Qualitative Bifurcation Analysis of a Non-Smooth Friction-Oscillator Model

M.Kunze & T.Küpper Mathematisches Institut der Universität zu Köln Weyertal. 86, D- 50931 Köln, Germany

Key words: Non-smooth dynamical systems, bifurcations, grazing, Lyapunov exponents

Dedicated to Prof. E. Stein on the occasion of his 65^{th} birthday

Abstract

We numerically study the bifurcation structure (in dependence of the amplitude and frequency of the forcing) of a non-smooth friction-oscillator sytem with dry friction.

1 Introduction

In many mechanical models the effects of impacts and/or dry friction on the dynamics of the system play an important rôle. There are plenty of examples of non-smooth systems like oscillators impacting with a wall or oscillators with dry friction. More realistic applications in mechanics include rotor models, turbine blade dampers or the noise generation in railway wheels, cf. e.g. [5, 32, 38, 33, 34]. In comparison with smooth systems, in non-smooth systems it is possible for trajectories to collide with some discontinuity surface in phase space. This often results in new bifurcation phenonena, which are generally adressed as ”non-smooth bifurcations”, cf. e.g. [9, 27, 7].

In this paper (which is descriptive in nature) we concentrated on the numerical analysis of non-smooth bifurcations for a particular dissipative system, namely a friction-oscillator described in more detail below. Compared to related results on this example as obtained e.g. in [31, 32, 37, 19, 20], we identified a lot of new and interesting bifurcation structures by reducing the analysis of the whole excited 3-dimensional system to the study of a suitable 1-dimensional Poincarè-map. We determined the various ranges of frequency and amplitude of the external forcing which correspond to differentiability and/or monotonicity of this Poincaré-map. Moreover, we found that besides familiar phenomena (like period doublings, periodic windows or intermittency), so-called ”grazing bifurcations” lead to some remarkable consecutive period doublings and undoublings, cf. Fig. 8c below. Moreover, the corresponding Lyapunov exponent scales λ ∼ 1/|lnε| near the bifurcation point, if ε > 0 denotes the bifurcation parameter. This scaling agrees with what was observed before in an impact oscillator system at intermittend transition to chaos, cf. [9, 23].

2 A single-degree-of-freedom friction-oscillator with excitation

We start by decribing the physical and mathematical setup of the system. Afterwards we are going to analyze the bifurcations corresponding to the change of some parameters.

The systems consists of a mass on a rough belt which turns around with constant velocity v_0 = 1. The mass is attached to a spring and periodically excited by a forcing, as is shown in Fig. 1.

Fig. 1: The friction-oscillator Fig. 2: Qualitative sketch of the friction characteristic μ from (2)

To derive the governing equation for this system, three kinds of forces have to be taken into account:

1. the force created by the excitation, which is choosen to be γ cos(ηt) with γ ≥ 0 and η > 0, 2. the restoring force of the spring which is (by Hooke’s law) proportional to −x(t), and

3. the friction force due to dry fiction of the mass with the belt. By Coulomb’s law, this friction force equals the negative of the constant normal force multiplied by the friction coefficient and by the sign of the relative velocity (ẋ(t)−1) of the mass.

The balance of forces thus results in a discontinuous equation, which after a suitable normalization (also ensuring that (x,ẋ) = (0,0) is a stationary solution of the unforced system with γ = 0) may be written as

ẍ(t)+x(t)+a[μ(1)+μ(ẋ(t)−1)sgn(ẋ(t)−1)] = γ cos(ηt) (1)

for t ∈ IR with a parameter a > 0; cf. [31, 32, 37]. Here μ is the friction characteristic, which is taken as μ(v) = μ_0 −μ_1 1+λ_0 |v| +μ_1 +λ_1 |v|^2 (2)

for v ∈ IR, so that in particular μ(−v) = μ(v). We shall also assume that μ_0 > μ_1 > 0, i.e. the static friction coefficient exceeds the kinetic friction coefficient, cf. Fig. 2 above. In (1) resp. (2), a = 10, μ_0 = 0.4, μ_1 = 0.1, λ_0 = 1.42 and λ_1 = 0.01 always will be fixed (cf. [32]), whereas the amplitude γ and the frequency 2π/η of the forcing are allowed to vary; they will later be used as bifurcation parameters.

