Kunze, M.

On the Period of Periodic Motions of a Particle in a Scalar Wave Field

It is shown that a periodic solution of the nonlinear infinite-dimensional Hamiltonian system describing a particle in a scalar wave field can have only certain discrete periods that are related to zeroes of the Fourier transform of the function that realizes the coupling.

1. Introduction

For the motion of a charged particle q(t) ∈ IR^3 subject to its self-generated field, a simplified model is governed by the equations

q̇(t) = p(t) √ 1 + p(t)^2 , ṗ(t) = −∇V (q(t)) + ∫ d^3y ϕ(y, t)∇ρ(y − q(t)), ϕ̇(x, t) = π(x, t), π̇(x, t) = Δϕ(x, t) − ρ(x − q(t)), (1)

with x ∈ IR^3 and t ∈ IR. Here q̇(t) and p(t) = (1 − q̇(t)^2)^{−1/2} q̇(t) ∈ IR^3 are the velocity and the momentum of the particle, respectively, and ϕ(x, t) ∈ IR denotes the (scalar) field. If the wave equation ϕ̈ = Δϕ−ρ(x−q(t)) in (1) were replaced by the full Maxwell equations for electric and magnetic fields E(x, t), B(x, t) ∈ IR^3, then (1) would be the more general and well-known Maxwell-Lorentz model, also called Abraham model; see [8] for an up-to date review. An important role is played by the function ρ in (1), since it accounts for considering the particle a charged sphere with charge ρ rather than a point particle: If one formally sets ρ = δ_0, then the wave equation ϕ̈ = Δϕ − δ(x − q(t)) means that there is only charge at the point x = q(t) where the particle sits. For ρ we assume

ρ ∈ C^∞_0 (IR^3), ρ(x) = 0 for |x| ≥ R_ρ, ρ(x) = ρ_r(|x|), (C)

to be satisfied.

Our goal is to investigate the long-time behaviour of (1) as a dynamical system on the state-space E = D^{1,2}(IR^3) ⊕ IR^3 ⊕ L^2(IR^3) ⊕ IR^3, with the canonical norm, where D^{1,2}(IR^3) = {ϕ ∈ L^6(IR^3) : |∇ϕ(x)| ∈ L^2(IR^3)}. Assuming here and in the sequel that V ∈ C^2(IR^3) with inf_{q∈IR}3 V (q) > −∞, it is known from [4; Lemma 2.1] that for data Y_0 = (ϕ_0, q_0, π_0, p_0) ∈ E there exists a unique global (weak) solution t → Y (t) ∈ E of (1), Y (t) = (ϕ(·, t), q(t), π(·, t), p(t)), such that Y (0) = Y_0.

It became apparent that for the dynamics of (1) a particularly important role seems to be played by the Fourier transform

ρ̂(k) = (2π)^{−3/2} ∫ d^3x e^{−i k·x}ρ(x), k ∈ IR^3, of ρ. In case that ρ̂(k) ≠ 0 for all k ∈ IR^3, it was also shown it [4] that solutions of (1) for any data Y_0 ∈ E (with a certain decay at |x| → ∞) will approach the set of all equilibria of (1), in the topology on E generated by the seminorms induced by restriction of integrals over {x ∈ IR^3 : |x| ≤ R}, R > 0. This corresponds to the fact that the particle is accelerated by the potential V and hence radiates energy in x-space. Therefore, if a fixed ball {x ∈ IR^3 : |x| ≤ R} is considered, then all energy should be dissipated from this ball as t → ∞.

Contrary to this satisfactory answer, from a rigorous viewpoint the situation is much less clear if ρ̂ admits zeroes, for simplicity we suppose

ρ̂(k) = 0 for k ∈ IR^3, |k| = a > 0, ρ̂(k) ≠ 0, |k| ≠ a; (2)

note that since ρ is radially symmetric, so is ρ̂. In this case, linearizing (1) about a fixed point, it can be seen that the linearized system possesses periodic solutions, of period T = 2π/a. It has been proved in [5] that, due to the coupling to the continuous spectrum, these “linearized periodic solutions” do not generate periodic solutions of the non-linear problem, in a certain sense. This somehow excludes the existence of periodic solutions to (1) close to equilibrium points, but it remained open whether there are periodic solutions at all, e.g., with large energy.

