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We investigate a disordered variant of Pitman’s Chinese restaurant pro-
cess where tables carry i.i.d. weights. Incoming customers choose to sit at an
occupied table with a probability proportional to the product of its occupancy
and its weight, or they sit at an unoccupied table with a probability propor-
tional to a parameter θ > 0. This is a system out of equilibrium where the pro-
portion of customers at any given table converges to zero almost surely. We
show that for weight distributions in any of the three extreme value classes,
Weibull, Gumbel or Fréchet, the proportion of customers sitting at the largest
table converges to one in probability, but not almost surely, and the propor-
tion of customers sitting at either of the largest two tables converges to one
almost surely.

1. Introduction. Markets out of equilibrium often follow a winner-takes-all dynamics
by which competition allows the best performers to rise to the top at the expense of the
losers [7]. In expanding markets, as time passes, more competitive performers emerge and
take the place of the current winner. In this paper we study a simple model of this phe-
nomenon, exploring the way in which new competitors take over from the current winners.
In our model, a quality is attached to any product put on the market. When a new customer
enters the market, a product is selected on the basis of its quality and on the number of cus-
tomers that have chosen the product so far. This model is a disordered variant of the Chinese
restaurant process of Dubins and Pitman [16], see also [1]. In this analogy customers enter a
fictitious Chinese restaurant and choose a table to sit on; there is competition between tables
in order to attract customers. We use this terminology throughout the paper.

More precisely, at first occupancy, a positive random “fitness”, or “weight”, is attached to
each table, independently of everything else, according to a fixed distribution μ. A new cus-
tomer either joins an already occupied table, with probability proportional to both its fitness
and the number of customers already sitting there, or sits at a new table, with probability
proportional to a fixed parameter θ > 0. The proportion of customers at each table in the
disordered Chinese restaurant process generates a dynamic random partition, representing
the market share of each product in our earlier interpretation, parametrised by a positive real
number θ , and a probability distribution μ on the interval (0,∞). The aim of this paper is
to understand the evolution of the largest tables in the disordered Chinese restaurant process,
representing the market share of the leading products.

In the classical model of [1] and [16], the random partition (with elements in decreasing
order) converges in distribution to a Poisson–Dirichlet distribution of parameter θ . For more
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information on the classical Chinese restaurant process, we refer the reader to, for example,
[16], and the references therein. The introduction of the disorder radically changes the be-
haviour of the process since, contrary to what happens in the classical case, the proportion of
customers sitting at any fixed table converges almost surely to zero as time goes to infinity.
This is because fitter and fitter tables keep entering the system. This paper aims at answering
the following questions:

What proportion of customers sit at the largest table at time n, that is, when there are
n customers in the restaurant? What is the weight of this table? When was this table first
occupied?

Our two main results are that:

• The proportion of customers sitting at the largest table converges to one in probability as
the number of customers grows to infinity, see Theorem 1.2. This result does not hold
almost surely.

• The proportion of customers sitting at the largest table or at the second largest table con-
verges to one almost surely as the number of customers grows to infinity, see Theorem 1.3.

We call Theorem 1.3 the “two-table” theorem, as a reference to the parabolic Anderson “two-
city” theorem, see [10]. Although the parabolic Anderson model is not at all related to the
Chinese restaurant process, our results are reminiscent of those of [10], which they describe
intuitively as follows: “at a typical large time, the mass, which is thought of as a population,
inhabits one site, interpreted as a city. At some rare times, however, word spreads that a better
site has been found, and the entire population moves to the new site, so that at the transition
times part of the population still lives in the old city, while another part has already moved
to the new one”. A similar interpretation holds in our setting, with tables replacing cities, and
customers replacing the elements of the population.

The proofs of our results rely on embedding the disordered Chinese restaurant process into
continuous time. In this embedding, new tables are created at the jump times of a Poisson
process of parameter θ , and the number of customers at each table is a Yule process whose
parameter equals the weight of the table. This is reminiscent of the continuous-time embed-
ding of the preferential attachment graph with fitnesses of Bianconi and Barabási [3, 5]. Our
proof of Theorem 1.2 relies on methods developed in [6, 13] for the study of the Bianconi–
Barabási model. It holds under a quite general assumption on the fitness distribution μ, we
just ask that it belongs to an extreme value class, see Assumption 2.1. In particular, we al-
low the fitness distribution to have unbounded support. We are also able to give estimates
of when the largest table at time n was first occupied, and of its weight. For the proof of
Theorem 1.3, the “two-table theorem”, a much refined analysis is needed. Theorem 1.3 holds
under stronger assumptions on μ, see Assumptions 2.3, 2.4, and 2.5, depending on which ex-
treme value class μ belongs to; in Appendix B we show that these assumptions are satisfied
by a number of special cases of fitness distributions. We next give a formal definition of our
model (Section 1.1) and state our main results (Section 1.2).

1.1. Mathematical definition of the model. The weighted Chinese restaurant process is a
Markov process (Si(n) : i ≥ 1)n≥0 taking values in the set of all sequences (si)i≥1 of non-
negative integers such that there exists k ∈ N with si = 0 if and only if i > k. For all n, we
call Si(n) the size of the ith table at time n, and Kn = max{i ≥ 1 : Si(n) �= 0} the number of
occupied tables in the restaurant at time n. We sample a sequence (Wi)i≥1 of i.i.d. random
variables of distribution μ, the weights or fitnesses. Given this sequence, the process is recur-
sively defined. At time zero, S1(0) = 1 and Si(n) = 0 for all i ≥ 2. Given the configuration at
time n, that is, (Si(n))i≥1 either:
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• the (n + 1)th customer enters and sits at the ith table, meaning that Si(n + 1) = Si(n) + 1
and Sj (n + 1) = Sj (n) for j �= i, with probability proportional to WiSi(n);

• or the (n+1)th customer sits at a new table (table number Kn+1), meaning that SKn+1(n+
1) = 1 and Si(n + 1) = Si(n) for i ≤ Kn, with probability proportional to θ .

The classical case of Pitman’s process arises when the fitnesses are deterministic, that is, all
tables have the same fitness. The case of interest for us is when μ has no mass at its essential
supremum (which may be finite or infinite) so that fitter tables keep emerging. Under this
assumption, the following basic properties hold; see Appendix A for the proof.

PROPOSITION 1.1 (Basic properties of the weighted Chinese restaurant process).

(i) The number of occupied tables Kn when the nth customer enters the restaurant sat-
isfies

lim
n→∞

Kn

logn
= θ

essupμ
almost surely,

where the right hand side is interpreted as zero if the fitnesses are unbounded.
(ii) For every k ≥ 1

Sk(n) → ∞ and
Sk(n)

n
→ 0 almost surely as n → ∞.

Hence every fixed table has microscopic occupancy.
(iii) There is no persistence of the table with maximal occupancy. In other words, the time

Bn at which the most occupied table at time n gets its first occupany goes to infinity almost
surely.

(iv) The proportion of customers sitting at the largest table

max
i≥1

Si(n)

n

does not converge to one, almost surely.

1.2. Main results. Here we briefly summarise our main results, postponing precise for-
mulations of our assumptions to the next section. Our first result is a “one-table-theorem”
and states that, in probability, the largest table “takes it all”. It holds under Assumption 2.1,
stated below, which essentially says that the weights Wi belong to the maximum domain of
attraction of an extreme value distribution (Weibull, Gumbel or Fréchet):

THEOREM 1.2. Assume that the distribution μ of the weights Wi satisfies Assumption 2.1,
stated in Section 2.1 below. Then

max
i≥1

Si(n)

n
→ 1, in probability as n → ∞.

Recall that the convergence of Theorem 1.2 does not hold almost surely. Our second main
result states that there are never more than two tables of macroscopic size. For this result we
need a strengthened version of our basic Assumption 2.1.

THEOREM 1.3. Assume that the distribution μ of the weights Wi satisfies Assump-
tion 2.3, 2.4 or 2.5, stated in Section 2.1 below. Let S(1)(n) and S(2)(n) denote the occupancy
of the largest two tables when there are n customers in the restaurant. Then

S(1)(n) + S(2)(n)

n
→ 1, almost surely as n → ∞.
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Technically, it is more convenient to prove our main results for a continuous-time version
of our process and then transfer them to the discrete-time process. We thus give the proofs of
Theorems 1.2 and 1.3 at the end of Section 2, in which we introduce the embedding of our
process into continuous time and state their continuous-time analogues.

2. The process in continuous time. The disordered Chinese restaurant process is de-
fined in the Introduction as a discrete time process. It can also be embedded into continuous
time and this embedding is a major technical tool for us.

We first sample and fix a sequence (Wi)i≥1 of i.i.d. random variables of distribution μ,
where Wi constitutes the weight of table number i. At time t = 0, there is one customer in
the restaurant, sitting at table number 1. Intuitively, given the weights (Wi)i≥1, each customer
sitting at table i carries an exponential clock of parameter Wi , and when one of these clocks
rings, a new customer enters the restaurant and sits at the ith table. In addition, customers
enter the restaurant and open new tables at rate θ . All exponential clocks are independent of
each other.

More formally, we define Zi(t), the size of the ith table at time t in terms of an indepen-
dent Yule process (Yi(t))t≥0, where we recall that a Yule process of parameter β > 0 is a
continuous-time branching process where each individual is immortal and gives birth to one
more individual at rate β , independently of each other. Writing (Yi)i≥1 for a sequence of i.i.d.
Yule processes of parameter one, independent also of (Wi)i≥1, we define

(2.1) Zi(t) = Yi

(
Wi(t − τi)

)
1t≥τi

,

where τ0 = 0 and the τi’s for i ≥ 1 are the jump-times of an independent Poisson count-
ing process of rate θ . To see that (Zi(t) : i ≥ 1)t≥0 is a continuous time embedding of the
discrete time process (Si(n) : i ≥ 1)n≥0, we denote (Ft : t ≥ 0) the filtration generated by
(Zi(t) : i ≥ 1)t≥0. Given Ft the next change of the random vector (Zi(t) : i ≥ 1) is either the
establishment of a new table if an exponential clock of parameter θ rings before the exponen-
tial clocks attached to the customers already present ring, and this happens with probability
proportional to θ , or the next customer joins an existing customer at their table if her clock
rings first, which happens with a probability proportional to their table’s fitness.

The major advantage of the embedding comes from the fact that, by elementary properties
of the Yule process (see, e.g., [2], Chapter III), there exists a sequence (ζi)i≥1 of i.i.d. random
variables of exponential distribution of parameter 1 such that, for any fixed i ≥ 1, e−tYi(t) →
ζi almost surely as t ↑ ∞. Therefore,

(2.2) Zi(t) ∼ ζi exp
(
Wi(t − τi)

)
almost surely as t ↑ ∞.

Thus the relative table sizes are primarily determined by the relative sizes of the “exponents”
Wi(t − τi). This intuition is central to much of our analysis and will be made rigorous later.

2.1. Notation and setting. Recall that μ denotes the distribution of table weights. We
assume that μ belongs to the maximum domain of attraction of a distribution ν on R, meaning
that there are functions (A(t))t≥0 and (B(t))t≥0 such that

(2.3)
maxi=1..n Wi − A(n)

B(n)
⇒ ν, in distribution as n → ∞.

In fact, we assume the following. If μ has bounded support, we assume without loss of gener-
ality that its essential supremum is 1 and we define M = 1. If the support of μ is unbounded,
we set M = ∞. Throughout this paper we will assume that μ is absolutely continuous. Then
our standing assumption is as follows.
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TABLE 1
The functions �, ut , vt and wt for the three possible distributions ν. Here α > 0 and

L0(t), . . . ,L3(t) denote slowly varying functions

Weibull �(x) = |x|α1x<0 ut = t
α

α+1 L0(t) L0(t) → 0
vt = 1

wt = t
− 1

α+1 L0(t)

Gumbel �(x) = e−x ut = tL1(t) L1(t) → 0
vt = L2(t) L2(t) → M

wt = L1(t)L2(t)

Fréchet �(x) = ∞1x≤0 + x−α1x>0 ut = t

vt = 0

wt = t
1
α L3(t)

ASSUMPTION 2.1 (first part). There are two continuous functions (A(t))t≥0, (B(t))t≥0
and a probability distribution ν on R such that, for all x ∈R,

(2.4) tμ
((

A(t) + xB(t),M
)) → − logν(−∞, x) =: �(x), as t ↑ ∞.

