Analyse Mathématique/Mathematical Analysis

B.V. solutions to evolution problems with time-dependent domains

Markus Kunze and Manuel D.P. Monteiro Marques

Abstract - We obtain solutions with bounded variation of evolution problems governed by time-dependent maximal monotone operators, generalizing both Moreau’s sweeping process [1] and Péralba’s work [2].

Solutions v.b. de problèmes d’évolution avec domaine variable

Résumé - On obtient des solutions à variation bornée de problèmes d’évolution gouvernés par des opérateurs maximaux monotones dépendant du temps. On généralise ainsi le processus de rafle de J.J. Moreau [1] et les travaux de Péralba [2]. Titre(s) courant(s): Problèmes d’évolution v.b./B.V. evolution problems

Version française abrégée - Le but de cette Note est l’étude du problème d’évolution − du dr (t) ∈ A(t)u(t) (1) dr-presque partout dans l’intervalle [0,T ], où A(t) : D(A(t)) ⊂ H → 2^H est un opérateur maximal monotone dans un espace de Hilbert H. La mesure positive dr sur [0,T ] est la mesure de Stieltjes d’une fonction non-décroissante et continue à droite r : [0,T ] → [0,∞[. On suppose que la variation de A(·) est contrôlée par dr, au sens suivant: dis(A(t),A(s)) ≤ r(t)−r(s), 0 ≤ s ≤ t ≤ T, (2) où dis(·,·) est la pseudo-métrique définie par Vladimirov [3]

dis(A,B) = sup { ⟨y −ȳ,x̄ −x⟩ 1+|y|+|ȳ| : x ∈ D(A), y ∈ Ax, x̄ ∈ D(B), ȳ ∈ Bx̄ } , (3)

si A et B sont des opérateurs maximaux monotones avec domaines D(A) et D(B) respectivement. On note A^∘(t,x) l’élément de norme minimale dans A(t)x et on suppose que |A^∘(t,x)| ≤ c(t)(1+|x|) pour t ∈ [0,T ], x ∈ D(A(t)), (4) où c ∈ L^1([0,T ];dr) est fixé. On obtient le résultat d’existence suivant:

Théorème. - Pour chaque t ∈ [0,T ], on se donne un opérateur maximal monotone A(t) : D(A(t)) → 2^H de telle façon que (2) et (4) sont valables. Alors pour tout u_0 ∈ D(A(0)), le problème d’évolution (1) avec condition initiale u(0) = u_0 a une solution à variation bornée u : [0,T ] → H. De façon précise, u(t) ∈ D(A(t)) pour chaque t ∈ [0,T ], et on peut écrire du = u^′dr avec une densité u^′ ∈ L^1([0,T ],dr;H) qui satisfait −u^′(t) ∈ A(t)u(t) dr-presque partout.

Ce théorème possède une variante locale: si pour tout R > 0 il existe M_R > 0 tel que |A^∘(t,x)| ≤ M_R pour t ∈ [0,T ] et x ∈ D(A(t)) avec |x| ≤ R, alors il existe une solution unique sur un intervalle [0,T_1] avec T_1 ∈]0,T ] suffisamment petit.

Si A(t)x = N_{C(t)}x, cône normal au convexe fermé C(t) au point x ∈ C(t), on sait [3] que la ”distance” entre les opérateurs égale la distance de Hausdorff d_H entre les ensembles en question, c’est-à-dire dis(A(t),A(s)) = d_H (C(t),C(s)). Il s’ensuit que la rafle par un convexe mobile ayant variation bornée est un cas particulier de notre théorème.

On traite aussi le cas absolument continu, c’est-à-dire, où l’on suppose dis(A(t),A(s)) ≤ |a(t)−a(s)| pour t,s ∈ [0,T ] avec a ∈ W^{1,1}([0,T ]). On obtient alors une solution absolument continue pour le problème − du dt (t) ∈ A(t)u(t) dt−p.p. Si on pose A(t) = ∂φ_t, où les fonctions x → φ_t(x) = φ(t,x) sont convexes s.c.i., on généralise aussi les résultats de Péralba [2]. En effet, si les polaires φ^∗_t vérifient φ^∗_t (x) ≤ φ^∗_s(x)+|a(t)−a(s)| pour 0 ≤ s ≤ t ≤ T , x ∈ H , alors on a dis(∂φ_t,∂φ_s) ≤ |a(t)−a(s)|.

Les preuves peuvent être généralisées de façon à résoudre les problèmes non homogènes correspondants, c’est-à-dire −(du/dr)(t) ∈ A(t)u(t)+f(t) resp. −(du/dt)(t) ∈ A(t)u(t)+f(t), où f est dr-intégrable resp. Lebesgue-intégrable. Les preuves complètes sont données dans [4].