Now the problem is that (1) wouldn’t make sense for ẋ(t) = 1 if one would define sgn(0) = 0. To see this, we suppose that a solution stays in the discontinuity surface D = {(x,v,t) ∈ IR^3 : v = 1} for a non zero time interval, i.e. ẋ(t) = 1 for t ∈ (t_0,t_1). In physical terms this means that the mass sticks on the belt for some time. Then (1) and (2) together with x(t) = (t−t_0)+x(t_0) for t ∈ (t_0,t_1) imply

(t−t_0)+x(t_0)+a[μ(1)+μ_0 sgn(0)] = γ cos(ηt) for t ∈ (t_0,t_1),

a contradiction. So a common device (cf. [14, 15]) to obtain a precise mathematical setup for this type of problems is to replace the sgn-function by its multivalued version

Sgn(v) = (_{{v/|v|} : v ≠ 0} [−1,1] : v = 0

, (3)

so that Sgn(v) ⊂ IR now is a set for every v ∈ IR. Moreover, we also relax (1) to the corresponding differential inclusion

ẍ(t)+x(t)+aμ(1) ∈ γ cos(ηt)−aμ(ẋ(t)−1)Sgn(ẋ(t)−1) a.e. in IR. (4)

For ẋ(t) ≠ 1, inclusion (4) is the same as equation (1), but for ẋ(t) = 1 this inclusion (4) only requires ẍ(t)+x(t)+aμ(1) ∈ [−aμ_0 +γ cos(ηt), aμ_0 +γ cos(ηt)]. (5)

We remark that for differential inclusions there is a well-established theory about the existence of solutions. (In our case, a solution is understood to be C^1 with absolutely continuous ẋ and locally integrable ẍ.) By means of [14, Corollary 5.2] or [15, Theorem 1, p.77] we hence can assume that for every (x_∗,v_∗,t_∗) ∈ IR^3 there exists a solution x of (4), unique to the right of t_∗, with (x(t_∗),ẋ(t_∗)) = (x_∗,v_∗).

Note that we cannot expect solutions to be unique to the left, since a solution of the inclusion may stay in the discontinuity surface D for some time. If e.g. the mass sticks on the belt for t ∈ (t_0,t_1), then (5) gives φ^−(t) ≤ x(t) ≤ φ^+(t) in (t_0,t_1) with

φ^±(t) = −aμ(1)± aμ_0 + γ cos(ηt), hence φ^+(t)−φ^−(t) = 2aμ_0 > 0, (6)

and the solution moves on a straight line in S = {(x,1,t) ∈ D : φ^−(t) ≤ x ≤ φ^+(t)} until it can’t stay in the sliding-motion region S any longer. Fig. 3 below shows in (x,v,t)-coordinates an example of a trajectory which starts in D^+ = {(x,v,t) ∈ IR^3 : v > 1} at time t = t_0, then enters S at time t = t_1, afterwards stays in S up to time t = t_2, and then exits to D^− = {(x,v,t) ∈ IR^3 : v < 1}.

After having described the setup for the problem we now study bifurcations w.r.t. γ ≥ 0 and η ≥ 0. We remark that, contrary to the related results in e.g. [31, 32], our aim is to localize the various different regions in {(η,γ) : η,γ ≥ 0} which correspond to qualitatively different behaviour of the system. In this way we will obtain a more complete picture of the dynamics instead of particular examples.

To begin with, the unforced system with γ = 0 is described in Fig. 4 below by a phase portrait from [40]. Here we have an asymptotically stable limit cycle, and the stationary solution x = 0 is unstable. This is obvious from the figure (it also may be proved by using a non-smooth version of the Poincaré-Bendixon theorem, cf. [15]), and was observed before in [32, Fig. 3].

Fig. 3: Example of a trajectory of (4) Fig. 4: Phase portrait for γ = 0

If the forcing is turned on (γ > 0), we have studied the additional effect of the excitation on the dynamics by investigation of a 1-dimensional Poincaré-map. To define this map, let

R = {(φ^+(t),1,t) : t ∈ IR} ⊂ S (7)

denote the ”right-hand side” of S. It may be seen that solutions starting in R at time t = t_0 will return to R at some time t_1 > t_0. Since solutions are unique to the right, the Poincaré-map

P : R → R, (φ^+(t_0),1,t_0) → (φ^+(t_1),1,t_1) → next exit point from R after t = t_1 (8)

is therefore well-defined, cf. Fig. 5.