Also, � is nonincreasing, A is either constant or increasing, and either A(t) = 0 for all t ≥ 0,
or A(t)/B(t) is nondecreasing and tends to infinity as t ↑ ∞.

By classical extreme value theory (see, e.g., [4], Section 8.13), the stated properties of A

and B hold without loss of generality. Also ν is either a Weibull, a Gumbel, or a Fréchet
distribution, and we can choose B nonnegative and � as in Table 1. Also, we can choose
A = 1 in the Weibull case, A bounded from zero, increasing, and converging to M in the
Gumbel case, and A = 0 in the Fréchet case. The Weibull case occurs only if M = 1 and the
Fréchet case only if M = ∞, while in the Gumbel case we can have either M = 1 or M = ∞.

In the Weibull and Gumbel cases, to control the size of high-weighted tables that are cre-
ated late in the process, we need the convergence of (2.4) to also hold in L1. This holds if
the sequence of functions (u �→ nμ((A(n) + uB(n),M))n≥1 is uniformly integrable, which
is the case in all explicit examples we have considered; see also Appendix B.

ASSUMPTION 2.1 (Continued). If � is either the Weibull or the Gumbel distribution,
then, for all x > 0,

(2.5)
∫ ∞
x

tμ
((

A(t) + uB(t),M
))

du →
∫ ∞
x

�(u)du, as t ↑ ∞.

Further, in the Weibull and Gumbel cases, we define ut as the solution of

(2.6) tB(ut ) = utA(ut ),

and we set vt = A(ut ), wt = B(ut ). The existence of such ut is proved in Lemma 2.2 below.
In particular, we have

(2.7) utvt = twt .

In the Fréchet case, we set ut = t , vt = 0, and wt = B(t). The motivation for these definitions
is as follows:
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• The largest tables at time t were created at times of order ut .
• The weights of the largest tables at time t are of order vt + 	(wt).

(See Theorem 2.6 for a rigorous statement.)
Recall that a function L(t) is called slowly varying as t → ∞ if L(ct)/L(t) → 1 as t → ∞

for any fixed c > 0. A function f (t) is called regularly varying of index β if f (t) = tβL(t)

for some slowly varying L(t).

LEMMA 2.2. Under Assumption 2.1, in the Weibull and Gumbel cases, for all t large
enough, equation (2.6) has a unique solution ut . Furthermore, ut is nondecreasing in a neigh-
bourhood of infinity, ut → ∞, and ut = o(t) as t → ∞. Further:

(i) in the Weibull case, vt = 1, and (ut ) is regularly varying with index α
α+1 and (wt ) is

regularly varying with index −1
α+1 ;

(ii) in the Gumbel case (ut ) is regularly varying of index 1, while (vt ) and (wt ) are slowly
varying. Moreover, (vt ) is bounded from zero for large enough t ;

(iii) in the Fréchet case, (wt ) is regularly varying with index 1
α

.

PROOF. By Assumption 2.1, A(u)/B(u) is nondecreasing in u, which implies that the
function f (u) = uA(u)/B(u) is increasing to infinity. This and continuity imply that, for all
large enough t , (2.6) has a unique solution ut = f −1(t). Also, ut = f −1(t) ↑ ∞ as t → ∞.
Finally, tB(ut ) = utA(ut ) implies that ut/t = B(ut )/A(ut ) → 0, as t ↑ ∞.

(i) By [4], Theorem 8.13.3, B is regularly varying with index −1/α. Hence, by [4], Theo-
rem 1.5.12, the function (ut ) is regularly varying with index α

α+1 . And as wt = B(ut ) we get
that (wt ) is regularly varying with index −1

α+1 .
(ii) Note that, in the Gumbel case, the functions A(t) and B(t) are both slowly varying.

This can be deduced from [4], Theorem 8.13.4, and its proof as follows. Using their notation,
with H(x) = − logP(X > x), we have that A(t) = H←((log t) + 1) − H←(log t). This is
slowly varying by condition (iii) in [4], Theorem 8.13.4. In the proof of the same theorem it
is verified that B(t) = H←(log t) is in the de Haan class and therefore also slowly varying.

(iii) See [4], Theorem 8.13.2. �

We introduce the function

(2.8) �t(x) := utμ(vt + xwt ,M) (where �t(x) = 0 if vt + xwt ≥ M).

By Assumption 2.1, we have that �t(x) → �(x) as t → ∞ for any x ∈ R. Also note that
�t(x) is decreasing in x for any fixed t .

Theorem 1.3 requires different assumptions on μ than Assumption 2.1. In the Weibull
case, Assumption 2.1 implies that μ(1 − x,1) = xαℓ(x) for some function ℓ that is slowly
varying at zero and some α > 0; see, for example, [17]. We introduce the following stronger
assumption on α in this case.

ASSUMPTION 2.3 (Weibull). μ is supported on (0,1) and μ(1 − x,1) = xαℓ(x) where ℓ

is slowly varying at zero and α > 1.

Analogously to the Weibull case, in the Fréchet case Assumption 2.1 implies that μ(x,∞)

is a regularly varying function, this time at infinity. In this case, we actually do not need a
stronger assumption on the index of variation.

ASSUMPTION 2.4 (Fréchet). () μ is supported on (0,∞) and μ(x,∞) = x−αL(x) where
L(x) is slowly varying at infinity and α > 0.
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In the Gumbel case, the assumption needed for the two-table theorem is more complicated.
Recall the function �t(x) in (2.8) and that �(x) = e−x in this case.

ASSUMPTION 2.5 (Gumbel). In addition to (2.4):

(i) There exist c1, c2 > 0 such that for all t large enough,⎧⎪⎨⎪⎩
�t(x) ≥ e−x−c1x

2/ log t for all x ∈ (−c2 log t, c2 log t),

�t (x) ≤ e−x+c1x
2/ log t for all x ∈

(
−c2 log t,

M − vt

wt

)
.

(ii) The slowly varying function L1(t) = wt/vt = ut/t satisfies

L1(t) log log t → 0 as t → ∞.

We give examples of distributions μ satisfying the assumptions in Appendix B.

2.2. Results in continuous time. We let M(t) denote the number of nonempty tables at
time t . Recall that τn are the times of creation of tables, and Wn their weights. The key step
to get a one-table theorem in probability is to show the following point process convergence.
Recall the concept of vague convergence of measures: if γ, γ1, γ2, . . . are measures on a com-
plete separable metric space S , then γn converge vaguely to γ if

∫
f dγn → ∫

f dγ for all
nonnegative, continuous, compactly supported functions f : S → R. The topology of vague
convergence makes the set of Radon measures γ on S a Polish space. Thus the standard the-
ory of convergence in distribution applies to random variables with values in this space. Let
PPP(λ) denote a Poisson point process with σ -finite intensity measure λ, which is represented
as a random variable taking values in the set of Radon measures.

THEOREM 2.6. Let

S :=
{[0,∞] × [−∞,∞] × (−∞,∞] in the Weibull and Gumbel cases,

[0,1] × [0,∞] × (−∞,∞] in the Fréchet case.

Under Assumption 2.1, the random variables

(2.9) �t :=
M(t)∑
n=1

δ

(
τn

ut

,
Wn − vt

wt

,
logZn(t) − tvt

twt

)
taking values in the space of Radon measures on S equipped with the vague topology, con-
verge in distribution as t → ∞, to �∞ := PPP(dζ(s, y, z)), where

dζ(s, y, z) :=
{
θ ds ⊗ −�′(y)dy ⊗ δy−s(dz) in the Weibull and Gumbel cases,

θ ds ⊗ −�′(y)dy ⊗ δy(1−s)(dz) in the Fréchet case.

The proof of this theorem appears at the end of Section 3. It shows that the largest tables
at time t were created around time 	(ut), have fitness of order vt + 	(wt), and thus, their
size at time t is of order exp(tvt + 	(twt)). Indeed, the mass of all points with τn/ut → 0
(corresponding to “older” tables) concentrates asymptotically on the subset of S where the
first coordinate is zero. As this set has no mass under the intensity measure of the limiting
Poisson process, these points must leave every compact subset of S and, because of the
compactification of the intervals in the definition of S , this can only happen by their third
coordinate going to −∞. Hence none of these points corresponds to the largest table. This
argument, which is crucial in the proof, also applies when τn/ut → ∞, or Wn−vt

wt
goes to

infinity, or to zero in the Fréchet, or −∞ in the Weibull or Gumbel case.
As promised, the point process convergence of Theorem 2.6 implies a one-table theorem

in probability.
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COROLLARY 2.7 (One-table theorem). Let N(t) denote the number of customers in the
restaurant at time t . If Assumption 2.1 holds, then

(2.10) max
1≤i≤M(t)

Zi(t)

N(t)
→ 1, in probability when t → ∞.

PROOF. Let Z(1)(t) and Z(2)(t) denote the sizes of the largest and second largest tables
at time t . Also let

W(1)(t) = logZ(1)(t) − tvt

twt

and W(2)(t) = logZ(2)(t) − tvt

twt

.

By Theorem 2.6, we have, for all z1, z2 > 0,

P
(
W(1)(t) ≥ z1,W

(2)(t) ≥ z2
) = P

(
�t

(
Ŝ × [z1,∞]) ≥ 1,�t

(
Ŝ × [z2,∞]) ≥ 2

)
→ P

(
�∞

(
Ŝ × [z1,∞]) ≥ 1,�∞

(
Ŝ × [z2,∞]) ≥ 2

)
where we have set

Ŝ =
{[0,∞] × [−∞,∞] in the Weibull and Gumbel cases,

[0,1] × [0,∞] in the Fréchet case.

This implies that, as t → ∞, we have (W(1)(t),W(2)(t)) ⇒ (W(1),W(2)), where W(1) and
W(2) are two almost-surely finite random variables such that W(1) > W(2) almost surely.
Clearly

(2.11) N(t) =
M(t)∑
i=1

Zi(t) = Z(1)(t) +
(

M(t)∑
i=1

Zi(t) − Z(1)(t)

)
.

Our aim is to show that the second term is negligible in front of Z(1)(t). Almost surely for all
t ≥ 0,

0 ≤
M(t)∑
i=1

Zi(t) − Z(1)(t) ≤ M(t)Z(2)(t) = M(t)Z(1)(t) exp
[(

W(2)(t) − W(1)(t)
)
twt

]
.

Since M(t) is Poisson-distributed with parameter θt , we have W(2)(t) − W(1)(t) ⇒ W(2) −
W(1) < 0, and log t = o(twt ), we indeed get that, in probability as t ↑ ∞,

M(t)∑
i=1

Zi(t) − Z(1)(t) = o
(
Z(1)(t)

)
,

which, by (2.11), implies N(t) = (1 + o(1))Z(1)(t) and thus concludes the proof. �

From Corollary 2.7 it is a small step to Theorem 1.2.

PROOF OF THEOREM 1.2. Writing Tn for the time of arrival of the nth customer, we
have Si(n) = Zi(Tn). Then Tn → ∞ almost surely as n → ∞ (indeed, {supn≥1 Tn < ∞} is
equivalent to {∃t∞ : N(t∞) = ∞}, which has probability zero), so that maxi≥1 Si(n)/n =
max1≤i≤M(Tn) Zi(Tn)/N(Tn) → 1 in probability. �

The following result states that, almost surely as t ↑ ∞, no more than two tables can have
macroscopic sizes at time t .
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THEOREM 2.8. Assume that Assumption 2.3 (Weibull), Assumption 2.4 (Fréchet), or As-
sumption 2.5 (Gumbel) hold. Denote by Z(1)(t) the size of the largest table at time t , and by
Z(2)(t) the size of the second largest table at time t . Then,

Z(1)(t) + Z(2)(t)

N(t)
→ 1, almost surely as t → ∞,

where N(t) is the total number of customers in the restaurant at time t .

The proof of this theorem is given in Section 4. We now show how to deduce Theorem 1.3.

