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Kurzzusammenfassung

Die vorliegende kumulierte Habilitationsschrift fasst drei Originalarbeiten des Au-
tors, die sich alle mit verschiedenen Aspekten und Anwendungen singulärer Werte
von Modulfunktionen und komplexer Multiplikation befassen. Diese Arbeiten
stehen einerseits im Zusammenhang mit der algebraischen Formel von Bruinier
und Ono für die Partitionsfunktion, sowie Moonshine für die sporadisch einfachen
Gruppen von Thompson bzw. O'Nan. Im Zusammenhang mit O'Nan-Moonshine
führt der Zusammenhang mit Spuren singulärer Werte auf Resultate über die
Arithmetik gewisser elliptischer Kurven.

Abstract

The present cumulative Habilitationsschrift combines three original works of the
author, which all deal with various aspects and applications of singular moduli of
modular functions and complex multiplication. These works are connected to the
algebraic formula for the partition function due to Bruinier and Ono on the one
hand and Moonshine for the sporadic groups of Thompson and O'Nan respectively
on the other hand. In the context of O'Nan Moonshine, the connection to traces
of singular moduli leads to results on the arithmetic of certain elliptic curves.
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Chapter 1

Introduction

Complex multiplication and singular moduli are one of the most important subjects
in the arithmetic theory of modular forms, originating from the study of elliptic
functions of Gauÿ, Abel, Jacobi, and Eisenstein (among many others). Hermite
[71] was �rst to observe and explain the fact that the number

eπ
√

163 = 262537412640768743.999999999999250072597..., (1.1)

even though (now) known to be transcendental by the Theorem of Gel'fond-
Schneider [60, 95], is surprisingly close to an integer, using the theory of complex
multiplication and singular moduli. Another historically famous appearance of
this topic comes from the �rst letter the famous Indian mathematician Ramanu-
jan wrote to Hardy, where Ramanujan gives the following formula,

1

1 +
e−2π

1 +
e−4π

1 + . . .

= e2π/5

√5 +
√

5

2
− 1 +

√
5

2

 . (1.2)

Hardy commented on this and similar formulas in Ramanujan's letter as follows
[67, p. 9]:

�These formulas defeated me completely. I had never seen anything
in the least like them before. A single look at them is enough to show
that they could only be written down by a mathematician of the highest
class. They must be true because, if they were not true, no one would
have had the imagination to invent them.�

Both these observations are explained through the theory of complex multiplication,
more concretely by the fact that the value of a modular function (with algebraic
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Fourier coe�cients) at a so-called CM point, i.e. a point in the upper half-plane H
belonging to an imaginary quadratic number �eld, is an algebraic number. Such
values are called singular moduli. In Chapter 2, we give a brief account of some
important aspects of this theory.

Singular moduli and especially their traces have been a very active �eld of study
in the past and they are what connects the works comprising the main contents
of this thesis. Before giving a summary of these works, we recall some standard
notation which will be used throughout.

Notation

Throughout, let H (in Appendix A, the symbol H is used instead) denote the
complex upper half-plane

H := {τ ∈ C : Im(τ) > 0}.

The letter τ always denotes a variable in H, its real and imaginary parts are usually
denoted by u and v.

The group SL2(R) acts on H from the left via Möbius transformations

(γ = ( a bc d ) , τ) 7→ γ.τ :=
aτ + b

cτ + d
, (1.3)

inducing, together with a weight k ∈ Z, a right action on the vector space of
functions f : H→ C via the Petersson slash operator,

(f |kγ)(τ) := (cτ + d)−kf(γ.τ), γ = ( a bc d ) ∈ SL2(R), τ ∈ H. (1.4)

This action can be extended to half-integral weights by passing from the group
SL2(R) to the metaplectic group Mp2(R), a double cover of SL2(R).

A holomorphic function f : H→ C which is invariant under the weight k slash
action of a discrete subgroup Γ ≤ SL2(R) of �nite covolume and, in case Γ is not
cocompact, moderate growth towards the cusps of Γ, is called a modular form of
weight k for Γ. The space of such functions is denoted by Mk(Γ).

In this thesis, all occurring groups Γ will be congruence subgroups of SL2(Z)
(or occasionally normalizers of such groups in SL2(R)). More precisely they will
almost always be of the form

Γ0(N) := {( a bc d ) ∈ SL2(Z) : c ≡ 0 (mod N)} (1.5)

for some positive integer N .
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Occasionally, one relaxes the requirement of invariance under the slash action
by allowing a multiplier system ψ of weight k, i.e. one has

(f |kγ)(τ) = ψ(γ)f(τ), τ ∈ H

for a function ψ : Γ→ C∗ satisfying |ψ(γ)| = 1 and the cocycle condition

ψ(γ3)(c3τ + d3)k = ψ(γ1)(c1(γ2.τ) + d1)kψ(γ2)(c2τ + d2)k, (1.6)

where γj =
( ∗ ∗
cj dj

)
∈ Γ and γ3 = γ1γ2. Note that by �xing a branch of the

logarithm and setting zk := ek log z for k ∈ C, the above can be used to de�ne
multiplier systems, and therefore modular forms, of arbitrary real or even complex
weights, while for k ∈ Z, the condition in (1.6) reduces to the requirement that ψ
be a homomorphism of groups.

The space of modular forms of weight k with multiplier system ψ for Γ is
denoted by Mk(Γ, ψ). If a modular form f ∈ Mk(Γ, ψ) vanishes towards all the
cusps (if there are any), we call it a cusp form and the subspace of cusp forms in
Mk(Γ, ψ) is denoted by Sk(Γ, ψ). If instead one relaxes the growth condition at the
boundary to allow poles at the cusps, one obtains the space of weakly holomorphic
modular forms, denoted by M !

k(Γ, ψ). If ψ is trivial, we suppress it from the
notation.

Suppose the weight k is half-integral, Γ = Γ0(4N) for some N , and the mul-
tiplier system ψ is compatible with the �trivial� multiplier system ψ0 of weight k,
i.e. the one corresponding to the embedding of Γ0(4) into the metaplectic group
due to Shimura [97]. Explicitly, this multiplier system is given by

ψ0

((
a b
c d

))
=
( c
d

)(−4

d

)−k
, c ≡ 0 (mod 4),

where the corresponding branch of the square root is chosen which is positive
for positive real arguments. Then there is an important subspace of the space
M !

k(Γ, ψ), the Kohnen plus space, de�ned by

M !,+
k (Γ, ψ) :=

{
f(τ) =

∑
n�−∞

af (n)qn : af (n) = 0 forn 6≡ 0, (−1)k−1/2 (mod 4)

}
.

(1.7)

The spaces M+
k (Γ, ψ) and S+

k (Γ, ψ) are de�ned analogously and we suppress the
multiplier system from the notation if it is the aformentioned �trivial� one.

Various further relaxations of the concept of modular forms exist and are stud-
ied. One such relaxation which will occur frequently in this work is that of har-
monic (weak) Maaÿ forms, which are invariant under the slash operator (possibly
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with a multiplier system) and grow at most exponentially towards the cusps of Γ,
but instead of being holomorphic on H, they are merely required to be annihilated
by the weight k hyperbolic Laplacian,

∆k := −v2

(
∂2

∂u2
+

∂2

∂v2

)
+ ikv

(
∂

∂u
+ i

∂

∂v

)
. (1.8)

The space of these functions is denoted by Hk(Γ, ψ), so that we have the inclusion
of spaces

Sk(Γ, ψ) ⊆Mk(Γ, ψ) ⊆M !
k(Γ, ψ) ⊆ Hk(Γ, ψ).

It is not hard to see that a harmonic Maaÿ form f of weight k for Γ = Γ0(N),
say, naturally splits into a holomorphic part f+ and a non-holomorphic part f−.
The holomorphic part of a harmonic Maaÿ form is called a mock modular form.
The image of f under the so-called ξ-operator, a variation of the Maaÿ lowering
operator, is called the shadow of the mock modular form f+.

We now give a summary and some background of the results in the relevant
papers [82, 62, 45]. The published versions (or in the case of [45] the version
accepted for publication) are included in the appendix.

