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Chapter 1

Random graphs: Motivation
and Background

1.1 Motivation

Graphs G = (V, E) consist of a finite or countably infinite set V' of wvertices
and a set E of edges, where an edge is an unordered pair of vertices, or more
formally a subset e C V with exactly two elements. They are often a tool
for a rough description of highly complex situations, for example

e social relations, like friendship. The vertices are individuals and an edge
is established if the individuals are friends. This includes formalisation
of the concept of friends in social media.

e technical networks like the internet (vertices are computers and edges
are wired or wireless links) or telecommunication networks.

e biological networks like the brain (vertices are neurons and edges are
established if they interconnect) or brain functional networks (vertices
are spots in the brain and edges are established if the electrical activity
signals received at the spots are correlated).

e many others like collaboration networks or the world-wide web.

A common feature of our examples is that the graphs are finite (i.e. have a
finite number of vertices) but extremely large. We can often only access a
very small part of the graph and do not have a complete global description.
It is therefore natural to take samples from a randomly chosen part of a
graph and look at the distribution of such a random sample. This leads to a
a description which is local and random. We use such a description to build
the models we investigate in this lecture.



We consider models that are
e finite random graphs,
e given by local descriptions,
e studied in the limit as the number of vertices goes to infinity.

In particular we are interested in global features that emerge from the local
description (for example, whether the graph is connected or if it is, what is
the length of the shortest path between two randomly chosen vertices).

Our focus is on sparse graphs which means that in the limit as the number
of vertices goes to infinity the number of edges goes to infinity with the same
speed, more precisely we have a sequence of graphs G,, = (V,,, E,,) such that
the limit

p = lim £

n—00 ‘Vn|
exists and is finite. It is called the edge density.

In Section 1.2 I will give some general thoughts on large graphs before
introducing some examples in Section 1.2 and then, in Section 1.3 the general
framework for this lecture.

1.2 Sampling from large graphs

Given a finite graph G = (V, E) we can associate to every vertex u € V its
degree by
d(u) :== |[{v € V: {u,v} € E}|.

Picking a vertex U from the finite set V' uniformly at random we get a random
variable d(U), its distribution (a probability measure on Nj) is called the
empirical degree distribution. The number of edges in the graph is then

)= 5 3 dw) = W ma).
uEV

Hence a sequence of graphs G, = (V,,, E,) is sparse if for a sequence of
uniformly picked vertices U,, € V,, the expected degrees converge

Ed(U,) — 2p.

A sequence of graphs G,, = (V,,, E,) is distributionally sparse if there exists
a probability distribution p on Ny such that

P{d(U,) = k} =3 (k) for all k € Ny.
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The probability here refers to the random choice of the vertex U,,. When we
apply this definition to random sequences of graphs the probabilities on the
left are random variables and we ask this convergence to hold in probability.
We always insist on the asymptotic degree distribution u being deterministic.

Of particular interest are random graph sequences where the asymptotic
degree distribution is heavy tailed, i.e. decays polynomially.

Definition 1.1. A distributionally sparse random graph sequence is called
scale-free if the asymptotic degree distribution p satisfies

log p(k)
B0 log(1/k)

for some T > 0 called the power-law exponent.

Many of the examples which motivate our theory the graphs are scale-
free and the power-law exponent can be measured. The measured values
typically lie in the interval (2,4). Also, we will see that often properties of
the graph depend just on the edge density p and power-law exponent 7 of the
graphs. But naturally, this can only be verified rigorously in the framework
of particular models and cannot hold in general.

Here is a general result that limits the possible range of power-law exponents.
Lemma 1.1. If a graph sequence is sparse and scale-free, then T > 2.

Proof. We first assume that the graphs are not random. Suppose 7 < 2.
Then there exists Ky > 1 such that

log 11(k)
log(1/k) =

and hence p(k) > k=2 for all k > K. Fix K > K, then

K
Vol g g

KP{d(U,) = k.

k=Ko

Now we choose ng such that for all n > ng and 1 <k < K,

P{d(U,) =k} > u(k) — k3.

Altogether we get

‘En| 1 = -3 1 = k—1
\V|Z§ Zk(,u(k:)—k; >—§Z 2
n k=Ko k=Ko



As the sum on the right diverges to infinity as K 1 oo we see that the graph
sequence is not sparse. In the random case the penultimate inequality holds
with high probability (i.e. the probability that it holds converges to one as
n — 00) and the same conclusion can be drawn. O

Exercise (Weak law of large numbers):

Let XZ(]" ' be independent Bernoulli random variables with expectation p.”

ij
Then, if
1
~ > n e
"=
then
1 n
— Z XZ(J” ) — ¢ in probability.
n

ij=1

1.3 Examples of random graphs

Here are some random graph models of interest that will also fit into our
general framework.

1.3.1 The Erdo6s-Rényi graph.

This is the easiest nontrivial model. We let G,, = (V,,, E,,) with V,, = [n] and
we connect each pair of distinct vertices independently with probability ¢/n.
As n — oo the total number of edges is the sum of (Z) independent Bernoulli
random variables with expectation ¢/n. Divided by n this converges to ¢/2
by the weak law of large numbers, so that the Erdos-Rényi graph is sparse
with edge density p = ¢/2. Then the degree of any vertex is the sum of n —1
independent Bernoulli random variables with expectation ¢/n and hence it is
binomially distributed with parameters n — 1 and ¢/n. The empirical degree
distribution therefore converges to a Poisson distribution with parameter c,
hence the graph is distributionally sparse and its asymptotic degree dis-
tribution p is a Poisson distribution. As the Poisson distribution has super-
exponentially decreasing tails the Erdos-Rényi graph is not scale-free.

1.3.2 The stochastic block model.

Assume now that V,, = ViV UVi? = [n] and vertices from V,;" are of type one,

vertices from Vii* are of type two. We connect each pair of distinct vertices
independently, with probability a/n if they are of the same type, and with
probability b/n if they are of different types. This is a special instance of
the stochastic block model, the most used model in the statistics of random



graphs. A typical question in statistics would be, from observation of a very
large sample graph, whether a # b and if so to associate a type to each
vertex.

1.3.3 The Chung-Lu graph.

We let G,, = (V,,, E,,) with V,, = [n] and take positive weights wy, ..., w,
either at random or deterministically. We interpret w; as weight of vertex
1. Given the weights we connect two vertices ¢ and j independently with a
probability p;; proportional to the product of the weights, more precisely

n

W;W;5

Dij = % A1, where (, := Zwi.
n i=1

The case of constant weights corresponds to the Erdds-Rényi graph. If
mZalxwi <4, (1.1)
we can drop the Al. As twice the expected total number of edges is

i=1 j=1 " =1
i i

the graphs are sparse with edge density %(m% — my) if the limits

m = Jim 23 g e me = tim 02 ()

exist. A possible choice is w; = (i/n)”" for 0 < v < 1. Without assuming
(1.1) for this choice the sparsity can even be obtained for all 0 < v < 1.

1.3.4 The simple preferential attachment model.

There is an abundance of models for scale-free networks, but a particularly
interesting concept is preferential attachment. The idea, popularised 20 years
ago by Barabasi and Albert, is that a graph is built by adding new vertices,
which connect themselves at random but preferably to powerful vertices. In
the classical models the power of a vertex is measured by its current degree,
hence vertices arriving early are typically the most powerful. In this lecture
we discuss the probably simplest incarnation of preferential attachment.

Vertices arrive one-by-one and vertex n attaches to each vertex m &
{1,...,n — 1} independently with a probability proportional to m~"7 for
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some parameter 0 < v < 1 parametrising the strength of the preference of
early vertices. To make the model sparse the proportionality factor is chosen
so that the expected number of connections of a vertex is asymptotically

constant. As
n—1
Z m™7 ~ent™
m=1

the proportionality factor has to be of order n?~!. Altogether, the connection
probabilities of two distinct vertices with number (or rank) ¢ and j is

pij =BV ) THENG) T

where 0 < # < 1 is a fixed parameter and all connections are independent.

1.4 Inhomogeneous random graphs

We now present a general framework for random graphs that includes all the
examples above and a lot more. The idea is that the individual properties of
vertices are expressed by their type, which is taken from a separable metric
space S. Types can play different roles, for example the weight associated
with a vertex or the birthtime of a vertex in a dynamical graph model. The
vertex set of G, = (V,,, E,) consists of n vertices with types (zi,...,x,).
Given the types of vertices, independently for every pair of distinct vertices
with types z; and x; we set an edge with probability
1

E’%(xiu xj)a

where r: 8% — [0,00) is a symmetric function that encodes the different
features that can be built in the model. Note that the existence of potential
edges are conditionally independent events given the types, but if the types
are chosen at random this allows to model unconditionally rather strong
dependencies between these events.

We now give the formal definition.
Definition 1.2.

(a) A type space is a pair (S, ) where S is a separable metric space and
i is a Borel probability measure on S.

(b) A vertex space is a type space (S,p) and a sequence (x,) of vectors
X, = (x1,...,x,) consisting of n types from the type space such that

%‘{v € [n]: w, € A}| = p(A),

for every p-continuity set A C S.

10



(c) A kernel k: 8* — [0,00) is a symmetric measurable function.

(d) The inhomogeneous random graph associated with a vertexr space and
sequence (K ), of kernels is the graph sequence (G.,),, with G, = (V,,, E,,)
where V,, = {1,...,n} and for vertices i # j we have {i,j} € E,
independently with probability

1

pij = E(Iin(l’i,l’j) A n)

If the type space is finite, we say that the associated inhomogeneous graphs
are of finite type. Not all kernels give good graphs. We formulate some useful
conditions.

Definition 1.3. A kernel k s called graphical if

(a) k: 8% — [0,00) is continuous p-almost everywhere,

o) [ ) utdotay) < e,

) 25 3 (s nn) =3 [ we) oty < oo

1<i<j<n

A sequence (kp)n of kernels converges graphically to x if k is a graphical
kernel and

(d) for p-almost every z,y, we have that x,, — x, Y, — y imply that

sup }fﬁn(ajm, Ym) — K(z, y)‘ — 0,

n>m
1 1
() = Y. (knlwsz))An) — = [ w(,y) plde)u(dy) < .
n — 2 S2
1<i<j<n
A useful consequence of this definition is sparsity of the graph.

Lemma 1.2. The inhomogeneous random graph associated with a sequence
(Kn)n converging graphically to a kernel k is sparse with edge density

% //82 k(x,y) p(de) p(dy).

Proof. By the weak law of large numbers for Bernoulli variables, it suffices
to show convergence of the expectations. This convergence is precisely given
in (e). O

11



We now look at the examples from Section 1.3 and show how they fit into
our framework.

The Erdds-Rényi graph. Take S = {1} and x(1,1) = c.
The stochastic block model. Take S = {1,2} and
k(i,J) = a+ (b — a)liy,
and x; = k if i € V,{. We assume that there are numbers p(1), u(2) with

Vi)
Vi

— (k) for k € {1,2}.

The Chung-Lu graph. Take & = [0,1] with p the Lebesgue measure.
Take F' the cummulative distribution function associated with a probability
measure P on the positive reals. Let ) = (1 — F')~! the generalized inverse
so that ¢(U), for U uniform on (0, 1) has the distribution P. Let x; = i/n
fort=1,...,n and

o (2, ) = %wx)w(y)

with w; = ¢(x;) and ¢, = > w;. This is the Chung-Lu model as before
with the given weights. It coincides with the inhomogeneous random graph
with the given kernel sequence on the type space (S, ). If E¢(U) < oo then
ln/n — E(U) and the kernel sequence converges graphically to the kernel

K(7,y) = () (y)

1
Ey(U)

We have used that that ¢ and hence k are continuous except for at most
countably many points.