In the present note we will prove that if a periodic solution to (1) does exist, then necessarily it is of period T = (2π/a)n for some n ∈ IN. More precisely, we show

T h e o r e m 1. Assume (C) and (2) are satisfied, and let Y (t) = (ϕ(·, t), q(t), π(·, t), p(t)) be a solution to (1) with data Y_0 = (ϕ_0, q_0, π_0, p_0) ∈ E such that for some R_0 > 0 the functions ϕ_0(x) and π_0(x) are C^2 and C^1-differentiable, respectively, outside the ball {x ∈ IR^3 : |x| ≤ R_0}, and for |x| → ∞ |ϕ^0(x)| + |x| ( |∇ϕ_0(x)| + |π_0(x)| ) + |x|^2 ( |∇∇ϕ_0(x)| + |∇π_0(x)| ) = O(|x|^{−σ} ) (3)

holds, with some σ > 1/2. Then, if q(·) is periodic of period T > 0 and non-constant, we already must have T = (2π/a)n for some n ∈ IN.

R e m a r k 1. (i) Since (1) is a nonlinear infinite-dimensional Hamiltonian system, the fact that there should be periodic solutions of only discrete periods seems to be somewhat unlikely. Typically one would expect periodic solutions of “very many” periods, cf. e.g. [2]. Perhaps this indicates that there are no periodic solutions at all, and that every trajectory has to tend to the set of all equilibria in the long-time limit.

(ii) For the choice ρ(x) ∼= δ(|x| − b), which means that the charge is uniformly distributed over the sphere |x| = b, an analogous (but quite formally derived) result has been obtained in [7]; see also the remarks in [6; p. 937]. For this ρ the existence of a periodic solution is claimed in [1], but the argument is non-rigorous. Note, however, that in this case (C) is not satisfied, and ρ̂(k) ∼=^{sin kb}_{kb} .

(iii) The decay assumption (3) is the one already used in [4].

2. Proof of Theorem 1

The following result from [4; Prop. 3.1] will play the main role in the proof.

L e m m a 1. In the situation described in Theorem 1, ∫_∞ 0 dt ∫ |ω|=1 d^2ω |R_ω(t)|^2 < ∞, with R_ω(t) = ∫ d^3x ρ(x − q(t + ω · x)) ω · q̈(t + ω · x) (1 − ω · q̇(t + ω · x))^2 . This estimate obtains from a careful analysis of how much energy does leave a ball {x ∈ IR^3 : |x| ≤ R} as t → ∞, and it reflects the fact that there is energy dissipated in quantitative terms. Note that due to the a priori bound sup_{t∈IR} |q̇(t)| = sup_{t∈[0,T ]} |q̇(t)| ≤ v̄ < 1, see [4], we always have |ω · q̇(t + ω · x)| ≤ v̄ for |ω| = 1, whence R_ω(t) is well-defined.

Now we can proceed to show Theorem 1.

Proof. Since q is T –periodic, so are q̇ and q̈. Whence R_ω(·) is T -periodic as well, for each |ω| = 1, and thus the same holds for t → ∫ |ω|=1 d 2 ω|R_ω(t)|^2. Utilizing Lemma 1 we find that this is only possible in case that R_ω(t) = 0 for all |ω| = 1 and t ∈ [0, T ]. To rewrite R_ω (t) appropriately, we introduce the 1D version ρ_{(1)}(ξ) = ∫ IR^2 ρ(x1, x2, ξ) dx1dx2 of ρ, with ξ ∈ IR. We perform a change of variables

