ∈ K_r. To verify (a) from Theorem 2.5, suppose that there are x ∈ C^+([0,1]) with |x| = r and λ > 0 such that F x+λx = 0. For t ∈ [0,1] we define the continuous and increasing function g_t : [0,r] → IR , y → Ψ^x(t,y)+λy . Then g_t(0) ≤ 0, g_t(x(t)) = 0, and g_t(x_0(t)) ≥ λx_0(t) ≥ 0, hence 0 ≤ x(t) ≤ x_0(t) on J. Because of x(t_0) = r for some t_0 ∈ [0,1], r = |x_0 | implies x_0(t_0) = r. Consequently, 0 = g_{t0} (x(t_0)) = g_{t0} (x_0(t_0)) ≥ λx_0(t_0) yields the contradiction 0 = x_0(t_0) = r. This proves λ ≤ 0. To show (b) from Theorem 2.5, fix x ∈ ∂K ⊂ K = C^+([0,1]) with |x| ≤ r and x^∗ ∈ K^∗ with x^∗(x) = 0. It follows from Example 2.1 that ∫ 1 0 x(t)μ(dt) = 0 for the positive regular Borel measure μ which represents x^∗. Consequently, x = 0 μ − a.e. We obtain

x^∗(F x) = ∫ 1 0 (F x)(t)μ(dt) = ∫ 1 0 ( φ(t,x(t))+ ∫ 1 0 ψ(t,s,x(t),x(s))ds ) μ(dt) = ∫ 1 0 ( φ(t,0)+ ∫ 1 0 ψ(t,s,0,x(s))ds ) μ(dt) = ∫ 1 0 Ψ^x(t,0)μ(dt) ≤ 0 . Therefore we can apply Theorem 2.5; cf. Example 2.1. 2

Corollary 3.2 Suppose that in the setting of Theorem 3.1 the assumptions (a), (c), and (d) are satisfied. Furthermore, suppose that

(b’) (i) Φ :^ffiK_r → X,(Φx)(t) := φ(t,x(t)), is strongly accretive, and

(ii) K_r ∋ x^{Γ1}−→ ( K_r ∋ y → ∫ 1 0 ψ(·,s,y(·),x(s))ds ∈ X ) ∈ C(K_r;X) is a well-defined compact operator.

Then F : K_r → X has a zero x ∈ K_r such that 0 ≤ x ≤ x_0.

Let us consider an example.

Example 3.3 Nonlinear integral equations of the form

1 = x(t)+x(t) ∫ 1 0 k(t,s) t^2 −s^2 x(s)ds, t ∈ [0,1], (3.8) are of interest in neutron transport theory; cf. [16], [13], and Example 3.12 below. In [16], (3.8) was dealt with by exploiting the special shape of (3.8) which allows the substitution y(t) := x(t)^{−1}. Now we want to show how equations being more general than (3.8) can be solved (nearly) at a glance by using Corollary 3.2. We obtain (cf. [16, Theorem 2]) the following

Theorem 3.4 Let ϱ,ν > 0 and n,m ∈ IN. If k : [0,1]×[0,1] → IR is continuous and such that (a) k(t,s)(t−s) ≥ 0 for t,s ∈ [0,1] and

(b) |k(t,s)| ≤ ϱ|t−s|^ν (t+s) for t,s ∈ [0,1], then (x(t))^n −1+(x(t))^m ∫ 1 0 k(t,s) t^2 −s^2 x(s)ds = 0, t ∈ [0,1], (3.9)

has a solution x ∈ C([0,1]) with 0 < x(t) ≤ 1 on J.