The simple preferential attachment model. We take S = (0, 1] with the
Lebesgue measure p and types x; = i/n for all i € {1,...,n}. The kernel is
given by

K(z,y) = BaVy) e Ay)™,
where § > 0 is arbitrary. The kernel is graphical if 0 < v < 1. The special
case v = 0 is also known as the Dubins model.

12



Chapter 2

The degree distribution of
inhomogeneous random graphs

In this section we prove the following theorem.

Theorem 1. Suppose (k,), converges graphically to the kernel k. Then
the sequence of inhomogeneous random graphs G,, = (V,,, E,,) associated with
these kernels is distributionally sparse and its asymptotic degree distribution v
15 given by

A k
v(k) = /s (]j) e 2 y(dx), for k € Ny,

where

AMzx) = /Sf%(x, y) 1(dy).

Equivalently, if Ny(n) is the number of vertices in GG, with degree k then,
in probability,
1

TNi(0) — [ Bao{X = K}u(do)

S
where X under P, is Poisson distributed with mean A. The distribution
on the right hand-side is called the mixed-Poisson distribution with mixing

distribution g o A7L.

We interpret this as follows: The degree of a vertex of type x is asymptoti-
cally Poisson distributed with mean A(x), while the distribution of types is
given by p. This interpretation can be made rigorous for a finite type space,
and this is what we show first.

2.1 Finite type space

We suppose
S=A{1,...,m}.

13



Let d(u,7) be the number of edges linking vertex u € G,, with vertices of
type ¢ € S. Then

Let N;x(n) be the number of vertices in G, of type ¢ with degree k. Then

ni(n) ==Y Nig(n)

is the number of vertices of type i and we have, by definition of the vertex
space,
ni(n)
n
The probability that vertices of type j,i are connected is
1
" <I<Ln(j, i) A n)

For a vertex u of type j the random variables d(u,?) with i = 1,... ,m are
independent and binomially distributed with parameters

— pu(i).

n;(n) — 1,—; and %(/{n(j, i) An).

This binomial law converges to a Poisson distribution with parameter

n;(n) —1

lim = (ke (1) An) = p(i)k(4,9).

n—oo

Hence the law of d(u) converges to a Poisson distribution with parameter

m

szzy@mmzfammw»

i=1

To obtain the convergence of %N k(1) we look at its expectation and variance.
We have

R — _ A ADE ai)
ENj4(n) = s (mP{d(u) = k} ~ npa(j) =260
For distinct vertices u, v of type 5 we have
1
P{d(u) = k,d(v) = k} = P{d(u) = k}* + o(~)
Lo (A aon? A0 a2 gy L AW a2
+E““”(Qk—nf )_2w—1W3 KC +< ‘ )‘
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and therefore

\k \k 2
ENZp(n) = n5(n)P{d(u) = k}*+n;(n) <)\(]j!) e_’\(j)—<%e_)‘(j)) )—i—O(n),

and hence Var(N; ;(n)) = O(n). By Chebyshev’s inequality

P<|Nj,k(n) —EN,4(n)| > 5n> _ Var(Nir(n) _,

6271,2

Summarising,

N, ()" j
”’Z(T” = u(5) (kjv> e~V in probability,

from which the result follows in the case of finite type space.

2.2 General case

This is based on an approximation argument, which we carefully prepare.
We first construct suitable partitions of the type space S.

Lemma 2.1. For every m € N there exists a partition P, of S into M =
M(m) Borel sets AT™ ..., A such that

e cach set A\™ is a p-continuity set,
e P, refines Py, i.e. each Aﬁm) 15 a union of sets in Ppiq,

o if i, () is the unique index such that x € A;:)(m) we have

diam(A™ ) — 0 as m — oo,

im (1')

for p-almost every x.

Proof. Let (z;) be a dense sequence in . For any z; the balls

Bi(z) ={y € S: d(y, z;) < d},
for d > 0 have disjoint boundaries and hence at most countably many of
them fail to be p-continuity sets. Hence, for any m > 1, we can choose balls
By = By, () that are continuity sets and have radii satisfying

2
< dm,i S -
m

1
m

15



Then (B,,,); cover S for every m. Then

Bl,; =B\ U B

j<i

defines a for each m an infinite partition (B;,;); into continuity sets of
diameter at most 4/m. To get a finite partition we choose ¢,, large so that

B7,77,,0 = U B;n,i

1>qm
satisfies u(By, ) < 27™. Then (B, )i, is a partition into continuity sets

with diameter of B/, ,,i > 1 at most 4/m.

m,i)

Finally, let P,, consist of all intersections
m
m Bl,vil
=1

with 0 < 4; < ¢. Then this is a partition of S satisfying the first two
bulletpoints. To verify the third bulletpoint we note that

i 1(Bro) < i 27 < oo,
m=1

m=1

hence by Borel-Cantelli y-almost every z is in only finitely many sets B, ,

m € N. Hence diam(AEZ)(x)) < 4/m for all sufficiently large m. O

We use Lemma 2.1 to construct approximating kernels of finite type. We
define
Ep(w,y) = inf{r(2',y'): 2" € A"y € AT )

7/m(1'
We then have
(2, y) < K(2,y) on S X S.

Hence we can construct the inhomogeneous random graphs G,, associated
with these kernels on a joint probability space such that every edge present
in the graph associated with k,, is also present in the graph associated with &.

As k,, is constant on the partition sets of P,, we can reduce the graph
with this kernel to a graph where the type space is {1,..., M(m)} with the
measure u’ given by

1(5) = p(A™),
and the types are

i (%) 1= (i (1), -+ i (a0))-
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This means in particular that if N{™ (n) is the number of vertices with
degree k in G,, with kernel k,, we get from the finite type case that

N(m) (m) \F
lim —&~—~~ Z (A5™) ] A in probability,

n—o0 '

where, for any z € A;’”), we have

Aj Z/Sﬁm(x,y)u(dy)-

It remains to show that for large m the left had side approximates

N,
lim —% ()

n—oo N

and the right hand side approximates

/‘s%eﬂ(w) p(dz), where \(z) = /SH(SC,?J)M(dy)-

We will do this now in the slightly more general context of kernels k,
converging graphically to some k.

Proof of Theorem 1. Suppose (k,) converges graphically to . Define

K, (2,y) = Inf{(k A k) (2, y): 2" € A;Z)(x),y’ € A;:Z)(y),n > m}.

Then k,, < Ky, for all n > m, and k,, < k. For p-almost every x,y, we have

sup k(2 ) — K(z,y)| — 0.

n>m
x’EA(m)(x) y'eA (m)

im (y)
Hence k,,(x,y) — k(x,y) for u-almost every z, y and, by dominated convergence,
there exists, for every € > 0, an mg such that for all m > my,

//ﬁm(x,y)u(dfﬁ)u(dy) > // k(z,y)p(dr)u(dy) —e.

Fix k € Ny, € > 0 and m as above. We couple the graph associated with &,
to the graphs associated with k,, n > m, so that every edge in the former
also exists in the latter. Let E,, ,, be the set of edges in G,, with kernel k,,,.
Then

E,.mCE,,

17



and, recalling Lemma 1.2,

1 1 1
g}En \ Enm| = g\En\ - E}En,m\

e % / /S (e, y) plde)p(dy) — % / /S (2, y) plda)p(dy)

< —.
2
Let N (n) be the number of vertices with degree k in G,, with kernel &, ,.
Then, for large n,

Nk( ) N(m)
n

‘ < —}E \ Bl < 2¢, (2.1)

with high probability. As explamed above, the finite type calculation gives
that

N(m)
lim () — P{D™ =k}, (2.2)

n—o0 n

where the law of D™ is the mixed Poisson distribution where the parameter
equals

Aj = inf /S Eo (2, y) p(dy)

m€A§m)

with probability u(A;."‘)). As K, < Kk we have \; < A(z) for x € A;m) and
hence we can couple D™ and D such that D < D. Then

P{D +# D™} =P{D — D™ > 1} <E[D — D™

// k(z,y) p(de)p(dy) — // dx)u(dy)

(2.3)
Combining (2.1), (2.2), (3) and choosing first m and then n large yields
N
‘# _P{D= l{:}‘ < e,
and the result follows as € > 0 was arbitrary. U

2.3 Scale-free graphs and networks

Recall that the asymptotic degree distribution of an inhomogeneous random
graph is, by Theorem 1, a mixed Poisson distribution with mixing measure
poA~t. While the Poisson distribution itself has light tails, the mixed Poisson
distribution can have polynomially decaying tails if the mixing distribution
has such tails. We now state one (of several possible) results of this nature.

18



Theorem 2. Suppose (k,) converges graphically to k and assume

e T <

-1
HE%EEQZSCX*ﬁwaHA>Aﬂ

where T > 2 and
A S = Vo0), M) = [ k(o) uldy)
S

Then the inhomogeneous random graph associated with the sequence (k) is
scale-free with power-law exponent 7.

Proof. We even show the stronger statement,

(c+o(1)k™T™ < /s )\(];) e M@ p(dx) < (C+ o(1))k.

Recall the following well-known property of the Gamma function

Ik +x)

0 ~ k% as k — oo, for all x € R.

By assumption,

>\$L’k_ . ooAk_ B
/S%e )‘(),u(dx):/)\* e Ao X7H(dN)

1 [, Nk+1—1) _
<C= | NTeltd\=C—r——= ~Ck".
A ‘ T(k+1)
Similarly,
PYEA LA 1 < h—r . .
/S%e A()u(ala:)zcg</o MN=Te= d\ — (A )k>~ck :
which completes the proof. O

We now look at our examples. It is easy to see that graphs with a finite
type space are never scale-free. In that case the measure o A~! on [0, 00)
has finite support and vanishing tails. The more interesting cases arise when
S is infinite.

The Chung-Lu graph. Recall that S = [0, 1] with p the Lebesgue measure.
Take a cumulative distribution function F' satisfying, for some 7 > 2,

F(z)=1—2""" for all > 1.

19



Then 9 (u) = u/*~"). Then

u(y) = - (ay) /07
with )
_ [ v _T1
b/ —=Ep(U)= [ u du = .
0 T—2

As the kernel sequence converges graphically to the kernel

we get
Az) = /07

Hence, for r > 1,
p{r € S: Nz) >r}=r""

and taking the derivative, for A > \* =1,

po A7HdN)

o =(r—1\".

We infer from Theorem 2 that the Chung-Lu graph with the given F' is
scale-free with power-law exponent 7.

The simple preferential attachment model. We take S = (0, 1] with the
Lebesgue measure p and types x; = i/n for all i € {1,... ,n} kernel

Kz, y) = BlaVy) "z Ay,

where > 0 is arbitrary and 0 < v < 1,

= ﬁ/ (zVy) Nz Ay dy

_ﬁ/ x“’l “’dy—i—ﬁ/ le“’dy

T ST (1 - 1Y)

1—7 Y
_B " p
g 1—v
Hence
_ -1
e eS:MNe)>ry=plreSia > Jr— 2y = (2r— )7,

20



and taking the derivative, for A > \* = ﬁ, we get

oA (dN)

_ 1 1)\_L)_(1+1/’Y)‘
ax sGA- T

Y

From Theorem 2 we infer that the simple preferential attachment model is
scale-free with power-law exponent 7 = 1 + % Observe that in the special
case v = 0, the Dubins model, is not scale-free.
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Chapter 3

Local convergence of
inhomogeneous random graphs

The asymptotic degree distributions tell us about the number of neighbours
of a randomly chosen vertex in G,. We can go further and ‘explore’ the
graph: Starting from a random vertex we look at its neighbours, then the
neighbours of these neighbours, and so fourth. This way we get a connected
random graph with a marked vertex called the root. If we take a limit
in distribution under random choice of the vertex at which we start the
exploration, the limit will again be a random graph with a root vertex. This
graph may be easier to study than the original one.