1.1 On class invariants for non-holomorphic mod-

ular functions and a question of Bruinier and

Ono

Since the days of Euler, partitions have been an object of interest to number the-
orists, being one of the most fundamental concepts in Combinatorics. A partition
of a positive integer n is a non-increasing sequence of positive integers summing
to n. The number of partitions of n is commonly denoted p(n), where one sets
p(0) := 1 for convenience. For example, the partitions of 5 are given by

(5), (4, 1), (3, 2), (3, 1, 1), (2, 2, 1), (2, 1, 1, 1), (1, 1, 1, 1, 1),

so that p(5) = 7. Despite its very simple de�nition, a closed formula to compute
p(n) has long been searched for. Euler [49] was able to give the following recursive
formula for p(n).
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Theorem 1.1.1 (Euler, 1775). For any integer n > 0 and B := d(1+
√

24n+ 1)/6e
one has the identity

p(n) =
B∑
k=1

(−1)k+1

[
p

(
n− 1

2
k(3k − 1)

)
+ p

(
n− 1

2
k(3k + 1)

)]
,

where we use the convention p(n) = 0 for n < 0.

This formula is indeed fairly e�cient if n is not too large and was famously
used by MacMahon around 1916 to compute p(n) for all n ≤ 200, see [68, Table
IV]. It is a direct corollary of the product representation of the generating function
of the partition function,

∞∑
n=0

p(n)qn =
∞∏
n=1

(1− qn)−1, |q| < 1, (1.9)

and Euler's Pentagonal Number Theorem,

∞∏
n=1

(1− qn) =
∑
m∈Z

(−1)mq
m(3m−1)

2 , |q| < 1. (1.10)

In 1918, Hardy and Ramanujan [68] found a complete asymptotic expansion for
p(n), pioneering a now vital tool in Analytic Number Theory, the Circle Method.
A simpli�ed version of their result is given as follows.

Theorem 1.1.2 (Hardy-Ramanujan, 1918). We have the asymptotic equality

p(n) ∼ 1

4n
√

3
eπ
√

2n/3, n→∞.

Some 20 years later, Rademacher [90] was able to re�ne the method of Hardy
and Ramanujan to obtain a convergent in�nite series representation for p(n). A
short proof has recently been given by Pribitkin and Williams [89].

Theorem 1.1.3 (Rademacher, 1937). For any integer n ≥ 1 we have that

p(n) =
1

π
√

2

∞∑
k=1

Ak(n)
√
k

d

dn

sinh
(
π
k

√
2
3
(n− 1

24
)
)

√
n− 1/24

 ,

where
Ak(n) =

∑
h (k)∗

exp (πis(h, k) + 2πih/k) ,
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the notation h (k)∗ signifying that the sum runs over all h modulo k coprime to k,
and

s(h, k) =
1

4k

k−1∑
µ=1

cot(πµ/k) cot(πhµ/k)

denotes the classical Dedekind sum1.

Rademacher's formula is essentially what is used in many modern computer
algebra systems such as Pari/Gp, Sage, or Magma [65, 104, 12] to compute
p(n). However, the formula is an in�nite series which needs to be truncated some-
where for practical computations. This may be not quite satisfactory as p(n) can
intrisically be obtained from a �nite process.

In 2013, Bruinier and Ono [23] found a representation of p(n) as a �nite sum of
algebraic numbers, more precisely as the trace of the singular moduli of a speci�c
non-holomorphic modular function. Their result is a consequence of the general
properties of a certain theta lift they introduce [23, Equation (3.1)] which maps
harmonic Maaÿ forms of weight −2 for Γ0(N) to vector-valued harmonic Maaÿ
forms of weight −1/2 with respect to the Weil representation associated to the
lattice

L =

{(
b a/N
c −b

)
: a, b, c ∈ Z

}
in the quadratic space of rational 2 × 2-matrices with trace 0 endowed with the
quadratic form X 7→ N detX. A similar theta lift had been studied previously by
Bruinier and Funke [21, 55] and it has been extended to general weights and its
properties have been studied further by Alfes [1].

In order to state the formula of Bruinier and Ono, we �rst recall the de�nition
of the Eisenstein series of weight k ∈ 2Z>0 for the full modular group SL2(Z),

Ek(τ) = 1− 2k

Bk

∞∑
n=1

σk−1(n)qn, τ ∈ H, q := e2πiτ . (1.11)

For k ≥ 4, these are modular forms for SL2(Z), while E2 is a so-called quasimodular
form. In particular, it is not modular, but the non-holomorphic function

E∗2(τ) := E2(τ)− 3

πv

with v = Im(τ) transforms like a modular form of weight 2. Also recall the
Dedekind eta function

η(τ) := q1/24

∞∏
n=1

(1− qn), (1.12)

1This is not the standard defnition of the Dedekind sum, but usually an identity that has to
be proven, see e.g. [92, Equation (26)]
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which is a cusp form of weight 1/2 for SL2(Z) with respect to a certain multiplier
system involving the Dedekind sums that appear in Theorem 1.1.3. The 24th
power of this multiplier system is trivial, so that

∆(τ) := η(τ)24 =
E4(τ)3 − E6(τ)2

1728

is a cusp form of weight 12 for SL2(Z).
Using these functions, we de�ne the weakly holomorphic modular form

F (τ) :=
E2(τ)− 2E2(2τ)− 3E2(3τ) + 6E2(6τ)

2η(τ)2η(2τ)2η(3τ)2η(6τ)2
∈M !

−2(Γ0(6)) (1.13)

and apply the Maaÿ raising operator to it. This operator is de�ned by

Rk :=
1

2πi

∂

∂τ
− k

4πv
(1.14)

and maps modular forms of weight k to modular forms of weight k + 2 (without
preserving holomorphicity of course). Thus we obtain a non-holomorphic modular
function

P (τ) := R−2F (τ). (1.15)

The formula of Bruinier and Ono is then given as follows [23, Theorem 1.1].

Theorem 1.1.4 (Bruinier-Ono, 2013). For n ∈ N let δ := 1− 24n and Qδ denote
a set of representatitives of positive de�nite quadratic forms Q(X, Y ) = aX2 +
bXY + cY 2 with a, b, c ∈ Z, a ≡ 0 (mod 6), and b ≡ 1 (mod 12) of discriminant
δ, modulo the action of Γ0(6). Then we have

p(n) =
1

24n− 1

∑
Q∈Qδ

P (τQ),

where for any positive de�nite binary quadratic form Q we write τQ for the unique
point in H satisfying Q(τQ, 1) = 0.

Thus p(n) can be written as a trace of singular moduli (see Section 2.4). It
can be shown [79] that (24n− 1)P (τQ) is an algebraic integer for all Q ∈ Qδ. The
formula in Theorem 1.1.4 has also essentially been derived from Rademacher's
formula in Theorem 1.1.3 by Bringmann and Ono [16] (the function P there is
given as a Poincaré series, so less explicitly than in [23]). Folsom and Masri [50]
used the formula to derive a new asymptotic and error term for the partition
function. A derivation of the Hardy-Ramanujan formula in Theorem 1.1.2 from
Theorem 1.1.4 has been given by Dewar and Murty [36].
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Bruinier and Ono also show that the polynomial

Hδ(X) =
∏
Q∈Qδ

(X − P (τQ)), (1.16)

whose roots are the singular values P (τQ) is de�ned over Q. It is however not in
general irreducible over Q [24, Lemma 3.7]. In loc. cit., Bruinier, Ono, and Suther-
land �nd an e�cient algorithm using CM elliptic curves and what is called isogeny
volcanos to compute Hδ and therefore p(n), as well as the related polynomial

Ĥδ(X) =
∏
Q∈Pδ

(X − P (τQ)) ∈ Q[X], (1.17)

where Pδ denotes the set of primitive forms in Qδ, i.e. those whose coe�cients
are relatively prime. We note here that this construction is analogous to the class
polynomial considered in Equation (2.4). They use their algorithm to compute
Ĥδ for many values of δ and always �nd that it is irreducible over Q, leading
them to ask (see [23, Section 5]) if this is always the case. In [82], reproduced in
Appendix A, Rolen and the author show that this is indeed true.

Theorem 1.1.5 (M.-Rolen, 2015). The polynomial Ĥδ is irreducible over Q.
Moreover we have that

Ωt
∼= K[X]/Ĥδ(X),

where we write δ = t2d for a fundamental discriminant d < 0 and K := Q(
√
d),

is the ring class �eld of the order of conductor t in K.

The proof of this has two main parts: First we show that Ĥδ is the power of
an irreducible polynomial, i.e. the sets

{P (τQ) : Q ∈ Pδ} and {P (τQ0)
σ : σ ∈ Gal(Ωt/K)}

are equal for all Q0 ∈ Pδ (see [82, Proposition 3.2]). This follows essentially from
a convenient formulation of Shimura reciprocity due to Schertz [94] in combination
with a formula of Masser [80, Appendix I]. The second part of the proof relies on
explicitly bounding the value P (γτ) for all γ in a �xed set of representatives of
SL2(Z)/Γ0(6) and τ in the standard fundamental domain for SL2(Z) ([82, Lemma
3.3]). This explicit (but actually rather crude) bound is enough to show that all the
values P (τQ) for Q ∈ Pδ are distinct for all n ≥ 54 (i.e. δ ≤ 1− 24 · 54 = −1295).
Using the data computed by Sutherland2, it can be veri�ed directly by computer
that Ĥδ is irreducible for the remaining n, completing the proof.