Proof. Of course we want to apply Corollary 3.2 to x_0(t) := 1 on [0,1], hence r = 1, φ : [0,1]× [0,1] → IR, (t,y) → y^n −1, and ψ : [0,1]×[0,1]×[0,1]×[0,1] → IR , (t,s,y,x) → xy^m k(t,s) t^2 −s^2 1_{{s≠t}} (t,s) . The main observation is that

T : C([0,1]) −→ C([0,1]), (T x)(t) := ∫ 1 0 k(t,s) t^2 −s^2 x(s)ds defines a positive compact linear operator. For, note that (a) implies k(t,s) t^2 −s^2 x(s) = k(t,s)(t−s) (t+s)(t−s)^2 x(s) ≥ 0 for t,s ∈ [0,1] with t ≠ s and x ∈ K = C^+([0,1]). Hence T is positive, i.e. x ≥ 0 implies T x ≥ 0. Notice (b), together with 1−ν < 1 implies | | | k(t,s) t^2 −s^2 | | | ≤ ϱ 1 |t−s|^{1−ν} for t,s ∈ [0,1] with t ≠ s. This shows T is compact; cf. [1, Chapter 8.10].

Retaining the notation from Theorem 3.1, we have Ψ^x_1 (t,y) = y^m (T x)(t) for t,y ∈ [0,1] and x ∈ K_1 ⊂ K. Therefore Ψ^x_1 (t,·) is increasing on [0,1]. Moreover, (Φy)(t) := (y(t))^n −1 is strongly accretive by (2.5). Since T is compact and |Γ_1 x−Γ_1 x̄| ≤ |T x−T x̄| for x,x̄ ∈ K_1 , Γ_1 : K_1 → C(K_1; C([0,1])) is compact, too. Finally, conditions (d) from Theorem 3.1 are satisfied. Indeed, note that Ψ^x(t,y) = y^n −1+y^m (T x)(t) on [0,1]^2 for x ∈ K_1. Consequently, Ψ^x(t,0) = −1 ≤ 0 and Ψ^x(t,x_0(t)) = Ψ^x(t,1) = (T x)(t) ≥ 0. Therefore Corollary 3.2 can be applied to give a solution of (3.9). Taking into account that a solution of (3.9) can have no zero, the proof of the theorem is complete. 2

Let us remark that solving (3.9) by substituting y(t) := x(t)^{−1} is at best possible in the case n = m. The reader will wonder whether Corollary 3.2 (respectively Theorem 3.1) remains true, if (3.6) is only monotone, but not strongly monotone in y = x(t). To be more precise, we ask whether Corollary 3.2 still holds in the case that G_x :^ffiK_r → C([0,1]) is only accretive, but not ω−accretive, for all x ∈^ffiK_r; recall the notation from Theorem 3.1. However, simple examples show that this is not necessarily the case. We include such an example as an aside.

Example 3.5 Consider (F x)(t) := χ(t)x(t)+θ(t)(x(t)−1) ∫ 1 0 (1−x(s))ds = 0, t ∈ [0,1], (3.10)

where χ(t) = 1_{[1/2,1]}(t)(2t−1) and θ(t) = 1_{[0,1/2]}(t)(1−2t) on [0,1]. Analogously to Example 3.3, it is easily checked that all assumptions besides (b’)(i) from Corollary 3.2 are satisfied; here we let x_0(t) := 1 on [0,1], hence r = 1, φ : [0,1]×[0,1] → IR, (t,y) → χ(t)y , and ψ : [0,1]^4 → IR, (t,s,y,x) → θ(t)(y −1)(1−x) . But (3.10) has no solution x ∈ C([0,1]) with 0 ≤ x(t) ≤ 1 on [0,1], since this would imply x(t) = 0 on (1/2,1] and (x(t)−1) ∫ 1 0 (1−x(s))ds = 0 on [0,1/2) by definition of χ and θ. Clearly, the latter condition means x(t) = 1 on [0,1/2), a contradiction.

Our next objective is to provide a sufficient condition for assumption (b’)(ii) of Corollary 3.2 to hold. This criterion is useful when dealing with integral equations (1.2) with a weakly singular kernel ψ; cf. Example 3.9 below. It can be applied in the case that ψ may be approximated by “ better ” kernels ψ_ε which may be thought of to be cut-off versions of ψ.