Fig. 5: Construction of P and h Fig. 6: The different regions in {(η,γ) : η,γ ≥ 0} which correspond to qualitatively different behaviour of h

Note that due to the geometry of S, at some boundary points it may be impossible to exit from S, so that the next possible exit point (x_2,1,t_2) may in fact have t_2 > t_1. We also remark that the construction of P is analogous to the construction of the ”impact map” in impacting systems, cf. [8, 39, 10]. Because the forcing γ cos(ηt) has period 2π/η, the map P from (8) naturally carries over to a one-dimensional h : [0,2π/η] → [0,2π/η], as is explained in Fig. 5 above. Of course, h depends on γ and η, and will be thought of as a map from [0,2π] to itsself by indentifying h with the rescaled h̃ : [0,2π] → [0,2π], τ → η h(τ/η). Our aim was to classify the properties of h in dependence of parameters p = (η,γ). The result is described by Fig. 6 above from [40].

To explain the typical behaviour in the different regions P_{dm}, P_c, P_n, P_d ∪P_n and P_p in Fig. 6, let us start with P_{dm}. For parameters p = (η,γ) ∈ P_{dm} the map h is smooth and monotonously increasing. (This holds of course only if h is considered as a map into IR, since due to periodicity h may have jumps of height 2π.) Therefore one can use the p-dependent rotation numbers rot_h(τ) := η 2π lim_{n→∞} h^n(τ)−τ n (9) (cf. [2, Chapter 3] for details) to obtain information about the attractor. Because h is monotonic, rot_h is independent of τ, and since h is continous, rot_h ∈ Qif and only if h has a periodic orbit, i.e. (h^n(τ_0))_{n∈IN} is periodic for some τ_0. Moreover, in that case all periodic orbits are structurally stable and of the same (minimal) period. On the other hand, if rot_h ∈ IR\Q, then all orbits are dense since h is monotonic and C^2. It is also important that the rotation numbers depend continuously on the parameter p ∈ P_{dm}, since this excludes the possibility of period doublings. To illustrate these results, we consider the example γ = 0.46. Then (η,γ) ∈ P_{dm} for all η ∈ [0,2], cf. Fig. 6.

Fig. 7a: Bifurcation diagram for γ = 0.46 and η ∈ [0,2]

The bifurcation diagram Fig. 7a shows, depending on η ∈ [0,2], the attractor of h = h_η : [0,2π] → [0,2π]. By comparing the bifurcation diagram with h itsself, one thus can obtain rather complete information about the dynamics. As an example, for η = 0.9 an asymptotically stable fixed point τ_0 ≈ 2.72 of h is found (cf. Fig. 7c below), and this fixed point of course corresponds to an asymptotically stable periodic solution of the original frictionoscillator system. In Fig. 7a the 1-periodic orbits with integer rotation number 1 and 2 can be seen, cf. Fig. 7b below. Since they are structurally stable, they remain unchanged in large intervals of η.

Fig. 7b: Rotation numbers Fig. 7c: h for γ = 0.46 and η = 0.9 for γ = 0.46 and η ∈ [0,2]

The picture changes for parameters p = (η,γ) ∈ P_c, since then h is still continuous, but loses its monotonicity. Therefore the rotation numbers from (9) may not be well-defined, and thus only bifurcation diagrams or Lyapunov exponents can be investigated. As an example, we consider γ = 0.7 and η ∈ [1,1.5]. Then we have p = (η,γ) ∈ P_c, cf. Fig. 6. The corresponding bifurcation diagram is shown in Fig. 8a.

Fig. 8a: Bifurcation diagram Fig. 8b: Bifurcation diagram for γ = 0.7 and η ∈ [1,1.5] for γ = 0.7 and η ∈ [1.086,1.094]

Due to the stronger forcing the structurally stable regions of the periodic solutions are quite large, and contrary to the case p ∈ P_{dm}) also period doublings leading to chaos are possible for p ∈ P_c. This is illustrated by Fig. 8b above, an enlargement of the region η ∈ [1.086,1.094] from Fig. 8a.