Building on the same kind of ideas, Braun, Buck, and Girsch [13] showed the
following more general result.

2available online at http://math.mit.edu/~drew/Pfiles/

http://math.mit.edu/~drew/Pfiles/
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Theorem 1.1.6 (Braun-Buck-Girsch, 2015). Let F ∈ M−2k(SL2(Z)) with ratio-
nal Fourier coe�cients and let P := R−2 ◦ ... ◦ R−2k+2 ◦ R−2kF . Then for each
su�ciently small negative discriminant D < 0, the polynomial

ĤD,P (X) =
∏
Q

(X − P (τQ)) ∈ Q[X],

where Q ranges over a set of representatives of primitive, positive de�nite, integral
binary quadratic forms modulo SL2(Z), is irreducible over Q.

It should be pointed out that in [13], an explicit bound on the discriminant
D, from which on the above theorem holds, is given in terms of the weight and
principal part of F .

1.2 A proof of the Thompson Moonshine Conjec-

ture

The subject of Moonshine is, very broadly speaking, concerned with surprising
and sometimes strange connections between di�erent areas of Mathematics, e.g.
Representation Theory of �nite groups and modular forms. The most well-studied
example of this is Monstrous Moonshine which we describe now.

According to the classi�cation theorem of �nite simple groups [6], a �nite simple
group is isomorphic to either

1. a cyclic group of prime order,

2. an alternating group of degree ≥ 5,

3. a �nite group of Lie type (or the Tits group),

4. one of 26 sporadic simple groups.

The largest of the sporadic simple groups is the so-calledMonster group M of order

#M = 246 · 320 · 59 · 76 · 112 · 133 · 17 · 19 · 23 · 29 · 31 · 41 · 47 · 59 · 71 ≈ 8.08 · 1053.

Its character table was �rst computed in 1976, assuming its existence, by Fischer,
Livingstone, and Thorne (see [33]) and it was �rst constructed in 1982 by Griess
[61] as the automorphism group of a certain 196884-dimensional commutative, but
non-associative R-algebra, called the Griess algebra. Even before the existence of
the Monster had been established, some people noted some seemingly coincidental
connections between the monster and the realm of modular forms. The �rst such
observation was made by Ogg [86] who showed the following.
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Theorem 1.2.1 (Ogg, 1975). Let p be prime. The modular curve X0(p)+, i.e. the
compacti�ed quotient Γ0(p)+ \ H, has genus 0 if and only if

p ∈ {2, 3, 5, 7, 11, 13, 17, 19, 23, 29, 31, 41, 47, 59, 71}.

Ogg remarks in [86] that these primes are precisely the prime divisors of the
order of the Monster group and o�ers a bottle of Jack Daniels whiskey to the
�rst person to o�er an explanation for this coincidence. For a relatively recent
discussion of this question as well as a partial solution to the Jack Daniels Problem,
we refer to [47]. An analogue of this phenomenon in the context of so-called Umbral
Moonshine (see below) has recently been found by Aricheta [5].

Another observation of a di�erent sort of connection between the Monster
and modular forms was made in 1978 by McKay who noticed that the �rst few
coe�cients of the modular j-function

j(τ) =
E4(τ)3

∆(τ)
= q−1 + 744 + 196884q + 21493760q2 + .... (1.18)

or rather the so-called Hauptmodul, i.e. a (suitably normalized) generator of the
�eld of modular functions, for the group SL2(Z) given by J = j − 744, can be
written in terms of dimensions of irreducible representations of M,

196884 = 1 + 196883, 21493760 = 1 + 196883 + 21296876, ...

This led Thompson [107, 108] to conjecture the existence of an in�nite-dimensional
graded representation of the Monster, where the dimension of the nth graded com-
ponent is the nth coe�cient of J . The observations of McKay and Thompson were
much extended by Conway and Norton [33] who managed to associate to each of
the 194 conjugacy classes of M a Hauptmodul for a genus 0 subgroup of SL2(R)
whose coe�cients agree, like those of J , with character values of the Monster.
Note here that the dimension of a representation is simply the value of its asso-
ciated character at the neutral element of the group. Their �ndings led Conway
and Norton to conjecture that there should be an in�nite-dimensional graded rep-
resentation of M whose McKay-Thompson series coincide with the Hauptmoduln
speci�ed in [33], re�ning Thompson's original conjecture. For a graded G-module
V =

⊕
n Vn for a �nite group G and a conjugacy class [g] ⊆ G, the associated

McKay-Thompson series is de�ned by

T[g](τ) :=
∑
n

trace(g|Vn)qn. (1.19)

The conjecture of Conway and Norton is usually referred to as the Monstrous
Moonshine Conjecture. Following a suggestion of Thompson, an abstract proof for
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the existence of the Moonshine module was sketched by Atkin, Fong, and Smith
[103]. As pointed out in [57, 62], this proof contains at least one and possibly two
gaps, but the proof strategy is sound and has been used several times, for instance
in the works just referenced. Frenkel, Lepowsky, and Meurman [53, 54] constructed
a so-called vertex operator algebra V \, i.e. a graded vector space endowed with an
in�nite collection of products, with an action of the Monster and showed that the
associated McKay-Thompson series of the neutral element is indeed the function J ,
therefore con�rming Thompson's original conjecture. The �rst non-trivial graded
component of V \ is exactly the Griess algebra mentioned above. In subsequent
work, Borcherds [8] was able to verify that the McKay-Thompson series of the
other conjugacy classes of the Monster agree with the Hauptmoduln found by
Conway and Norton, therefore proving the full Monstrous Moonshine Conjecture.

Theorem 1.2.2 (Frenkel-Lepowsky-Meurman, 1988, and R. Borcherds, 1992).
The Monstrous Moonshine Conjecture is true, i.e. there is an in�nite-dimensional
M-module V \ whose McKay-Thompson series are given by the Hauptmoduln speci-
�ed by Conway and Norton. Moreover, V \ carries the structure of a vertex operator
algebra, on which M acts via automorphisms.

Borcherds's proof of this result employed a variety of deep ideas from both
Mathematics and Mathematical Physics, among them a new axiomatic description
of vertex operator algebras, Borcherds-Kac-Moody algebras, and bosonic string
theories. The work related to Monstrous Moonshine was one of the reasons to
award him the Fields Medal in 1998.

Other kinds of Moonshine have been observed over the years, such as Gen-
eralized Moonshine as conjectured by Norton [85] and proven by Carnahan [25],
Mathieu Moonshine as conjectured by Eguchi, Ooguri, and Tachikawa [48] and
proven abstractly by Gannon [57], and more generally, Umbral Moonshine as con-
jectured by Cheng, Duncan, and Harvey [29] and proven abstractly by Duncan,
Gri�n, and Ono [42]. For a fairly recent and more detailed survey on the sub-
ject of Moonshine, the reader may consult [41] and for further information on the
background and details the book [56].

In 2015, Harvey and Rayhaun [69] found evidence for moonshine for the �-
nite sporadic Thompson group Th, which was �rst discovered and constructed by
Thompson and Smith [102, 106] as the automorphism group of the 248-dimensional
Thompson lattice. Their �rst observation was that the �rst few coe�cients of the
function f3 in Zagier's basis of the space M !,+

1/2(Γ0(4)) of weakly holomorphic mod-
ular forms of weight 1/2 for Γ0(4) satisfying the Kohnen plus space condition
(see (2.8)) are closely related to dimensions of irreducible representations of the
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Thompson group: We have

f3(τ) = q−3 +
∞∑
n=1

A(n, 3)qn

= q−3 − 248q + 26752q4 − 85995q5 + 1707264q8 − 4096248q9 +O(q12)

Comparing to the character table of Th [32, 59], one sees that 248, 85995, 1707264
occur as dimensions of irreducible representations of Th and we can decompose
26752 = 27000 − 248 and 4096248 = 4096000 + 248, where again, 27000 and
4096000 are dimensions of irreducible representations of Th. The function f3 is
connected to the Thompson group via the aforementioned Generalized Moonshine:
The Thompson group (or rather Th×C3) is the centralizer of the conjugacy class
3C in the Monster group, so that Generalized Moonshine predicts a natural action
of Th on the so-called 3C-twisted module of the Monstrous Moonshine module V \.
The associated graded dimension function is given by the unique cube-root of the
j-function which is real-valued on the imaginary axis

j(τ)1/3 = q−1/3 + 248q2/3 + 4124q5/3 + 34752q8/3 + ...,

which is the Borcherds lift of the function f3, i.e.

j(τ)1/3 = q−1/3

∞∏
n=1

(1− qn)A(n2,3),

see also Theorem 2.4.4. Harvey and Rayhaun modify the function f3 slightly by
adding a weight 1/2 theta function called a theta correction and de�ne

F3(τ) = 2f3(τ) + 248ϑ(τ) = 2q−3 + 248 + 2 · 27000q4

− 2 · 85995q5 + 2 · 1707264q8 − ..., (1.20)

with ϑ(τ) =
∑

n∈Z q
n2

and we see that the �rst few coe�cients are now all (two
times)3 dimensions of irreducible representations of Th with alternating signs. This
is in �avour related to Umbral Moonshine and a �rst case of so-called Penumbral
Moonshine, on which there is ongoing work of Duncan, Harvey, and Rayhaun. Be-
cause of these observations Harvey and Rayhaun conjecture that F3 is the graded
dimension function of a graded Th-supermodule W . This means that each graded
component decomposes asWm = W 0

m⊕W 1
m, a direct sum of an even and odd part.