Definition 3.6 Let a < b ∈ IR, D ⊂ X = C([0,1]) such that a ≤ x(t) ≤ b on [0,1] for x ∈ D, and ψ : [0,1]×[0,1]×[a,b]×[a,b] → IR measurable. ψ is said to have property (A) w.r.t. ([a,b],D) if the following conditions are satisfied. (a) D ∋ x^{Γ1}−→ ( D ∋ y → ∫ 1 0 ψ(·,s,y(·),x(s))ds ∈ X ) ∈ C(D; X) is a well-defined operator.

(b) There exist an ε_0 > 0 and a family (ψ_ε)_{ε∈(0,ε0]} of continuous functions ψ_ε : [0,1]×[0,1]× [a,b]×[a,b] → IR such that

(i) U_ε(s)(D) ⊂ C(D; X) is relatively compact for all s ∈ [0,1] and ε ∈ (0,ε_0]; here ((U_ε(s)(x))(y))(t) := ψ_ε(t,s,y(t),x(s)) for x,y ∈ D and t ∈ [0,1] . (ii) sup{|Γ^ε_1x−Γ_1x|_{C(D;X)} : x ∈ D} −→ 0 as ε → 0^+ , where Γ^ε_1 with kernel ψ_ε is defined analogously to Γ_1 with kernel ψ.

Now we can prove the following useful

Lemma 3.7 Let r > 0 and ψ : [0,1]×[0,1]×[0,r]×[0,r] → IR be measurable. If ψ has property (A) w.r.t. ([0,r],K_r), then K_r ∋ x^{Γ1}−→ ( K_r ∋ y → ∫ 1 0 ψ(·,s,y(·),x(s))ds ∈ X ) ∈ C(K_r;X) is a well-defined compact operator.

Proof. Let D = K_r. Since Γ^ε_1 → Γ_1 uniformly as ε → 0^+, we only have to make sure that Γ^ε_1 is compact, for fixed ε ∈ (0,ε_0]. We want to apply Lemma 2.6 to X = C([0,1]), Y = C(D; X), and (Ω,Σ,μ) = ([0,1],L([0,1]),λ|_{[0,1]}), where L([0,1]) resp. λ|_{[0,1]} denotes the Lebesgue σ - algebra resp. the Lebesgue measure restricted to [0,1]. For s ∈ [0,1], let U_ε(s) : D → Y be defined by

((U_ε(s)(x))(y))(t) := ψ_ε(t,s,y(t),x(s)) for x ∈ D; note that U_ε(s)(x) ∈ Y = C(K_r; X). Clearly U_ε(s) : D → Y is compact for s ∈ [0,1] and U_ε(·)(x) is strongly measurable for x ∈ D. Moreover, since ψ_ε is continuous, |U_ε(s)(x)|_Y = sup_{y∈D} |(U_ε(s)(x))(y)|_X = sup_{y∈D} |ψ_ε(·,s,y(·),x(s))|_X ≤ M_ε for some M_ε > 0 and all s ∈ [0,1] and x ∈ D. Therefore Γ^ε_1 is compact by Lemma 2.6. 2

Remark 3.8 Suppose that we are in the setting of Corollary 3.2. If (a), (b’)(i), (c), and (d) are satisfied, and if ψ has property (A) w.r.t. ([0,r],K_r), then (3.6) has a solution x ∈ K_r such that 0 ≤ x ≤ x_0, by Corollary 3.2 and Lemma 3.7.

The following example illustrates possible applications of this remark.