Suppose for example that G, does not have many short cycles. Then
we have a good chance to explore for some (fixed) time without revisiting
a vertex that we have seen before. In this case, due to the nature of the
limit we take, the limiting graph will be a tree, i.e. a simpler object than
the one we started with. In the case of inhomogeneous random graphs (and
many other cases) this tree can be studied using the theory of branching
processes. From the behaviour of the branching process we will get useful
information about the underlying graph sequence. This is our programme for
this and the following chapter. We first formalize the concept of weak local
limit (Section 3.1), then learn some branching process theory (Section 3.2)
and show existence of weak local limits for inhomogeneous random graphs
given in terms of branching processes (Section 3.3). In Section 3.4 and also
in Chapter 4 we apply the theory thus developed to an in-depth study of
inhomogeneous random graphs.
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3.1 Weak local limits: General theory

3.1.1 The space ¥ of rooted graphs

Our local limits will be probability measures on the metric space ¢4 of locally
finite, rooted graphs. Elements (G,0) of ¢ are graphs G with a finite or
countably infinite vertex set and a distinguished vertex o € G called the
root, such that every vertex has a finite degree. We need to clarify when we
consider two rooted graphs to be the same, so formally we will now define
an equivalence relation and then ¥ is really the space of equivalence classes,
though we will still see them as rooted graphs.

For (G,0) € 4 and n € N we denote by G A n the embedded finite
subgraph consisting of all vertices in G that can be reached from o by a path

with no more than n edges. Two elements (G, 01), (G2, 02) € 4 have metric

distance d(Gy, Gy) = ﬁ where

N = max {n: 3 bijection ¢: G3 An — Go An with ¢(01) = 0o and
{u,v} is an edge in Gy iff {¢(u),d(v)} is an edge in Gs}.

We identify (Gy,01) and (Gg,00) if N = oo. In particular, we identify a
rooted graph with the connected component of its root. We call a rooted
graph infinite if it is equivalent to an infinite connected graph. Note that
this means it is not equivalent to a finite graph.

Lemma 3.1. ¢ is a complete, separable metric space.

Proof. 1t is easy to check that ¢ is a metric space. To check separability we
build a sequence containing all finite rooted graphs. This sequence is dense
as for every rooted graph (G, o) the finite graphs G An appear in the sequence
and

dG.GAn) < —— 0.
n+1

To see completeness we take a Cauchy sequence (G,,) in 4. We take G° = G,,.
Suppose, for k € N a sequence (GX~1),, has been constructed such that, for
all j < k-1,

e (GJ71), is a subsequence of (GY),,
e (GJ A j), is constant.

Then (GF~!Ak), is a sequence of graphs which contains a constant subsequence,
as by the Cauchy property there is ng such that, for all n, m > ny,
1

d k—1 k—1 < .
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We take (G*),, to be this sequence. To find the convergent subsequence we
now pick the diagonal sequence (G7),, which has the property that (G A k),
is constant for n > k and hence convergent to the unique graph with the
property GI! An =G An. O

Remark 3.1. Actually & is even an ultrametric space, as two balls in G are
either disjoint or one is contained in the other.

Exercise: ¢ is not compact.

Lemma 3.2. A closed set K C 9 is compact iff for every k € N it can be
covered by a finite number of pairwise disjoint balls of radius k%rl

Proof. Suppose K is compact and fix & € N. The collection of balls around
x of radius 1/(1+ k) with = € K is an open cover of K and hence has a finite
subcover. If two balls in this cover are intersecting, then one is contained in
the other and hence can be removed from the collection.

Suppose now, for every k, the set K can be covered by a finite number of
pairwise disjoint balls of radius k%l From every sequence (G,) in 4 we can
take a subsequence such that all elements are in the same ball. Doing this
successively for every k € N and taking the diagonal sequence we arrive at a
subsequence (G7,) such that for any n all G/,,m > n are contained in a ball
of radius n%rl Hence (G))) is a Cauchy sequence and therefore convergent. If
K is closed the limit is in K and therefore K is compact. O

Recall that a sequence (u,) of probability measures is called tight iff for
every £ > 0 there is a compact set K C ¢ such that u,(K) > 1 — ¢ for all
n € N. We say that (u,) converges weakly to a probability measure p if, for
all f: 9 — R continuous and bounded,

lim [ fdu, = /fd,u.
n—oo

Lemma 3.3. If the sequence (p,,) of probability measures is tight, then there
exists a weakly convergent subsequence.

Proof. Let e > 0and A > 1. Pick a compact set K such that ,(K) > 1—¢5
for all n. Let f: ¥ — R continuous and bounded by A. As f is uniformly
continuous on K there exists m such that

€ 1

lf(x) = fly)] < oA for all x,y € K with d(z,y) < T

We take the finitely many disjoint balls of radius m+r1 needed to cover K

and suppose we have a sequence (1)) such that for each of those balls B the
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sequence (p,(B)) converges to a limit m(B). For every probability measure
p with u(B) = m(B) we get

i | [ £t~ [ fdul < lim S| [t~ [ g

+hm/ |f|du;+/ fldi
n—oo Kc Kec

£ £
< 1i / _ - R
< lim gB Alul (B) m(B)\+416A+2A8A
<e

Given (u,) we can use the diagonal procedure to construct a subsequence
(u!)) such that for every ball B the sequence (u! (B)) converges to a limit
m(B). Our consideration implies that if there is a probability measure pu
such that pu(B) = m(B) for every ball, then (u,) converges weakly to this
measure ;. We use Caratheodory’s theorem for the construction of such a .
By ultrametricity the finite disjoint unions of the set difference of a ball with
finitely many balls contained in it form an algebra. We can easily extend m
to a finitely additive measure on this algebra. We now use tightness to see
that m is a o-additive measure on this algebra. Indeed, if B = | J By, is a ball
represented as a union of pairwise disjoint balls, then

00 e M
m(B) = lim un< U Bk> = nh—>r20 Z fin(Br) > nll_{l;lo Z,Un (Br)
k=1 k=1 k=1

n—o00
M 00
k=1 k=1

On the other hand, given € > 0 we find a compact K with pu,(K¢) < e. The
balls (By) form an open cover of the compact set BN K and we can assume
By, ..., By are a finite subcover. Then

n— o0

m(B) = lim jin G Bi) < lim oo ( G BiNK) +e
k=1 k=1

n—o0 n—o0

M M
= limﬂn<UBkﬂK>+€§ lim ZNn(Bk)+5
k=1 k=1

< m(Bk) +e.

k=1
By Caratheodory’s theorem this m can be extended to a probability measure
p on the Borel o-algebra. Hence (u/,) converges weakly to the probability

measure . ]
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3.1.2 Definition of weak local limit

We take a sequence of graphs (G")y such that G* has ay — oo vertices.
We say that (G")x converges weakly locally to a random rooted graph (G, o)
if, for every bounded continuous h: 4 — R, we have

LS w(e™,0) 5 NG, 0. (3.1)

OEG(N)

This is just a weak limit (or limit in distribution) where the deterministic
graph GV is turned into a random rooted graph by picking the root uniformly
at random from the vertices of G,

If the graphs (G™) y themselves are random, the objects on the left hand
side of (3.1) are random variables and the convergence is supposed to hold
in probability.

3.1.3 Criteria and examples for weak local convergence

The following result is useful for the identification of weak local limits.

Lemma 3.4. The sequence (G™)y converges weakly locally to a random
rooted graph (G, o) iff, for every finite rooted graph (H,r) and k € N, we
have in probability,

N—o0

1
. > Lam oy — P{(G,0) Ak = (Hr)}.

oEG(N)

Proof. As (G,0) — lyGoyne=(m,r)y is the indicator of a set which is both
closed and open in ¢, it is a continuous and bounded function. Hence the
condition of the lemma follows from weak local convergence.

We prove the converse for deterministic sequences (G")y, as the case
of random graphs follows by picking a first a subsequence such that the
convergence holds for all k£ and (H,r) almost surely. Under the conditions
of the lemma we have to show (a) for every subsequence the existence of a
subsubsequence such that the weak local limit exists and (b) that this limit
equals (G, 0). To see (a? we need to show for every k tightness of the laws of
Gy Ak with Gy == (G N), on), where oy is uniformly chosen.

Let £ > 0 and denote by p the law of (G, 0). Then there exists a compact
set K with u(K) > 1—e. Indeed, we can take the dense sequence (g,) in ¢4

and observe
4 =B (o 77)-
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Hence N
L= tim p( U Blon757))

We choose N,, so large that

u(U gn,mJrl )>1—2_m5.

Then

oo Nm

K= () U B9 757)

m=1n=1
is a compact set with pu(K) > 1 —e.
Fix k£ € N and consider

GNkE:={GNk: GeY}.

As¢: 9 — G Nk, G G Ak is a continuous map, the set K A k is compact
in the space 4 A k. As this space is discrete, probability measures v, on
& A k converge to a probability measure v on ¢4 A k iff v,(G) — v(G) for
every G € 4 A k. Therefore our assumption implies

lim — Z Ligam myernny = P(0(G,0) € KAK) = pod™ (K Ak) > 1—¢,

Moo A OEG(N)
as required to show tightness and hence (a).

(b) follows because if (G',0') is any of the limits constructed in (a) then,
for every finite rooted graph (H,r) and k € N,

P{(G",d)Nk=(H1r)} =P{(G,o)Nk=(H,r)},

because they are the limits of the same subsequence. This implies that the
laws of (G’ 0') and (G, 0) agree on a N-stable generator of the Borel o-algebra
and hence are the same. O

Lemma 3.5. Suppose (G, 0) is a random element of ¢ and T C 4 a Borel
set with P((G,0) € 7) = 1. Then the sequence (G™)y converges weakly
locally to the random rooted graph (G, o) if, for every finite rooted graph
(H,r) e I Nk and k € N, we have

— Z I{G(N) o)Ak=(H,r)} —> ]P){GO /\k‘—(Hr)}

a OGG(N)

in probability.
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Proof. Again we can focus on a deterministic sequence (G™)y. As T Ak
is countable and P((G,0) € J) = 1, for every ¢ > 0 there exists m and a
subset 7 (k,m) of size at most m such that P{(G,0) ANk € T (k,m)} > 1—¢.
Then, with oy a uniform random vertex from G’ we get

P((GM o)ANked T ANk} <1—P(GM on) ANk € T(k,m)}.
Therefore

limsup P((G™M on) ANk € T A} <1—P{(G,0) ANk T(k,m)} <e.

N—o0

This implies, for (H,r) € 7 Ak, that

1 N—oco
oo 2 lemon=uny — 0=P{(G o) Ak = (H,n)},

oeGM)
as required. O

Example 3.1. Regular trees. In a d-regular tree every verter has d — 1
children and a parent, except for the root, which has d children and no parent.
We look at the graph sequence (G™)x, which consists of all vertices in a d-
reqular tree up to generation N. The graph G has

l+d+(d—1)d+--+(d-1)"""d
vertices. We identify its weak local limit.