PROOF OF THEOREM 1.3. As in the proof of Theorem 1.2, we let Tn be the time of
arrival of the nth customer; we have Tn ↑ ∞ almost surely as n ↑ ∞, and Si(n) = Zi(Tn), for
all n ≥ 1, i ≥ 1. Thus, by Theorem 2.8,

S(1)(n) + S(2)(n)

n
= Z(1)(Tn) + Z(2)(Tn)

N(Tn)
→ 1,

almost surely as n ↑ ∞. �

It remains to prove Theorems 2.6 and 2.8; this is done in Sections 3 and 4, respectively.

3. One-table result: Proof of Theorem 2.6. The proof of Theorem 2.6 is done in two
steps. First, in Section 3.1 we prove convergence of �t (see (2.9)) on the space of measures
on

(3.1) W :=
{[0,∞) × (−∞,∞] × [−∞,∞] in the Weibull and Gumbel cases,[

0,1
) × (0,∞] × [−∞,∞] in the Fréchet case.

Note that this differs from the claim of Theorem 2.6, where convergence is on the space of
measures on the space S which differs from W at the endpoints of several of the intervals.
Second, and this is the most difficult part of the proof, in Section 3.2, we prove that young
tables (τi � ut ) as well as unfit tables (Wi − vt � wt ) are both too small to contribute to the
limit. This allows us to “close the brackets” in the first two coordinates of (3.1); in doing so
however, the mass corresponding to tables that do not contribute to the limit instead “escapes”
to −∞ in the third coordinate. We thereby transfer the convergence on W to convergence on
S .

3.1. Local convergence. We prove the following convergence for the space W .

LEMMA 3.1. In distribution as t → ∞,

�t → PPP
(

dζ(s, y, z)
)
,

where

dζ(s, y, z) =
{
θds ⊗ −�′(y)dy ⊗ δy−s(dz) in the Weibull and Gumbel cases,

θds ⊗ −�′(y)dy ⊗ δy(1−s)(dz) in the Fréchet case,

on the space of measures on W equipped with the vague topology.

To prove Lemma 3.1, we first prove that

(3.2) �t :=
M(t)∑
n=1

δ

(
τn

ut

,
Wn − vt

wt

,
Wn(t − τn) − tvt

twt

)
→ PPP

(
dζ(s, y, z)

)
,
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on W , and then prove that this implies convergence of �t on the same space. The difference
between �t and �t is that in the third coordinate we have replaced logZn(t) with its con-
ditional mean Wn(t − τn). We will show that equation (3.2) is a direct consequence of the
following lemma.

LEMMA 3.2. For all t ≥ 0, in distribution, as t → ∞,

�̂t :=
M(t)∑
n=1

δ

(
τn

ut

,
Wn − vt

wt

)
→ PPP

(
θds ⊗ −�′(y)dy

)
,

on the space of measures on Ŵ equipped with the vague topology, where

Ŵ :=
{[0,∞) × (−∞,∞] in the Weibull and Gumbel cases,

[0,1) × (0,∞] in the Fréchet case.

Before proving Lemma 3.2, we show how to deduce (3.2) from it: If we set sn,t = τn/ut

and yn,t = (Wn − vt )/wt , then

Wn(t − τn) = (vt + yn,twt )(t − sn,tut )

= tvt + yn,t twt − sn,tutvt − sn,tyn,tutwt .
(3.3)

In the Weibull and Gumbel cases, we have utvt = twt , and thus

Wn(t − τn) = tvt + (yn,t − sn,t )twt − sn,tyn,tutwt ,

which implies

Wn(t − τn) − tvt

twt

= yn,t − sn,t − sn,tyn,t

ut

t
.

Because ut/t → 0 as t ↑ ∞, this concludes the proof of (3.2) in the Weibull and Gumbel
cases. In the Fréchet case, because ut = t and vt = 0, (3.3) gives

Wn(t − τn) = yn,t twt − sn,tyn,t twt = yn,t (1 − sn,t )twt ,

which concludes the proof of (3.2).

PROOF OF LEMMA 3.2. Invoking Kallenberg’s theorem [17], Prop. 3.22, it is enough to
prove that for all compact boxes B = [0, a]×[b,∞], where b ∈ R in the Weibull and Gumbel
cases, and b > 0 in the Fréchet case, we have:

• P(�̂t (B) = 0) → exp(
∫
B θ�′(y)dsdy) = exp(−θa�(b)),

• E[�̂t (B)] → − ∫
B θ�′(y)dsdy = θa�(b).

We let I (t) be the set of all n such that τn ≤ aut ; so that |I (t)| is Poisson-distributed with
parameter aθut . We have

P
(
�̂t (B) = 0

) = P
(∀1 ≤ n ≤ ∣∣I (t)

∣∣,Wn < vt + bwt

) = E
[(

1 − μ(vt + bwt ,M)
)|I (t)|]

,

where we recall that M ∈ {1,∞} is the essential supremum of μ.
Since |I (t)| is Poisson-distributed with parameter aθut , we get

P
(
�̂t (B) = 0

) = exp
(−aθutμ(vt + bwt ,M)

) = exp
(−aθutμ

(
A(ut ) + bB(ut ),M

))
,

since, by definition, vt = A(ut ) and wt = B(ut ). By Assumption 2.1,

P
(
�̂t (B) = 0

) → exp
(−aθ�(b)

)
,
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as t ↑ ∞, which concludes the proof of the first assumption of Kallenberg’s theorem. For the
second assumption, note that

E
[
�̂t (B)

] = E

[ ∑
n∈I (t)

1Wn≥vt+bwt

]
= E

[∣∣I (t)
∣∣]μ(vt + bwt ,M)

= aθutμ
(
A(ut ) + bB(ut ),M

) → aθ�(b), as t ↑ ∞,

by Assumption 2.1. This concludes the proof. �

Lemma 3.1 is an immediate consequence of the following result and Lemma 3.2, which
established convergence of �t .

LEMMA 3.3. For all continuous, compactly supported functions f : W → R, we have∣∣∣∣∫ f d�t −
∫

f d�t

∣∣∣∣ → 0,

in distribution when t → ∞.

PROOF. First note that, by density of the set of Lipschitz-continuous, compactly sup-
ported functions in the set of continuous, compactly supported functions with respect to
L∞-norm, we may assume that f is Lipschitz-continuous. Let a > 0 and b ∈ R in the
Weibull and Gumbel cases, respectively a ∈ [0,1) and b > 0 in the Fréchet case, and let
f : [0, a] × [b,∞] × [−∞,∞] be a Lipschitz-continuous function of Lipschitz constant κ .
We have ∣∣∣∣∫ f d�t −

∫
f d�t

∣∣∣∣ ≤ κ
∑

n∈I (t)

| logZn(t) − Wn(t − τn)|
twt

,

where I (t) is the set of all integers n such that

τn ∈ [0, aut ] and Wn ≥ vt + bwt .

For all n ≥ 1 and s ≥ 0, we set Rn(s) = supt≥s | logYn(t) − t |, where we recall from (2.1)
that Yn is the Yule process such that Zn(t) = Yn(Wn(t − τn))1t≥τn . By definition, vt +bwt →
M ≥ 1 and ut ≤ t (see equation (2.6)). This means that there is δ > 0 such that Wn(t − τn) ≥
(vt +bwt)(t −aut ) ≥ δt for all t large enough (we can take δ = (1−a)/2 in the Fréchet case
and δ = 1/2 in the Weibull and Gumbel cases). We thus get that, almost surely for all t large
enough, ∣∣∣∣∫ f d�t −

∫
f d�t

∣∣∣∣ ≤ κ

twt

∑
n∈I (t)

Rn(δt).

For all integers n, note that Rn(δt) → | log ζn| almost surely as t ↑ ∞. Moreover, we have
lim inft→∞ twt = ∞. Since, in addition, by Lemma 3.2 and its proof, |I (t)| = �̂t ([0, a] ×
[b,∞]) converges in distribution to an almost-surely finite random variable independent of
(ζn) this concludes the proof. �

3.2. New and unfit tables do not contribute. To get convergence of �t on S rather than
W we prove that “new” tables, as well as tables with small weight, are too small to contribute
to the limit. We start with the new tables.
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LEMMA 3.4. For all ε, κ > 0, there exists x0 < M such that, for all sufficiently large t ,
for all x ≥ x0,

P

(
max

n≤M(t)

(
logZn(t)

)
1{τn≥xut } ≥ ℓκ(t)

)
≤ ε,

where

(3.4) ℓκ(t) :=
{
tvt − κtwt in the Weibull and Gumbel cases,

κtwt in the Fréchet case.

PROOF. Recall the Yule processes Yn from (2.1). For all n ≥ 1, set

(3.5) An = sup
s≥0

Yn(s)e
−s = sup

s≥τn

Zn(s)e
−Wn(s−τn).

Note that the An are i.i.d. and that An is in fact independent of Wn as it only depends on Yn.
Let A = sups≥0 Y(s)e−s be a random variable with the distribution of the An. Then we have
the following tail-bound: for some C > 0

(3.6) P(A > u) ≤ Ce−u/2, for all u > 0.

This is proved using the maximal inequality for the submartingale exp(θY (s)e−s), where
θ ∈ (0,1), and that E[exp(θY (s)e−s)] is uniformly bounded, which may be verified using the
explicit distribution, P(Y (s) = k) = e−s(1 − e−s)k−1 for k ≥ 1.

Let Ix(t) be the set of all integers n such that τn ≥ xut ; using a union bound in the second
inequality, we get

P

(
max

n≤M(t)
logZn(t)1{τn ≥ xut } ≥ ℓκ(t)

)
≤ P(∃n ∈ Ix(t) : An ≥ exp

(
ℓκ(t) − Wn(t − τn)

)
≤ E

[ ∑
n∈Ix(t)

P
(
An ≥ exp

(
ℓκ(t) − Wn(t − τn)

)|(τn)
)]

.

As (τn)n≥1 is a Poisson process of parameter θ , independent of (An) and (Wn),

P

(
max

n≤M(t)
logZn(t)1{τn ≥ xut } ≥ ℓκ(t)

)
≤ θ

∫ t

xut

dsP(A ≥ exp
(
ℓκ(t) − W(t − s)

)
,

where A is a copy of A1 and W a copy of W1, independent of each other. Thus,

P

(
max

n≤M(t)
logZn(t)1{τn ≥ xut } ≥ ℓκ(t)

)
≤ θ

∫ t

xut

ds

∫ ∞
0

dμ(w)P
(
A ≥ exp

(
ℓκ(t) − w(t − s)

))
= θ

∫ t/ut

x
da

∫ ∞
−vt /wt

dμ̃t (u)P(A ≥ exp
(
ℓκ(t) − (vt + uwt)(t − aut )

)
,

(3.7)

where dμ̃t (u) := ut dμ(vt + uwt) and we have used the changes of variable s = aut and
w = vt + uwt . We treat the rest of the proof separately for the Weibull and Gumbel cases on
the one hand, and the Fréchet case on the other hand.
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The Weibull and Gumbel cases. In these cases, ℓκ(t) = tvt − κtwt and utvt = twt , which
implies that

(3.8)

P

(
max

n≤M(t)
logZn(t)1{τn ≥ xut } ≥ ℓκ(t)

)
≤ θ

∫ t/ut

x
da

∫ ∞
−vt /wt

dμ̃t (u)P
(
A ≥ exp

(−(κ + u)twt + aut (vt + uwt)
))

≤ θ

∫ t/ut

x
da

∫ ∞
−vt /wt

dμ̃t (u)1
{
a(vt + uwt) ≤ (2κ + u)vt

}
+ θ

∫ t/ut

x
da

∫ ∞
−vt /wt

dμ̃t (u)1
{
a(vt + uwt) > (2κ + u)vt

}
P

(
A ≥ eκtwt

)
≤ θ

∫ t/ut

x
da

∫ ∞
−vt /wt

dμ̃t (u)1
{
a(vt + uwt) ≤ (2κ + u)vt

} + Ce− 1
2 exp(κtwt )twt .