In this case, W i
m is trivial whenever m 6≡ i (mod 2). The supertrace of an element

is de�ned as

strace(g|Wm) = trace(g|W 0
m)− trace(g|W 1

m) (1.21)

3Actually, they are rather the sum of the dimensions of two Galois conjugate representations,
which necessarily have the same dimension, see Theorem 1.2.3.
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and the McKay-Thompson series for a supermodule are de�ned as for usual mod-
ules but with the trace replaced by the supertrace.

The coe�cients of f3 are in fact twisted traces of singular moduli of the J-
function (see Theorem 2.4.3). Using twisted traces of singular moduli of Haupt-
moduln for the groups Γ0(N) for N ∈ {2, ..., 10, 12, 13, 16, 18, 25} with appropri-
ate theta corrections, Harvey and Rayhaun are able to obtain further tentative
McKay-Thompson series of the Th-supermodule W .

All of these can also be realized in terms of Rademacher sums, essentially a low-
weight analogue of Poincaré series, projected to the plus space: A Poincaré series
is obtained by averaging a 1-periodic seed function over a set of representatives
Γ∞ \ Γ0(N), say, and, provided that the thus de�ned series converges absolutely,
the function de�ned in this manner will transform like a modular form of the
desired weight. For the most common types of Poincaré series, the convergence
solely depends the weight, see for instance [15, 19, 31, 84, 88] and the references
therein for details. Rademacher sums and series were �rst devised by Rademacher
[91] in his study of the coe�cients of the j-function. Their theory was developed
systematically, with applications to moonshine in mind, mainly by Duncan and
Frenkel [40] as well as Cheng and Duncan [27, 28]. Instead of averaging over the
whole group, one only averages over a certain �rectangle� and lets this rectangle
grow. This procedure improves the convergence properties of the sum compared to
those of a Poincaré series. However, the resulting series is in general not modular
but rather mock modular. Employing the approach via Rademacher sums with
certain multiplier systems similar to those occuring in Umbral Moonshine enabled
Harvey and Rayhaun to (numerically) compute candidates for all the tentative
McKay-Thompson series T[g], supporting their conjecture.

Together with Gri�n, we showed in [62], which is reproduced in Appendix B,
that the conjecture of Harvey and Rayhaun is indeed true.

Theorem 1.2.3 (Gri�n-M., 2016). The Thompson-Moonshine Conjecture of Har-
vey and Rayhaun is true. Moreover, the McKay-Thompson series T[g] are the

unique modular forms in the space M !,+
1/2(4o(g), ψ[g]), where o(g) denotes the order

of a group element g and ψ[g] is the multiplier system associated to [g], satisfying
the following conditions:

� The Fourier expansion at ∞ is given by

2q−3 + χ2(g)− (χ4(g) + χ5(g))q4 +O(q5),

where χ1, ..., χ48 denote the irreducible characters of Th as in [62, Tables
1�4],

� Apart from the pole at ∞, there is a pole of order 3/4 at the cusp 1/2o(g) in
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case o(g) is odd; otherwise, the only pole is at ∞. The function vanishes at
all other cusps of Γ0(4o(g)).

Remark. 1. For an element g with o(g) 6= 36, it su�ces to specify that the
function T[g] should have an expansion 2q−3 + χ2(g) + O(q4) in addition to
the second condition in Theorem 1.2.3 in order to determine it uniquely.

2. In the statement of Theorem 1.2.3 in the original publication (see Theorem
1.2 in Appendix B), the conjugacy classes 12A and 12B of Th are excluded.
The reason for this is that according to [62, Remark 3.3], the multpliers
of the Rademacher sums and the corresponding theta corrections were not
identical. While this is true at �rst glance when one computes the multiplier
system of the given theta correction directly, the two multipliers actually
agree on the group Γ0(48) as was pointed out to the author by Maryam
Khaqan and John Duncan. Hence there is no reason to exclude the two
conjugacy classes from the statement of the theorem.

The proof of this result follows similar lines as Gannon's proof of Mathieu
Moonshine [57] and Duncan-Gri�n-Ono's proof of Umbral Moonshine in general
[42]. As �rst step it is necessary to verify that all the functions provided by
Harvey and Rayhaun are indeed weakly holomorphic modular forms rather than
mock modular forms, as Rademacher sums generically would be. This follows
from the fact that the space of possible shadows is either trivial or has a basis
such that the Bruinier-Funke pairing (see e.g. [20, Proposition 3.5]) allows to
show that the shadow must be 0. Through the Schur orthogonality relations, one
can write down the generating function for the (tentative) multiplicities of each
irreducible character in the graded supermodule whose existence one wants to
prove. The claim follows if all these multiplicities are integers whose signs are
exactly alternating (or 0). The integrality of these multiplicities can be veri�ed by
showing that the McKay-Thompson series satisfy su�ciently many congruences.
An idea of Thompson [108] allows to compute the required congruences from the
character table, however it is also possible, as done in [62], to �nd all congruences
modulo powers of primes dividing the order of Th and check a posteriori that
these su�ce to deduce integrality of the multiplicities. For the �positivity�, i.e.
the fact the signs alternate as conjectured by Harvey and Rayhaun, requires the
representation of the McKay-Thompson series as Rademacher sums. Their Fourier
coe�cients can be represented as in�nite sums of Kloosterman sums weighted
by Bessel functions. Through explicit estimates on Kloosterman zeta functions,
mimicking and extending the procedure established in [57] and building essentially
on work by Kohnen [76], one �nds that from a certain point on, the coe�cients
of T[1A] dominate all the other coe�cients, which allows to deduce the expected
sign behaviour of all the multiplicities from an explicit point on. The rest can be
checked directly by inspection.
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One important feature of the Hauptmoduln in Monstrous Moonshine is that
they are replicable, which means for example that their Fourier coe�cients can
be computed recursively from the �rst 23 of them (see for instance [52]). This is
reminiscent of the VOA structure of the Moonshine module V \. IN [42], a mock
modular anaolgue of replicability is established for the McKay-Thompson series
in Umbral Moonshine using work of Imamo§lu, Raum, and Richter [73] and the
author [81] on holomorphic projection (see also [35]). In [62], we connect some of
the McKay-Thompson series of Thompson Moonshine to such replicable functions
via their associated weak Jacobi forms.

It remains to be remarked that unlike in the case of Monstrous Moonshine, no
construction of the Th-supermodule whose existence is asserted in Theorem 1.2.3
is available to date. For several cases of Umbral Moonshine, a module has been
constructed [4, 26, 46, 43], but in particular not yet for the case of Mathieu Moon-
shine. We hope to be able to construct the Thompson-supermodule in the future
in order to complete the picture.

1.3 O'Nan Moonshine and Arithmetic

The 26 sporadic groups may be subdivided into two collections, the Happy Family,
consisting of those 20 sporadic simple groups which are quotients of subgroups of
the Monster, and the six so-called Pariahs or non-monstrous sporadic groups : the
Lyons group Ly, the three4 Janko groups J1, J3, and J4, the Rudvalis group Ru,
and the O'Nan group O'N. It has long been an open question in Moonshine, asked
already by Conway and Norton [33], whether these groups, which have nothing to
do with the Monster, are in any way connected to Moonshine (see also [11]).