Take G and place a temporary root at any of the (d — 1)N~1d leaves.
Then let N — oo. This gives an infinite rooted graph G, which has a unique
infinite self-avoiding path starting at the root. We let 0g,01,09,... be the
vertices along this path. We take the random rooted tree (G, o) with

P{o=o0} = (d—2)(d—1)""D [ e N,.

This random rooted tree is the weak local limit of the sequence (G™).

Proof. We use the criterion in the lemma above. Let Oy be a random vertex
from G. We have, for N > k > [,

(G™,0N) Nk = (G, 0) Nk
iff Oy is precisely [ steps from the nearest leaf.

There are d(d — 1)V=!~1 vertices satisfying this, and
d(d—1)N

l+d+(d—1)d+---+(d-1)"""'d~ T

vertices altogether. Thus,
P((G™,0n) Nk = (G o) Nk) ~ (d—2)(d—1)""7,

as required. O
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3.2 Multitype branching processes

We now take a finite vertex space S = {1,...,m} and the distribution of a
random matrix

L= (Li,ji Z,j € 8)
with entries in Ny. We denote m; ; = EL; ; and let M = (m;;: 1,7 € S). We
build a random tree from independent copies of the random matrix L, say

Ln) — (Lg;fn); i,j €38), forall k € N,;n e Ny.

We start with one vertex in generation zero of arbitrary type. Given the
vertices vy, ..., v in generation n > 0 we build the next generation using the
matrices

AN ACION

If vertex v, has type xy, then for every j it has exactly Li,? ; children of type j.
Hence the total number of individuals of type j in generation n + 1 is

k

(€n)
Z er )
(=1

and if the number of individuals of each type in generation n is given as

Z,=(ZW, ..., Zm),

then
m  Zn
j k.n
Z0 =3 ) el
i=1 k=1
where

Zy =20 4 4z,

The process (Z,,) is a multitype Galton-Watson process and the associated
tree a multitype Galton-Watson tree.

3.2.1 Multitype Galton-Watson trees

We now explore properties of the multitype Galton-Watson tree. A lot can be
read from the matrix M with nonnegative entries m,; denoting the expected
number of children of type j by a parent of type 1.

Lemma 3.6. IfEZ; = v we have EZ, = vM™".
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Proof. Argue by induction. The case n = 0 is clear, suppose the result holds
for n. Then

m  Zn

E E E (@)
n+1‘z ]‘l’k =iM; ; = Zn m; 4,

i=1 k=1 i=1

and using the induction hypothesis

m

E[Z,HJ = Z(UMn)imi,j = (oM™,

i=1
as required. O
We assume that M is positive reqular, i.e. there is a power of M with all

entries positive. This assumption is a kind of irreducibility and allows us to
use the following result from the spectral theory of nonnegative matrices.

Lemma 3.7. There is an eigenvalue p of the matriz M which is single,
real and positive and is strictly larger than the absolute value of all other
eigenvalues. It is called the principal eigenvalue. Corresponding right, resp.
left, eigenvectors a,b can be taken to have positive entries summing to one.

Proof. This is the Perron-Frobenius theorem, which is an exercise. O

Lemma 3.8. If a and b are right, resp. left, eigenvectors corresponding to
the principal eigenvalue of M normalised such that ba = 1, then, as k — 00,
we have

M ~ pFab.

Proof. By Lemma 3.7 we have for every v L bthat (Ab+v)M* ~ p*\b. Hence
M* /p* converges to the orthogonal projection P onto the space spanned by b.
This can be represented as P = ab for some column vector a with ba = 1.
Then M*a ~ p*Pa = p*a(ba) = p*a, hence a is a right eigenvector. O

We additionally assume that (Z,,) is nonsingular in the sense that

P(Z, =1) # 1 for some n € N.

This assumption does not depend on the type of the initial particle and only
rules out a degenerate case. We now look at the event

{extinction} := {Z,, — 0} = {3N such that Z,, = 0 for all n > N}.

Lemma 3.9.
P{extinction} + P{Z,, — oo} = 1.
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Proof. We have to show that, for every N,
P{0 < Z,, < N for infinitely many n} = 0.

Suppose the event has positive probability. Then there exists z € NE with z #
(0,...,0) such that Z,, = z for infinitely many n with positive probability. By
the strong Markov property, if the process started in z has positive extinction
probability, it will become extinct almost surely, a contradiction. Hence the
process started in z cannot become extinct. In particular there exists a
nonempty set £ of types such that the process started with a particle of
that type survives almost surely. Nonextinction is then equivalent to the
occurrence of a type £ vertex in the tree.

Using nonsingularity we see that the tree started with a vertex of type £
will eventually branch. When it branches by positive regularity every branch
has a positive probability of containing a vertex of type £ and at least one
of the branches will survive and hence contain such a vertex. We conclude
that the tree has infinitely many disjoint subtrees rooted in elements of &
and hence Z, — oo almost surely, which contradicts the assumption. O

Proposition 3.1. The event

{noneaztinction} := {Z,, > 0 for alln € N}
has positive probability if and only if p > 1.
Remark 3.2. If p > 1 the process (Z,,) is called supercritical.

Proof. Because of positive regularity the positivity of the nonextinction pro-
bability does not depend on the type of the initial vertex. If we start with a
particle with random type distributed according to the probability vector b,
then EZ,, = bM™ = p"b. If p < 1 this implies EZ,, < 1 and hence P{Z,, —
oo} = 0. By Lemma 3.9 this implies P{extinction} = 1 and hence

P{nonextinction} = 0.

Now suppose p > 1. Take a vertex of type ¢ and look at the expected number
of offspring of type i after d generations, by Lemma 3.6 this is

(€Z’Md)i ~ pd(e,-ab)i = pdaibi.

As a;b; > 0 we can pick d large so that this number exceeds one. Then there
is a supercritical single-type Galton-Watson process (Xj) with Z,gg > X
Hence X}, — oo implies Z;) — co. We infer that P{nonextinction} > 0. O

Our next result concerns the asymptotic distribution of the types in a
generation. This is given by the left eigenvalue of M which we constructed
in Lemma 3.7.
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Proposition 3.2. Almost surely on nonextinction,

The proof relies on a version of the strong law of large numbers.

Lemma 3.10. Suppose (Ny) are random variables and (X,(Lk): n>1,k>1)
iid random variables with mean zero. If {liminfy_,., Ny = oo} with positive
probability, then almost surely on this event

Proof. By the classical strong law of large numbers there exist (ky) such
that, for fixed k,e > 0,

1 n
P{‘—ZX,%)‘ <27VVn > ky VN > 1} > 12k,
nm:l

The assumption ensures that for every N we have Ny > ky for k large enough.
The result follows by summing the complementary probabilities over k. [

Remark 3.3. Fiz i« € S and suppose p > 1. As seen in the proof of
Proposition 3.1 there exists d such that in every subtree emanating from any
vertex of the multitype Galton-Watson tree there is a supercritical (single
type) Galton-Watson tree embedded in every dth generation of the subtree.
Such a Galton-Watson process goes to infinity unless it becomes extinct.
Hence on survival of the multitype Galton-Watson process for N, = A
we have lim inf;,_, .o Ni = 00.

Proof of Proposition 3.2 (Kurtz et al (1997)). Fix i,j. By the strong law of
large numbers and the following remark,

. 1
lim —
n—00 Z(Z)

n

Zn
Z 1-'Ek:i (L£ﬁ7n) - mi,j) =0,
k=1

almost surely on survival. Averaging over the types 7 gives

n
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Write
Up = 25/ Zp, A = M/ p, Yns1 = Zns1/(pZn).

We have shown that, with |- | denoting the sum of entries of a vector,

lim "}/n-i-l'un—i-l - 'UnA‘ = 0.
n—00

Fix k € N. As
k—1 k—1 k—1
Un, HfYn—Z - Un—kAk = Z(Vn—rvn—r - Un—r—lA)AT H Yn—¢,
=0 r=0 =r+1

and the product on the right hand side is bounded from zero and infinity
by random constants, the triangle inequality gives, almost surely on non-

extinction,
k—1

li_)m }vn H Vr—g — vn_kAk} = 0.
=0

As A* — ab for a suitable right eigenvalue a, we can choose k large enough
such that

k—1
lim sup ‘vn H Yt — vn_kab‘

is arbitrarily small, which implies that

k—1
lim sup ‘vn — (vp—ga H 7;_15)6‘

is arbitrarily small. As both v, and b are nonnegative vectors summing to
one we infer that v, — b almost surely on nonextinction, as required. O

3.2.2 Poisson Galton-Watson trees

We now move to Galton-Watson trees with infinite type space, as they will
appear in our study of inhomogeneous random graphs. We specialize to the
case of Poisson Galton-Watson trees, when the children of a vertex form
a Poisson process in the type space. In the finite case this means that
the random variables L; ;, for 7,7 € S are independent Poisson distributed
random variables with mean m, ;. The role of the matrix M will now be
taken by a linear operator, given by a kernel.

In the general case, let S be a separable metric space and v a locally finite
Borel measure on S, i.e. all balls have finite measure. A Poisson process with
intensity v is a random Borel measure P such that
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e for every Borel set A with v(A) < oo the random variable P(A) is
Poisson distributed with mean v(.A),

e for disjoint Borel sets A, B the random variables P(A) and P(B) are
independent.

A Poisson process exists for every intensity v. The intuition is that P(.A)
counts the number of points that have landed in the set A. Given that
P(A) = n the points Xji,..., X, falling in A are independent uniformly
distributed random variables with distribution ﬁﬂ A-

Let now (S, 1) be a type space and take an integrable and almost everywhere
continuous function
K: S xS —0,00),

which need not be symmetric. Then the Poisson Galton- Watson tree associated
with k is given as follows:

e the offspring of every vertex in a given generation is independent,

e each vertex of type x has children given by a Poisson process with
intensity

K(x, y)p(dy),

which means that for every Borel set A the number of children with
type in A are Poisson distributed with intensity

/ (e, y)u(dy).
A

If the root has a random type sampled according to u the Poisson Galton-
Watson tree is called unimodular. We denote this process by (Z,) and
interpret the state Z,, at generation n as either a finite random (multi-)set
of elements in &, or as a random measure on the set S taking values in Nj.

Let us quickly match this definition with the finite case. Suppose a
particle of type ¢ has a Poisson number of type j children with mean m,;,
independently for all j. We take a positive probability vector p on § as the
law of the initial particle and let

k(1 5) == mi;/p(j)
If 1 satisfies the detailed balance equation
p(i)mij = p(g)mg,
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then k is a symmetric kernel, but for the branching process this is not
necessary. Then the number of children of type in A is indeed Poisson with
mean

S wti i) = [ wli.)u(d),

jEA A

And for disjoint sets A and B the number of particles with corresponding
types is independent. Hence the multitype Galton-Watson tree with indepen-
dent Poisson offspring numbers is a Poisson Galton-Watson tree with kernel .

We define the operator T, acting on measurable functions f: S — R by

(1)) = [ wog)fwhldy)

S

This is defined if f > 0 with T, f possibly taking the value oo, or if f is
bounded with T, f € L'(S, ). We define the norm of the operator as

[Tl = sup{| T f]: f = 0,[f] <1},

where | f| = 1/ [ f?du. The following result is easy to check.
Lemma 3.11. ||T}]| is finite iff T, is a bounded linear operator on L*(S, p).