Example 3.9 We consider (1.1) from the introduction. This equation is used to describe the so-called plasma corners mathematically; cf. [8] and [11], and the explicit form of the kernel is k(t,s,y,x) := x ln ( [(x−y)2 +(s−t)2][(x+y)2 +(s−t)2] (x^2 +s^2)^2 )

+ y ln ( (x+y)2 +(s−t)2 (x−y)^2 +(s−t)^2 )

+ 2(s−t) ( arctan x−y s−t +arctan x+y s−t −2 arctan x s ) . (3.11) By applying Remark 3.8 we shall give a proof of the following theorem from [8, p.168] which fits the general existence theory developed above. In particular, the estimate on the lower part of the boundary will become much simpler; cf. [11, Remark 4.2].

Theorem 3.10 If J ∈ [0,2], then (1.1) has a solution x ∈ C^+([0,1]) such that 0 ≤ x(t) ≤ t.

Before going on to the proof of Theorem 3.10, let us first state a lemma which contains the properties of the kernel k which will be needed in the sequel.

Lemma 3.11 Let D_k := {(t,s,y,x) ∈ [0,1]^2 ×[0,∞)^2 : s > 0 and s ≠ t}, let k be defined by (3.11). (a) k(t,s,t,x) ≥ 0 for all (t,s,x) ∈ [0,1]^3 with s > 0 and s ≠ t.

(b) k(t,s,0,x) ≤ 0 for all (t,s,x) ∈ [0,1]^3 with s > 0 and t < s ≤ 1, and k(t,s,0,x) ≤ 4π (t−s) for all (t,s,x) ∈ [0,1]^3 with 0 < s < t. (c) If (t,s,y,x) ∈ D_k, then ∂_yk(t,s,y,x) = ln ( (x+y)2 +(s−t)2 (x−y)^2 +(s−t)^2 ) ≥ 0 . (d) For r > 0 there is a C(r) > 0 such that |k(t,s,y,x)| ≤ C(r) for (t,s,y,x) ∈ D_k with y,x ≤ r. (e) For r > 0 and ε > 0 there is a C(r,ε) > 0 such that |∂_x k(t,s,y,x)| ≤ C(r,ε) for all (t,s,y,x) ∈ D_k with y,x ≤ r, s ≥ ε, and |t−s| ≥ ε. Here ∂_xk(t,s,y,x) = ln ( [(x+y)2 +(s−t)2][(x−y)2 +(s−t)2] (x^2 +s^2)^2 ) + 4ts x^2 +s^2 for (t,s,y,x) ∈ D_k.

(f) ψ_0 := k1_{Dk} has property (A) w.r.t. ([0,1],K_1).

Proof. Since (a), (b), (c), (d), and (e) may be obtained by direct calculation, cf. the appendix of [11] and [8], let us concentrate on the main parts of (f). Let X = C([0,1]). Clearly, Γ_1 : K_1 → C(K_1;X) is well defined; note that ∫ 1 0 |k(t,s,y(t),x(s))−k(t,s,ȳ(t),x(s))|ds ≤ |y −ȳ| ∫ 1 0 ln ( 5 (s−t)^2 ) ds = |y −ȳ| ( ln 5+2−2t ln t−2(1−t) ln(1−t)) ≤ 5|y −ȳ| for y,ȳ ∈ K_1 and t ∈ [0,1] by (c). Let ε_0 := 1/4 and fix ε ∈ (0,ε_0]. Define χ_ε(τ) := 0 for τ ∈ [0,ε], χ_ε(τ) := 1 for τ ∈ [2ε,1], and χ_ε linear in between. Furthermore, define the continuous ψ_ε : [0,1]^4 → IR by ψ_ε(t,s,y,x) := k(t,s,y,x)χ_ε(|t−s| )χ_ε(s) . We are going to show that U_ε(s)(K_1) is a relatively compact subset of C(K_1; X) for every s ∈ [0,1]. For, we can assume that s ∈ [ε,1]. Fix x,x̄ ∈ K_1 and t ∈ [0,1]. Then

|((U_ε(s)(x))(y))(t)−((U_ε(s)(x̄))(y))(t)| ≤ |k(t,s,y(t),x(s))−k(t,s,y(t),x̄(s)|χ_ε(|t−s| ) ≤ C(1,ε)|x(s)−x̄(s)| by (e), and therefore |U_ε(s)(x)−U_ε(s)(x̄)|_{C(K1;X)} ≤ C(1,ε)|x(s)−x̄(s)| . Hence U_ε(s)(K_1) ⊂ C(K_1; X) is relatively compact.