In the last step, we used that there exists a constant C > 0 such that P(A ≥ u) ≤ Ce−u/2 for
all u ≥ 0, and also that

∫ ∞
−∞ dμ̃t (u) = utwt . Since twt → ∞, we get that the second term

above tends to zero as t ↑ ∞. For the first term, note that, for all a < t/ut = vt/wt ,

a(vt + uwt) ≤ (2κ + u)vt ⇔ u ≥ a − 2κ

1 − awt/vt

⇒ u ≥ a − 2κ,

and thus, for all x > 2κ ,

θ

∫ t/ut

x
da

∫ ∞
−vt /wt

dμ̃t (u)1
{
a(vt + uwt) ≤ (2κ + u)vt

}
≤ θ

∫ ∞
x

da

∫ ∞
a−2κ

dμ̃t (u) = θ

∫ ∞
x

da�t(a − 2κ) → θ

∫ ∞
x

da�(a − 2κ),

(3.9)

as t ↑ ∞, by Assumption 2.1, see (2.5).
We look at the two different possibilities for �: in the Weibull case, � is zero on (0,∞),

and thus
∫ ∞
x θ da�(a−2κ) = 0 as soon as x > 2κ . In the Gumbel case, we have �(u) = e−αu

for some α > 0, and thus

∫ ∞
x

θ da�(a − 2κ) =
∫ ∞
x

θ dae−α(a−2κ) = 1

α
e−α(x−2κ),

which tends to zero as x → ∞. In both the Weibull and Gumbel cases, we thus get that for
all δ > 0, for all x large enough,

∫ ∞
x θ da�(a − 2κ) ≤ δ/2. Therefore, by (3.8) and (3.9), for

all x large enough, for all t large enough,

(3.10) P

(
max

n≤M(t)
logZn(t)1{τn ≥ xut }

)
≤ δ,

which concludes the proof.
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The Fréchet case. In the Fréchet case, vt = 0, ut = t , and ℓκ(t) = κtwt . Thus, (3.7) becomes

P

(
max

n≤M(t)
logZn(t)1{τn ≥ xt}

)
≤ θ

∫ 1

x
da

∫ ∞
0

dμ̃t (u)P(A ≥ exp
((

κ − (1 − a)u
)
twt

)
≤ θ

∫ 1

x
da

∫ ∞
0

dμ̃t (u)1
{
(1 − a)u ≥ κ/2

}
+ Ce− 1

2 exp(κtwt /2)θ

∫ 1

x
da

∫ ∞
0

dμ̃t (u)1
{
(1 − a)u < κ/2

}
≤ θ

∫ ∞
0

(
1 − κ

2u
− x

)
+

dμ̃t (u) + Cθtwte
− 1

2 exp(κtwt/2),

(3.11)

because μ̃(0,∞) = twt . The second term goes to zero as t ↑ ∞ for all κ > 0. For the first
term, we get∫ ∞

0
θ

(
1 − κ

2u
− x

)
+

dμ̃t (u) ≤ θ

∫ ∞
κ

2(1−x)

dμ̃t (u) = θ�t

(
κ

2(1 − x)

)

= (
θ + o(1)

)
�

(
κ

2(1 − x)

)
,

as t ↑ ∞, by Assumption 2.1. Thus, making x close to 1, one can make the first term of (3.11)
as small as desired, which concludes the proof in the Fréchet case. �

In the following lemma, we control the contributions of the small-weight tables.

LEMMA 3.5. For all ε, κ > 0, there exists y0 such that, for sufficiently large t , for all y ≥
y0,

P

(
max

n≤M(t)
logZn(t)1{Wn ≤ vt − ywt } ≥ ℓκ(t)

)
≤ ε,

where ℓκ(t) is defined in (3.4).

PROOF. This proof is very similar to the proof of the previous lemma. Note that, for all
n ≥ 1, t ≥ 0, if logZn(t) ≥ ℓκ(t) and Wn ≤ vt − ywt , then

logZn(t) − Wn(t − τn) ≥ ℓκ(t) − (vt − ywt)t

=
{
(y − κ)twt in the Weibull and Gumbel cases,

(y + κ)twt in the Fréchet case.

Therefore, using the independence of M(t) and (An),

P

(
max

n≤M(t)
logZn(t)1{Wn ≤ vt − ywt } ≥ ℓκ(t)

)
≤ E

[
M(t)

]
P

(
A1 ≥ exp

(
(y − κ)twt

))
.

Recall that M(t) is Poisson distributed of parameter θt , and thus

P

(
max

n≤M(t)
logZn(t)1{Wn ≤ vt − ywt } ≥ ℓκ(t)

)
≤ C0θt exp

(
−1

2
exp

(
(y − κ)twt

))
,

where we used that P(A ≥ x) ≤ C2e−x/2. Since wt → ∞, in the Fréchet case, t can be made
large enough so that C0θt exp(−1

2 exp((y + κ)twt )) ≤ ε. In the Weibull and Gumbel cases,
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for all y > κ , t can be made large enough so that C0θt exp(−1
2 exp((y − κ)twt )) ≤ ε. This

completes the proof in all three cases. �

We now show how to deduce Theorem 2.6 from Lemmas 3.1, 3.4 and 3.5:

PROOF OF THEOREM 2.6. We give details of the proof in the Weibull and Gumbel cases,
as the Fréchet case is identical, except that the first coordinate takes values in [0,1] instead
of [0,∞], and the third in (0,∞] instead of (−∞,∞].

Let f : [0,∞]×[−∞,∞]× (−∞,∞] → R be a nonnegative, continuous and compactly
supported function. Let κ > 0 such that {f �= 0} ⊆ [0,∞] × [−∞,∞] × [−κ,∞] =: A(κ).
We aim to prove that, in distribution as t ↑ ∞,

(3.12)
∫

f d�t →
∫

f d�∞

Fix η > 0. By Lemma 3.4, there exists x0 = x0(κ, η) such that, for all x ≥ x0,

(3.13) lim inf
t↑∞ P

(
�t

(
B(x, κ)

) = 0
) ≥ 1 − η,

where we have set B(x, κ) = (x,∞] × [−∞,∞] × [−κ,∞]. Furthermore, by Lemma 3.5,
there exists y0 = y0(κ, η) such that, for all y ≥ y0,

(3.14) lim inf
t↑∞ P

(
�t

(
C(y, κ)

) = 0
) ≥ 1 − η,

where we have set C(y, κ) = [0,∞] × [−∞,−y) × [−κ,∞]. For all t ≥ 0,∫
f d�t =

∫
A(κ)

f d�t =
∫
A(κ)∩B(x,κ)c∩C(y,κ)c

f d�t + R(t),

where

0 ≤ R(t) ≤
∫
B(x,κ)

f d�t +
∫
C(y,κ)

f d�t .

By (3.13) and (3.14), for all t large enough, with probability at least 1 − 2η, �t(B(x, κ)) =
�t(C(y, κ)) = 0, implying that R(t) = 0. To conclude, note that

A(κ) ∩B(x, κ)c ∩ C(y, κ)c = (
x,∞] × [−∞,−y

) × [−κ,∞],
and thus, by Lemma 3.1, in distribution as t → ∞,∫

A(κ)∩B(x,κ)c∩C(y,κ)c
f d�t →

∫
A(κ)∩B(x,κ)c∩C(y,κ)c

f d�∞.

Making x and y large enough, because �∞ has no atom, we can make the right-hand side
arbitrarily close to

∫
A(κ) f d�∞ = ∫

f d�∞, which concludes the proof. �

4. Two-table theorem: Proof of Theorem 2.8. For the proof of Theorem 2.8 we treat
the three cases (Weibull, Gumbel, and Fréchet) in parallel. Although technical details differ,
the general strategy is the same for all cases. We first work on the “exponents” instead of the
table sizes. That is, we set, for all t ≥ 0 and all 1 ≤ i ≤ M(t),

(4.1) 	n(t) := Wn(t − τn).

Recall from (2.2) that Zn(t) ∼ ζn exp(	n(t)) almost surely as t ↑ ∞, where (ζn)n≥1 is a
sequence of i.i.d. random variables of exponential distribution of parameter 1. This is why
we call the 	n(t) the “exponents”. We also introduce the order statistics of this sequence,
	(1)(t) ≥ 	(2)(t) ≥ 	(3)(t) ≥ . . . and we let mi = mi(t) be the index such that

	(i)(t) = 	mi(t)(t)
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FIG. 1. Schematic picture of the largest exponents at a time of transition. In Proposition 4.1, we bound the gap
between the largest exponent 	(1)(t) (in purple) and third largest exponent 	(3)(t) (in orange).

(see Fig. 1). Then τmi(t) denotes the time of creation of the table which at time t has the
ith largest exponent. In what follows we often suppress the t-dependence of mi(t) from the
notation.

Recall the function (wt )t≥0 given in Lemma 2.2. In this section, we establish the following
result, which, by the Borel–Cantelli lemma, gives the existence of a diverging sequence of
times (tk)k≥0 at which, almost surely, the largest and third-largest exponents are well sepa-
rated.

PROPOSITION 4.1. Let tk = kη and λt = t−κ , where η, κ > 0 satisfy 2κη > 1. Then under
Assumption 2.1 for the Weibull and Fréchet cases, respectively Assumption 2.5 for the Gumbel
case, we have

(4.2)
∞∑

k=1

P
(
	(1)(tk) − 	(3)(tk) ≤ λtk tkwtk

)
< ∞.

We prove Proposition 4.1 in Section 4.2. Here is a brief summary of how, in Sections 4.3
to 4.5, we conclude the proof of Theorem 2.8 once Proposition 4.1 has been established. We
argue in two steps that the fraction

∑M(t)
j=3 Zmj

(t)/Zm1(t) converges to zero almost surely.
First, in Section 4.3 we show that it suffices to consider the process at times (tk)k≥1, which
are sufficiently dense and, by (4.2), at these times, the largest and third-largest exponents are
well-separated. Second, in Section 4.4, we show that Zmj

(t) indeed grows like exp(	(j)(t)),
using the large deviations estimate for Yule processes given in Lemma C.1. Therefore the
fraction

∑M(t)
j=3 Zmj

(tk)/Zm1(tk) is bounded by M(t) exp(	(3)(tk) − 	(1)(tk)) and by (4.2)
the exponent is smaller than −λtk tkwtk almost surely for all k large enough. In Section 4.5,
we deduce the same result for

∑M(t)
j=3 Zn3(t)/Zn1(t), where ni = ni(t) is the index of the ith

largest table at time t (which may be different from the index of the ith largest exponent).

4.1. Potter bounds. In the proofs, the following Potter bounds for slowly varying func-
tions will be useful, see Theorem 1.5.6(i) in [4].

• If L(x) is positive and slowly varying as x → ∞, then for any δ,C1,C2 > 0, there exists
x0 = x0(δ,C1,C2) > 0 such that, for all x ≥ x0,

(4.3) C1x
−δ ≤ L(x) ≤ C2x

δ.

• If ℓ(x) is positive and slowly varying as x → 0, then, for any δ, c1, c2 > 0, there exists
x0 = x0(δ, c1, c2) > 0 such that, for all |x| ≤ x0,

(4.4) c1x
δ ≤ ℓ(x) ≤ c2x

−δ.

Below, we will typically write L,L1,L2, . . . for functions slowly varying at infinity and
ℓ, ℓ1, ℓ2, . . . for functions slowly varying at zero.
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4.2. Proof of Proposition 4.1. To prove (4.2) we consider the following normalised ver-
sion of the exponents. For all t ≥ 0, 1 ≤ n ≤ M(t), let

(4.5) ξn(t) = Wn(t − τn) − tvt

twt

= 	n(t) − tvt

twt

and introduce also their order statistics, ξ (1)(t) ≥ ξ (2)(t) ≥ ξ (3)(t) ≥ . . . We aim to find an
upper bound for P(ξ (1)(t) − ξ (3)(t) ≤ λt ). Note that the ξn(t) are all negative in the Weibull
case (since vt = 1), all positive in the Fréchet case (since vt = 0), and can be either positive
or negative in the Gumbel case.

For all t ≥ 0 and x ∈ R, we let

(4.6) At(x) = {
(s,w) ∈ [0, t] × [0,M) : w(t − s) > tvt + xtwt

}
.

Then the event that ξn(t) > x is the same as the event that (τn,Wn) ∈ At(x). We let � :=
((τn,Wn))n≥1, which is a Poisson point process on [0,∞)×[0,M). We write π := θds ⊗ dμ

for the intensity measure of �.
Recall from (2.8) that �t(x) = utμ(vt + xwt ,M), which is nonincreasing in x.