1. Introduction and Main Results. - In this Note, we deal with the evolution problem − du dr (t) ∈ A(t)u(t) dr −a.e. in [0,T ], (1.1)

where A(t) : D(A(t)) ⊂ H → 2^H is a maximal monotone operator (mmop) in a Hilbert space H for every t ∈ [0,T ], and the dependence t → A(t) is - in some sense - of bounded variation. To be more precise, we assume that dis(A(t),A(s)) ≤ r(t)−r(s), 0 ≤ s ≤ t ≤ T, (1.2) where r : [0,T ] → [0,∞) is right-continuous and nondecreasing. Moreover, dis(·,·) is the pseudo-metric for mmops, introduced in [3], and given through formula (3) for two mmops A and B with domains D(A) and D(B), respectively. We let also denote A^∘(t,x) the element of minimal norm of A(t)x and suppose that for some c ∈ L^1([0,T ];dr) |A^∘(t,x)| ≤ c(t)(1+|x|) for t ∈ [0,T ], x ∈ D(A(t)). (1.3) We then obtain the following

Theorem. - Suppose that for every t ∈ [0,T ] a maximal monotone operator A(t) : D(A(t)) → 2^H is given such that (1.2) and (1.3) hold. Then for every u_0 ∈ D(A(0)) the evolution problem (1.1) with initial condition u(0) = u_0 has a unique solution of bounded variation u : [0,T ] → H. To be more precise, u(t) ∈ D(A(t)) for every t ∈ [0,T ], and we have du = u^′dr with density u^′ ∈ L^1([0,T ],dr;H) such that −u^′(t) ∈ A(t)u(t) dr-a.e.

If one is contented with local solutions, it is also possible to assume instead of (1.3) only that for all R > 0 there is an M_R > 0 such that |A^∘(t,x)| ≤ M_R for t ∈ [0,T ] and x ∈ D(A(t)) with |x| ≤ R. Then one can prove the existence of a unique b.v. solution of (1.1) on a sufficiently small interval [0,T_1] ⊂ [0,T ] with T_1 > 0.

We also consider the case that t → A(t) is absolutely continuous, i.e. dis(A(t),A(s)) ≤ |a(t)−a(s)| for all t,s ∈ [0,T ] with some a ∈ W^{1,1}([0,T ]). Then, if again (1.3) is assumed to hold, we obtain the existence of a unique a.c. solution of − du dt (t) ∈ A(t)u(t) dt−a.e. on [0,T ]. If we let A(t) = ∂φ_t, where the functions x → φ_t(x) = φ(t,x) are convex and l.s.c., it may be seen that we also generalize Péralba’s results [2]. In fact, if we assume that the polars φ^∗_t satisfy φ^∗_t (x) ≤ φ^∗_s(x)+|a(t)−a(s)| for 0 ≤ s ≤ t ≤ T , x ∈ H , then it follows that dis(∂φ_t,∂φ_s) ≤ |a(t)−a(s)|.

We note that our proofs can also be generalized to obtain solutions for the corresponding inhomogeneous problems −(du/dr)(t) ∈ A(t)u(t)+f(t) resp. −(du/dt)(t) ∈ A(t)u(t)+f(t) for dr-integrable resp. Lebesgue-integrable f : [0,T ] → H.

In particular, our results apply to the case A(t)x = N_{C(t)}x, the normal cone to a moving closed convex set t → C(t) for x ∈ C(t). Since here A^∘(t,x) = 0 and dis(A(t),A(s)) = d_H (C(t),C(s)), the Hausdorff distance between C(t) and C(s) (cf. [3]), we thus have generalized the corresponding well-known results concerning the ”classical” sweeping process.

2. Proof of the theorem. - Here we just sketch the proof of existence of a solution to (1.1) on [0,T ], under the assumptions (1.2) and (1.3) with c(t) ≡ c. Concerning more details, and also for the local variant, the a.c. case, and the inhomogeneous problems, the reader is referred to [4].

We first carry out a complete discretization of the problem, i.e. we fix a sequence (ε_n)_{n∈IN} with ε_n ↘ 0 and partitions 0 = t^n_0 < t^n_1 < ··· < t^n_{kn} = T of [0,T ] such that

|t^n_{i+1} −t^n_i |+dr(]t^n_i ,t^n_{i+1}[) ≤ ε_n for i = 0,...,k_n −1. (1.4)