Finally, Γ^ε_1 → Γ_1 uniformly as ε → 0^+. Indeed, for x,y ∈ K_1, t ∈ [0,1], and ε ∈ (0,ε_0] we obtain by means of (d)

|((Γ^ε_1(x))(y))(t)−((Γ_1(x))(y))(t)| = | | | | ∫ 1 0 ( k(t,s,y(t),x(s))χ_ε(|t−s| )χ_ε(s)−k(t,s,y(t),x(s)) ) ds | | | | ≤ C ( 1− ∫ 1 0 χ_ε(|t−s| )χ_ε(s)ds ) ≤ C ( 1− ∫ 1 0 χ_ε(|t−s| )ds+2ε ) . From the definition of χ_ε and | · |_{C(K1;X)} it follows that

sup{|Γ^ε_1x−Γ_1x|_{C(K1;X)} : x ∈ K_1 } ≤ Cε

for some C > 0. The proof is thus complete. 2

Now we turn to the Proof of Theorem 3.10. Fix J ∈ [0,2]. We want to apply Remark 3.8 to x_0(t) := t on [0,1], hence r = 1, φ : [0,1]×[0,1] → IR, (t,y) → y^2 −t^2, and ψ :=^J_{4π} ψ_0 : [0,1]^4 → IR with ψ_0 from Lemma 3.11(f). Since ψ has property (A) w.r.t. ([0,1],K_1), because Φ :^ffiK_1 → X , (Φy)(t) := (y(t))^2 −t^2, is strongly accretive by (2.5), and since [0,∞) ∋ y → Ψ^x_1(t,y) := ∫ 1 0 ψ(t,s,y,x(s))ds ∈ IR has derivative ∂_yΨ^x_1(t,·) ≥ 0 on [0,∞) for fixed t ∈ [0,1] and x ∈ K = C^+([0,1]) by Lemma 3.11(c), we only have to check that the conditions from (d) of Theorem 3.1 are satisfied at y = x_0(t) = t and y = 0. For, fix t ∈ [0,1] and x ∈ K_1. Then Lemma 3.11(a) implies Ψ^x(t,t) = φ(t,t)+Ψ^x_1 (t,t) = J 4π ∫ 1 0 k(t,s,t,x(s))ds ≥ 0 , and it follows from Lemma 3.11(b) that Ψ^x(t,0) = φ(t,0)+Ψ^x_1 (t,0) = −t^2 + J 4π ∫ 1 0 k(t,s,0,x(s))ds ≤ −t^2 + J 4π ∫ t 0 4π (t−s)ds = t^2 ( J 2 −1) ≤ 0 since J ≤ 2. Therefore Remark 3.8 applies. 2

In general, the existence of non-negative solutions of (1.2) cannot be expected. However, some results are possible in certain other situations. Example 3.12 In [2] it was investigated for which λ ∈ IR x(t)−x_0(t)− λ 2 x(t) ∫ 1 t k(t,s)x(s)ds = 0 , t ∈ [0,1], (3.12) has a solution in X = C([0,1]), provided the kernel k is sufficiently nice, and 0 ≠ x_0 ∈ C([0,1]). We are going to prove Theorem 3.13 Let k : [0,1]×[0,1] → IR be measurable and such that K : X → X , (Kx)(t) := ∫ 1 t k(t,s)x(s)ds, is a well-defined compact linear operator K ≠ 0. Then the following conclusions hold. (a) Fix r > 0. If λ ∈ IR is such that |λ| ≤ 2r|K |^{−1} (r +|x_0 |)^{−2}, then (3.12) has a solution x ∈ C([0,1]) with |x(t)−x_0(t)| ≤ r on [0,1].

