The singular perturbation limit of a variational problem from nonlinear fiber optics

Markus Kunze

Universität Essen, FB 6 – Mathematik, D - 45117 Essen, Germany e-mail: mkunze@ing-math.uni-essen.de

Abstract

Among the fiber optical models the dispersion managed (DM) systems have attracted interest due to their favorable properties compared to the more traditional approaches which rely on classical solitons. Numerical and physical experiments have shown that in the limit of strong dispersion management, there exist stable nearly periodic pulses. It was later found that these breathing pulses correspond to the ground states solutions of a certain averaged DM problem with positive and even zero residual dispersion. It was not clear, however, how DM solitons in the zero residual dispersion regime are related to those ones in the positive residual dispersion regime. In this paper, DM solitons in the mean-zero case are obtained as DM solitons in the limit of vanishing positive residual dispersion. This corresponds to studying the singular perturbation limit of energy functionals of the form φ^{(ε)}(u) =^ε_2 ∫ R |u^′|^2 dx − F (u) with a highly non-local operator F .

1 Introduction and main results

Over the last two decades models for optical fibers which are based on dispersion management have become increasingly popular [3, 12, 16]. One obvious reason for the interest in the subject is due to the fact that in practise such fiber lines support pulses whose tails decay very rapidly (like Gaussians ∼ e^{−x 2} , in contrast to the decay ∼ e^{−|x|} of the traditional sech^2(x)-solitons; see [8, 4]). Since accordingly the mutual interference of the tails is much weaker, better results for the transmission of optical signals at high bit rates can be obtained [11, 18]. A second advantage of DM-based models is the stability of the pulses over long periods of time [5, 23]. Thirdly, it has been discussed numerically [13, 14] that DM solitons are also stable in the regime of zero residual dispersion, that is, pulses at small positive residual dispersion appear to persist as the residual dispersion is taken to zero; a mathematical proof of this fact is the subject of the present paper. Since another important reason for considering the zero residual dispersion case is that this regime plays a role for the destabilizing Gordon-Haus jitter (see [19]), it is desirable also from a practical point of view to understand the limit of vanishing residual dispersion.

The model frequently considered in the context of DM optical fibers is described by

iu_z + d(z)u_{tt} + |u|^2u = 0, (1.1) where u is the envelope of the optical pulse (electromagnetic wave), the evolution of the latter being governed by Maxwell’s equations; see [6, 15, 22]. In (1.1), z is the distance along the fiber whereas t denotes (retarded) time. The group velocity dispersion function d(z) = d̃(z) + ⟨d⟩ is periodic with residual dispersion ⟨d⟩, whereas d̃(z) has mean value zero over one compensation period. It is by now well-known that (1.1), in the strong DM regime, can be averaged over the compensation period (which is taken as the unit interval) to yield an effective equation in the limit of vanishing residual dispersion ⟨d⟩ ≃ ε → 0^+. Several papers discuss in detail the averaged equations and their derivation, their relation to (1.1), and the associated scales; see e.g. [1, 5, 20, 21, 23] and the references therein. For our purposes we follow [5, 7, 23] and only note that, after some lengthy manipulation and suitable choice of the constants, an effective equation turns out to be governed by the Hamiltonian

H^{(ε)}(u) = ε 2 ∫ R |u_t|^2 dt −

∫_1 0 ∫ R |T (z)u|^4 dt dz.

The corresponding Euler-Lagrange equation is

iu_z + ε 2 u_{tt} + Q(u) = 0, (1.2)

where Q(u) = 1 4 ∫_1 0 T (z)^{−1} (|T (z)u|^2 T (z)u) dz

denotes the averaged nonlinearity. An implicit assumption inherent to the possible reduction of (1.1) to (1.2) is that d(z) is a one-periodic step function; here u(t, z) = T (z)u(t, 0) denotes the solution to iu_z +d(z)u_{tt} = 0. In order to find ground state solutions of (1.2) one therefore discusses, in the case ε > 0, the constrained variational problems

H^{(ε)}_E = inf { H^{(ε)}(u) : u ∈ H^1, ∫ R |u|^2 dt = E } , where H^1 = H^1(R; C) is the usual Sobolev space of square integrable functions u such that ∫ R |u_t|^2 dt is finite. It has been shown in [23] that for every ε > 0 and E > 0 the infimum H^{(ε)}_E is attained, cf. also [9]; we remark that the numerical results in [7] indicate that minimizers are non-unique. In the case ε = 0 the corresponding constrained variational problems are

H_E = inf { H(u) : u ∈ L^2, ∫ R |u|^2 dt = E }

with H(u) = −

∫_1 0 ∫ R |T (z)u|^4 dt dz,

and the existence of a minimizer has been proved in [10]. The general problem which had to be overcome for ε = 0 is the lack of compactness for minimizing sequences, due to the absence of a priori bounds in spaces different from L^2.