Next we want to have a closer look on the parameter region η ∈ [1.15,1.25] from Fig. 8a, which is enlarged in Fig. 8c below. It can be seen that, starting from η_∗ ≈ 1.175, consecutive period-doublings and period-undoublings from a 2-periodic orbit to a 4-periodic orbit and back are established. To our knowledge, this kind of bifurcation has not been observed before, and we remark that it results from ”grazing”, i.e. from a tangential arrival of trajectories at the discontinuity surface. To explain this in greater detail, the 2^{nd} resp. 4^{th} iterate of h_η : [0,2π] → [0,2π] for η = η_∗ and η = 1.19 together with the corresponding phase portraits are given in Fig. 8d below, where we have γ = 0.7. The fixed point at τ_∗ ≈ 1.681 of h^2_{η�} corresponds to the 2-periodic solution shown in the phase portrait above. Since the trajectories arrive tangentially at the discontinuity surface, obviously the system cannot be structurally stable for γ = 0.7 and η = η_∗.

Fig. 8c: Bifurcation diagram for γ = 0.7 and η ∈ [1.15,1.25]

Fig. 8d (I): h^2_η for η = η_∗ h^2_η for η = 1.19 h^4_η for η = η_∗ h^4_η for η = 1.19

Fig. 8d (II): Phase portrait Phase portrait for γ = 0.7 and η = η_∗ for γ = 0.7 and η = 1.19

It turns out that for η ≠ η_∗ to the right of and near to η_∗, the corresponding fixed point τ near τ_∗ of h^2_η has lost its stability (invisible in the graph of h^2_η), but τ has become stable for h^4_η, so that a stable 4-periodic orbit appears. This is possible since the slope of h^4_{η�} at τ = τ_∗ equals −1, cf. Fig. 8d (I). Approaching the next critical η ≈ 1.198 from the left, this process is reversed, and so on.

We note that grazing bifurcations also were studied before in impacting oscillator systems, cf. [27, 6, 13] and the references therein, but a bifurcation structure like in Fig. 8c as a consequence of grazing seems to be new.

The Lyapunov exponents corresponding to Fig. 8c are given in Fig. 8e. They also indicate the change of stability at η_∗ ≈ 1.175.

Fig. 8e: Lyapunov exponents for γ = 0.7 and η ∈ [1.15,1.25]

These Lyapunov exponents numerically were calculated as λ = lim_{n→∞} 1 n n−1X_{i=0 ln|h′(hi(τ0))| (10)} with τ_0 being a point of the attractor, cf. [18]. We remark that in numerical experiments the convergence of (10) is rather fast. To obtain the scaling of Lyapunov exponents near the bifurcation point η_∗ ≈ 1.175, we plotted λ(η_∗ +ε)/|lnε| for ε = 10^{−2},...,10^{−9} . Here λ(η) denotes the exponent corresponding to the parameter η. The result is summarized in Fig. 8f.

Fig. 8f: Scaling of the Lyapunov exponent Fig. 8g: Scaling of the Lyapunov exponent near η_∗ ≈ 1.175 with γ = 0.7 near η_0 ≈ 1.243 with γ = 0.7

So it seems that λ ∼ 1/|lnε| near η_∗, a scaling which was obtained at transition to chaos in impact oscillator systems, cf. [9, 23]. Like in these systems, also ”intermittency” can arise in our example of the friction-oscillator. Here this term describes the situation when long phases of regular behaviour (the so-called ”laminar phases”) are suddenly interrupted by short irregular phases without previous period-doublings, cf. e.g. [29]. In the present example, intermittency results from the loss of stability of periodic orbits, e.g. at η_0 ≈ 1.243, cf. Fig. 8c. For the case of impacting oscillators without friction, this phenomenon, which is due to the collision of a periodic orbit with the discontinuity surface, is well-understood, cf. [4, 17, 8, 24], and it is also remarkable that in our present example of the friction-oscillator the corresponding scaling of Lyapunov exponents at these kind of bifurcation points is the same as it was observed before for the impacting oscillators in [9]. To be more precise, numerically it seems that also λ ∼ 1/|lnε| near η_0 ≈ 1.243, cf. Fig. 8g above. Note that now we have λ(η_0 +ε) < 0 already for ε = 10^{−6}, so we only considered ε = 10^{−7},10^{−8},10^{−9}.