The operator T}, plays a similar role as the matrix M in the case of finite
type space, for example in describing the average state of the process.

Lemma 3.12. For every f: S — [0,00) we have
53 1) = [ Dwmtae)

Proof. This can be shown by induction. It trivially holds for n = 0. Suppose
it holds for n — 1. With every x € Z,,_; we associate an independent Poisson
process P, and note that

ES f(y) = / k(s y) F () uldy) = (T.f) ().

yeP,

This follows by an application of the monotone class theorem to the definition.
We conclude that

EY flz)=E Y > fy)=E > (T.f)(),

TEZ, r€Z,_1 YeP; T€EZ, 1

and by the induction hypothesis this equals

/ (21T, f) () = / (T2 £) ()u(d),
S S

as required. O
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We henceforth assume that x is bounded from zero and the Poisson
Galton-Watson process is nonsingular (with the same definition as in the
finite type case). As the following proposition shows, the norm ||7,|| plays
the role of the principal eigenvalue p and characterises supercriticality.

Proposition 3.3. The Poisson Galton-Watson process associated with k has
a positive survival probability if and only if ||T.|| > 1.

Proof. If || T,|| > 1 we find f > 0 with |f| = 1 such that

/S<[Sn(x,y)f(y)u(dy))2ﬂ(dx) o1,

On a finite type space we can approximate s from below by a positive regular
and nonsingular kernel £ and the function f by a vector (f;) with 37 f7 <1

such that . - )
> <Zﬁ(i,j)u(flj)fj) pu(Ai) > 1. (3.2)

i=1 N j=1

Let M = (m, ;) be the matrix given by

m; ;= k(i J)(A;).
Then the Poisson Galton Watson process dominates the multitype Galton
Watson process with Poisson offspring with expectation matrix M. Then

M| = |MI[[f] = [Mf] > 1,

where the last inequality is (3.2) and || M]|| is the spectral norm of M, which
is equal to the principal eigenvalue p. Hence the multitype Galton Watson
process is supercritical, has a positive survival probability and by stochastic
domination this also applies to the Poisson Galton Watson process.

If || 74]] < 1 we use an argument as in Lemma 3.9 (see exercises) to see
that
P{extinction} +P{Z,, — oo} = 1.

If we start with a particle with random type distributed according to u, then,
for |f| = 1, we have

EY f(r) = / (T2 ) (e)ulde) < |Te" < 1.

(EGZTL

This implies EZ,, < 1 and hence P{Z,, — oo} = 0. By the observation above
this implies P{extinction} = 1 and hence P{nonextinction} = 0. O
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3.3 Weak local limits of inhomogeneous random
graphs

In this section we prove the following theorem.

Theorem 3. If (k,) is a sequence of kernels converging graphically to a
kernel k, which is bounded from zero. Then the inhomogeneous random
graphs (G,,), where G, is associated with k,, converge weakly locally to the
unimodular Poisson Galton-Watson tree associated with k.

We prove the result first for the case of finite type space and then use
approximation to pass to the general case.

3.3.1 Finite type space

A technical problem here is to properly address the vertices in a tree. We use
the Ulam-Harris labelling, in which the children of any vertex are ordered.
© denotes the root, a its ath child, and a;...a, with a; € N denotes the
a,th child of a;...a,_1. We write (t,q) for a finite ordered tree t and an
allocation

q:t— S, v—qv)

of types to its vertices. Given a graph G, with vertex set {1,...,n} and
type space S and a root o we now think of (G, 0) A k as the ordered typed
graph, in which vertices are explored breadth first in the order of the vertex
set and are given the type they have in the graph. This allows us to compare
(Gpn,0) A k with (t,q) and define

Nn,k‘(t7q) = Z 1{(Gn70)/\k:(tvq)}'

0€Gn
In order to prove Theorem 3, by Lemma 3.5 we need to show that

1

in probability, where T is the multitype Galton-Watson tree where
e the root has type chosen according to u,

e a vertex of type ¢ has a Poisson number of children with parameter

i) = k(i j)n(),

jes
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e every child independently gets a type according to the probability
vector p = (p1,...,pm) given by
(L, 5)pG) kG, 5)p)

B S s ili, () NG

This convergence is now proved using the second moment method. We first
show the convergence of the expectations and then show that the variance is
of order o(n?), so that the result follows from Chebyshev’s inequality.

Convergence of expectations

We start by giving a sufficiently explicit formula for the distribution of the
Poisson Galton-Watson tree.

Lemma 3.13.

[tAk—1] d(v;)
P{T Nk =(t,q)} H e~ M) o ,Hn (0i), q(vig))u(q(vig)),

where vy, ..., Vgak—1| are the vertices of t Ak —1 in the lexicographic ordering
based on the Ulam-Harris labelling.

Proof. Fix a vertex v of type g(v). The probability of seeing a sequence of
d(v) children of types q(v1),...,q(vd(v)) equals

~A(q(v)) A(Q(U))d(v)
d(v)!

(&

K(q(v), q(vg))u(q(vj))
(v))

~A(g(v)) 4
= 2o H k(q(v), q(vi))ulq(vi)).

This is true independently for every vertex v with |v| < k — 1. Hence

IP’{T/\I{;— (t q H e~ Ma)

o] <k—1

oo L wlato).atwi)utaes)).

Rewriting this by enumerating the vertices in t A(k—1) in the lexicographical
order of the Ulam-Harris labelling gives the result. O

Now we look at the inhomogeneous random graph G,, (as always with
fixed types and random edges). Fix a vertex v of type ¢(v) and explore its
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neighbourhood. The probability of seeing a sequence of d neighbours of type
(q(v1),...,q(vd)) equals

[ies () JT( = Lralg(v), @) H wfin(a(v), a(v4),

(mq :quS) qeS
where

e 1, is the number of vertices of type ¢ in the graph excluding v,
e m, is the number of vertices of type ¢ in q(v1),...,q(vd).

This equals

' H 11— _"{n nq " H 1'%71 ]))(nQ(Uj) - mQ(Uj)(j - 1))a

qeS
where
e m,(7) is the number of type ¢ vertices in g(v1),..., q(vj).

As n — oo we have n,/n — p(q) and the expression above converges to

T H k(g i) ula(vg)).

If we want to iterate this, i.e. explore the neighbourhood of neighbouring
vertices just found, we need to take into account the depletion effect: Some
vertices already discovered no longer participate in the exploration.

To manage this effect we recall the lexicographic ordering of elements in
t A (k—1)asvy,...,vak-1)- For a type g let

e m,(7) be the number of type ¢ vertices in the set {v,...,v;},
q(2)

e m,(i,j) the number of type g vertices in the set consisting of vy, ..., v;_1,
their children and the first j children of v;.

Let d, be the number of children of vertex v in t. Then

[tA(k—1)]| 1 X

P{(Gn’ O) Nk :(t’ q)} - H d. ! (1 o ﬁ’%n(q(vi)v q))nq—mq(i—l)
=1 Vit qes
du,

% [T 2 a(00), a(0id) gy = maees (7 = 1),

which as above converges to the right hand side in Lemma 3.13.
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Bounding the variance

We start by computing
ENn,k(tvq)z

n2
where the randomness refers to G, as well as two independently chosen

vertices 01,00 from G,. The following auxilliary result is based on the
convergence of expectations shown above.

=P{(Gn,01) Nk = (G, 02) Nk = (t,q)},

Lemma 3.14. For any fized k € N we have, as n — o0,
P{3 path of length < k between 0y and o2} — 0.
Proof. We have

P{3 path of length < k between 0; and 0y} = %E}(Gn, 01) A k:}
Note that 1[(G,, 01) A k| <1 and, by the first part,
%|(Gn, 01) A k| = 0 in P-distribution,
and hence also in probability. By dominated convergence we hence get
%E\(Gn, o) Nk| =0,
as claimed. 0J

Hence we have

B[N,k (t, )] _ P{(Gn, 01)Ak = (G, 00)\k = (t,q), 00 & (Gn, 01)A2k}+0(1).

n2
We now condition on the event (G,,01) Ak = (t,q) and write
P{(Gpn,01) Nk = (Gp,00) Nk = (t,q),00 & (G, 01) N\ 2k}
=P{(Gn,01) Nk = (t,q) | (Gn,00) Nk = (t,q),00 & (Gn,01) A2k}
X P{(Gn,00) Nk = (t,q),00 & (Gp,01) A 2k}.
From the first part and Lemma 3.14 we can infer that
P{(Gn,00) Nk = (t,Q),00 & (Gn,01) N2k} = P{T Ak = (t,q)}.

To study the conditional probability we note that the probability of {(G,,, 01)A
k = (t,q)} under the conditioning is the same as if the vertices in (G, 02) Ak
and adjacent edges are removed from the graph. As the number of these
vertices is o(n) the limit of our expectation calculation remains in place.
Therefore, also

P{(Gn,01) Nk = (t,a) | (Gy,02) Nk = (t,q),02 & (Gn,01) A\ 2k}
SP{TAk=(t,q)}.
Therefore Var(N,, x(t,q)/n) — 0 and the proof in the finite case is complete.
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3.3.2 General case

The generalisation to arbitrary type space is very similar to the argument
given for the convergence of the degree distributions.

Suppose (k) is a sequence of kernels converging graphically to k. Recasll
that, for every m € N, there exists a partition P,, of S into M = M (m)
Borel sets A{™, ..., A} such that

e cach set A{™ is a p-continuity set,
e P, refines P,,, i.e. each A™ is a union of sets in Py, 1,
(m)

o if i) (x) is the unique index such that x € A} ) we have

diam(AEZ)(x)) — 0 as m — o0,

for p-almost every .

Define
(2, y) = nf{(k A k) (2, y) 2 € ALy € A > mb
Then k,, < Ky, for all n > m, and k,, < k. For p-almost every z,y, we have

sup }mn(x’, y') — k(x, y)} — 0.

n>m

(m) (m)
A (@)Y i ()

Hence k,,(z,y) / k(z,y) for p-almost every z,y.
Lemma 3.15. Let (k) be a sequence of kernels such that k,,(x,y) / k(x,y)
for p-almost every x,y. Let T™ be the unimodular Poisson Galton-Watson

tree with kernel k,,, and T be the unimodular Poisson Galton-Watson tree
with kernel k. Then, for every k € N,

T"ANk=TANk in distribution.