These partitions can be obtained analogously to [1, Prop. 3b] by considering the measure dt+ dr. We define δ^n_{i+1} = dr(]t^n_i ,t^n_{i+1}]) ≥ 0 for i = 0,...,k_n −1, and a sequence of right-continuous (rc) step-functions u_n : [0,T ] → H through

u_n(t) = u_0 for t ∈ [0,t^n_1 [ and u_n(t) = u^n_i for i ≥ 1, t ∈ [t^n_i ,t^n_{i+1}[, (1.5) where for i = 0,...,k_n −1

u^n_{i+1} = J^n_{i+1}(u^n_i ) with J^n_{i+1}x = ( I +δ^n_{i+1} A(t^n_{i+1}) )−1 x for x ∈ H if δ^n_{i+1} > 0 (1.6)

and J^n_{i+1} = I if δ^n_{i+1} = 0. Moreover, we let u_n(T ) = u^n_{kn}. By means of the (u_n), following [1] we also define rc approximants v_n : [0,T ] → H through

v_n(t) = r(t)−r(t^n_i ) r(t^n_{i+1})−r(t^n_i )

(u^n_{i+1} −u^n_i )+u^n_i for t ∈ [t^n_i ,t^n_{i+1}[

and v_n(T ) = u^n_{kn}. Note that here we use the convention 0 0 = 0, i.e. v_n(t) = u^n_i = u^n_{i+1} in [t^n_i ,t^n_{i+1}[ in case that δ^n_{i+1} = 0. Now it follows analogously to [1, Lemma 1] that

dv_n = v^′_n dr with v^′_n(t) = u^n_{i+1} −u^n_i r(t^n_{i+1})−r(t^n_i ) for t ∈]t^n_i ,t^n_{i+1}] (1.7)

and v^′_n(0) = 0. Consequently, if we let φ_n : [0,T ] → [0,T ] be given through φ_n(t) = t^n_{i+1} for t ∈]t^n_i ,t^n_{i+1}] and φ_n(0) = 0, then (1.5), (1.6), and (1.7) just say that −v^′_n(t) ∈ A ( φ_n(t),v_n(φ_n(t)) ) for dr −a.e. t ∈ [0,T ]. (1.8)

We intend to obtain a solution of (1.1) by passing to a suitable limit in (1.8), and therefore we first have to derive uniform bounds. For that, the following lemma is needed.

Lemma 1. - Let A,B be mmops. Then with J^B_λ = (I +λB)^{−1} for λ > 0 and x ∈ D(A) we have |x−J^B_λ x| ≤ λ|A^∘x|+dis(A,B)+ √ λ(1+|A^∘x|)dis(A,B).

Since dis(A(t^n_i ),A(t^n_{i+1})) ≤ δ^n_{i+1} by (1.2), Lemma 1 together with (1.6) can be used to obtain by means of (1.3) and a discrete version of Gronwall’s lemma

Lemma 2. - There exists a constant K > 0 such that for all n ∈ IN and i = 0,...,k_n resp. i = 0,...,k_n −1 |u^n_i | ≤ K resp. |u^n_{i+1} −u^n_i | ≤ K dr(]t^n_i ,t^n_{i+1}]). (1.9)

In particular,

sup_{n∈IN} |u_n|_∞ ≤ K and sup_{n∈IN} var(u_n) = sup_{n∈IN} ( kn−1∑ i=0 |u^n_{i+1} −u^n_i | ) ≤ K dr([0,T ]) (1.10)

as well as |u_n(t)−u_n(s)| ≤ K ( dr(]s,t])+ε_n ) for n ∈ IN and 0 ≤ s ≤ t ≤ T . (1.11)

Hence, because of |u_n −v_n|_∞ ≤ ε_n, (1.10), (1.9) and (1.7), there is a subsequence (again indexed by n ∈ IN) and a bv function u : [0,T ] → H such that v_n(t) → u(t) weakly for every t ∈ [0,T ] (cf. [5, Thm. 0.2.1]) and v^′_n → u^′ weakly in L^2([0,T ],H;dr), where u^′ denotes a density of du w.r.t. dr, which exists, since |u(t)−u(s)| ≤ K (r(t)−r(s)) for 0 ≤ s ≤ t ≤ T by (1.11).

One can show next that v_n → u uniformly strongly on [0,T ] (in fact, only pointwise strong convergence would be needed in the sequel). To see this, we note that the definition of dis, (1.8), (1.9), (1.7), and (1.2) imply for t ∈]0,T ] and n,m ∈ IN ⟨ v_n(φ_n(t))−v_m(φ_m(t)),v^′_n(t)−v^′_m(t) ⟩ ≤ (1+2K) ( |r(φ_n(t))−r(t)|+|r(φ_m(t))−r(t)| ) . By relating to the left-hand side of this estimate and by using the rc of r we thus can obtain ⟨ v_n(t)−v_m(t),v^′_n(t)−v^′_m(t) ⟩ ≤ Δ_{n,m}(t) (1.12)

with functions Δ_{n,m} being bounded uniformly in n,m and t ∈ [0,T ], and satisfying Δ_{n,m}(t) → 0 as n,m → ∞ for every t ∈ [0,T ]. Let w = v_n −v_m. Then w is rcbv with dw = dv_n −dv_m and dw dr = v^′_n −v^′_m. Hence we may apply Moreau’s formula dw^2 ≤ 2w^+ ·dw^+ (cf. [6, (2)] or [5, p.9]) and (1.12) to find 1 2 |v_n(t)−v_m(t)|^2 = 1 2 ∫ ]0,t] dw^2 ≤ ∫ ]0,t] w^+ ·dw^+ ≤ ∫ ]0,t] ⟨v_n −v_m,v^′_n −v^′_m⟩dr ≤ ∫ [0,T ] Δ_{n,m}(s)dr(s). Summing up, by Lebesgue’s dominated convergence theorem and by the previous results we therefore have obtained