Next we turn to parameters p = (η,γ) ∈ P_n, cf. Fig. 6. For those parameters, the map h is neither continuous nor monotone (in particular, h is not a diffeomorphism of the circle), and oscillations of higher order (i.e. loops) are possible below the critical velocity v_0 = 1 of the belt, cf. the phase portrait from [40] in Fig. 9a.

Fig. 9a: Oscillation of order two Fig. 9b: Oscillation of order zero for γ = 0.7 and η = 1 for γ = 1.3 and η = 1

Additionally, for p ∈ P_d there can arise oscillations of order zero, cf. Fig. 9b above (from [40]), where p = (1.3,1) ∈ P_n ∪P_d. The corresponding h is shown below.

Fig. 9b: h for γ = 1.3 and η = 1 Fig. 9c: A dead zone

A remarkable new feature for parameters p ∈ P_d is that h is not onto, i.e. there are ”dead zones”. This means that due to the geometry of the sliding-motion region S some points on the right end R of S cannot be exit points, and hence are not in h([0,2π]) by definition of h. Again this phenomenon is due to ”grazing”, here in a 2-dimensional form, since trajectories are tangentially to R, cf. Fig. 9c above. To explain the physically meaning of a dead zone, we consider the differential inclusion (4), which by means of (6) may be written as ẍ(t) ∈ [φ^−(t)−x(t), φ^+(t)−x(t)]. Hence, if a trajectory reaches at some t_1 the right boundary R where one has φ^+(t_1) = x(t_1), then necessarily ẍ(t_1) ≤ 0. Since for an exit from the surface the velocity has to become different from v = 1, the value of ẍ (or at least of some derivative of higher order) has to be non-zero. Consequently, in boundary points like p_1 in Fig. 9c, the mass is not accelerated by the forcing and therefore has to stick for some more time.

Finally the Lyapunov exponents, calculated by means of (10), for γ = 1.3 and η ∈ [0.8,1.8], hence (η,γ) ∈ P_d ∪P_n, are given in Fig. 9d.

Fig. 9d: Lyapunov exponents Fig. 9e: A pierce for γ = 3 and η = 1 for γ = 1.3 and η ∈ [0.8,1.8]

The last parameter-region from Fig. 6 we have to explain is P_p. Here the forcing is strong enough to allow pierces, cf. Fig. 9e above. A more detailled analysis for p = (η,γ) ∈ P_p may be carried out analogously to what we described before.

3 Concluding Remarks

(i) The friction-oscillator system considered is 3-dimensional, and hence there are three Lyapunov exponents. Because the motion always returns to the lower-dimensional discontinuity surface, a test-volume degenerates. Therefore one of the Lyapunov exponents has to equal −∞. Since a second one is expected to be zero, the sign of the third Lyapunov exponent should completely determine the behaviour of the system. That only one Lyapunov exponent is of importance corresponds to the fact that it is possible to reduce the study of the dynamics to the investigation of a 1-dimensional Poincaré-map.

It should also be noted that there is a difference between smooth and non-smooth dynamical system concerning the existence of Lyapunov exponents from a theoretical point of view. In smooth systems ẋ = f(x) with f ∈ C^1(IR^n,IR^n) and corresponding (semi-) flow φ (i.e. x(t) = φ(t,x_0) solves the differential equation and has x(0) = x_0), usually the multiplicative ergodic theorem of Oseledets (cf. [28, 1, 21]) is applied to ensure the existence of the Lyapunov exponents. In the smooth case this is possible, since T (t,x) = ∂_x φ(t,x) defines a canonical cocycle for the semiflow. Because in non-smooth systems the semiflow can’t be expected to be differentiable w.r. to the initial value, a suitable substitute has to be constructed, cf. [22] and also [26] for a more formal approach.

(ii) We considered only the continuous friction characteristic μ from (2), but there are other choices. For the simpler discontinuous μ(v) = (_{μ1 : v ≠ 0}

μ_0 : v = 0 , i.e. a characteristic which distinguishes only between the static friction coefficient μ_0 and the kinetic friction coefficient 0 < μ_1 < μ_0, a similiar systematical classification of the different parameter-regions in {(η,γ) : η,γ ≥ 0} corresponding to different behaviours of h were obtained in [40]. One may also consult [31, 32, 37], where the dynamics were analyzed for some specific values of γ and η.