In particular, for p-almost every x, the probability P™(x,> k) that an indivi-
dual of type x in T™ has at least k descendants converges monotonically to
P(x,> k), the corresponding probability in T

Proof. With Ak, (x,y) = km(z,y) — km-1(z,y) and ko(z,y) = 0 we can
write

k(z,y) = Z Ak (z,y).
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For every m, define an independent Poisson process given by its intensity
Ak (z,y)u(dy) and label the individuals by m. Then, the sum of these
Poisson processes determines a Poisson process with intensity (z,y)u(dy)
and additionally every individual has a label. We use these processes as
offspring distributions in a Poisson-Galton Watson process. Then T™ is the
process consisting of the individuals with label at most m, T is the process
consisting of all individuals, and 7™ A k = T A k because one can choose
M such that the probability of T' A k containing a label larger than M is
arbitrarily small. Finally, we can start the procedure in a fixed vertex of
type x and as the indicator of the event that the tree has at most k£ — 1
vertices is a continuous and bounded function on Ak we note that P™(x, >
k)y=1—P™(zx,<k)—>1—P(x,<k)=P(z,> k). O

Fix n > m as above. We couple the graph associated with x,, to the
graph associated with k,, so that every edge in the former also exists in the
latter. Let E, ,, be the set of edges in G with kernel x,, and E, the set of
edges in G, with kernel k,,. Then

En,m C Enu

and, recalling Lemma 1.2, for given ¢ > 0, and large enough m, we have

1 1 1
~[En\ Enm| = —| Bu| = ~[ Bl
— 5// Kz, y) pldr)p(dy) — 5// (%, y) p(dz) p(dy)
S2 S2
<e€

Let N;"(t,q) be the number of vertices o € G5’ with kernel £, such that
(GR,0) Nk = (t,q),

and Ny, ,(t, q) for the corresponding quantity using the kernel x,. Denote by
K the largest degree occurring in t. Then, for large n,

Niw (6.a) N, n(t ) |
n

Z ]_ G(m) /\k 1 (G(m) ,U)/\k:(t,q)} 1{d(u)7’éd(m) (u)}
u vGG(m)

+ Z Ltue(Gn o) Ak—1,(Gn o) Ak=(t,a)} L {d(w)2d™ (u)} >

u,vEGglm)

because if a vertex v € G5 has (G4”,v) A k = (t,q) but not (G,,v) Ak =
(t,q) then one of the vertices in (G4, v) A k — 1 has a different degree in
Gy and in G,. Similarly, if v € GY” has (G,,v) Ak = (t,q) but not
(GY”,v) Nk = (t,q).
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For fixed u we have

K —1
1
2 e ome-1,657 ome=say < 2.8 < 77
veGi™ —0
Analogously,
> 1 Kl
{u€(Gn,w)Ak—1,(Gn,w)Ak=(t,q)} = T
vea™
Hence

N (t@)  Npa(ta))  KF—1 1
‘ - ‘ <2 X = D L )
UEG’E;”)
-
<o !
=K1

2
X E}En \ Epm

Y

which we have seen to be arbitrarily small. We have thus seen, for any € > 0
and sufficiently large n > m that

<e

— Y

N (bq) Neslto)
n n

and from the finite type case

N (b
Nin D popm g~ (6,q)}.

By Lemma 3.15 we can take m so large that

which finishes the proof of Theorem 3.

3.4 Examples and applications

3.4.1 Exploiting weak local convergence

We first look at some general consequences of the existence of weak local
limits. They all come from the choice of suitable continuous, bounded
functions h: ¢ — R. For simplicity we assume, as in all our examples,
that |G| = n. We also assume that the weak local limit (G, 0) has a positive
probability of being more than the root.
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Proposition 3.4. Let (G,,) be a sequence of random graphs converging weakly
locally to a random rooted graph (G, o). Then (G,) is distributionally sparse
and the asymptotic degree distribution p is given as

pu(k) = P{d(0) = k}.
Proof. Let g: Ny — R be bounded and continuous. Then pick h: ¢4 — R

as h(G,0) = g(d(o0)), which is also bounded and continuous. Hence, in
probability,
1 1 n—oo
= > 9(dw) == > h((Gyv) =5 Eh((G, 0)) = Eg(d(0)),
vEGH vEGn

which implies (G,,) is distributionally sparse and [ g(k)u(dk) = Eg(d(0)). O

We now look at the number of edges in the graph. To get sparsity from
weak local convergence we need an extra uniform integrability condition.

Proposition 3.5. Let (G,,) be a sequence of random graphs converging weakly
locally to a random rooted graph (G, o). Assume further that for a uniformly
chosen vertex O, € G, the random variables d(O,,) are uniformly integrable.

Then I 1
(L2 N SEld(0))  in probability,

and hence (G,,) is sparse if Eld(0)] < oo.

Proof. Note that while ) . d(v) = 2|E,| we cannot simply apply the weak
local limit with h(G,0) = d(o0) as this continuous function is unbounded.
Here uniform integrability is coming in. For every €, > 0 we find K such
that, for all £ > K such that

1@{ 3 d(v) ik > 5n} < 67'E[d(0,) Lyo,yo4] < <.

veGy

If E[d(0)] < oo fix k > K such that
0 < Eld(0)] — Eld(0)Li)<i] < 0.
Using weak local convergence
1
=) d(v)lywy<k — Eld(0)lyg<k]  in probability,
0 < <
vEGH

and noting that €,6 > 0 were arbitrary and using the triangle inequality
yields the result in the case E[d(0)] < oo. If E[d(0)] = oo an analogous
argument shows convergence to infinity. O
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Remark 3.4. The uniform integrability condition is discussed in the exercises.
It holds in all our examples. Note that for any inhomogeneous random graph
(Gy) with kernels (k,) converging graphically to k we have

| £ 1

- — §E[d(0)] = %// K(z,y)pu(dy) p(dx)  in probability

even without a uniform integrability assumption, see Lemma 1.2 where the
weak law of large numbers was used.

We next address the number of connected components in the graph.

Proposition 3.6. Let (G,,) be a sequence of random graphs converging weakly
locally to a random rooted graph (G,o0). Let K, be the number of connected
components of G,. Then, in probability,

K,
20 L E[L]>0.

1
" €

Proof. This is an exercise. Recall that we identify G with the connected

component of the root in (G, 0). The proof is based on choosing h: 4 — R

as h(G,0) = |G|7' if |G| < oo, and h(G,0) = 0 otherwise. This function is

bounded and can be checked to be continuous. O

Theorem 4. For any inhomogeneous random graph (G,,) such that the kernels
kn converge graphically, there exists a constant ¢ > 0 such that the number
K, of connected components satisfies

K, . -

— — ¢ > 0 in probability.

n
Proof. The conditions of Proposition 3.6 are met and |G| < co with positive
probability if (G, 0) is a unimodular Poisson Galton-Watson tree. O

Now we look at the size of connected components. We are interested in
components of fixed size in GG,,, but also in the existence of a component of
macroscopic size, i.e. with size of order n. We say that (G,) has a giant
component if the size S,, of the largest component in G,, satisfies

Sh : o

— — 6 > 0 in probability.

n
Proposition 3.7. Let (G,,) be a sequence of random graphs converging weakly
locally to a random rooted graph (G, 0). Let K\ be the number of connected
components with exactly k vertices in G,. Then, in probability,

K

— P{|G| = k}.
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In particular, if (G, 0) is almost surely finite then

Sn : .
— — 0 wn probability
n

and (G,) has no giant component

Proof. The proof is based on choosing h: 4 — R as h(G,0) = +1{¢j=k}. This
function is bounded and continuous. Note that, for the connected component
C, of a vertex v in GG,, we have

KY o1 1
== > ilge-n = — Y h((G,v)) = BA(G,0) = tP{|G| = k}.

n
veGy veGy

as claimed. Now, if (G, 0) is almost surely finite, for given £, > 0 there is k
such that P{|G| > k} < &d. Then

1
lim sup P{3 component of size > dn} < limsup E(;_ Z L{co1>on)
o >

n—oo n—oo
UEGn

< %P{|G| >k} <el

This shows that there cannot be a giant component. O

Remark 3.5. In our examples there is also a converse result, as the quantity
2 converges in probability to the probability that (G,o) is infinite. This
implies that there is a giant component if and only if (G, o) is infinite with
positive probability. This does not follow from the existence of the weak local
limit alone and we will look at this for particular models in Chapter 4.

Theorem 5. In the inhomogeneous random graph with kernels (k,) converging
graphically to K there is no giant component if ||T,|| < 1.

Proof. This follows from Proposition 3.7 and the fact that (G,o) is finite
almost surely if and only if ||7,] < 1. O

Next, we look at clustering of (G,,). We define the clustering coefficient
atv € G, as

A(Gy,v)
3d(v)(d(v) — 1)’

if d(v) > 2 and zero otherwise, where A(G,v) is the number of triangles in
G that contain v € G. Note that this is the proportion of wedges based at

Cp(v) =
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v that complete to a triangle. The local clustering coefficient of G,, is now
defined as ]
Cp=— (V).
Ly ao
veGn

The limit of C,, as n — oo, if it exists, is the asymptotic local clustering
coefficient.

Proposition 3.8. Let (G,,) be a sequence of random graphs converging weakly
locally to a random rooted graph (G, o). Then

A(G, o)
Cn — E[ld(o)(d(o) Y

2

i probability.

Proof. Let
A(G,0)

zd(0)(d(0) = 1)’
if d(o) > 2 and zero ohterwise. This function is bounded by one and

continuous, as it only depends on (G, 0) A2. The result follows by taking the
weak local limit. O

h(G,0) =

Remark 3.6. Note that averaging over local quantities avoids putting too
much weight on powerful vertices. By contrast, the global clustering coefficient

of G, is defined as

Cl _ ZveGn C"(U)
" 3 e, AW)(d(v) = 1)

i.e. the overall proportion of wedges that complete to a triangle. If (G,,) is a
sequence of random graphs converging weakly locally to a random rooted graph
(G, 0) and the sequence (d(0,)?) of random variables is uniformly integrable,
then this quantity converges to

EA(G, o)
3Ed(0)(d(0) — 1)’

But for scale-free random graphs with T < 3 the uniform integrability typically
fails and C!, — 0, see exercises. In particular the global clustering coefficient
1s unsuitable to measure clustering for scale-free networks with small 7.

If the weak local limit (G, 0) is a tree, then the asymptotic local clustering
coefficient is zero. This is a major motivation to study geometric random
graph models, i.e. spatially embedded graphs, for which weak local limits
are not trees and there is clustering.
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Theorem 6. For any inhomogeneous random graph (G,) with kernels (k)
converging graphically to k the asymptotic local clustering coefficient is zero.

Finally, we look at the degrees of vertices at the end of a uniformly selected
edge. For k,l € Ny we let

Ny (

—k,de)=l T Ld(e)=t,d@)=k

where e = {e,€} and we observe that this is well-defined. The probability
measure N, on Ny x Ny is called the empirical degree-degree distribution.

Proposition 3.9. Let (G,,) be a sequence of random graphs converging weakly
locally to a random rooted graph (G, o). Assume further that for a uniformly
chosen vertex O,, € Gy, the random variables d(O,,) are uniformly integrable.
Then, for k,l € Ny we have

Ny (k1) —

By F(0) = k. d(V) =1} in probability

where V' is a uniformly chosen neighbour of o in (G, 0).

Proof. We rewrite

- Z Lae)=k.de)=t + La(e)= Z La(u) <% Z ld(v):l)

eEEn ueGn v~

=kE [1d(on):k,d(vn):z} )

where V,, is a uniformly chosen neighbour of O,, in GG,, and E refers to the
choice of O,, and V,, with fixed G,. As h(G,0) = 1yo=cP{d(V) = I} with P
referring to V' dependis only on (G, 0) A2 it defines a bounded and continuous
function and

E[ld(On):k,d(Vn):l} = Eh(Gn, On) — Eh(G, O) = P{d(o) = ]{7, d(V) = l},
in probability. A reference to Proposition 3.5 completes the proof. O

Remark 3.7. (a) Summing over alll € N gives

1 k
— Laey=k + Llyz)= ——P{d(o) = k},
A5 & Mo Mo = g L) =
the size-biased degree distribution.
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(b) Note that N, is a symmetric measure, and hence the limit must be
symmetric, too. We infer that

%P{d(o) =k dV)=1}= %P{d(O) =1,d(V) =k},

which is a version of the unimodularity property of (G,o0) shown in the
erercises.

Theorem 7. For any inhomogeneous random graph (G,,) with kernels (k)
converging graphically to k the empirical degree-degree distribution converges
to the probability measure v given by

i) = [ RO A0 ) ),

with ¢ = [ w(z, y)u(dr)u(dy).