Here our main concern is to study the singular perturbation limit ε → 0 of the ground state energies H^{(ε)}_E and of the minimizers. We are going to show that H^{(ε)}_E → H_E, and that for the respective minimizers we have u^{(ε)} → u in L^2, up to selection of a subsequence, rotation, and translation of the original sequence (see Theorem 1.2 below). Hence we indeed find that pulses at small positive residual dispersion do persist in the limit of vanishing residual dispersion.

To simplify matters from the outset, we will assume that the dispersion function d(z) is constant (≡ 1) on the interval [0, 1]; in general one could split the original period interval [0, 1] of d(z) into the pieces on which d(z) is constant and consider each piece separately. Moreover, we will denote more intuitively t what is z above (since it plays the role of a time variable), and accordingly we will write x instead of t. For example, e^{it∂2x} u_0 = T (t)u_0 denotes the evolution operator of the free Schrödinger equation in one space dimension, i.e., u(t, x) = (T (t)u_0)(x) solves

iu_t + u_{xx} = 0, u(0, x) = u_0(x). (1.3)

Thus our aim is to investigate the limit ε → 0 of the energies

P^{(ε)}_λ = inf { φ^{(ε)}(u) : u ∈ H^1, ∫ R |u|^2 dx = λ } (1.4)

and of the corresponding minimizers, where the functionals are given by

φ^{(ε)}(u) = ε 2 ∫ R |u^′(x)|^2 dx −

∫_1 0 ∫ R |(T (t)u)(x)|^4 dx dt. (1.5)

The limiting energy is

P_λ = inf { φ(u) : u ∈ L^2, ∫ R |u|^2 dx = λ } , (1.6)

with associated functional φ(u) = −

∫_1 0 ∫ R |(T (t)u)(x)|^4 dx dt. (1.7)

We note that due to the presence of the term |(T (t)u)(x)|^4 both the φ^{(ε)} and φ are non-local. Together with the fact that the underlying spatial domain R is unbounded, this leads to mathematically interesting questions. Of course the unbounded domain excludes concentration effects at the boundary, which are typically found in the limit ε → 0 for positive solutions of −ε^2Δu = f(u) in a bounded domain Ω ⊂ R^n, under suitable assumptions on f; cf. [17] and the references therein. To proceed further, we recall the result from [10].

Lemma 1.1 Let (u_j) ⊂ L^2 be a minimizing sequence for P_λ , i.e., we have ∫ R |u_j|^2 dx = λ as well as φ(u_j) → P_λ . Then there exists a subsequence (not relabelled) as well as sequences (ξ_j) ⊂ R and (x_j) ⊂ R such that e^{−iξ j (xj +·)}u_j (x_j + ·) → u in L^2, and u is a minimizer for P_λ .

The main result of the present paper is summarized in the following theorem.

Theorem 1.2 For every λ > 0 we have P^{(ε)}_λ → P_λ as ε → 0. In addition, if (u_j) ⊂ H^1 is a sequence of minimizers for P^{(εj )}_λ for some sequence ε_j → 0, then there exist a subsequence (not relabelled) as well as sequences (ξ_j) ⊂ R and (x_j) ⊂ R such that e^{−iξ j (xj +·)}u_j(x_j + ·) → u in L^2, and u is a minimizer for P_λ .

The proof of this theorem is elaborated in the next Section 2. Concerning notation, we write L^p = L^p(R; C) and H^s = H^s(R; C), with corresponding norms ‖ · ‖_Lp and ‖ · ‖_Hs , respectively. The inner product on L^2 is denoted (u, v)_L2 = ∫ R uv̄ dx, whereas the Fourier transform of u ∈ L^2 is û(ξ) = (2π)^{−1/2} ∫ R e^{−ixξ} u(x) dx.

2 Proof of Theorem 1.2

We start with some basic properties of P^{(ε)}_λ and P_λ from (1.4) and (1.6), respectively.