(iii) The above model may be extended by placing more additional masses on the belt, cf. [31, 32, 16]. If these masses are coupled by means of springs and if there is no external forcing, this is called the Burridge-Knopoff model in geology and thought of to describe earthquakes; the masses are representing the different tectonic plates, cf. [11, 12]. It will be interesting to investigate in more detail the resulting dynamics depending on the different parameters of the system by means of Lyapunov exponents. Of course these dynamics are expected to be more complicated then in the case of a single mass.

(iv) We remark that a lot of features of the bifurcation structure of the friction-oscillator are still not well-understood, cf. e.g. Fig. 8c, where at η ≈ 1.209 suddenly the cascade of consecutive period doublings and undoublings is interrupted, and a 3-periodic orbit appears.

(v) Of course a lot of other non-smooth systems have been studied before, cf. e.g. [30] and the references therein, and also [3, 35, 36]. One of the most interesting ones consists of a rotor touching a rigid boundary, since in this example it is possible to have infinitely many impacts in a finite time, cf. the extensive study of this model in [38], and also [25].

Acknowledgement: The authors would like to thank the referees for their useful comments and suggestions on an earlier version of this paper.

References

[1] Arnold L. & Wihstutz V.: Lyapunov Exponents: a survey, in Lyapunov exponents:

Proceedings, Bremen 1984, Ed. Arnold L. & Wihstutz V., LNM 1186, Springer, Berlin- Heidelberg-New York-Tokyo 1986, pp. 1-26

[2] Arnold V.I.: Geometric Methods in the Theory of Ordinary Differential Equations, Springer, Berlin-Heidelberg-New York-Tokyo 1983

[3] Awrejcewicz J. & Delfs J.: Dynamics of a self-excited stick-slip oscillator with two degrees of freedom. Part II: Slip-stick, slip-slip, stick-slip transitions, periodic and chaotic orbits, European J. Mech. A/Solids 9, 397-418 (1990)

[4] Bauer M., Habip S., He D.R. & Martienssen W.: New type of intermittency in discontinuous maps, Phys. Rev. Lett. 68, 1625-1629 (1992)

[5] Budd C.: The global behaviour of impact oscillators, lecture presented at the Nato advanced study institute on Real and Complex Dynamical Systems, Hillerod, Denmark 1993, in Univ. of Bristol Research Reports AM-93-09 (1993)

[6] Budd C.: Grazing in impact oscillators, lecture presented at the Nato advanced study institute on Real and Complex Dynamical Systems, Hillerod, Denmark 1993, in Univ. of Bristol Research Reports AM-93-09 (1993)

[7] Budd C. & Dux F.: Chattering and related behaviour in impact oscillators, Phil. Trans. Roy. Soc. Lond. A 347, 365-389 (1994)

[8] Budd C. & Dux F.: Intermittency in impact oscillators close to resonance, Nonlinearity 7, 1191-1224 (1994)

[9] Budd C. & Lamba H.: Scaling of Lyapunov exponents at nonsmooth bifurcations, Phys. Rev. E 50, 84-90 (1994)

[10] Budd C. & Lee A.G.: Double impact orbits of a single-degree-of-freedom impact oscillators subjet to periodic forcing of odd frequency, preprint 1995

[11] Burridge R. & Knopoff L.: Model and theoretical seismicity, Bull. Seism. Soc. Am.

57, 341-371 (1967)

[12] Carlson J.M., Langer J.S. & Shaw B.E.: Dynamics of earthquakes faults, Rev. Mod. Phys. 66, 657-670 (1994)

[13] Chin W., Ott E., Nusse H.E. & Grebogi C.: Grazing bifurcations in impact oscillators, Phys. Rev. E 50, 4427-4444 (1994)

[14] Deimling K.: Multivalued Differential Equations, de Gruyter, Berlin-New York 1992

[15] Filippov A.F.: Differential equations with discontinuous right-hand sides, Kluwer Acad. Publ. , Dordrecht-Boston-London 1988

[16] Galvanetto U., Bishop S.R. & Briseghella L.: Mechanical stick-slip vibrations, Int. J. Bifurcation and Chaos 5, 637-651 (1995)

[17] He D.R., Bauer M., Habip S., Krueger U., Martienssen W., Christiansen B. & Wang B.H., in Phys. Lett. A 171, 61 (1993)

[18] Hilborn R.C.: Chaos and Nonlinear Dynamics, Oxford Univ. Press, Oxford 1994

[19] Hubbuch F.: Die Dynamik des periodisch erregten Reibschwingers, Zeitschr. Ang.