LEMMA 4.2. Let x > −vt/wt . Then

(4.7) π
(
At(x)

) = θ(vt + xwt)
twt

ut

∫ ∞
x

�t(z)

(vt + zwt)2 dz,

and for ε > 0,

(4.8) 0 ≤ π
(
At(x)

) − π
(
At(x + ε)

) ≤ εθ
twt

ut

�t(x)

vt + xwt

.

PROOF. For (4.7) we use that

π
(
At(x)

) =
∫ t

0

∫ ∞
0

θ ds dμ(w)1(s,w)∈At(x) =
∫ t

0
θ dsμ

(
tvt + xtwt

t − s
,M

)
= θ(vt + xwt)

∫ ∞
x

twtμ(vt + zwt ,M)

(vt + zwt)2 dz(4.9)

= θ(vt + xwt)
twt

ut

∫ ∞
x

�t(z)

(vt + zwt)2 dz,(4.10)

where we used the change of variable tvt+xtwt

t−s
= vt + zwt , to go from s to z. For (4.8), using

At(x + ε) ⊆ At(x) and (4.7), discarding a term which is ≤ 0, we get

(4.11) 0 ≤ π
(
At(x)

) − π
(
At(x + ε)

) ≤ θ(vt + xwt)
twt

ut

∫ x+ε

x

�t(z)

(vt + zwt)2 dz.

We then use the fact that the integrand is nonincreasing in z (because z ≥ x > −vt/wt ) to get
the result. �

LEMMA 4.3. Under Assumption 2.1 we have the following bounds:

• In the Weibull case, let xt > 0 such that xtwt → 0, for any δ,C > 0, for all t large enough,

(4.12) π
(
At(−xt )

) ≥ Cx1+α+δ
t t−δ(1+α+δ+ 1

1+α
),

and, whenever ξ − λ ≥ −xt , we have

(4.13) π
(
At(ξ − λ)

) − π
(
At(ξ)

) ≤ Cλxα−δ
t tδ(1+α+δ+ 1

1+α
).
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• In the Fréchet case, let xt > 0 such that xtwt → ∞, for any δ,C > 0, for all t large enough,

(4.14) π
(
At(xt )

) ≥ Cx
−(α+δ)
t t−δ(α+ 1

α
+δ),

and, whenever ξ − λ ≥ xt , we have

(4.15) π
(
At(ξ − λ)

) − π
(
At(ξ)

) ≤ Cλx
−(1+α−δ)
t t δ(1/α+α−δ).

• In the Gumbel case, let xt > 0 such that xtwt/vt → 0, if M = 1 then xtwt

1−vt
→ 0,

(4.16) π
(
At(−xt )

) ≥ (
θ + o(1)

) ∫ xt

−xt

�t (z)dz,

as t ↑ ∞, and, whenever ξ − λ ≥ −xt , we have

(4.17) π
(
At(ξ − λ)

) − π
(
At(ξ)

) ≤ Cλ�t(−xt ).

PROOF. We argue separately for the three cases. It is helpful to refer to Table 1.

• In the Weibull case, M = 1 and vt = 1. Then �t(z) = 0 as soon as z ≥ 0. Also ut = twt .
For any −1/wt < x < 0, by (4.7),

(4.18) π
(
At(x)

) = θ(1 + xwt)

∫ 0

x

�t(z)

(1 + zwt)2 dz ≥ θ(1 + xwt)

∫ 0

x
�t(z)dz.

Replacing x with −xt and using that 1 − xtwt = 1 + o(1) we get

(4.19) π
(
At(−xt )

) ≥ (
θ + o(1)

) ∫ xt

0
�t(−z)dz.

Now recall that μ(1 − ε,1) = εαℓ(ε), ut = t
α

1+α L(t), and wt = t−
1

1+α L(t) (see Assump-
tion 2.3 and Lemma 2.2). This, combined with the Potter bounds (4.3) and (4.4), gives for
0 ≤ z ≤ xt

�t(−z) = zαL(t)1+αℓ(zwt) ≥ C1z
αt−δ(1+α)(zwt )

δ

≥ C2z
α+δt−δ(1+α+δ+ 1

1+α
).

(4.20)

Then

(4.21) π
(
At(−xt )

) ≥ C2
(
θ + o(1)

)
t−δ(1+α+δ− 1

1+α
)
∫ xt

0
zα+δdz,

so (4.12) follows. For (4.13), we have from (4.8) that

π
(
At(ξ − λ)

) − π
(
At(ξ)

) ≤ θλ
�t(ξ − λ)

1 + (ξ − λ)wt

≤ θλ
�t(−xt )

1 − xtwt

= (
λθ + o(1)

)
�t(−xt ).

(4.22)

Similar to (4.25), the Potter bounds (4.3) give

(4.23) �t(−xt ) ≤ C3x
α−δ
t tδ(1+α−δ+ 1

1+α
),

which gives (4.13).

• In the Fréchet case, M = ∞, ut = t , vt = 0, and wt = t
1
α L(t), so for x > 0, (4.7) simplifies

to

(4.24) π
(
At(x)

) = θx

∫ ∞
x

�t(z)

z2 dx.
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Moreover, μ(x,∞) = x−αL1(x). Using the Potter bounds (4.3) we get, for any δ > 0,
z ≥ xt , and t large enough,

�t(z) = t (zwt )
−αL1(zwt ) ≥ C1t (zwt )

−α−δ = C1z
−α−δt−δ/αL(t)−α−δ

≥ C2z
−α−δt−δ/α−δ(α+δ).

(4.25)

Then

π
(
At(xt )

) ≥ C2
(
θ + o(1)

)
xt t

−δ/α−δ(α+δ)
∫ ∞
xt

z−(2+α+δ)du

≥ C3t
−δ/α−δ(α+δ)x

−(α+δ)
t ,

(4.26)

as claimed in (4.14). Next, from (4.8) we have

(4.27) π
(
At(ξ − λ)

) − π
(
At(ξ)

) ≤ λθ
�t(ξ − λ)

ξ − λ
≤ λθ

�t(xt )

xt

.

Similar to (4.25), using the Potter bounds (4.3)

(4.28) �t(xt ) ≤ C4x
−α+δ
t tδ(1/α+α−δ),

which gives (4.15).
• In the Gumbel case, we use that utvt = twt and that �t(z) = 0 if z ≥ (M − vt )/wt to see

that, by (4.7), for any 0 < x < vt

wt
,

(4.29) π
(
At(−x)

) = θ

(
1 − x

wt

vt

)∫ (M−vt )/wt

−x

�t(z)

(1 + zwt

vt
)2 dz.

We now note that xt ≤ (M − vt )/wt for all t large enough. This is immediate if M = ∞,
while if M = 1 then it follows from the assumption xtwt/(1−vt ) → 0. Since the integrand
in (4.29) is nonnegative, we get that, as t ↑ ∞,

(4.30) π
(
At(−xt )

) ≥ θ(1 − xtwt/vt )

(1 + xtwt/vt )2

∫ xt

−xt

�t (z)dz ≥ (
θ + o(1)

) ∫ xt

−xt

�t (z)dz,

because (1 + zwt

vt
)−2 ≥ (1 + xt

wt

vt
)−2 for all z ≤ xt , and because xt = o(vt/wt ) as t ↑ ∞.

Next, from (4.8), we get that, for all ξ and λ such that ξ − λ ≥ −xt ,

π
(
At(ξ − λ)

) − π
(
At(ξ)

) ≤ λθ
�t(ξ − λ)

1 + (ξ − λ)wt

vt

≤ λθ
�t(−xt )

1 − xt
wt

vt

≤ λ
(
θ + o(1)

)
�t(−xt ),

(4.31)

as t ↑ ∞, as required for (4.17). �

Using Lemma 4.3, we deduce the following key estimates on ξ (1)(t) − ξ (3)(t).

LEMMA 4.4. Under Assumption 2.1 for the Weibull and Fréchet cases, and Assump-
tion 2.5 for the Gumbel case, let λt = t−κ where κ > 0. Then for any γ,C > 0, for all t large
enough,

(4.32) P
(
ξ (1)(t) − ξ (3)(t) ≤ λt

) ≤ Ctγ λ2
t .

PROOF. For any yt ∈R we have the decomposition

P
(
ξ (1)(t) − ξ (3)(t) ≤ λt

)
≤ P

(
ξ (1)(t) ≤ yt

) + P
(
ξ (1)(t) − ξ (3)(t) ≤ λt and ξ (1)(t) > yt

)
.

(4.33)
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FIG. 2. Intuition behind (4.35).

We will use this for yt > −vt/wt + λt . Note that

(4.34) P
(
ξ (1)(t) ≤ yt

) = P
(
�

(
At(yt )

) = ∅
) = exp

(−π
(
At(yt )

))
.

For the other term in (4.33), note that (ξn(t))n≥0 is a Poisson point process and let ρt (·)
denote its intensity measure. Then using Mecke’s formula (see, e.g., [11], Theorem 4.1) and
simple properties of Poisson random variables, we have for all t > 0,

P
(
ξ (1)(t) − ξ (3)(t) ≤ λt and ξ (1)(t) > yt

)
=

∫ ∞
yt

dρt (ξ)P
(
�

(
At(ξ)

) =∅
)
P

(∣∣�(
At(ξ − λt )

) \ �
(
At(ξ)

)∣∣ ≥ 2
)

≤
∫ ∞
yt

dρt (ξ)P
(
�

(
At(ξ)

) = ∅
)(

π
(
At(ξ − λt )

) − π
(
At(ξ)

))2
.

(4.35)

The intuition behind the first equality is that we integrate over all possible values ξ for ξ (1)(t).
For ξ to be maximal, there needs to be one point of the point process at ξ , and none larger
(hence the term P(�(At(ξ)) = ∅)); for ξ (1)(t) − ξ (3)(t) ≤ λt , there needs to be at least two
points in At(ξ − λt )) \ At(ξ). (See Figure 2.) Note that, using Mecke’s formula again,

(4.36)
∫ ∞
yt

dρt (ξ)P
(
�

(
At(ξ)

) = ∅
) = P

(
ξ (1)(t) > yt

) ≤ 1.

We proceed using Lemma 4.3.

• In the Weibull case, we set xt = tε for 0 < ε < 1
1+α

and in the decomposition (4.33) we set
yt = −1

2xt . As wt = t−
1

1+α L(t) we have xtwt → 0. Then, by (4.12), for all t large enough

(4.37) P
(
ξ (1)(t) ≤ yt

) ≤ exp
(−Ct(ε−δ)(1+α+δ)− δ

1+α
)
.

Using (4.13) in (4.35) and applying (4.36) we get that, for all t large enough,

(4.38) P
(
ξ (1)(t) − ξ (3)(t) ≤ λt and ξ (1)(t) > yt

) ≤ Cλ2
t t

2ε(α−δ)+2δ(1+α+δ+ 1
1+α

).

Clearly we may select ε, δ > 0 small enough that (4.37) and (4.38) are both at most Ctγ λ2
t ,

for any γ > 0.
• In the Fréchet case, we set xt = t−ε for 0 < ε < 1

α
and ε < κ and we set yt = xt . Since

wt = t
1
α L(t), we have xtwt → ∞. By (4.14), for all t large enough,

(4.39) P
(
ξ (1)(t) ≤ yt

) ≤ exp
(−Ctε(α+δ)−δ(α+1/α+δ)).

Using (4.15) in (4.35) and applying (4.36) we get that, for all t large enough,

(4.40) P
(
ξ (1)(t) − ξ (3)(t) ≤ λt and ξ (1)(t) > yt

) ≤ Cλ2
t t

2ε(1+α−δ)+2δ(1/α+α−δ).

Clearly we may select ε, δ > 0 small enough that (4.39) and (4.40) are both at most Ctγ λ2
t ,

for any γ > 0.
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• In the Gumbel case, let us for ease of reference recall Assumption 2.5(i):

(4.41)

⎧⎪⎨⎪⎩
�t(x) ≥ e−x−c1x

2/ log t for all x ∈ (−c2 log t, c2 log t),

�t (x) ≤ e−x+c1x
2/ log t for all x ∈

(
−c2 log t,

M − vt

wt

)
.