(b) If x_0 ≥ 0 and if k(t,s) ≥ 0 on [0,1]^2, then (3.12) has a solution

x ∈ C([0,1]) with x ≥ 0 whenever λ ∈ (−∞,0].

(c) For the special choice x_0(t) = 1 on [0,1] and k(t,s) := t/(t+s) for t,s ∈ [0,1] with t+s ≠ 0, (3.12) has a solution x ∈ C([0,1]) with x ≥ 0 whenever λ ∈ (−∞,1/(2M)], where M := max{t ln((1+t)/(2t)) : t ∈ [0,1]}.

Proof. (a) Fix r > 0, let Ω := B_r (x_0) ⊂ X and ω(s) := δ s for s ∈ [0,∞), where δ := |x_0 | r +|x_0 | > 0 . Then ω ∈ M. Furthermore, |λ| |Kx| ≤ 2r r +|x_0 | = 2(1−δ) and |λ| |Kx| |x| ≤ 2r (3.13) for x ∈ Ω by definition of δ. Choosing the obvious F and G, we obtain

(G_x(y)−G_x(ȳ),y −ȳ)_+ = ( y −x_0 − λ 2 y Kx−ȳ +x_0 + λ 2 ȳKx,y −ȳ ) + ≥ ( 1− |λ| 2 |Kx| ) |y −ȳ|^2 ≥ δ |y −ȳ|^2 = ω(|y −ȳ|)|y −ȳ| for x,y,ȳ ∈ Ω. Consequently, G_x : Ω → X is ω−accretive for fixed x ∈ Ω. Moreover, the compactness of K implies the compactness of Γ : Ω → C(Ω; X). This shows that F is strongly semicondensing, hence semicondensing. To apply Corollary 2.4(b), we therefore only have to note that

(F x,x−x_0)_+ = ( x−x_0 − λ 2 x(Kx),x−x_0 ) + ≥ r^2 − |λ| 2 |x| |Kx| r ≥ 0 for all x ∈ ∂Ω, i.e. |x−x_0 | = r, by (3.13). This yields a zero of F in Ω.

(b) follows from Corollary 3.2.

(c) follows from (a) and (b), since the integral operator K with kernel k clearly is compact by the Arzelà-Ascoli theorem. 2

One may have noticed that up to now we always had X = C([0,1]). Clearly, applications of the theory of semicondensing operators to (1.2) are not restricted to this choice. So let us finally give an application of Corollary 2.4(a) in the spaces X = L_p([0,1];Y ) of Bochner integrable functions for p ∈ (1,∞) and some Banach space Y ; then (x,y)_{±,X} = |y |^{2−p}_X ∫ 1 0 (x(t),y(t))_{±,Y} |y(t)|^{p−2}_Y dt (3.14) for x,y ∈ X and y ≠ 0; cf. [11, Lemma A.2].

In [18] and [17], similar results were obtained in the case that the kernel ψ in (1.2) is only dependent on t,s, and x(s).

Theorem 3.14 Let Y be a Banach space, J = [0,1], p ∈ (1,∞), X = L_p(J;Y ), and q = p/(p−1). Let ψ : [0,1]×[0,1]×Y ×Y → Y be a function such that the following conditions are satisfied.

(a) (i) ψ(t,s,·,·) : Y ×Y → Y is continuous for almost all (t,s) ∈ J ×J.

(ii) ψ(·,·,y,x) : J ×J → Y is strongly measurable for all (y,x) ∈ Y ×Y .

(b) There are a ∈ L^+_p (J),b ∈ L^+_1 (J), and c ∈ L^+_q (J) such that |a|_p |c|_q < 1 and |ψ(t,s,y,x)|_Y ≤ a(t)(b(s)+c(s)|x|_Y ) for all y,x ∈ Y and almost all (t,s) ∈ J^2.