Lemma 2.1 There exist constants C_1, C_2 > 0 such that −C_1λ^2 ≤ P^{(ε)}_λ ≤ −C_2λ^2 and −C_1λ^2 ≤ P_λ ≤ −C_2λ^2 are satisfied for all λ > 0 and ε ∈]0, λ/2]. Moreover,

P^{(ε)}_λ ↘ P^∗_λ ≥ P_λ , ε → 0, (2.1)

for P^∗_λ := inf_{ε>0} P^{(ε)}_λ . We also have P_λ = λ^2P_1 for λ > 0, and

φ(u) ≥ P_{‖u‖}2_{L2} = ‖u‖^4_L2 P_1, u ∈ L^2. (2.2)

Proof : For the first part, we follow [23, Thm. B.1], cf. also [10, Lemma 2.5]. From the elementary inequality a^4 ≤^1_{2η} a^2 +^η_2 a^6 with η = ‖u‖^{−2}_L2 , and using Strichartz’ inequality ∫ R ∫ R |T (t)u|^6 dxdt ≤ C‖u‖^6_L2 ,

cf. [2, Thm. 3.2.5(i)], we see that

|φ(u)| ≤

∫_1 0 ∫ R ( 1 2η |T (t)u|^2 + η 2 |T (t)u|^6 ) dxdt ≤ 1 2η ‖u‖^2_L2 + Cη‖u‖^6_L2 ≤ C_1‖u‖^4_L2

for u ∈ L^2. Thus for u ∈ H^1 with ∫ R |u|^2 dx = λ we obtain the lower bound

φ^{(ε)}(u) ≥ φ(u) ≥ −C_1‖u‖^4_L2 = −C_1λ^2,

hence P_λ ≥ −C_1λ^2. On the other hand, for v(x) = Ae^{−x 2/2}, where A^2 = π^{−1/2} λ, it follows that ‖v‖^2_L2 = λ and (T (t)v)(x) =^{A√}_{1+2it} e^{−x 2/(2+4it)}. Thus

P^{(ε)}_λ ≤ φ^{(ε)}(v) = ε 4 λ − 2^{−3/2} π^{−1/2} arctan(2)λ^2 ≤ −C_2λ^2,

with the explicit constant C_2 = 2^{−3/2} π^{−1/2} arctan(2) − 1/8 > 0. To verify −C_1λ^2 ≤ P_λ ≤ −C_2λ^2 one may proceed analogously, cf. [10, Lemma 2.5]. Concerning (2.1), we note that obviously φ^{(ε2)}(u) ≥ φ^{(ε1)}(u) for ε_2 ≥ ε_1 > 0 and u ∈ H^1, whence P^{(ε2)}_λ ≥ P^{(ε1)}_λ shows that the function ε → P^{(ε)}_λ is increasing, and thus tends to its infimum as ε → 0. If ε > 0, λ > 0, and u ∈ H^1 is such that ∫ R |u|^2 dx = λ, then φ^{(ε)}(u) ≥ φ(u) ≥ P_λ , and therefore P^{(ε)}_λ ≥ P_λ leads to P^∗_λ ≥ P_λ in the limit ε → 0. The relation P_λ = λ^2P_1 is obtained from a straightforward scaling argument, and this in turn implies (2.2), cf. also [10, Lemma 2.5]. �

The following lemma states a useful property of φ.

Lemma 2.2 There exists a constant C > 0 such that

|φ(u) − φ(v)| ≤ C ( ‖u‖_L2 + ‖v‖_L2

)_3 ‖u − v‖_L2 , u, v ∈ L^2. (2.3)

Proof : Cf. [10, Lemma 2.2]. � The vanishing of the singularly perturbed term from (1.5) in the limit ε → 0 is guaranteed by the next result.

Lemma 2.3 Let (u_j) ⊂ H^1 be a sequence of minimizers for P^{(εj )}_λ , for some sequence ε_j → 0. Then ε_j ∫ R |u^′_j|^2 dx → 0, j → ∞.

Proof : By considering suitable subsequences we may assume that ε_{j+1} ≤ ε_j/2 for j ∈ N. Then u_j ∈ H^1 and ∫ R |u_j|^2 dx = λ imply P^{(εj+1)} λ ≤ φ^{(εj+1)}(u_j) = ε_{j+1} − ε_j 2 ∫ R |u^′_j|^2 dx + φ^{(εj )}(u_j) = ε_{j+1} − ε_j 2 ∫ R |u^′_j|^2 dx + P^{(εj )}_λ , and consequently ε_j 4 ∫ R |u^′_j |^2 dx ≤ ε_j − ε_{j+1} 2 ∫ R |u^′_j|^2 dx ≤ P^{(εj )}_λ − P^{(εj+1)}_λ → P^∗_λ − P^∗_λ = 0, j → ∞, by (2.1). � To prove Theorem 1.2, we start by verifying that the P^{(ε)}_λ converge to P_λ .