Proof. Note that uniform integrability in Proposition 3.9 was only used to
ensure sparsity. So it is not required in this example and the result follows by
calculating kP{d(o) = k,d(V') = [} for the Poisson Galton-Watson tree. [

3.4.2 The Chung-Lu graph

We now do some calculations for the Chung-Lu graph. In this case the
limiting kernel x has the 'rank one’ form

R, y) = c(x)d(y),
with ¢ = 1/E[¢(U)]. For such kernels
T.1() = cil) [ o) whldy)
S
By Cauchy-Schwarz for any f > 0 with |f| =1,

T.f(z) < c(z)|d],

and so
1Tl < cl]?.

Conversely, for f = 1 we get

Toap(z) = c () / S(y)uldy).
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Hence v is an eigenvector of T, with eigenvalue c|t)|?> and we infer that

1Tl = c / F(y)uldy).

Hence in the Chung-Lu model there is no giant component if

/ W2y dy < / o) dy. (3.3)

This criterion is sharp, but this requires a more involved proof (given in the
cited book by van der Hofstad, Chapter 4 of Volume II). In this course we
will instead give a proof for the corresponding result for simple preferential
attachment model.

Theorem 8. For the Chung-Lu model with limiting kernel
K(2,y) = gy V(@)Y ()
the giant component exists if and only if the weights 1(U) satisfy
E[(U)?] > E[p(U)]
For example, look at the case that, for some 7 > 2,
F(x)=1— Bz~ for all 2 > gY/ =1,

Recall that in this case the graph is scale-free with power law exponent 7.
Then ¢ (u) = (u/B)Y0~7) and

! L7 —1
| oty = =,
Also
! ) LT_l.
/ W (y)dy257717_31f7'>3,
0

and oo otherwise. Hence there is no giant component if T > 3 and

r—3\""
5§<7‘—2) ’

The converse is also true: If 7 < 3 there is a giant component no matter what
the edge density is (robust case), but if 7 > 3 there is a giant component if
and only if the edge density is large enough

. T—1
B> p. = (:_;’) .
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3.4.3 The simple preferential attachment graph

Now look at the simple preferential attachment graph, which is the inhomogeneous
random graph with kernel

K(z,y) =B Vy) "z Ay) ™,

where 8 > 0 is arbitrary and 0 < 7 < 1. Recall that this is a scale-free
random network with power law exponent

T=1+—.
g

We look at the operator

1) = (e [Ty pydy o [ dy).
(= / )

Getting an upper bound for arbitrary |f| = 1 is nontrivial as we cannot use
the Cauchy-Schwarz inequality, or in other words (other than in the case of
the Chung-Lu graph) this is not a Hilbert-Schmidt integral operator, as

/ / Kz, y)?u(de)p(dy) = 262 /0 e /0 "y P dyde = o,

To get some idea for the correct answer we now give a lower bound for ||7,||.
Suppose v < 3 and pick v < a < 5 and f(2) = cz™®. Then

1
1 -2«

/1 f(z)?de = c?
0

and choosing ¢ = v/1 — 2« ensures | f| = 1. Then

Tﬁf(x) = Cﬁ(:{,ﬁ_lﬂ + $_7w)

l—-y—a y—o
_ 1 —a 1 — 1 —a
=Bl + g - )
- 1-2y - 1 -
= B(aaam? "~ am? )

We obtain
/ T2 f(x) da

_ 2pn2 1-2y 2 1 12y 1
=cp <((1—v—a)(a—v)) 1-2a 2(1—7—a)(a—7)2(1—a—v) + (a—v)2(1—2w)>
_ 32 1-2 2 (1—20)(1-27) 1—-2a
() -2 D)

=-a)a—) T -a)a—P(-a—) T @2(1-2y)
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Letting a T % we get
1Tl = B(7=%)-

(3-7)2

Assuming that this is sharp we conjecture that there is no giant component
if0<y< % and

(3 ’Y) 1
O<5<2 _Z_%v

and that there is one otherwise. ThlS is indeed true and constitutes the
following theorem.

Theorem 9. For the simple preferential attachment model with parameters
B >0 and 0 <~y <1 the giant component ezists if and only

1
§orﬁ>ﬂc.— —%.

In Chapter 4 we will use special properties of the simple preferential
attachment graph to prove this result (and further interesting stuff) by purely
probabilistic means.
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Chapter 4

Simple preferential attachment
revisited

4.1 Coupling to a branching random walk

Although the operator T, in the case of simple preferential attachment is
not a Hilbert-Schmidt operator and therefore does not look very nice at a
first glance, it does have a special property that reveals itself when we are
transforming the type space. We look at

¢: S =1(0,1] = (—00,0],t — logt,
which maps types to positions, and first check what happens to the unimodular
Poisson Galton-Watson tree in this case.

The type of the root, which was uniform, now becomes position —X :=
¢(U), where X is standard exponential. The children of a vertex of type
s € §, which were a Poisson process with intensity

k(s,t)u(dt) = B(s V) s At)T dt

become the children of a vertex of position z = ¢(s), which is a Poisson
process with intensity

k(67 (2), 07 (y))po ¢~ (dy) =
Blo (x) Vo () (67 () AT ()Y do T (y),
which is
Bl NEVY) =1 @) oy gy — ﬁ(e”’(y_:”)ly_mo + e(l—v)(y—r)ly_KO) dy.

The remarkable fact is that this depends only on y — x and not on both z
and y. This means that when you follow the positions of the first children in
the Poisson-Galton Watson tree they form a random walk — up to the fact
that positions to the right of the origin are not allowed.
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For a o-finite continuous measure v on the reals we formally define the
Poisson branching random walk starting at z(< 0) with offspring intensity v
(killed at the origin) as follows:

e in generation zero there is a single individual at position =,

e given the individuals in generation n and their positions xy, zs, ... (< 0)
we sample independent Poisson processes

Pl :Zdygl)’P2:Z(;y§2)""

with intensity v,

e and form the n + 1st generation of the branching random walk by
declaring

z + ¥ for all i (such that z;, +y” < 0)
the children of the individual z; for £ =1,2,....

The Poisson branching random walk consists of a rooted tree (possibly with
countably infinite offspring numbers) together with the positions of the indi-
viduals. Here we consider the intensity

m(dy) = (e 1y~ + e(l_y)yly«)) dy

and say that the corresponding killed branching random walk is unimodular
if it is started in —X where X is standard exponentially distributed. Note
that for this choice of 7w every individual in the (not killed) Poisson branching
random walk has infinite offspring, but the killed process defines a rooted
random tree with finite offspring number. This rooted tree is denoted by <.

The exploration process of a rooted graph successively collects information
about the graph by defining an order of vertices and checking the existence
of edges adjacent to these vertices in that order, starting at the root. We
will explain the exploration process below. The exploration process yields a
filtration and associated stopping times. For a rooted graph (G, 0) we denote
by (G,0) A T the rooted graph consisting of the vertices and edges seen up
to time 7. Our aim in this section is to construct a coupling of the simple
preferential attachment graph (G,,, O,,) for a uniform random root O,, with
the tree ¥ defined above such that the exploration processes of the graph and
the tree in such a way that up to a stopping time, which is typically large,
the explored part of the graph and the tree coincide.
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4.1.1 The exploration process

We now define the exploration process of a rooted graph, i.e., we specify
the way we collect information about the connected component of a root
vertex o. In the first step, we explore all immediate neighbours of o in the
graph. To explain a general exploration step we classify the vertices in three
categories:

e veiled vertices: vertices for which we have not yet found connections to
the component of o;

e active vertices: vertices for which we already know that they belong to
the component, but for which we have not yet explored all its immediate
neighbours;

e dead vertices: vertices which belong to the cluster and for which all
immediate neighbours have been explored.

After the first exploration step the vertex o is marked as dead, its immediate
neighbours as active and all the remaining vertices as veiled. In a general
exploration step, we choose the leftmost active vertex, set its state to dead,
and explore its immediate neighbours. The newly found veiled vertices are
marked as active, and we proceed with another exploration step until there
are no active vertices left.

We define stopping times 7T,, depending on sequences (n,) and (¢,) both
with values in {1,...,n} as the first time when in the exploraton of G,, either

(A) the number of dead and active vertices exceeds ¢, or
(B) ome vertex in {1,...,n,} is activated, or
(C) there are no more active vertices left.

The main result of this section is the following.

Proposition 4.1. Suppose the sequences (¢y)nen and (ny,)nen satisfy

¥ 2

) Cn . Cpn . C
lim —— =0 and lim —5 =0 and lim — =0.
n—oo p. " n—oo n ! n—00 N,

Then each (G, 0,) can be coupled to ¥ such that with high probability
(Gn,Op) AT, =% A T,.

57



4.1.2 A random labelled tree

We prove the coupling in two steps. In the first step we couple the rooted
graph (G, 0,) to an easier object, namely a random labelled tree T(o,). To
both of these objects we associate the exploration process as described above.

The tree T(o) describes a simplified neighbourhood of a vertex o € G,,.
Any vertex in the tree is labelled by its location, an element of {1,...,n}. The
root is given as a vertex with location o. A vertex with location i produces
independently descendants in the locations j € {1,...,i—1,i+1,...n} with
probability

BV YA
Note that in this tree different vertices can be labelled by the same location.
The link between this labelled tree and the simple preferential attachment
graph is given in the following lemma.

Lemma 4.1. Suppose that (¢,)nen, (Mn)nen Satisfy

Then one can couple (G,,, O,,) with the tree T(O,,) such that with high probability
(G, On) AT, =T(O,) AT,
including equality of locations.

We will see that the bad event (E) which leads to G,, being different from
T(O,,) occurs when the descendants of the explored vertex in the labelled tree
include a vertex located at a dead or active vertex in the exploration process
of the graph. In this case we stop the exploration so that, before stopping, the
explored part of GG, is a tree with each node having a unique location. When
(E) occurs we say that the coupling fails. If we stop the exploration without
(E) being the case, we say that the coupling succeeds. In this case the veiled
parts of the random tree and the network may be generated independently
of each other with the appropriate probabilities and we have coupled the
random labelled tree and the graph.

Lemma 4.2. Suppose that (¢p)nen, (n)nen are sequences of integers such
that

Then the coupling of the exploration processes satisfies

lim  sup P(couplz’ng with initial vertex o ends in (E)) =0,
N0 he{l,...,n}

i.e. the coupling succeeds with high probability.

o8



Proof. We may assume that o € {n, + 1,...,n}. To distinguish both
exploration processes, we use the term descendant for a child in the labelled
random tree and the term immediate neighbour in the context of the neigh-
bourhood exploration in (z,,. In the initial step, we explore the root and find
all its immediate neighbours in G, and all its descendants in T(0). Both
explorations are identically distributed and they therefore can be perfectly
coupled. Suppose now that we have performed k steps and that we have
not yet stopped the exploration. In particular, we have seen at most ¢,
vertices, there are still active vertices, both explored subgraphs coincide and
any unveiled (i.e. active or dead) elements of the labelled random tree can
be uniquely referred to by its location. We now explore the descendants and
immediate neighbours of the leftmost active vertex, say .