Set xt = 2 log log t . By Assumption 2.5(ii), xtwt/vt → 0 and thus Lemma 4.3 applies;
together with the lower bound in (4.41), this gives, for all t large enough,

P
(
ξ (1)(t) ≤ −xt

) ≤ exp
[
−(

θ + o(1)
) ∫ xt

−xt

�t (z)dz

]
≤ exp

[
−(

θ + o(1)
)

exp
(−c1x

2
t / log t

) ∫ xt

−xt

e−z dz

]
.

(4.42)

Since x2
t / log t → 0 we get that, as t ↑ ∞,

(4.43) P
(
ξ (1)(t) ≤ −xt

) ≤ exp
(−(

θ + o(1)
)
ext

) = e−(θ+o(1))(log t)2 ≤ λ2
t ,

for all t large enough, because λt = t−κ . Next, (4.17) gives that, for ξ − λt ≥ −xt ,

π
(
At(ξ − λt )

) − π
(
At(ξ)

) ≤ λt

(
θ + o(1)

)
�t(−xt ) ≤ λt

(
θ + o(1)

)
ext+c1x

2
t / log t

= λt exp
(
xt

(
1 + o(1)

))
,(4.44)

because xt/ log t = o(1) as t ↑ ∞. Thus, in total,

P
(
ξ (1)(t) − ξ (3)(t) ≤ λt and ξ (1)(t) > −xt

) ≤ λ2
t exp

(
2xt

(
1 + o(1)

))
.

As e2xt (1+o(1)) ≤ tγ , for t large enough, this concludes the proof. �

PROOF OF PROPOSITION 4.1. By Lemma 4.4, for any γ,C > 0, for all k large enough,

(4.45) P
(
ξ (1)(tk) − ξ (3)(tk) ≤ λtk

) ≤ Ct
2κ−γ
k = Ck−(2κη−ηγ ).

Since 2κη > 1 we can choose γ > 0 so that 2κη − ηγ > 1. It follows that P(ξ (1)(tk) −
ξ (3)(tk) ≤ λtk ) are summable, as required. �

4.3. Interpolation. By Proposition 4.1 and the Borel–Cantelli lemma, almost surely,
there exists k0 such that, for all k ≥ k0,

(4.46) 	(1)(tk) − 	(3)(tk) > λtk tkwtk .

We now show that we can “interpolate” between the times tk :

PROPOSITION 4.5. As in Proposition 4.1, set λt = t−κ and tk = kη with κ, η > 0 satisfy-
ing 2κη > 1. Assume further that:

• In the Weibull case, that 1
η

> κ + 1
1+α

,

• In the Fréchet case, 1
η

> κ + 1
α

,
• In the Gumbel case, Assumption 2.5.

Then, almost surely, there exists k1 such that, for all k ≥ k1,

(4.47) inf
t∈[tk−1,tk]

(
	(1)(t) − 	(3)(t)

)
>

1

2
λtk tkwtk .

To prove Proposition 4.5, we use the following:
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LEMMA 4.6. Let (tk)k≥0 be an increasing sequence such that t0 = 0. For all k ≥ 1, for
all t ∈ [tk−1, tk),

(4.48) 	(1)(t) − 	(3)(t) ≥ 	(1)(tk) − 	(3)(tk) − Wm1(tk)(tk − tk−1).

PROOF. Each 	n(t) is an increasing (affine) function of t . Hence, for all i ≥ 1, 	(i)(t) is
increasing in t . In particular, for t ∈ [tk−1, tk),

	(1)(t) − 	(3)(t) ≥ 	(1)(tk−1) − 	(3)(tk)

= 	(1)(tk) − 	(3)(tk) − [
	(1)(tk) − 	(1)(tk−1)

]
.

(4.49)

Because the largest exponent at time tk can only be larger than the largest exponent at time
tk−1, we have 0 ≤ 	(1)(tk) − 	(1)(tk−1). Furthermore,

(4.50) 0 ≤ 	(1)(tk) − 	(1)(tk−1) ≤ Wm1(tk)(tk − tk−1).

Indeed, the second inequality comes from the fact that

	(1)(tk) = Wm1(tk)(tk − τm1(tk)) = Wm1(tk)(tk − tk−1) + Wm1(tk)(tk−1 − τm1(tk)).

If τm1(tk) > tk−1, then 	
(1)

(tk) ≤ Wm1(tk)(tk − tk−1) and we indeed have (4.50). Otherwise,
Wm1(tk)(tk−1 − τm1(tk)) is at most equal to the largest exponent at time tk−1, which is, by
definition, 	(1) (tk−1). This indeed implies (4.50). �

In the Gumbel case, we need the following facts about slowly varying functions.

LEMMA 4.7. Let L : (1,∞) → (0,∞) be a nondecreasing function, slowly varying at
infinity, such that L(x) ↑ ∞ as x ↑ ∞, and let L−1 be its generalised inverse.

1. For any β > 0, ∑
n≥1

n

L−1(nβ)
< ∞.

2. For any ε > 0, as n ↑ ∞,
n

L−1(L(n1+ε))
→ 0,

PROOF. (1) By the Potter bounds, for any δ > 0, there exists x0 = x0(δ) such that, for all
x ≥ x0, L(x) ≤ xδ . Because L is nondecreasing, so is L−1, and we get that

L−1(
L(x)

) ≤ L−1(
xδ),

which implies, because L−1(L(x)) ≥ x, that x ≤ L−1(xδ). Taking y = xδ , we get that
L−1(y) ≥ y1/δ . Taking δ large enough such that β/δ > 2 concludes the proof.

(2) For any K > 0, for all n large enough, L(n)ε ≥ K . Thus, because L−1 is nondecreas-
ing, L−1(L(n)1+ε) ≥ L−1(KL(n)). By [4], Theorem 2.7(i), L−1 is rapidly varying, which,
by definition, implies that

L−1(L(n))

L−1(KL(n))
→ 0, as n ↑ ∞.

Thus,

n

L−1(L(n)1+ε)
≤ L−1(L(n))

L−1(L(n)1+ε)
→ 0, as n ↑ ∞,

which concludes the proof. �

In the Fréchet case we also need the following almost sure estimate for the maximum
weight of the n first tables.
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LEMMA 4.8. Under Assumption 2.1 in the Fréchet case, for any ε > 0, almost surely for
n large enough, max1≤i≤n Wi ≤ n2/α+ε .

PROOF. Using that μ(x,∞) = x−αL(x), where L(x) is slowly varying at ∞, we get

(4.51) P

(
max

1≤i≤n
Wi > n2/α+ε

)
≤ nP

(
W1 ≥ n2/α+ε) = n−1−εαL

(
n2/α+ε).

Then, by the Potter bounds,
∑

n≥1 P(max1≤i≤n Wi > n2/α+ε) < ∞ so the result follows from
the Borel–Cantelli lemma. �

PROOF OF PROPOSITION 4.5. Note that (4.46) combined with Lemma 4.6 gives that, for
all k ≥ k0 and t ∈ [tk−1, tk),

(4.52) 	(1)(t) − 	(3)(t) ≥ λtk tkwtk − W(tk)(tk − tk−1),

where W(t) is the largest table weight up to time t . We argue that

(4.53)
λtk tkwtk

W(tk)(tk − tk−1)
→ ∞ almost surely,

which gives the claim. Note that tk − tk−1 = kη − (k − 1)η = (η + o(1))t
1−1/η
k as k → ∞.

For what follows, it is useful to refer to Table 1 for expressions for wt .

• In the Weibull case, W(t) ≤ 1 almost surely, and wt = t−
1

1+α L0(t) where L0(t) is slowly
varying at infinity. Then, almost surely as k → ∞,

λtk tkwtk

W(tk)(tk − tk−1)
≥ (

1/η + o(1)
)
t

1
η
−κ− 1

1+α

k L0(tk) → ∞, since
1

η
> κ + 1

1 + α
.

• In the Fréchet case, first note that M(tk) → ∞ almost surely, and by large-deviations esti-
mates for Poisson random variables, almost surely for all k large enough, M(tk) ≤ 2θtk . It
follows from Lemma 4.8 that

(4.54) W(tk) ≤ (2θtk)
2/α+ε almost surely for all k large enough.

Also, wt = t1/αL3(t) where L3(t) is slowly varying at infinity. Then, as k ↑ ∞,

(4.55)
λtk tkwtk

W(tk)(tk − tk−1)
≥ (

1/η + o(1)
)
t

1
η
−κ− 1

α
−ε

k L3(tk).

Since 1
η

> κ + 1
α

we can find ε > 0 such that 1
η

> κ + 1
α

+ ε. Then (4.53) follows.
• In the Gumbel case we get

(4.56)
λtk tkwtk

W(tk)(tk − tk−1)
≥ (

1/η + o(1)
) t 1

η
−κ

k L1(tk)L2(tk)

W(tk)

where L1(t) → 0 and L2(t) → M are both slowly varying at infinity. In the bounded
case M = 1, (4.53) follows for any κ > 0 picking any 1

η
∈ (κ,2κ). In the unbounded case

M = ∞, for any ρ > 0, and n ≥ 1,

(4.57) P

(
max

1≤i≤n
Wi > nρ

)
≤ nμ

(
nρ,∞)

.

By Assumption 2.1, we have A−1(nρ)μ(A(A−1(nρ)),∞) → 1. Because, in the Gumbel
case, A is increasing, we get

μ
(
nρ,∞) = 1 + o(1)

A−1(nρ)
.
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Thus, by (4.57),

P

(
max

1≤i≤n
Wi > nρ

)
≤ n(1 + o(1))

A−1(nρ)
,

which, by Lemma 4.7 is summable, because, in the Gumbel case, A is slowly varying
(as proved in the proof of Lemma 2.2). Arguing similar to the Fréchet case, we get that
W(tk) ≤ M(tk)

ρ ≤ (2θtk)
ρ almost surely for k large enough. Choosing ρ > 0 such that

κ < 1
η

+ ρ < 2κ (4.53) follows. �

With the results obtained so far we get the following proposition.

PROPOSITION 4.9. Under the same assumptions as for Proposition 4.5,

(4.58)
exp(	(1)(t)) + exp(	(2)(t))∑M(t)

n=1 exp(	n(t))
→ 1 almost surely.

PROOF. Fix t > 0. We have

(4.59) 0 ≤ 1 − exp(	(1)(t)) + exp(	(2)(t))∑M(t)
n=1 exp(	n(t))

≤ M(t)e	(3)(t)

e	(1)(t)
.

Let k = k(t) be such that t ∈ [tk−1, tk]. Then, almost surely for all t large enough, by Propo-
sition 4.5 and a large-deviations bound for M(tk),

(4.60)
M(t)e	(3)(t)

e	(1)(t)
≤ 2θtk exp

(
−1

2
λtk tkwtk

)
.

We now check that the right-hand side goes to zero as t (and thus k = k(t)) goes to infinity:

• In the Weibull case, λtk tkwtk = t
1−κ− 1

1+α

k L0(tk) so (4.60) goes to zero provided we select
κ < 1 − 1

1+α
and then η as in Proposition 4.5.

• In the Fréchet case, λtk tkwtk = t
1−κ+ 1

α

k L3(tk) so (4.60) goes to zero provided we select
κ < 1 + 1

α
and then η as in Proposition 4.5.

• In the Gumbel case, λtk tkwtk = t1−κ
k L1(tk)L2(tk) so (4.60) goes to zero provided we select

κ < 1 and then η as in Proposition 4.5. �

Proposition 4.9 can be seen as an analog of Theorem 2.8 where we have replaced the tables
with their growth rates. To establish Theorem 2.8 we need to argue that exp(	(j)(t)) is a good
approximation of the size of the j th largest table.

4.4. Approximating the table sizes.

PROPOSITION 4.10. Let tk = kη with η > 0 and let ϕ ∈ (0,1). Then, almost surely, for
all k large enough,

for all m with τm ≤ tk , sup
t≥τm

∣∣logZm(t) − 	m(t)
∣∣ ≤ t

1−ϕ
k .