IR^3 ∋ x → ( ω_1 · (x − φ(ω · x)), ω_2 · (x − φ(ω · x)), ω · x ) = z ∈ IR^3,

with φ(ξ) = q(t + ξ) ∈ IR^3, and ω_1, ω_2 ∈ IR^3 are chosen in such a way that {ω_1, ω_2, ω} is an orthonormal base of IR^3. Then it may be calculated that

| det( dz dx )| ≡ 1 and |x − φ(ω · x)| = |(z_1, z_2, z_3 − ω · φ(z_3))|,

hence

ρ(x − q(t + ω · x)) = ρ(z_1, z_2, z_3 − ω · φ(z_3)) due to (C). Thus we obtain

R_ω(t) = ∫ d^1ξ ρ_{(1)}(ξ − ω · q(t + ξ)) ω · q̈(t + ξ) (1 − ω · q̇(t + ξ))^2 = 0, |ω| = 1, t ∈ [0, T ]. Writing r(t) = ω · q(t), this yields, due to ρ_{(1)}(−ξ) = ρ_{(1)}(ξ), 0 = ∫ d^1ξ ρ_{(1)}(ξ − r(t + ξ)) r̈(t + ξ) (1 − ṙ(t + ξ))^2 = ∫ d^1ξ ρ_{(1)}(t − [ξ − r(ξ)]) r̈(ξ) (1 − ṙ(ξ))^2 = ∫ d^1θ ρ_{(1)}(t − θ) r̈(ξ(θ)) (1 − ṙ(ξ(θ)))^3 , the latter through the substitution θ = ξ − r(ξ),^{dθ}_{dξ} = 1 − ṙ(ξ); recall that |ṙ(ξ)| ≤ v̄ < 1, hence ξ → θ(ξ) is a diffeomorphism with inverse θ → ξ(θ). Since this is a convolution, we can summarize that ( ρ_{(1)} ∗ g_ω ) (t) = 0, |ω| = 1, t ∈ [0, T ], with g_ω(θ) = ω · q̈(ξ(θ)) (1 − ω · q̇(ξ(θ)))^3

, (4)

see also [4]. Due to the assumed periodicity we may as well write “t ∈ IR” instead of “t ∈ [0, T ]”. According to (2),

ρ̂_{(1)}(k) = 0 for k ∈ IR, |k| = a > 0, ρ̂_{(1)}(k) ≠ 0, |k| ≠ a. (5)

From (4) and (5) we want to conclude that T = (2π/a)n for some n ∈ IN. We will use the following lemma, the proof of which is certainly known, but since we did’t find a precise reference we will include some details.

L e m m a 2. If ρ_{(1)} ∈ C^∞_0 (IR) satisfies (5), and if g ∈ C_b(IR) is such that ( ρ_{(1)} ∗ g ) (t) = 0, t ∈ IR,

then either g ≡ 0 or g(t) = A sin(at + θ), t ∈ IR, for some A, θ ∈ IR.

Proof. (of Lemma 2). Define the finite measure μ(A) = ∫ A ρ_{(1)}(ξ) dξ for A ∈ B(IR), the Borel σ-algebra on IR. Then ρ_{(1)} ∗ g ≡ 0 can be rewritten as μ ∗ g ≡ 0. With the notation σ(g) = ⋂ f ∈N(g){k ∈ IR : f̂(k) = 0}, where

N(g) = {f ∈ L^1(IR; C) : f ∗ g ≡ 0}, it is thus known from [3; Thm. 15.4.6(vii)] that

σ(g) ⊂ {k ∈ IR : μ̂(k) = 0} = {k ∈ IR : ρ̂_{(1)}(k) = 0} = {−a, +a},

the latter by (5). Hence there are not many possibilities for the spectrum σ(g) of g. If σ(g) = ∅, then g ≡ 0 by [3; Thm. 15.4.7]. In case that σ(g) = {−a}, σ(g) = {a}, or σ(g) = {−a, a}, it follows from [3; Thm. 15.4.17(iii)] that g has the form g(t) = αe^{−iat} + βe^{iat} for some α, β ∈ C. Since g is real-valued, we arrive at

g(t) = [Re α + Re β] cos(at) + [Im β − Im α] sin(at) = A sin(at + θ), t ∈ IR,

for suitable A, θ. This completes the proof of Lemma 2.