In [45], which is reproduced in Appendix C, we show together with Duncan
and Ono that the O'Nan group indeed has a connection to Moonshine (see also
[44, 58]). Evidence for the existence of this group was �rst found in 1976 by O'Nan
[87] and according to loc. cit., it was �rst constructed by Sims. The fact that it is
a Pariah, i.e. not a subquotient of the Monster, was �rst shown by Griess [61].

A �rst observation leading to Moonshine for the O'Nan group comes from
inspecting Zagier's basis of the space M !,+

3/2(Γ0(4)), see (2.10). The function g4 in
this basis has Fourier expansion

g4(τ) = q−4 − 2− 26752q3 − 143376q4 − 8288256q7 − 26124256q8 +O(q11)

and one notices that 26752 is a dimension of an irreducible representation of the
O'Nan group, and one can write 143376 = 1+58311+85064, where 1, 58311, 85064
are also dimensions of irreducible represenations of O'N. Similar decompositions
can be observed for higher level analogues of g4.

4The second Janko group J2 is a member of the Happy Family.
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Using essentially the same approach as described above in the context of
Thompson Moonshine, the existence of a module for the O'Nan group is estab-
lished, whose McKay-Thompson series are special modular forms [45, Theorem
1.1, Theorem 3.1].

Theorem 1.3.1 (Duncan-M.-Ono, 2017). There exists an in�nite-dimensional
graded O'N-module W =

⊕
0<m≡0,3 (4) Wm whose McKay-Thompson series

F[g](τ) = −q−4 + 2 +
∑

0<m≡0,3 (4)

a[g](m)qm

for each conjugacy class [g] ⊆ O'N are weakly holomorphic modular forms of weight
3/2 of level 4o(g) in the Kohnen plus space with trivial multipliers for o(g) 6= 16.
Moreover, these forms are uniquely determined by the following conditions:

(a) F[g] ∈M !,+
3/2(Γ0(4o(g)), ψ[g]),

(b) F[g](τ) has the principal part at in�nity speci�ed above and additionally a pole
of order 1/4 at 1/o(g) as forced by the plus space condition and vanishes at all
other cusps,

(c) we have a[g](3) = χ7(g), a[g](4) = χ1(g)+χ12(g)+χ18(g) and a[g](7) as speci�ed
in [45, Tables B.1�B.3], where χ1, ..., χ30 denote the irreducible characters of
O'N as in [45, Table A.1].

Note that the conditions (a) and (b) inTheorem 1.3.1 determine a weakly holo-
morphic modular form up to the addition of cusp forms. This leaves a choice for the
contribution from cusp forms which is �xed by condition (c). A reason for choosing
this particular contribution from cusp forms comes from the required congruences
that the McKay-Thompson series, see the remark following [45, Theorem 3.1].

Remark. It should be pointed out that the module W whose existence is asserted
in Theorem 1.3.1 is slightly virtual, i.e. �nitely many (four to be precise) graded
components can only be decomposed into irreducible O'N-modules using negative
multiplicities (see [45, Table B.1-B.2]. This could be remedied by adding weight
3/2 unary theta functions to some of the McKay-Thompson series, but at the
expense of the classifying properties (see the second remark following [45, Theorem
1.1]).

Remark. In an earlier version of [45], a variation of Theorem 1.3.1 was consid-
ered where we required all multiplier systems to be trivial and instead allowed
mock modular forms with the properties given. These mock modular forms au-
tomatically have trivial shadows unless o(g) = 16. The multipliers occurring in
Theorem 1.3.1 are connected to the cohomology of O'N (cf. [45, p. 15f]), while
the existence of non-trivial shadows is not known to be.
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Returning to the Zagier basis in weight 3/2, Zagier showed (see Theorem 2.4.2)
that the coe�cients of the �rst element

g1(τ) = q−1− 2 + 248q3− 492q4 + 4119q7− 7256q8 + 33512q11− 53008q12 +O(q15)

in this basis are the negatives of the traces of the singular moduli of the J-function
in (1.18). It also follows from his work on the action of Hecke operators on these
traces [114] as well as the work of Miller and Pixton [83] that one can write the
coe�cients of the McKay-Thompson series F[g] of theO'N-module in Theorem 1.3.1
in terms of traces of singular moduli of explicit modular functions of level o(g) (see
[45, Proposition 5.1 and Appendix D], generalized Hurwitz class numbers (which
are the traces of the constant function 1 as studied in detail in [55]), as well as
coe�cients of weight 3/2 cusp forms.

By important work of Waldspurger [110] and Kohnen [76] we know that coef-
�cients of weight 3/2 cusp forms (or more precisely newforms) in the plus space
are closely connected to L-values of weight 2 cusp forms.

Theorem 1.3.2 (Waldspurger, 1981, Kohnen, 1985). Let N ∈ N be odd and
square-free, f ∈ S+

k+ 1
2

(Γ0(4N)) be a newform with Fourier expansion f(τ) =∑∞
n=1 bf (n)qn. Further let F ∈ S2k(Γ0(N)) the image of f under the Shimura

correspondence. For a prime `|N , let w` be the eigenvalue of F under the Atkin�
Lehner involution W` and choose a fundamental discriminant D with (−1)kD > 0
and

(
D
`

)
= w` for all `. Then we have

〈f, f〉 =
〈F, F 〉πk

2ω(N)(k − 1)!|D|k− 1
2L(F,D; k)

· |bf (|D|)|2,

where L(F,D; s) denotes the twist of the newform F by the quadratic character(
D
•

)
and ω(N) denotes the number of distinct prime divisors of N .

The Conjecture of Birch and Swinnerton-Dyer [7, 113] together with the Mod-
ularity Theorem [14, 105, 112] asserts that the L-values in Theorem 1.3.2 contain
arithmetic information about the associated elliptic curve in case the weight 2
newform has rational coe�cients.

Conjecture 1.3.3 (Birch and Swinnerton-Dyer, 1964). Let E/Q be an elliptic
curve. Then we have that

L(r)(E, 1)

r!ΩE

=
#X(E) · Reg(E)

∏
` c`(E)

(#E(Q)tors)2
, (1.22)

where r denotes the analytic rank, i.e. the order of vanishing of L(E, s) at s = 1,
which equals the Mordell�Weil rank of E, ΩE is the real period of E, #X(E) and
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Reg(E) denote the order of the Tate-Shafarevich group and the regulator of E,
respectively, the c`(E) for prime ` are the Tamagawa numbers of E, and #E(Q)tors
is the order of the torsion subgroup of the Q-rational points of E.

Using these results and conjectures together with the work of Kolyvagin [77] and
Gross and Zagier [64] on the Birch and Swinnerton-Dyer Conjecture we can obtain
non-trivial information on p-divisibility of class groups of imaginary quadratic
number �elds for small primes p as well as on p-torsion of Selmer- and Tate-
Shafarevich groups of quadratic twists of certain elliptic curves. The precise results
are as follows (see [45, Theorems 1.2-1.4]).

Theorem 1.3.4 (Duncan-M.-Ono, 2017). Suppose that −D < 0 is a fundamental
discriminant. Then the following are true:

1. If −D < −8 is even and g2 ∈ O'N has order 2, then

dimWD ≡ trace(g2|WD) ≡ −24H(D) ≡ 0 (mod 24).

2. If p ∈ {3, 5, 7},
(
−D
p

)
= −1 and gp ∈ O'N has order p, then

dimWD ≡ trace(gp|WD) ≡

{
−24H(D) (mod 32) if p = 3,

−24H(D) (mod p) if p = 5, 7.

In what follows, let EN denote the strong Weil curve of conductor N , i.e. in
the cases under consideration here, where the genus of the modular curve X0(N)
equals 1, a model of said modular curve.

Theorem 1.3.5 (Duncan-M.-Ono, 2017). Assume the Birch and Swinnerton-Dyer
Conjecture 1.3.3. If p = 11 or 19 and −D < 0 is a fundamental discriminant for

which
(
−D
p

)
= −1, and gp ∈ O'N has order p, then the following are true.

1. We have that Sel(Ep(−D))[p] 6= {0} if and only if

dimWD ≡ trace(gp|WD) ≡ −24H(D) (mod p).

2. Suppose that L(Ep(−D), 1) 6= 0. Then we have that rk(E(−D)) = 0. More-
over, we have p|#X(Ep(−D)) if and only if

dimWD ≡ trace(gp|WD) ≡ −24H(D) (mod p).
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Note that due to the work of Kolyvagin [77] as well as Gross and Zagier [64],
part (2) of Theorem 1.3.5 is in fact unconditionally true.

Thanks to work of Skinner and Urban on the Iwasawa main conjectures for
GL2 [100, 101], we have the following completely unconditional result.