Lemma 2.4 As ε → 0 we have P^{(ε)}_λ → P_λ .

Proof : Due to Lemma 2.1, we only have to show that P^∗_λ ≤ P_λ , where P^∗_λ = lim_{ε→0} P^{(ε)}_λ = inf_{ε>0} P^{(ε)}_λ .

To see this, we note that according to [10] (cf. Lemma 1.1) we have P_λ = φ(v) for a suitable minimizing function v ∈ L^2 with ∫ R |v|^2 dx = λ. We fix ϕ ∈ C^∞_0 (R) with values in [0, 1] such that ϕ(ξ) = 1 for |ξ| ≤ 1 and ϕ(ξ) = 0 for |ξ| ≥ 2, and for R > 0 we write ϕ_R(ξ) = ϕ(ξ/R). We then define v_R = (ϕ_Rv̂)^ˇ = ϕ̌_R ∗ v as well as v^R = v − v_R to obtain v = v_R + v^R, ‖v^R‖^2_L2 = ∫ |ξ|≥R

|(1 − ϕ_R)v̂|^2 dξ ≤ ∫ |ξ|≥R

|v̂|^2 dξ =: σ(R) (2.4) and ‖v_R‖^2_L2 = ∫ R |ϕ_Rv̂|^2 dξ = λ − ∫ |ξ|≥R

(1 − ϕ^2_R)|v̂|^2 dξ

≥ λ − ∫ |ξ|≥R

|v̂|^2 dξ = λ − σ(R), with σ(R) → 0 as R → ∞. In addition,

‖v_R‖^2_Ḣ1 = ∫ R |ξ|^2|ϕ_Rv̂|^2 dξ = ∫ |ξ|≤2R

|ξ|^2|ϕ_Rv̂|^2 dξ ≤ CR^2‖v̂‖^2_L2 = CR^2. (2.5)

Hence, setting u_R = λ^{1/2}‖v_R‖^{−1}_L2 v_R, we have u_R ∈ H^1 and ‖u_R‖^2_L2 = λ. By definition of P^{(ε)}_λ this together with (2.3) yields the estimate

P^{(ε)}_λ ≤ φ^{(ε)}(u_R) = ε 2 ∫ R |u^′_R|^2 dx + φ(u_R) = ε 2 λ‖v_R‖^{−2}_L2 ∫ R |v^′_R|^2 dx + λ^2‖v_R‖^{−4}_L2 φ(v_R)

≤ Cε(λ − σ(R))^{−1} R^2 + λ^2(λ − σ(R))^{−2} ( |φ(v) − φ(v_R)| + φ(v) )

≤ CεR^2 + C ( ‖v‖_L2 + ‖v_R‖_L2

)_3

‖v^R‖_L2 + λ^2(λ − σ(R))^{−2} P_λ

≤ CεR^2 + Cσ(R)^{1/2} + (1 + Cσ(R))^2P_λ ,

for R sufficiently large (depending only on the fixed λ). Taking the limits ε → 0 first and then R → ∞, this leads to P^∗_λ ≤ P_λ as desired. �

To validate the remaining assertion of Theorem 1.2 we fix a sequence (u_j) ⊂ H^1 ⊂ L^2 of minimizers for P^{(εj )}_λ corresponding to a sequence ε_j → 0, i.e., we have ∫ R |u_j|^2 dx = λ and φ^{(εj )}(u_j) = P^{(εj )}_λ for j ∈ N. Then

r_j := ε_j ∫ R |u^′_j|^2 dx → 0, j → ∞, (2.6)

by Lemma 2.3. In view of Lemma 1.1 it suffices to verify that (u_j) is a minimizing sequence for P_λ . To see this, we note that by definition of φ and φ^{(εj )}, respectively,

|φ(u_j) − P_λ | = | |φ^{(εj )}(uj) − ε_j 2 ∫ R |u^′_j|^2 dx − P_λ | |≤ |P^{(εj )}_λ − P λ | + 1 2 r_j → 0, j → ∞,

due to Lemma 2.4 and (2.6). Hence we have lim_{j→∞} φ(u_j) = P_λ , which in turn implies that (u_j) is a minimizing sequence for P_λ . This completes the proof of Theorem 1.2. �

Acknowledgements: I am grateful to V. Zharnitsky, who introduced me to the problem, and thanks are due to M. Weinstein and him for discussions.