(c) There are 0 ≠ ā ∈ L^+_p (J) and 0 ≠ c̄ ∈ L^+_q (J) such that |ψ(t,s,y,x)−ψ(t,s,y,x̄)|_Y ≤ ā(t)c̄(s)|x−x̄|_Y for all x,x̄,y ∈ Y and almost all (t,s) ∈ J^2.

(d) There is a 0 ≠b̄ ∈ L^+_1 (J) such that |ā|_p |c̄|_q +|b̄|_1 < 1 and (ψ(t,s,y,x)−ψ(t,s,ȳ,x),y −ȳ)_{−,Y} ≤b̄(s)|y −ȳ|^2_Y for all x,y,ȳ ∈ Y and almost all (t,s) ∈ J^2.

Then x(t) = ∫ 1 0 ψ(t,s,x(t),x(s))ds, t ∈ J , (3.15) has a solution in X = L_p(J;Y ). Proof. By (b) we have r^{−1} |a|_p |b|_1 +|a|_p |c|_q ≤ 1, i.e. |a|_p (|b|_1 +|c|_q r) ≤ r (3.16) for all sufficiently large r ∈ (0,∞). Let Ω = B_r (0) ⊂ X for such a fixed r, choose δ > 0 such that (|ā|_p +δ )|c̄|_q ≤ 1−|b̄|_1 , (3.17) and define ω(s) := (|ā|_p +δ )|c̄|_q s on [0,∞). Furthermore, let G : Ω×Ω → X , (x,y) → y +G_1(x,y) , with G_1 : Ω×Ω → X , (G_1(x,y))(t) := − ∫ 1 0 ψ(t,s,y(t),x(s))ds . Then F x = G(x,x) is strongly semicondensing with representation (G,ω). For, note that sup x,y∈Ω |G_1(x,y)|^p_X ≤ |a|^p (|b|_1 +|c|_q r)^p (3.18) by (b). Moreover, if x ∈ Ω is fixed, then G_x = G(x,·) : Ω → X is ω−accretive. Indeed, let y,ȳ ∈ Ω, and f(t,s) := ψ(t,s,y(t),x(s))−ψ(t,s,ȳ(t),x(s)) for (t,s) ∈ J^2. Then f(t,·) : J → Y is Bochner integrable for almost all t ∈ J. Hence (d) and (2.3) imply (∫ 1 0 f(t,s)ds,y(t)−ȳ(t) ) +,Y ≤ ∫ 1 0 (f(t,s),y(t)−ȳ(t))_{+,Y} ds = |b̄|_1 |y(t)−ȳ(t)|^2_Y for almost all t ∈ J. This in turn yields (G(x,y)−G(x,ȳ),y −ȳ)_{+,X} ≥ (G(x,y)−G(x,ȳ),y −ȳ)_{−,X} = |y −ȳ|^2_X − |y −ȳ|^{2−p}_X ∫ 1 0 ( ∫ 1 0 f(t,s)ds,y(t)−ȳ(t) ) +,Y |y(t)−ȳ(t)|^{p−2}_Y dt ≥ (1−|b̄|_1 )|y −ȳ|^2_X ≥ ω(|y −ȳ|_X )|y −ȳ|_X by (3.14) and (3.17). Furthermore, for x,x̄,y ∈ Ω, (c) and Hölder’s inequality give |G(x,y)−G(x̄,y)|^p_X ≤ |ā|^p |c̄|^p_q |x−x̄|^p_X . Consequently, |Γx−Γx̄|_{C(Ω;X)} ≤ |ā|_p |c̄|_q |x−x̄|_X for x,x̄ ∈ Ω, where Γ : Ω → C(Ω; X) is defined by Γ(x) = G_x. Standard covering arguments imply α_{C(Ω;X)}(Γ(A)) ≤ |ā|_p |c̄|_q α_X (A) < ω (α_X (A)) for A ⊂ Ω with α_X (A) > 0; recall the definition of ω, (3.17), and c̄ ≠ 0. Therefore F : Ω → X is strongly semicondensing. To apply Corollary 2.4(a), we only have to note that |(I −F )(x)|^p_X ≤ |a|^p (|b|_1 +|c|_q r)^p ≤ r^p for x ∈ X with |x|_X = r by (3.18) and (3.16). 2