Theorem 1.3.6 (Duncan-M.-Ono, 2017). Suppose that N ∈ {14, 15}. If p is the
unique prime ≥ 5 dividing N , then let δp := p−1

2
and let p′ := N/p. If −D < 0

is a fundamental discriminant for which
(
−D
p

)
= −1 and

(
−D
p′

)
= 1, then the

following are true.

1. We have that Sel(EN(−D))[p] 6= {0} if and only if

trace(gp′|WD) ≡ trace(gN |WD) ≡ δp · (H(D)− δpH(p′)(D)) (mod p).

2. Suppose that L(EN(−D), 1) 6= 0. Then we have that rk(E(−D)) = 0. More-
over, we have p|#X(EN(−D)) if and only if

trace(gp′|WD) ≡ trace(gN |WD) ≡ δp · (H(D)− δpH(p′)(D)) (mod p).

The proofs of Theorems 1.3.4 to 1.3.6 all rely heavily on the fact that one
can write all the graded characters for the O'N-module W essentially in terms of
traces of singular moduli (and coe�cients of cusp forms). This allows to control
very easily when certain constituents of the McKay-Thompson series are forced
to vanish, allowing to examine the remaining constituents (i.e. class numbers or
coe�cients of cusp forms) directly.

Arithmetic implications of this sort have not been noticed in the context of
Moonshine prior to [45]. Similar results are the subject of ongoing work of the
author with Cheng and Duncan as well as with Duncan, Gri�n, and Rolen. The
former of these for instance involves mock modular McKay-Thompson series with-
out poles but satisfying certain optimality requirements. The coe�cients there
can essentially be written down in terms of generalized class numbers and coe�-
cients of cusp forms. These yield in�nitely many virtual modules for example for
the group 2.M12 which also appears in Umbral Moonshine, to which that work
is directly connected. The there obtained modules yield an amusing criterion to
decide if a given odd discriminant is a congruent number, depending on the de-
composition of the corresponding graded component into irreducibles. The latter
work in progress concerns Moonshine of a similar �avour as O'Nan Moonshine for
some of the Janko groups, which allow us to obtain statements like Theorems 1.3.5
and 1.3.6 for other elliptic curves.

At the current stage, it is not clear how the Arithmetic can be linked directly
to the O'Nan group, say, without using strong results on modular forms. In par-
ticular, there is no known group action of O'N on the arithmetic quantities to
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date. One future goal would be to �nd a construction of the module in Theo-
rem 1.3.1, hoping that it admits a group theoretic explanation for the results in
Theorems 1.3.4 to 1.3.6.

1.4 Summary

As we have seen in Sections 1.1 to 1.3, the connecting feature of the results in
this thesis are singular moduli and especially their traces. In [82], we investigated
algebraic properties of a class polynomial built from singular moduli of a non-
holomorphic function, where the traces of these singular moduli are the partition
numbers p(n). We show that, similar to the classical case of the class polynomial
in (2.4) associated to the j-function, this polynomial is irreducible over Q and that
its roots generate the ring class �eld of the order of conductor t in Q(

√
d), where

we write 1− 24n = t2d with d < 0 a fundamental discriminant.
In [45, 62], we show that traces of singular moduli of various modular functions

essetially yield character values of certain representations of the �nite sporadic
Thompson group and the pariah group O'N. More precisely we show the existence
of an in�nite-dimensional graded module for the respective groups whose McKay-
Thompson series are essentially given as generating functions of(twisted) traces of
singular moduli plus some appropriate corrections (weight 1/2 theta functions for
the Thompson group and generalized class numbers and cusp forms in the case of
O'N). For the O'Nan group, this description in terms of traces allows us to deduce
information for example on arithmetic properties of quadratic twists of certain
elliptic curves.
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Chapter 2

Complex multiplication and singular

moduli

As mentioned in the introduction, we now give a very brief overview of some of
concepts and classical applications of complex multiplication and singular moduli.
All of the material presented here can be found in many places, including numerous
textbooks. This account is mainly based on [115, Section 6] and [34, Chapters 2
and 3].

2.1 Complex multiplication and elliptic curves

It is a standard result from the theory of elliptic functions that an elliptic curve

E : y2 = 4x3 − g2x− g3, g3
2 − 27g2

3 6= 0 (2.1)

over C are isomorphic to a �at torus C/Λ, where Λ = Zω1 ⊕ Zω2 ⊂ C is a two-
dimensional lattice in C. This isomorphism is such that if we have λ ∈ C and a
lattice Λ′ with λΛ ⊆ Λ′, we obtain an algebraic map, called an isogeny, from E
to E ′ ∼= C/Λ′. Indeed all isogenies, i.e. morphisms E → E ′ sending the point at
in�nity to the point at in�nity, are of this form [99, Theorem VI.4.1 (b)]. This is
of particular interest when we can choose Λ′ = Λ, in which case one also calls the
isogenies endomorphisms of E. For λ = m ∈ Z one clearly always has mΛ ⊆ Λ
and for a generic lattice Λ, these are the only λ ∈ C satisfying λΛ ⊆ Λ. On the
elliptic curve E, this corresponds to the isogeny

[m] : E → E, P → mP.

If we have λΛ ⊆ Λ for some λ /∈ Z, this automatically implies that λ lies in an
order O in some imaginary quadratic number �eld K and Λ is then of the form

29
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αa for some α ∈ C× and a proper fractional O-ideal a in K. In this case, we say
that the elliptic curve E = C/Λ has complex multiplication (or CM for short) by
the order O. Note that we can write the associated lattice of E as λ(Z⊕ Zτ) for
some τ ∈ H, which is unique up to SL2(Z)-equivalence. If E has CM, then the
corresponding τ satis�es a quadratic equation aτ 2 + bτ + c = 0 for some (coprime)
a, b, c ∈ Z and vice versa. Such points τ are called CM points and the discriminant
of the corresponding equation is called the discriminant of τ .

We note that an equivalent characterization of elliptic curves or rather lattices
with complex multiplication can be given using the Weierstrass ℘-function.

Lemma 2.1.1. Let Λ be a lattice in C and ℘ its associated Weierstrass ℘-function.
The a number λ ∈ C\Z satis�es λΛ ⊆ Λ if and only if ℘(λz) is a rational function
in ℘(z).

2.2 Algebraicity of singular moduli

An important invariant of an elliptic curve E ∼= C/Λ as given in (2.1) is its j-
invariant

j(E) = 1728
g3

2

g3
2 − 27g2

3

.

Note that we have j(E) = j(τ) for j(τ) as in (1.18) and τ ∈ H such that Λ =
λ(Z ⊕ Zτ). Note again that this τ is unique up to action of SL2(Z). Two elliptic
curves are isomorphic (over C) if and only if they have the same j-invariant and
one can show that if j(E) is contained in a sub�eld K of C, then there is an elliptic
curve de�ned over K with the same j-invariant [99, Proposition III.1.4].

It can be inferred essentially from Lemma 2.1.1 that if E has complex multi-
plication, then the singular modulus j(E) is an algebraic number. In particular,
elliptic curves with CM can always be de�ned over a number �eld.

However, using the theory of modular forms, one can prove a much stronger
result.

Theorem 2.2.1. For a CM point τ of discriminant D < 0 the value j(τ) is
an algebraic integer of degree h(D), where h(D) denotes the class number of D,
i.e. the number of equivalence classes of positive de�nite binary primitive integral
quadratic forms modulo SL2(Z).

Proof outline. We sketch a proof based on modular forms for the fact that j(τ) is
an algebraic integer. For this, we consider the mth modular polynomial Ψm(X, Y )
for m ≥ 2 de�ned by

Ψm(X, j(τ)) :=
∏

M∈SL2(Z)\Γm

(X − j(M.τ)), (2.2)
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where Γm denotes the set of 2× 2 matrices over Z with determinant m. This is a
polynomial in X of degree σ1(m) =

∑
d|m d, because the set{(

a b
0 d

)
∈ Z2×2 : ad = m, 0 ≤ b < d

}
is a full set of representatives of SL2(Z) \ Γm and has cardinality σ1(m). The
coe�cients are holomorphic functions in τ . The function Ψ(X, j(τ)) also doesn't
depend on the choice of representatives due to the modular invariance of j(τ).
Replacing τ by γ.τ for some γ ∈ SL2(Z) only changes the system of representa-
tives, hence the coe�cients of Ψ(X, j(τ)) as a polynomial in X are all modular
functions for SL2(Z) without poles in H, hence polynomials in j(τ). Since j(τ) is
a transcendental function, we may replace a formal variable Y for it and obtain a
polynomial Ψm(X, Y ) ∈ C[X, Y ]. By using the explicit system of representatives,
the fact that j(τ) has integer Fourier coe�cients, as well as Galois conjugation,
one sees that the coe�cients are indeed integers, so that Ψm(X, Y ) ∈ Z[X, Y ].