References

[1] Ablowitz M. & Biondini G.: Multiscale pulse dynamics in communication systems with strong dispersion management, Opt. Lett. 23 (1998)

[2] Cazenave Th.: An Introduction to Nonlinear Schrödinger Equations, 3rd edition, Instituto de Mathematica – UFJR, Rio de Janeiro, RJ 1996; available at

http://www.ann.jussieu.fr/∼cazenave/List Art Tele.html

[3] Chraplyvy A. et al.: 8X10 GB/s transmission through 280 km of dispersion managed fiber, IEEE Photonics Tech. Lett. 5, 1233-1235 (1993)

[4] Davey R.P., Smith K. & McGuire A.: in Electron. Lett. 28, 482 (1992)

[5] Gabitov I. & Turitsyn S.K.: Averaged pulse dynamics in the cascaded transmission system based on passive compensation technique, Opt. Lett. 21, 327-329 (1996)

[6] Hasegawa A. & Kodama Y.: Solitons in Optical Communications, Oxford University Press, Oxford-New York 1995

[7] Jackson R., Jones C.K.R.T. & Zharnitsky V.: Critical points in the averaged variational principle for dispersion managed solitons, in preparation

[8] Kuisenga D.J. & Siegman A.E.: in IEEE J. Quantum Electronics 6, 694 (1970)

[9] Kunze M.: Bifurcation from the essential spectrum without sign condition on the nonlinearity for a problem arising in optical fiber communication systems, Proc. Roy. Soc. Edinburgh, Ser. A 131, 927-943 (2001)

[10] Kunze M.: On a variational problem with lack of compactness related to the nonlinear Schrödinger equation, submitted

[11] Kunze M., Küpper T., Mezentsev V.K., Shapiro E.G. & Turitsyn S.: Nonlinear solitary waves with Gaussian tails, Physica D 128, 273-295 (1999)

[12] Lin C., Kogelnik H. & Cohen L.G.: Optical pulse equalization and low dispersion transmission in single-mode fibers in the 1.3 − 1.7 mm spectral region, Opt. Lett. 5, 476-478 (1980)

[13] Lushnikov P.M.: Dispersion-managed soliton in optical fibers with zero average dispersion, Opt. Lett. 25, 1144-1146 (2000)

[14] Lushnikov P.M.: On the boundary of the dispersion-managed soliton existence, JETP Letters 72, 111-114 (2000)

[15] Mezentsev V.K. & Turitsyn S.K.: Solitons with Gaussian tails in dispersion-managed communication systems using gratings, Physics Letters A 237, 37-42 (1997)

[16] Nakazawa M., Kubota H., Suzuki K. & Yamada E.: Recent progress in soliton transmission technology, Chaos 10, 486-514 (2000)

[17] Ni W.-M., Takagi I. & Wei J.: On the location and profile of spike-layer solutions to a singularly perturbed semilinear Dirichlet problem: intermediate solutions, Duke Math. J. 94, 597-618 (1998)

[18] Nijhof J.H., Doran N.J., Forysiak W. & Knox F.M.: Stable soliton-like propagation in dispersion managed systems with net anomalous, zero, and normal dispersion, Electr. Lett. 33, 1726-1728 (1997)

[19] Toda H., Hamada K., Furukawa Y., Kodama Y. & Seikai S.: Experimental evaluation of Gordon-Haus timing jitter of dispersion managed solitons, in 25th European Conference on Optical Communication (ECOC99), Vol. 1 (1999), pp. 406-407

[20] Turitsyn S.K., Aceves A.B., Jones C.K.R.T. & Zharnitsky V.: Average dynamics of the optical soliton in communication lines with dispersion management: Analytical results, Phys. Rev. E 58, R48-R51 (1998)

[21] Turitsyn S.K., Aceves A.B., Jones C.K.R.T., Zharnitsky V. & Mezentsev V.K.:

Hamiltonian averaging in soliton-bearing systems with a periodically varying dispersion, Phys. Rev. E 59, 3843-3846 (1999)

[22] Turitsyn S.K., Mezentsev V.K. & Shapiro E.G.: Dispersion-managed solitons and optimization of the dispersion management, Optical Fiber Technology 4, 384-452 (1998)

[23] Zharnitsky V., Grenier E., Jones C.K.R.T. & Turitsyn S.K.: Stabilizing effects of dispersion management, Phys. D 152-153, 794-817 (2001)