PROOF. We aim at using the Borel–Cantelli lemma, and thus prove that P(Ak) is
summable where

Ak =
{
∃m : τm ≤ tk and sup

t≥τm

∣∣logZm(t) − 	m(t)
∣∣ > t

1−ϕ
k

}
.
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We have

P(Ak) ≤ E

[ ∑
τm≤tk

P

(
sup
t≥τm

∣∣logZm(t) − 	m(t)
∣∣ > t

1−ϕ
k | Wm,τm

)]

= E

[ ∑
τm≤tk

P

(
sup
t≥τm

∣∣logZm(t) − Wm(t − τm)
∣∣ > t

1−ϕ
k | Wm,τm

)]
.

(4.61)

We now use Lemma C.1 with λ = Wm and R = t
1−ϕ
k to get that, for all integers m such that

τm ≤ tk ,

P

(
sup
t≥τm

∣∣logZm(t) − Wm(t − τm)
∣∣ > tk

1−ϕ | Wm,τm

)
≤ 2�(1/2)e−t

1−ϕ
k /2.(4.62)

Thus,

P(Ak) ≤ 2�(1/2)e−t
1−ϕ
k /2

E
[
M(tk)

] = 2θ�(1/2)tke−t
1−ϕ
k /2.

Because tk = kη, this is summable as soon as ϕ < 1. �

4.5. Proof of Theorem 2.8. Recall that mj = mj(t) denotes the index of the j th largest
exponent 	. Our first aim is to prove that

(4.63) sup
t∈[tk−1,tk]

∑M(t)
j=3 Zmj

(t)

Zm1(t)
→ 0, almost surely as k → ∞.

We do this before showing how to deduce the same claim about the largest tables, that is, The-
orem 2.8. In the proof of (4.63), a delicate issue is to verify that there exists a choice of the
parameters κ , η, and ϕ that satisfies all necessary assumptions.

PROOF OF (4.63). By Proposition 4.10, almost surely for all k large enough,

sup
t∈[tk−1,tk]

∑M(t)
j=3 Zmj

(t)

Zm1(t)
≤ sup

t∈[tk−1,tk]

∑M(t)
j=3 exp(	mj

(t) + t
1−ϕ
k )

exp(	m1(t) − t
1−ϕ
k )

≤ sup
t∈[tk−1,tk]

M(t) exp
(−(

	m1(t) − 	m3(t)
) + 2t

1−ϕ
k

)
≤ M(tk) exp

(
−1

2
tkλtkwtk + 2t

1−ϕ
k

)
,

(4.64)

by Proposition 4.5. Using the fact that M(tk) ≤ 2θtk almost surely for all k large enough (by
a large deviation estimate for Poisson random variables, because M(tk) is a Poisson random
variable of parameter θtk), we get that, almost surely for all k large enough,

(4.65) sup
t∈[tk−1,tk]

∑M(t)
j=3 Zmj

(t)

Zm1(t)
≤ 2θtk exp

(
−1

2
tkλtkwtk + 2t

1−ϕ
k

)
We need to check that the right-hand side of (4.65) converges to zero, that is, that tkλtkwtk �
t
1−ϕ
k as k ↑ ∞. Recall that λt = t−κ .

• Weibull case: wt = t−
1

1+α L0(t) so (4.63) follows as soon as −κ + ϕ − 1
1+α

> 0 that is,

(4.66) ϕ > κ + 1

1 + α
.
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• Fréchet case: wt = t
1
α L3(t) so (4.63) follows as soon as −κ + ϕ + 1

α
> 0 that is,

(4.67) ϕ > κ − 1

α
.

• Gumbel case: wt is slowly varying so (4.63) follows as soon as

(4.68) ϕ > κ.

To conclude the proof, we need to check that there exists a choice of the parameters κ , η, ρ,
and ϕ that satisfies all our assumptions. In all cases (Weibull, Gumbel, and Fréchet), we have
λt = t−κ and tk = kη. Our first assumption is that 2κη > 1 coming from Proposition 4.1. In
addition, for the three extreme-value distributions we have the following assumptions:

• Weibull: For Proposition 4.5, we need κ + 1
1+α

< 1
η

< 2κ . For Proposition 4.10, we need
ϕ ∈ (0,1), and for (4.66), we need ϕ > κ + 1

1+α
. These inequalities can only be consistent

if α > 1, which is indeed the contents of Assumption 2.3. Assuming that α > 1, we can
satisfy all the inequalities as follows. Since 2

1+α
< 1 we can pick some κ > 1

1+α
satisfy-

ing 2
1+α

< κ + 1
1+α

< 1. We can then pick any ϕ satisfying κ + 1
1+α

< ϕ < 1, and any η

satisfying 1
η

< 2κ .
• Fréchet: For Proposition 4.5, we need κ + 1

α
< 1

η
< 2κ ; for Proposition 4.10, we need ϕ ∈

(0,1); and for (4.67), we need ϕ > κ − 1
α

. These inequalities are consistent for any α > 0,
which is why we do not need a stronger assumption in the Fréchet case. To show that they
can all be satisfied, we start by picking κ such that 1

α
< κ < 1+α

α
. Note that we then have

that κ + 1
α

< 2κ and κ − 1
α

< 1. We pick η such that κ + 1
α

< 1
η

< 2κ and ϕ such that
κ − 1

α
< ϕ < 1.

• Gumbel: Proposition 4.5 places no restrictions on the parameters. For Proposition 4.10, we
need ϕ ∈ (0,1) and for (4.68) we need ϕ > κ . In this case we simply pick any κ , η such
that 0 < κ < 1 and κ < 1

η
< 2κ , and any ϕ ∈ (κ,1).

Having shown that the various inequalities can all be simultaneously satisfied, we conclude
that the right-hand side of (4.64) goes to 0, which means that

(4.69) P

(∑M(t)
j=3 Zmj

(t)

Zm1(t)

→ 0 as t → ∞
)

= 1. �

Now we show how to deduce Theorem 2.8.

PROOF OF THEOREM 2.8. Let

(4.70) G =
{∑M(t)

j=3 Zmj
(t)

Zm1(t)
→ 0 as t → ∞

}
.

Then (4.69) implies that P(G) = 1. Let ni = ni(t) denote the index of the ith largest table.
We claim that, on G,

(4.71)

∑M(t)
j=3 Znj

(t)

Zn1(t)
→ 0 as t → ∞.

First note that n1(t) ∈ {m1(t),m2(t)} for all large enough t , since if n1(t) /∈ {m1(t),m2(t)}
then ∑M(t)

j=3 Zmj
(t)

Zm1(t)
≥ Zn1(t)

Zn1(t)
= 1,
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which is not true on G, for t large enough. Assume from now on that n1(t) ∈ {m1(t),m2(t)}.
Consider the sets

N (t) = {
nj (t) : 3 ≤ j ≤ M(t)

}
and M(t) = {

mj(t) : 3 ≤ j ≤ M(t)
}
.

These two sets have the same size, and neither contains n1(t). We have two cases: either
n2(t) ∈ M(t) or n2(t) /∈ M(t). If n2(t) ∈ M(t) then there is some j0 ≥ 3 such that nj0(t) /∈
M(t). If n2(t) /∈ M(t) then M(t) = N (t), in which case we set j0 = 2. In either case, since
j0 ≥ 2 we have

M(t)∑
j=3

Zmj
(t) =

M(t)∑
j=3

Znj
(t) − Znj0

(t) + Zn2(t) ≥
M(t)∑
j=3

Znj
(t).

Thus, using also that, by definition of n1(t), Zn1(t) ≥ Zm1(t), we get that, on G,∑M(t)
j=3 Znj

(t)

Zn1(t)
≤

∑M(t)
j=3 Zmj

(t)

Zm1(t)
→ 0,

as claimed. �

5. Further discussion.

Related models. Other variants of the Chinese restaurant process perturbed by a disorder
have been considered by various authors.

• In [13], the authors discuss a model where customer n + 1 chooses to sit at table i with
random weight 0 < Wi < 1 with probability 1

n
Si(n)Wi and occupies a new table with the

remaining probability. As in our case the random weights are i.i.d. If the weight distribution
has no atom at 1, the authors prove that, irrespective of the extreme value type of the weight
distribution, the tables have microscopic occupancy and the ratio Rn of the largest and second
largest table satisfies limn→∞ P(Rn ≥ x) = 1/x for all x ≥ 1.

• In [18], the authors introduce a “weighted” Chinese restaurant process, in which the
customers are weighted instead of tables. In this model, the nth customer has weight Wn,
and a new customer joins a table with probability proportional to the sum of the weights
of the customers already sitting at that table, and they create a new table with probability
proportional to a parameter θ . The focus in [18] is on cases where the weight distribution has
an atom at the essential supremum. Even if this is not the case, at least for light-tailed weight
distributions, we expect the tables to have macroscopic occupancy in this model, just as in the
classical case. If θ = W0 is also a random weight, then the tables in this model can be seen
as the subtrees of the root in the weighted random recursive tree (see, e.g., [19]) where this
random tree is introduced and studied. The fact that tables in the original Chinese restaurant
process can be seen as the subtrees of the root in the (nonweighted) random recursive tree is
shown in [9].

• In the statistics literature (see, e.g., [8] and the references therein), a weighted Chinese
restaurant process has been studied. In this model “customers each have a fixed affiliation
and are biased to sit at tables with other customers having similar affiliations”, see [12].
Affiliations can be seen as weights, and they are carried by the customers; however, their
effect on the probability to join a given table is different from the model described in the
second bullet point just above.

Further results. • In [15] an algorithm that gives access to queries about the Chinese
restaurant process in sublinear time is presented. This algorithm is suitable for our model.
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Open problems. An interesting challenge is to describe the length of the periods, in which
the largest table remains the same as a function of time. We conjecture that, for all fitness
distributions μ, these periods are stochastically increasing in time, a phenomenon known as
ageing. As done in [14] for the parabolic Anderson model, one can describe this phenomenon
in the weak sense, by looking at the asymptotic probability of a change of the largest table in
a given time window, and in the strong sense, by identifying an almost sure upper envelope
for the process of the time remaining until the next change of profile. For the winner takes all
market this corresponds to an analysis of the slowing down in the rate of innovation as the
market expands.

APPENDIX A: PROOF OF PROPOSITION 1.1

In this section we prove Proposition 1.1 of the Introduction. We use the continuous time
embedding, in which our statement becomes

lim
t→∞

M(t)

logN(t)
= θ

essupμ
.

Recall that from (2.1) that, in continuous time, Zi(t) = Yi(Wi(t − τi)) where (Yi)i≥1 is a
sequence of i.i.d. Yule processes of parameter 1 and, for all i ≥ 1, τi is the time at which
table i is first occupied. Also, by (2.2), almost surely as t ↑ ∞ Zi(t) ∼ ζi exp(Wi(t − τi)),
where (ζi)i≥1 is a sequence of i.i.d. standard exponential random variables. We also recall
that, by definition of the model,

(A.1) M(t) ∼ θt almost surely as t ↑ ∞.

First note that, for all a < essupμ, there exists a random index j ≥ 1 such that Wj > a.
Thus, by (2.2), for all t large enough, Zj(t) ≥ exp(at). Hence, by (A.1), for all ε > 0, for all t

is large enough, M(t)/ logN(t) ≤ (1 + ε)θ/a. If essupμ = ∞, this concludes the proof, since
one can make a arbitrarily large and conclude that M(t)/ logN(t) → 0 almost surely as t ↑
∞, as claimed. In the case when a := essupμ < ∞, note that, by (2.2), for all t large enough,
N(t) ≤ 2�t exp(at), where �t is the sum of M(t) independent standard exponentials. Hence,
for all ε > 0, for all sufficiently large t , logN(t) ≤ (1 + ε)at and M(t) ≥ (1 − ε)t , by (A.1),
which implies M(t)/ logN(t) ≥ (1−ε)θ

(1+ε)a
. Since ε > 0 is arbitrary, this implies (i).

Now fix a table number i ∈ N. Recall that, by (2.2), Zi(t) ∼ ζi exp(Wi(t − τi)), which
clearly implies that Zi(t) → ∞ as t ↑ ∞, because τi < ∞ almost surely. Because μ has
no atom at its essential supremum, there exists almost surely a random index j �= i such that
Wj > Wi . Using (2.2) again, we get that Zi(t)/Zj (t) → 0 as t ↑ ∞ almost surely. If N(t) de-
notes the number of customers in the restaurant at time t , then Zi(t)/N(t) ≤ Zi(t)/Zj (t) →
0 as t ↑ ∞ almost surely, so that table i cannot have macroscopic occupancy, as claimed in
(ii) and (iii).