Assuming for simplicity that m is not a perfect square1, one can in fact also
show with a similar argument that the restriction to the diagonal Ψm(X,X) is
monic (up to sign) and of degree σ+

1 (m) =
∑

d|m max(d,m/d).
Now let τ ∈ H be a CM point satisfying aτ 2 +bτ+c = 0 for coprime a, b, c ∈ Z,

a > 0. An equivalent way of saying this is that τ is a �xed point of the matrix
M = ( 0 −c

a b ) of determinant m = ac. Assuming for simplicity that m is not a
perfect square2, we have by construction

0 = Ψm(j(M.τ), j(τ)) = Ψm(j(τ), j(τ)),

whence j(τ) is the root of a non-zero polynomial with integer coe�cients and
leading coe�cient ±1 and therfore an algebraic integer.

Since any modular function for any �nite index subgroup of SL2(Z) is an al-
gebraic function in the j-function, which can be seen using a construction similar
to the modular polynomial in (2.2), it follows directly from Theorem 2.2.1 that
the singular moduli of any modular function with algebraic Fourier coe�cients are
algebraic numbers. For example, the Rogers-Ramanujan continued fraction

r(τ) :=
q1/5

1 +
q

1 +
q2

. . .

= q1/5

∞∏
n=0

(1− q5n+1)(1− q5n+4)

(1− q5n+2)(1− q5n+3)
(2.3)

1If m is a perfect square, then Ψ(X,Y ) is divisible by (X−Y ), so that the diagonal restriction
is identically zero.

2If it is, we may factor out the factor (X − Y ) in Ψm(X,Y ) without a�ecting the other basic
properties of the polynomial.



32 2.2. ALGEBRAICITY OF SINGULAR MODULI

is a modular function (in fact a generator for the �eld of modular functions) for
the principal congruence subgroup

Γ(5) = {γ ∈ SL2(Z) : γ ≡ ( 1 0
0 1 ) (mod 5)}

and one can show that

j(τ) = −(r(τ)20 − 228r(τ)15 + 494r(τ)10 + 228r(τ)5 + 1)3

r(τ)5(r(τ)10 + 11r(τ)5 − 1)5
,

an identity that essentially goes back to Klein [74, 75], see also [37]. Using the
well-known evaluation j(i) = 1728, one arrives at Ramanujan's evaluation of the
continued fraction given in (1.2).

Returning to the singular moduli of the j-function, one can determine their
degrees over Q and their minimal polynomials explicitly. For this let QD for a
discriminant D < 0 denote the set of all positive de�nite binary primitive integral
quadratic forms Q(x, y) = ax2 + bxy + cy2, a, b, c ∈ Z, a > 0, gcd(a, b, c) = 1, of
discriminant D = b2−4ac. Every such quadratic form has an associated CM point
τQ ∈ H, namely the unique root in H of the quadratic polynomial Q(τQ, 1). With
this we de�ne the class polynomial

HD(X) :=
∏

QD/SL2(Z)

(X − j(τQ)). (2.4)

Then we have the following result.

Theorem 2.2.2. The polynomial HD(X) has integer coe�cients and is irreducible
over Q. In particular, the singular modulus j(τQ) is an algebraic integer of degree
exactly h(D) = #QD/ SL2(Z) and its Galois conjugates are given by j(τQ′), Q

′ ∈
QD/ SL2(Z).

It is well-known that h(−163) = 1, in fact −163 is the smallest discriminant
with this property, so that by Theorem 2.2.2 we �nd that j((1 +

√
−163)/2) is a

rational integer. Furthermore, exp(−π
√

163) ≈ 3.809 · 10−18 and the coe�cients
cn of the j-function can be bounded from above by exp(4π

√
n)/(
√

2n3/4) (see [18,
Section 5.3]), showing that the integer

j((1 +
√
−163)/2) = −eπ

√
163 + 744 +

∞∑
n=1

cn(−1)ne−π
√

163n = −eπ
√

163 + 744 + ε

for some small error ε with |ε| < 7.724 · 10−13. This explains Hermite's original
observation that eπ

√
163 is so surprisingly close to an integer (see (1.1)).
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2.3 Explicit class �eld theory

One of the most important applications of the theory of complex multiplication
lies in explicit class �eld theory. This theory aims to describe relatively abelian
extensions of algebraic number �elds whose Galois group is isomorphic to a class
group in some sense. To state the main theorem of class �eld theory, we need
to introduce some notation. Let K be a number �eld with ring of integers OK
and m a modulus of K, i.e. a formal product of �nitely many �nite primes of K,
denoted by m0, and distinct real in�nite primes, whose product we denote by m∞.
Further denote by IK(m) the group of fractional ideals coprime to the �nite primes
dividing m and let

PK,1(m) := {αOK ∈ IK(m) : α ∈ OK , α ≡ 1 (mod m0), σ(α) > 0 for all σ | m∞}.

A subgroup H ≤ IK(m) containing PK,1(m) is called a congruence subgroup and
the (�nite) quotient IK(m)/H is called generalized class group for m.

Theorem 2.3.1 (Main theorem of class �eld theory). Let K be a number �eld.
Then the following are true.

(i) If L/K is a �nite abelian extension, then there exists a modulus m of K,
divisible by all �nite and in�nite primes which ramify in L, such that the
Galois group Gal(L/K) is canonically isomorphic to a generalized class group
for m via the so-called Artin map.

(ii) Let m be a modulus of K and H a congruence subgroup for m. Then there
exists a unique abelian extension L/K whose Galois group is canonically
isomorphic to the generalized class group IK(m)/H via the Artin map.

Remark. There is a choice for the modulus m in (i) of Theorem 2.3.1, in fact
there are always in�nitely many eligible moduli. The so-called conductor f =
f(L/K) provides a unique �minimal� choice in the sense that any eligible modulus
is divisible by f.

In many textbooks, the �rst application of the main theorem of class �eld theory
2.3.1 one encounters is the proof of the celebrated Theorem of Kronecker-Weber
[78, 111], whose �rst complete proof was found by Hilbert [72] in 1896.

Theorem 2.3.2 (Kronecker, 1853, Weber, 1886). Let K/Q be a �nite abelian
extension of Q. Then there is some N ∈ N such that K ⊆ Q(exp(2πi/N)).

One reason why this result is so remarkable is that abelian extensions of Q
can be generated by special values of a single transcendental function, namely the
exponential function. The 12th of Hilbert's famous 23 problems asks for a gener-
alization of this result to arbitrary number �elds, in particular for an appropriate
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analogue for the roots of unity occuring in Theorem 2.3.2. Kronecker's Jugend-
traum gives a (at the time conjectural) generalization of Theorem 2.3.2 to the
case of imaginary quadratic number �elds. This result was �rst proven by Takagi,
later important contributions are due to Fueter and Hasse (see for instance [109,
pp. 89 �.] for an account of the history). It is to date the only fully resolved
generalization of the theorem of Kronecker-Weber.

Theorem 2.3.3 (Second main theorem of class �eld theory). Kronecker's Jugend-
traum is true. More precisely, any �nite abelian extension L/K of an imaginary
quadratic number �eld K with ring of integers OK = Z ⊕ Zτ for some τ ∈ H is
contained in the ray class �eld Km for the modulus m = NOK for some positive
integer N . Furthermore, we have that

Km = K(j(τ), h(s)(1/N))

where

h(1)(z) := (g2g3/∆)℘(τ, z), h(2)(z) := (g2
2/∆)℘(τ, z)2, h(3)(z) := (g3/∆)℘(τ, z)3

(2.5)

with gk = gk(OK) and ∆ = g3
2 − 27g2

3 denote the elliptic Weber functions and s is
half the number of roots of unity in OK.

Special abelian extensions of imaginary quadratic �elds can be generated just
by singular moduli. For this consider the Hilbert class �eld of an imaginary
quadratic number �eld, i.e. the maximal unrami�ed abelian extension of K, which
has the property that its Galois group overK is canonically isomorphic to the ideal
class group of K, i.e. the corresponding modulus is simply OK .

Theorem 2.3.4. Let K/Q be an imaginary quadratic number �eld of discriminant
D. Then the class polynomial HD(X) de�ned in (2.4) is irreducible over K. The
Hilbert class �eld H/K is generated by any one value j(τQ), Q ∈ QD, i.e.

H = K(j(τQ)) ∼= K[X]/(HD(X)).

The same result is true if one considers an order O of conductor f in K and
the singular moduli j(τQ) for Q ∈ Qf2D. The �eld generated over K by any one
these values is the so-called ring class �eld of O.