Lemma 3. - We have |v_n −u|_∞ → 0 and v^′_n → u^′ weakly in L^2([0,T ],H;dr) as n → ∞. To show that u is a solution, a main point is to prove the inclusion (1.1). Since every A(t) is monotone, in particular for dr-a.e. t ∈ [0,T ] and all ξ ∈ D(A(φ_n(t))) ⟨ v^′_n(t),v_n(φ_n(t))−ξ ⟩ ≤ ⟨ A(φ_n(t),ξ),ξ −v_n(φ_n(t)) ⟩ . (1.13)

Because it can be seen that also u(t) ∈ D(A(t)) on [0,T ], the application of the following results will be useful. We remark that Lemma 4 is [7, Prop. 2.7], and Lemma 5 is a particular case of a more general result, closely related to one given in [8].

Lemma 4. - Let A be a mmop, x ∈ D(A) and y ∈ H such that ⟨A^∘η −y,η −x⟩ ≥ 0 for η ∈ D(A). Then x ∈ D(A) and y ∈ Ax. Lemma 5. - Let A_n be a mmop for n ∈ IN such that dis(A_n,A) → 0 for some mmop A.

Suppose further that |A^∘_nx| ≤ c(1+|x|) for some c > 0, all n ∈ IN and x ∈ D(A_n). Then for every η ∈ D(A) there exists a sequence (ξ_n) with ξ_n ∈ D(A_n), ξ_n → η and A^∘_nξ_n → A^∘η.

Thus, by Lemma 4, it is enough to prove ⟨u^′(t),u(t)−η⟩ ≤ ⟨A^∘(t,η),η −u(t)⟩ (1.14) for t ∈ [0,T ] outside some suitable dr-nullset and for η ∈ D(A(t)). To do this, we apply Lemma 5 and use (1.13) together with Lemma 3 to obtain limsup_{n→∞} ⟨v^′_n(t),u(t)−η⟩ ≤ ⟨A^∘(t,η),η −u(t)⟩. By Lemma 3 we can use Mazur’s theorem to pass to suitable convex combinations of the v^′_n which converge strongly in L^2([0,T ],H;dr), and if we choose a subsequence of these convex combinations which converges pointwisely strongly to u^′, we finally arrive at (1.14). This completes the outline of the proof of the theorem. 2

Acknowledgement. - The authors gratefully acknowledge support by Deutscher Akademischer Austauschdienst (DAAD) and Conselho de Reitores das Universidades Portuguesas (CRUP), project ”Acção Integrada Luso-Alemã, No. A–8/95 and A-4/96, Inclusões Diferenciais em Sistemas Dinâmicos Não-Regulares”.

References

[1] J.J. Moreau, Evolution problem associated with a moving convex set in a Hilbert space, J. Diff. Eqns., 26, 1977, pp. 347-374

[2] J.C. Péralba, Un problème d’évolution relatif a un opérateur sous-différentiel dépendant du temps, C. R. Acad. Sc. Paris, Série A, 275, 1976, pp. 93-96

[3] A.A. Vladimirov, Nonstationary dissipative evolution equations in a Hilbert space, Nonlinear Anal., 17, 1991, pp. 499-518

[4] M. Kunze and M.D.P. Monteiro Marques, B.V. solutions to evolution problems with time-dependent domains, Preprint 1996

[5] M.D.P. Monteiro Marques, Differential inclusions in nonsmooth mechanical problems-shocks and dry friction, Birkhäuser, Basel-Boston-Berlin, 1993

[6] J.J. Moreau, Sur les mesures différentielles de fonctions vectorielles et certains problèmes d’évolution, C. R. Acad. Sc. Paris, Série A, 282, 1976, pp. 837-840

[7] H. Brézis, Opérateurs Maximaux Monotones, North Holland Publ. Company, Amsterdam-London, 1973

[8] H. Brézis, New results concerning monotone operators and nonlinear semigroups, in Proceedings of the RIMS, Kyoto University, 1975

Mathematisches Institut der Universität Köln, Weyertal 86, 50931 Köln, Allemagne C.M.A.F. and Faculdade de Ciências da Universidade de Lisboa, Av. Prof. Gama Pinto 2, 1699 Lisboa, Portugal