References

[1] H. W. Alt, Lineare Funktionalanalysis, Springer, Berlin-Heidelberg-New York-Tokyo 1985 [2] I. K. Argyros, On a class of nonlinear equations arising in neutron transport, Aequationes Mathematicae 36, 99-111 (1988) [3] H. Bauer, Maß- und Integrationstheorie, 2nd edition, de Gruyter, Berlin-New York 1992 [4] F. E. Browder, Nonlinear operators and nonlinear equations of evolution in Banach Space, Proc. Symp. Pure Math. Vol. 18/2, AMS 1976 [5] F. E. Browder and R. Nussbaum, The topological degree for noncompact nonlinear mappings in Banach spaces, Bull. AMS 74, 671-676 (1968) [6] K. Deimling, Nonlinear Functional Analysis, Springer, Berlin-Heidelberg-New York-Tokyo 1985 [7] N. J. Dunford and J. T. Schwartz, Linear operators, Part I: General theory, Interscience Publishers, New York-London 1964 [8] R. Kaiser and D. Lortz, On the existence of plasma corners, Z. angew. Math. Mech. 73, 165-171 (1993) [9] M. A. Krasnoselskii Topological methods in the theory of nonlinear integral equations, Pergamon-Press, Oxford 1964 [10] M. A. Krasnoselskii, P. P. Zabreiko et al., Integral Equations, Noordhoff, Leyden 1975 [11] M. Kunze, Contributions to the Theory of Semicondensing Vector Fields in Banach Spaces with an Application to a Free Boundary Problem Arising in Plasma Physics, Ph. D. Thesis, University of Munich 1994 [12] M. Kunze, On zeros of semicondensing operators, Nonlin. Anal., to appear [13] A. Pazy and P. H. Rabinowitz, A nonlinear integral equation with applications to neutron transport theory, Arch. Rat. Mech. Anal. 32, 226-246 (1969), Corrigendum ibid. 35, 409- 410 (1969) [14] G. Schlüchtermann, On weakly compact operators, Math. Ann. 292, 263-266 (1992)

[15] R. Schöneberg, A degree theory for semicondensing vector fields in infinite dimensional Banach space and applications, Nonlinear Anal. 4, 393-405 (1980)

[16] C. A. Stuart, Positive solutions of a nonlinear integral equation, Math. Ann. 192, 119-124 (1971)

[17] S. Szufla, On the existence of L^p-solutions of Volterra integral equations in Banach spaces, Funkcialaj Ekvacioj 27, 157-172 (1984)

[18] S. Szufla, Existence theorems for L^p-solutions of integral equations in Banach spaces, Publ. Inst. Math., Nouv. Sér. 40 54, 99-105 (1986)

[19] J. Voigt, On the convex compactness property for the strong operator topology, Note di Math. XII, 259-269 (1992)

[20] E. Zeidler, Nonlinear Functional Analysis and its Applications I: Fixed-Point Theorems, Springer, Berlin-Heidelberg-New York-Tokyo 1986

[21] E. Zeidler, Nonlinear Functional Analysis and its Applications II/B: Nonlinear Monotone Operators, Springer, Berlin-Heidelberg-New York-Tokyo 1990

[22] E. Zeidler, Nonlinear Functional Analysis and its Applications III: Variational Methods and Optimization, Springer, Berlin-Heidelberg-New York-Tokyo 1985

MATHEMATISCHES INSTITUT, UNIVERSITY COLOGNE, WEYERTAL 86, D - 50931 COLOGNE, GERMANY, E-MAIL: mkunze@mi.uni-koeln.de