We remark that the general case of Hilbert's 12th problem is still open. Shimura
and Taniyama [96, 98] were able to construct abelian extensions of so-called CM-
�elds, i.e. imaginary-quadratic extensions of totally real number �elds, using an
approach through abelian varieties rather than that of modular functions, which
had been used for instance by Hecke [70].
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2.4 Norms and traces of singular moduli

Since singular moduli are algebraic numbers, it makes sense to study their norms
and traces. As indicated in the introduction, their traces are of greater importance
in the context of this thesis, but nevertheless we start by discussing norms of
singular moduli. These were studied by Gross and Zagier [63] and the methods
used in the proof gave rise to their seminal work on heights of Heegner points
and derivatives of L-functions [64]. As it turns out, it is more natural to study
norms of di�erences of singular moduli (note that j((1+

√
−3)/2) = 0, so that one

doesn't lose the information about the singular moduli themselves). For coprime
discriminants D1, D2 < 0 let

J(D1, D2) =
∏

Q1∈QD1
/ SL2(Z)

∏
Q2∈QD2

/ SL2(Z)

(j(τQ1)− j(τQ2)). (2.6)

Up to sign, this is the resultant of the two polynomials HD1(X) and HD2(X).

Theorem 2.4.1 (Gross-Zagier, 1985). For coprime discriminants D1, D2 < 0,
every prime divisor of J(D1, D2) must divide 1

4
(D1D2 − x2) for some x ∈ Z sat-

isfying |x| ≤
√
D1D2 and x2 ≡ D1D2 (mod 4). In particular, all prime factors of

J(D1, D2) are at most D1D2/4.

If we choose for example the discriminants D1 = −163 and D2 = −3, the
primes satisfying the conditions in Theorem 2.4.1 are 2, 3, 5, 11, 17, 23, 29, 61,
and indeed we have

J(−163,−3) = j

(
1 +
√
−163

2

)
= −262537412640768000 = −218 ·33 ·53 ·233 ·293.

The fact that this number is a perfect cube is connected to the fact that the
function

γ2(τ) :=
E4(τ)

η(τ)8
= q−1/3 + 248q2/3 + 4124q5/3 + 34752q8/3 + ...

is a cube root of the j-function and γ2(3τ) is a modular function for Γ0(9). These
facts combined with Theorem 2.3.4 can be used to show that γ2 takes algebraic
integer values at certain CM points of discriminants not divisble by 3.

We note that there is actually a completely explicit formula for the prime fac-
torization of the number J(D1, D2), at least for fundamental discriminants D1, D2.

Now we take a look at traces of singular moduli. We begin by summarizing the
main results in Zagier's in�uential paper [114] on the subject, focussing on traces
of singular moduli for the j-function.
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We begin by de�ning the functions fd(τ) ∈ M !,+
1/2(Γ0(4)), where −d ≤ 0 is a

discriminant, by the property

fd(τ) := q−d +
∞∑
D=1

D≡0,1 (4)

A(D, d)qD ∈M !,+
1/2(Γ0(4)). (2.7)

This condition su�ces to determine the functions uniquely and they form a basis
of the space M !,+

1/2(Γ0(4)). Explicitly, we have

f0(τ) = 1 + 2q + 2q4 + 2q9 + 2q16 +O(q25),

f3(τ) = q−3 − 248q + 26752q4 − 85995q5 + 1707264q8 − 4096248q9 +O(q12),

f4(τ) = q−4 + 492q + 143376q4 + 565760q5 + 18473000q8 + 51180012q9 +O(q12),

f7(τ) = q−7 − 4119q + 8288256q4 − 52756480q5 + 5734772736q8 +O(q9),

f8(τ) = q−8 + 7256q + 26124256q4 + 190356480q5 + 29071392966q8 +O(q9).

(2.8)

Similarly, we de�ne a basis of the space M !,+
3/2(Γ0(4)) given by the functions gD

indexed by discriminants D > 0, which are determined by the property

gD(τ) := q−D +
∞∑
d=0

d≡0,3 (4)

B(D, d)qd ∈M !,+
3/2(Γ0(4)). (2.9)

Explicitly, we have

g1(τ) = q−1 − 2 + 248q3 − 492q4 + 4119q7 − 7256q8 + 33512q11 +O(q12),

g4(τ) = q−4 − 2− 26752q3 − 143376q4 − 8288256q7 − 26124256q8 +O(q11),

g5(τ) = q−5 + 0 + 85995q3 − 565760q4 + 52756480q7 − 190356480q8 +O(q11),

g8(τ) = q−8 + 0− 1707264q3 − 18473000q4 − 5734772736q7 +O(q8),

g9(τ) = q−9 − 2 + 4096248q3 − 51180012q4 + 22505066244q7 +O(q8).

(2.10)

Looking at the coe�cients A(D, d) and B(D, d), one observes that they seem to
agree up to sign. This is indeed true in general [114, Theorem 4] and is now usually
called Zagier duality, a phenomenon which has inspired a �urry of subsequent
works generalizing this observation to di�erent contexts (see for instance [17, 30,
39, 51, 66, 93] and the references therein).

Connecting these functions to singular moduli, Zagier shows the following [114,
Theorems 1 and 5].
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Theorem 2.4.2 (Zagier, 2002). For an SL2(Z)-invariant function f and a dis-
criminant D < 0 let

TrD(f) =
∑

Q∈QD/ SL2(Z)

1

wQ
f(τQ), (2.11)

where wQ := # StabSL2(Z)(Q)/2.

1. We have for any discriminant −d < 0 that

B(1, d) = Tr−d(J).

2. Letting Bm(D, d) denote the dth coe�cient of the function gD|Tm2, where
Tm2 denotes the mth Hecke operator acting on M !,+

3/2(Γ0(4)), we have for any
discriminant −d < 0 and m ≥ 1,

Bm(1, d) = Tr−d(mJ |Tm).

Note that mJ |Tm is the unique modular function for SL2(Z) with Fourier ex-
pansion q−m +O(q) at ∞ and no poles anywhere else.

Another way to state Theorem 2.4.2 is that the so-called Zagier lift, i.e. the
mapM !

0(SL2(Z))→M !,+
3/2(Γ0(4)) de�ned through the trace operator Tr in (2.11), is

well-de�ned and Hecke-equivariant. Generalizations of this lift have been studied
more systematically in level 1 by Duke and Jenkins [38] and generalized to arbitrary
level (but without action of Hecke operators) by Miller and Pixton [83]. The image
of the constant function, which in level 1 yields the mock modular Hurwitz class
number generating function, has been studied by Funke [55] as a theta lift, which
was generalized by Bruinier and Funke [21] to lifts of arbitrary modular functions
for the groups Γ0(N), which then map to mock modular forms of weight 3/2.

Theorem 2.4.2 interprets the coe�cients B(m2, d) and therefore by Zagier du-
ality also A(m2, d) as traces of singular moduli of distinct modular functions. For
discriminants D > 0 which are not squares, Zagier proves [114, Theorem 6] that
we can realize the coe�cients A(D, d) as twisted traces of singular moduli.

Theorem 2.4.3 (Zagier, 2002). Let D > 0 and −d < 0 be coprime fundamental
discriminants and χ = χD,−d denote the associated genus character, de�ned on

Q−Dd by χ(Q) =
(
−d
p

)
for any prime p - Dd which is represented by Q. Then we

have

A(D, d) =
1√
D

∑
Q∈Q−Dd/ SL2(Z)

χ(Q)j(τQ).
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Later works generalizing this and the results mentioned above include for in-
stance [1, 2, 3, 22], just to name a few.

An important application of Zagier's work, speci�cally Theorem 2.4.2, is an
almost elementary proof of the following result due to Borcherds [9, Theorem
14.1].

Theorem 2.4.4 (Borcherds, 1995). Let −d ≤ 0 be a disciminant, then the modular
function

Hd(j(τ)) =
∏

Q∈Q−d/SL2(Z)

(j(τ)− j(τQ))1/wQ

with wQ as in Theorem 2.4.2 has a product expansion

Hd(j(τ)) = q−H(d)

∞∏
n=1

(1− qn)A(n2,d).

This is the easiest case of the so-called Borcherds lift established in [9, 10],
which in general enables one to construct automorphic forms on orthogonal groups
whose divisors have a special shape.
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Appendix A

On class invariants for

non-holomorphicmodular functions

and a question of Bruinier and Ono

See [82].





Appendix B

A proof of the Thompson

Moonshine conjecture

See [62].





Appendix C

O'Nan Moonshine and Arithmetic

See [45].
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