To continue with the proof of Theorem 1, we now can apply Lemma 2 to each g_ω(·) from (4). Hence for each |ω| = 1 we find A_ω, θ_ω ∈ IR such that ω · q̈(ξ(θ)) (1 − ω · q̇(ξ(θ)))^3

= g_ω(θ) = A_ω sin(aθ + θ_ω), θ ∈ IR.

Setting θ = θ(ξ), the inverse of θ → ξ(θ), we infer ω · q̈(t) (1 − ω · q̇(t))^3

= A_ω sin(a[t − ω · q(t)] + θ_ω), t ∈ IR, (6)

where we wrote t instead of ξ. To deduce further information from this implicit ODE for q, we re-introduce u(t) = t − ω · q(t), i.e., u = θ. Then (6) reads as

ü + A_ω sin(au + θ_ω)u̇^3 = 0, t ∈ IR.

Writing this as u̇ = z, ż = −A_ω sin(au + θ_ω)z^3, it follows that du dz = − 1 A_ω sin(au + θ_ω)z^2 . Hence integration reveals that for all |ω| = 1 there exists C_ω ∈ IR such that ω · q(t) = A_ω sin(a[t − ω · q(t)] + θ_ω) + C_ω , t ∈ IR. (7) This finally gives the claim of the theorem, since due to T -periodicity of q for all t ∈ IR A_ω sin(aT + a[t − ω · q(t)] + θ_ω) = A_ω sin(a[t + T − ω · q(t + T )] + θ_ω) = ω · q(t + T ) − C_ω = ω · q(t) − C_ω = A_ω sin(a[t − ω · q(t)] + θ_ω). (8) From (7) we conclude that it is not possible to have A_ω = 0 for all |ω| = 1, as in this case 4π 3 q(t) = ∫ |ω|=1 d^2ω (ω · q(t))ω = ∫ |ω|=1 d^2ω C_ω ω

is independent of t, i.e., q is constant. Thus for one |ω| = 1 with A_ω ≠ 0 it follows from (8) that sin(aT + ū(t)) = sin(ū(t)), t ∈ IR, with ū(t) = a[t − ω · q(t)] + θ_ω, t ∈ IR. Since ū : IR → IR is onto, we finally find sin(aT + τ) = sin(τ), τ ∈ IR, hence T = (2π/a)n for some n ∈ IN as was to be shown.

Acknowledgement I am grateful to A. Komech and H. Spohn for discussions.

3. References 1 Bohm, D., Weinstein, M.: The self-oscillation of charged particles; Physical Review 74 (1948), 1789-1798. 2 Craig, W., Wayne, C.E.: Newton’s method and periodic solutions of nonlinear wave equations; Comm. Pure Appl. Math.

46 (1993), 1409-1498.

3 Gripenberg, G., Londen, S.-O., Staffans, O.: Volterra Integral and Functional Equations, Cambridge University Press, Cambridge-New York 1990.

4 Komech, A., Spohn, H., Kunze, M.: Long-time asymptotics for a classical particle interacting with a scalar wave field; Comm. Partial Differential Equations 22 (1997), 307-335.

5 Kunze, M.: Instability of the periodic motion of a particle interacting with a scalar wave field; Comm. Math. Phys. 195 (1998), 509-523.

6 Pearle, P.: Absence of radiationless motions of relativistically rigid classical electron; Foundations of Physics 7 (1977), 931-943.

7 Schott, G.A.: Phil. Mag. Suppl. 7 (1933), 752.

8 Spohn, H.: Dynamics of Charged Particles and Their Radiation Field, preprint 1999. Address: Markus Kunze, Mathematisches Institut der Universität Köln, Weyertal 86, 50931 Köln, email: mkunze @ mi.uni-koeln.de