To see (iv), assume that the proportion of customers at the largest table converges almost
surely to one. On this event, there exists N > 4 such that

max
i≥1

Si(n)

n
>

3

4
for all n ≥ N.

Let iN denote the index of the unique largest table at time N : the function f (n) := SiN (n)/n

takes a value larger than 3/4 at n = N and, by (iii), it goes to zero as n → ∞. Note that, for
all m ≥ N , |f (m + 1) − f (m)| ≤ 1

N
and hence there exists some M ≥ N such that∣∣∣∣f (M) − 1

2

∣∣∣∣ ≤ 1

N
.

Hence, iN is not the index of the largest table at time M , and for the index iM of the largest
table at time M we have SiM (M)/M ≤ (M − SiN (M))/M ≤ 1/2 + 1

N
, contradicting our

assumption.
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APPENDIX B: EXAMPLES OF WEIGHT DISTRIBUTIONS

B.1. Examples satisfying Assumption 2.1. We give four examples of probability dis-
tributions μ that satisfy Assumption 2.1; for each of these, we give formulas for A(t), B(t),
ut , vt and wt .

EXAMPLE B.1 (Weibull). For α > 0 let μ(1 − x,1) = xα for all x ∈ [0,1]. Then, for x ≥
0,

tμ
(
1 − xt−1/α,1

) = xα,

and thus Assumption 2.1 is satisfied with A(t) = 1, B(t) = t−1/α and �(x) = |x|α for all
x ≤ 0 and �(x) = 0 otherwise. We get from (2.6) that

(B.1) ut = t
α

1+α , vt = 1, wt = t−
1

1+α .

Since there is equality in (2.4), the convergence in L1 of (2.5) holds straightforwardly.

EXAMPLE B.2 (Gumbel bounded). For α > 0 let μ(1 − x,1) = exp(1 − x−α) for all
x ∈ [0,1]. Then, for all x ∈ R,

tμ
(
1 − (1 + log t)−

1
α + x(1 + log t)−

1
α
−1/α,1

) → e1−αx.

Thus, Assumption 2.1 is satisfied with A(t) = 1−(1+ log t)− 1
α , B(t) = 1

α
(1+ log t)− 1

α
−1 and

�(x) = e−x for all x ∈ R. We identify ut as in the proof of Lemma 2.2, namely ut = f −1(t)

where

f (u) = uA(u)/B(u) = u(logu)
(
(logu)1/α − 1

)
.

This implies that ut = t (log t)− α+1
α (1/α + o(1)), and thus vt = 1 − (log t − (1 + 1/α) ×

log log t)− 1
α (1 + o(1)), and wt = (log t)− α+1

α (1/α + o(1)). We now check that (2.5) holds:
for all x > 0,

tμ
(
A(t) + uB(t),1

)
du

=
∫ 1+log t

x
t exp

(
1 −

(
(1 + log t)−1/α − u

α
(1 + log t)−1−1/α

)−α)
du

=
∫ 1+log t

x
t exp

(
1 − (1 + log t)

(
1 − u

α(1 + log t)

)−α)
du.

To use the dominated convergence theorem note that, for all x ≤ u ≤ 1 + log t ,

0 ≤ t exp
(

1 − (1 + log t)

(
1 − u

α(1 + log t)

)−α)

≤ t exp
(

1 − (1 + log t)

(
1 + u

1 + log t

))
= e−u,

because, for all w ∈ (0,1), (1 − w)−α ≥ 1 + αw. As u �→ e−u is integrable on [x,∞), the
dominated convergence theorem applies and we can conclude that (2.5) holds.

EXAMPLE B.3 (Gumbel unbounded). For α > 0 let μ(x,∞) = exp(−xα) for all x ≥ 0.
Then

tμ
(
(log t)

1
α + x(log t)

1
α
−1/α,∞) → e−x.
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Thus, Assumption 2.1 is satisfied with A(t) = (log t)
1
α , B(t) = 1

α
(log t)

1
α
−1 and �(x) = e−x

for all x ∈R. Similarly to before we have ut = f −1(t) where this time f (u) = u(logu). This
implies that ut = (1 + o(1))t/ log t , and thus vt = (log t)1/α − (log log t)(log t)1/α−1(1/α +
o(1)), and wt ∼ 1

α
(log t)

1
α
−1. Checking (2.5) is similar to Example B.2.

EXAMPLE B.4 (Fréchet). For α > 0 let μ(x,∞) = x−α for all x ≥ 1. Then

tμ
(
xt1/α,∞) = x−α,

and thus Assumption 2.1 is satisfied with A(t) = 0, B(t) = t1/α , and �(x) = x−α for all
x > 0, and �(x) = ∞ for all x ≤ 0. As discussed, in this case we take vt = 0 and we take
ut = t instead of taking it as a solution of (2.6). We get that wt = B(t) = t1/α .

B.2. Examples satisfying Assumption 2.5. We list a few examples satisfying Assump-
tion 2.5. When M = 1 we write μ(x,1) = exp(−m(x)) for all x ∈ [0,1). Then the following
weight distributions, given by a suitable function m, all satisfy Assumption 2.5.

(a) m(x) = (1 − x)−α − 1 for α > 0;

(b) m(x) = e
1

1−x − e;
(c) m(x) = x

1−x
;

(d) m(x) = e
1√
1−x − e;

(e) m(x) = tan(πx/2).

Here (a–e) also satisfy von Mises’ condition [17], Proposition 1.1(b), which is a sufficient
condition for μ to belong to the domain of attraction of the Gumbel distribution. Note that
we are unable to prove that Assumption 2.5 is satisfied by all distributions that satisfy the von
Mises condition. We are also unable to provide an example of weight distribution that belongs
to the domain of attraction of the Gumbel distribution, satisfies Assumption 2.5, and does not
satisfies the von Mises condition. However, the function m(x) = log( e

1−x
) log log( e

1−x
), for

all x ∈ [0,1), corresponds to a weight distribution μ that is in the domain of attraction of the
Gumbel distribution and does not satisfy Assumption 2.5 (this distribution does not satisfy
the von Mises condition). Examples (a–e) are all bounded weight distributions. The following
is an unbounded example:

(f) μ(x,∞) = exp(−xα) for any α > 1.

We prove next that (a) satisfies Assumption 2.5. The others are similar. Recall that, in this
example, μ(1 − x,1) = exp(1 − x−α) for some α > 0 and all x ∈ (0,1]. Assumption 2.1 is
satisfied with

A(t) = 1 − (1 + log t)−
1
α and B(t) = 1

α
(1 + log t)−

α+1
α .

We also set Â(t) = 1 − A(t) = (1 + log t)− 1
α . For all t ≥ 0 and all x ∈R, we have

tμ
(
A(t) + xB(t),1

) = t exp
[
1 − Â(t)−α

(
1 − xB(t)

Â(t)

)−α]
.

Now note that, for all y < 1, (1 −y)−α ≥ 1 +αy. Thus, for all x < Â(t)/B(t) = α(1 + log t),
we have

tμ
(
A(t)+ xB(t),1

) ≤ t exp
[
1 − Â(t)−α

(
1 +α

xB(t)

Â(t)

)]
= t exp

(
1 − (1 + log t)− x

) = e−x.
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Making the change of variables t �→ ut , this says:

if x ∈ (−∞, α(1 + log t)
)

then �t(x) ≤ e−x,

which establishes the upper bound in Assumption 2.5(i). For the lower bound, note that there
exists a constant C > 0 such that, for all y ∈ [−1,1/2], (1−y)−α ≤ 1+αy +Cy2. Therefore,
for all x ∈ (−Â(t)/B(t), Â(t)/2B(t)) we have

tμ
(
A(t) + xB(t),1

) ≥ t exp
[
1 − Â(t)−α

(
1 + αxB(t)

Â(t)
+ C

x2B(t)2

Â(t)2

)]

= exp
(
−x − C

x2B(t)2

Â(t)2+α

)
.

Note that

B(t)2

Â(t)2+α
= 1

α2(1 + log t)
,

thus after the change of variables t �→ ut we have

if x ∈
(
−α(1 + log t),

1

2
α(1 + log t)

)
then �t(x) ≥ e−x exp

(
−x2 C

α2(1 + log t)

)
which concludes the proof of the lower bound in Assumption 2.5(i).

For Assumption 2.5(ii), recall that ut is defined as the unique solution of

αut

(
1 − (1 + logut)

− 1
α
) = t (1 + logut )

− α
α+1 .

Hence logut ∼ log t as t ↑ ∞ and ut = t ût with log ût = o(log t). Thus, αût ∼ (log t)−
α

α+1

and so ût ∼ 1
α
(log t)−

α
α+1 . This implies

ut = (
1/α + o(1)

)
t (log t)−

α
α+1 .

Therefore

L1(t) = ut/t = 1/α + o(1)

(log t)
α

1+α

so clearly L1(t) log log t → 0.

APPENDIX C: A LARGE DEVIATIONS BOUND FOR THE YULE PROCESS

LEMMA C.1. Let (Yt : t ≥ 0) be a Yule process with parameter λ > 0 and let R > 0.
Then,

P

(
sup
t≥0

| logYt − λt | ≥ R
)

≤ 2�(1/2)e−R/2.

PROOF. First note that, for any T ≥ 0,

P

(
sup

t∈[0,T ]
| logYt − λt | ≥ R

)
≤ P

(
sup

t∈[0,T ]
logYt − λt ≥ R

)
+ P

(
inf

t∈[0,T ] logYt − λt ≤ −R
)

= P

(
sup

t∈[0,T ]
Yt

eλt
≥ eR

)
+ P

(
inf

t∈[0,T ]
Yt

eλt
≤ e−R

)
.

(C.1)
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Now, (Yt/eλt )t≥0 is a martingale started at 1. Thus by Doob’s maximal inequality, and using
E[YT /eλT ] = 1, we have

(C.2) P

(
sup

t∈[0,T ]
Yt

eλt
≥ eR

)
≤ E[ YT

eλT ]
eR

= e−R.

On the other hand, for any 0 < ε < 1,

P

(
inf

t∈[0,T ]
Yt

eλt
≤ e−R

)
= P

(
sup

t∈[0,T ]

(
Yt

eλt

)−ε

≥ eεR

)
.

Since x �→ x−ε is convex, ( Yt

eλt )
−ε is a submartingale. Thus, by Doob’s maximal inequality

again,

P

(
sup

t∈[0,T ]

(
Yt

eλt

)−ε

≥ eεR

)
≤ E[( YT

eλT )−ε]
eεR

= e−εR+ελT
E

[
Y−ε

T

]
.

To finish the proof we recall [2], Section III.5, that YT has the geometric distribution with
parameter p = e−λT . By Proposition C.2 below,

E
[
Y−ε

T

] ≤ e−ελT

1 − e−λT
�(1 − ε).

Thus,

P

(
inf

t∈[0,T ]
Yt

eλt
≤ e−R

)
≤ e−εR

1 − e−λT
�(1 − ε).

Taking ε = 1/2 and combining with (C.1) and (C.2), we get that

P

(
sup

t∈[0,T ]
| logYt − λt | ≥ R

)
≤ 2�(1/2)e−R/2

1 − e−λT
.

As the event on the left is increasing in T , letting T ↑ ∞ concludes the proof. �

PROPOSITION C.2. Let Y be geometrically distributed with parameter p ∈ [0,1] and let
ε ∈ (0,1). Then

E
[
Y−ε] ≤ pε

1 − p
�(1 − ε).

PROOF. Using the change of variables u = x log(1/(1 − p)):

E
[
Y−ε] =

∞∑
k=1

p(1 − p)k−1

kε
≤ p

1 − p

∞∑
k=1

∫ k

k−1
dx

(1 − p)x

xε

= p

1 − p

∫ ∞
0

dx x−ε exp
(−x log

(
1/(1 − p)

))
= p

1 − p

(
log

(
1

1 − p

))ε−1 ∫ ∞
0

du u−εe−u = p

1 − p

(
log

(
1

1 − p

))ε−1
�(1 − ε)

≤ pε

1 − p
�(1 − ε),

where the last step used 1 − p ≤ e−p . �
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