Math. Mech. 75, Suppl. 1, S51-S52 (1995)

[20] Hubbuch F. & Müller A.: Lyapunov Exponenten in dynamischen Systemen mit Unstetigkeiten, Zeitschr. Ang. Math. Mech. 75, Suppl. 1, S91-S92 (1995)

[21] Krengel U.: Ergodic Theorems, de Gruyter, Berlin-New York 1985

[22] Kunze M. & Michaeli B.: On the rigorous applicability of Oseledets’ ergodic theorem to obtain Lyapunov exponents non-smooth dynamical systems, submitted to the Proc. 2nd Marrakesh International Conference on Differential Equations, Ed. Vanderbauwhede A.

[23] Lamba H.: Impacting oscillators and non-smooth dynamical systems, Ph.D.Thesis, University of Bristol 1993

[24] Lamba H.: Chaotic, regular and unbounded behaviour in the elastic impact oscillator, to appear in Physica D, 1994

[25] Müller A.: Lyapunov Exponenten in nicht-glatten dynamischen Systemen, Diplom Thesis, Universität Köln 1994

[26] Müller P.C.: Calculation of Lyapunov exponents for dynamic systems with discontinuities, Chaos, Solitons & Fractals 5, 1671-1681 (1995)

[27] Nordmark A.: Non-periodic motion caused by grazing incidence in an impact oscillator, J. Sound Vib. 145, 279-289 (1991)

[28] Oseledec V.I.: A multiplicative ergodic theorem. Lyapunov characteristic numbers for dynamical systems, Trans. Mosc. Math. Soc. 19, 197-231 (1968)

[29] Pomeau Y. & Manneville P.: Intermittent transition to turbulence in dissipative dynamical systems, Comm. Math. Phys. 74, 189-197 (1980)

[30] Popp K., Hinrichs N. & Oestreich M.: Dynamical behaviour of a friction oscillator with simultaneous self and external excitation, Sãdhanã 20, 627-654 (1995)

[31] Popp K. & Stelter P.: Nonlinear Oscillations of Structures Induced by Dry Friction, in Nonlinear Dynamics in Engineering Systems-IUTAM Symposium Stuttgart 1989 , Ed. Schiehlen W., Springer, Berlin-Heidelberg-New York-Tokyo 1990, pp. 233-240

[32] Popp K. & Stelter P.: Stick-slip vibrations and chaos, Phil. Trans. Roy. Soc. Lond.

A 332, 89-105 (1990)

[33] Pfeiffer F. & Hajek M.: Slip-stick motions of turbine blade dampers, Phil. Trans. Roy. Soc. Lond. A 338, 503-517 (1992)

[34] Schneider E., Popp K. & Irretier H.: Noise generation in railway wheels due to rail-wheel contact forces, J. Sound Vib. 120, 227-244 (1988)

[35] Shaw S.W. & Holmes P.J.: A periodically forced piecewise linear oscillator, J. Sound Vib. 90, 129-155 (1983)

[36] Sikora J. & Bogacz R.: On dynamics of several degrees of freedom, Z. angew. Math. Mech. 73, T118-T122 (1993)

[37] Stelter P.: Nichtlineare Schwingung reibungserregter Strukturen, Ph.D.Thesis, Universität Hannover 1990

[38] Szczygielski W.M.: Dynamisches Verhalten eines schnell drehenden Rotors bei Anstreifvorgängen, Ph.D.Thesis, ETH Zürich 1986

[39] Whiston G.S.: The vibro-impact response of a harmonically excited and preloaded one-dimensional linear oscillator, J. Sound Vib. 115, 303-319 (1987)

[40] Wiederhöft A.: Der periodisch erregte Einmassenreibschwinger, Diplom Thesis, Universität Köln 1994