We sample the descendants of i as in the labelled tree T(o). Only if
these descendants include a dead or active vertex (E) occurs. Otherwise we
take the descendants as immediate neighbours of G,,, so that the coupling
is perfect. We stop if (A), (B) or (C) occur due to these neighbours and
otherwise continue. All that remains is to estimate the probability of the
descendants including a dead or active vertex. There are at most ¢, such
unveiled vertices and their locations are j > n,, + 1. For each the probability
of a connection is

BV )THiAG) T < Byt
As there are at most ¢, exploration steps until we end in one of the states

(A), (B), or (C), the coupling fails due to (E) with a probability bounded

from above by
2
6 50 ,
Ny,

in other words, the coupling succeeds with high probability. O

4.1.3 Coupling to the killed branching random walk

We now map the locations {1,...,n} of vertices in G,, to positions on the
negative halfline such that

. = 1
pli)=— -
j:i—i-l‘]

Note that the youngest vertex is placed at the origin, and older vertices are
placed to the left with decreasing intensity. In particular the position of the
particle corresponding to a vertex with fixed location will move to the left as
n is increasing.

29



Looking at a fixed observation window [a, b] on the negative halfline, as
n 1 oo, we see that the number of vertices in the window is increasing. At the
same time the location of the vertex at (or closest to) a fixed position in the
window is increasing, which means that the probability of edges between two
such vertices is decreasing. As we shall see below, the combination of these
two effects leads to convergence of the distribution of offspring locations on
the halfline. In particular, thanks to the independence of edges, offspring
converges to a Poisson process by the law of small numbers. Our main
aim now is to prove the following result. We follow the convention that a
sequence of events depending on the index n holds with high probability if
the probability of these events goes to one as n 1 oo.

Lemma 4.3. Suppose that (¢,)nen and (ny,)nen are sequences of integers with

ocpn’
=0 and lim W_O‘
n

. n
lim —
n—oo nn_7 n—00 7,

Then the tree T(O,,) can be coupled with ¥ such that with high probability

T(On) AT, =T AT,.

To establish the relationship between T(O,,) and T we define the projection
T (—00,0] = {1,...,n},

which maps ¢ onto the smallest m € {1,...,n} with ¢t < p(m). We apply this
to each location of ¥ and obtain a branching process with location parameters
in {1,...,n}, which we call m,-projected process. We need to show, using
a suitable coupling, that when ¥ is started with a vertex —X, where X is
standard exponentially distributed, then up to the stopping time 7, this
agrees with a random tree T(O,,) with high probability.

We first look at the location of the root in both processes.

Lemma 4.4. Let X be standard exponentially distributed. Then m,(—X)
and U Laplace distributed on {1,...,n} can be coupled such that

P(m,(—X) # U) — 0.

Proof. We have m,(—X) =1 iff ¢(i — 1) < —X < (i), which happens if
—~ 1 —~ 1
->X > —=.
SERED o

j=it+l
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This event has probability

n n n

exp(= Y0 H—ep(=Y H=ew(= Y Hi-e )

j=i+1 Jj=i J=t+1
The coupling follows from the fact that

n

> fexp(= 30 H1-e ) - %} 0.

j=i+1
Further details are an exercise. O

We now start the principal task of coupling the offspring variables by
coupling Poisson and Bernoulli variables.

Lemma 4.5. Let A > 0 and p € [0,1], X Poisson distributed with para-
meter A\, and X® Bernoulli distributed with parameter p. Then there exists
a coupling of these two random variables such that

P(X® £ XP) < 24+ |X—p).
Proof. This is an exercise. O

Recall that in the m,-projected process a vertex in position v with ¢ =
mn(v) < 0 produces a Poissonian number of 7,-projected descendants at the
location 1 < i —m <17 — 1 with parameter

p(i—m)—v
Nowi= [ B, o) dy, (4.1)
p(i—-m—1)—v
and at the location n > ¢+ m > ¢+ 1 with parameter
p(i+m)—
N = / B(e1,-0) dy, (4.2)
p(i+m—1)—v
and at the location 7 itself with parameter
e(i)—v
A= / B(e1yso + T, ) dy. (4.3)
p(i—-1)—v

A vertex in location ¢ in T(O,,) produces a Bernoulli distributed number of
descendants in ¢ — m with success probability

Piem = B i —m)77.
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This needs to be compared with

(i—m)
=8 ’ 1_7)9 dy = B (A=) (p(i-m)—v) _ (1=7)(p(i—-m—1)—v)
z m Y 1 (6 e )
— )

p(i—-m—1)—

which by the mean value theorem equals

BV (i —m) — (i —m — 1)),

for some € € (p(i—m—1) — (i), (i —m) — (i —1)). The following lemma
compares these quantltles.

Lemma 4.6. There exists a constant C' > 0 such that the following holds:
Let m € N and v < 0 with i := m,(v) and define N\jrm, as in (4.1-4.3). Then

[ Nicm = Diem| < CO7Hi —=m) T and X, < CP7 (i — m) ™,
and

[ Aiem — Pigm| S CiT77H i+ m) " and A

i+m

< Ci (i +m)P 2,
If m =0, a Poisson distributed random variable T with parameter \; satisfies
1
P(T #0) <C-.
i

Proof. We first focus on the minus sign. In this case, as seen above,

N = el ;’

for some & € '(— Z;?i—m %, — Z; - I ]) By the Euler-MacLaurin formula
the lower limit of this interval is at least
lOg % - i—cm’
and the upper limit at most
log i_l.m + Z_Cm
Hence o o
Nicm < B0 i —m) Ve < pisg + pimm(eTm — 1)
and

Niem 2 B0 = m)_fye_% > Piem — Piem(1 — 6_1'*707”).
The estimates for the minus sign follow from this.
For the plus sign the argument is analogous. For m = 0 we have

0 p(i)—v
A\ = / Bell—My dy + / Be’ dy
p(i—1)—v 0

< %(1 _ 6(1—*/)(30(i—1)—<ﬁ(i))) + g(ev(w(i)—<ﬂ(i—1)) —1),

which is O(1/7). This implies the second statement of the lemma. O
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Proof of Lemma 4.1. We look at the exploration of ¥. At every exploration
step we couple the Poisson variables in the m,-projected process to the
Bernoulli variables in the corresponding labelled tree as in Lemma 4.5. For
the exploration of i = m,(v) the probability of failure is bounded by a
constant multiple of

i—1 i—1 n n
| o P . o iy . oy
2_|_,l'y 1§ ]'yl_l_,lZ'y 2§ ]27_‘_1712 j'y 1—|—'l 2’y§ ]27 2‘
j=1 j=1

j=i+1 j=i+1
This bound behaves like
O(z’v—l) + O(nyi_y_l).

The probability that the coupling fails before we have seen ¢, vertices or a
vertex with index smaller than n,, therefore goes to zero if ¢,/nl= — 0 and
also ¢,n?/n1™ — 0. O

4.1.4 The component of powerful vertices

We now give a criterion that when the exploration stops because a vertex in
{1,...,n,} was found, then adding the immediate neighbours of this vertex
makes the component of the root larger than ¢, with high probability.

Lemma 4.7. Let (¢,)nen and (n,)nen be sequences of positive integers such

that N
cnn)
lim = 0.
n—oo N

Suppose that F(T,,) is the o-algebra of the exploration process of (G, O,) at
the stopping time T,,. Then, on the event that the process has stopped because
a vertex in {1,...,n,} was found, we have

P(|(Gn, On)| < ¢ | §(T7)) — 0.

Proof. Suppose o is the leftmost vertex discovered at the stopping time and
I,, the set of vertices seen in the exploration up to 7},. Note that |I,| < ¢,.
Then the number of right neighbours of o not already discovered is the sum
S, of independent Bernoulli variables with expectation

n
Z o Vi~ %O—an

i=o0+1
i1,

and variance .

S 0 (1= o) ~ Lo,
i=o+1
i€y,
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By Chebyshev’s inequality
P(|(Gn, On)| < ¢o | $(T)) <P(Sp < ¢n) S P(|Sn —ESa| > 20707 —c,)

o 'nY n)
< n
~ (07 —y¢,)? T nY

(14+0(1)) — 0,

as required. O

4.2 Survival of the killed branching random
walk

We will come back to the coupling and check how to use it to get information
about the giant in the third section. But before that we collect information
on the limiting object, the killed branching random walk by a probabilistic
analysis based on martingale theory.

4.2.1 Martingales associated with branching random
walks

We first look at a branching random walk with offspring distribution given
by a Poisson process with intensity v without killing. Given a > 0 we define

pla) = / e~ u(dt).

Although we need the results only for a specific v (i.e. the 7 defined above)
we will work with the general case assuming just that v is not degenerate
in the sense that there is mass on the left half-axis and there exists an open
interval I C (0,00) (possibly empty) such that p(a) < oo for all @ € [
and p(«) diverges to infinity when « approaches the boundary points of the
interval I.

We describe the nth generation of this process started with a particle in
the origin as a sequence of measures (Y™ (dz)),. With every generation of
particles we associate a score

X, = /6_‘” Y™ (dx).

This score will be used to define martingales and supermartingales.
Lemma 4.8.

(a) If p(a) < oo, then (p(a) "X, n € N) is a martingale.
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(b) If p(a) < 1, then (X,,: n € N) is a supermartingale.

Proof. With the natural filtration (%#,) we have

BLX, | 2] = B[ [[ =Py dn) | 7],

where P, are independent Poisson processes with intensity v, which are also
independent of .%,,. Hence this equals

/ E[ / =@ P(dy)] Y (de),

where the Poisson process P has intensity v. Hence

B[ [ e et p(dy)] = [ e uidy) = pla).

Altogether
E[Xni1 [ Fn] = pla) X,

from which the claim follows. O

Proposition 4.2. If there exists o > 0 such that p(a) < 1 the killed
branching random walk becomes extinct almost surely.

Proof. Suppose that such an « exists. Then (X,,: n € N) is a supermartingale
and thus almost surely convergent. Now fix some N > 1, an integer n > 2 and
the state at generation n — 1. Suppose there is an individual with location
x < N in the (n — 1)st generation. Then there is a positive probability
(depending on N but not on n) that | X, — X,_1| > 1 and, as (X,,;: n €
N) converges, this can only happen for finitely many n. Hence either the
branching random walk dies out in finite time or the location of the leftmost
particle in (Y (dx)),, diverges to +o0o0 almost surely. This implies that the
killed process dies out almost surely. O

4.2.2 A Kesten-Stigum result

We define a nonnegative martingale by

W = pla)™" / e YO (da),

and find a sharp criterion that the almost sure limit W is positive.
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Lemma 4.9. The mapping
log p: (0,00) = (—00,00], «+ logp(a)
1S convezr.
Proof. This is an easy exercise. O

Proposition 4.3 (Biggins (1977)). The martingale (W ™), en converges almost
surely on survival to a strictly positive limit W if

ap'(a)
()
Moreover, under this assumption the survival probability is positive and almost

surely on survival there ezist a ray (v,) of individuals in the tree with positions
T, in generation n satisfying

log p(ar) — >0 and E[Wlog" W"] < cc. (4.4)

Tn p(a)

n pla)’

The result is sharp, as when (4.4) fails, then W = 0 almost surely, but
we will only use the claimed direction. The rest of this subsection is devoted
to the proof of this result, we follow Lyons (1995). Given a rooted tree (with
distinguishable children) with vertices labelled by displacements on the real
line, a ray is an infinite line of descent starting at the root. The space of
rooted labelled trees gives rise to a filtration (§,,), as does the space of rooted
labelled trees with a distinguished ray, we denote the latter by ().

We write (¢, X) for a tree and its labels X : t — R. For a vertex o € t we
write X (o) for its label and

for its position. Let
WO X) = pla) ™ D7 e,
lo|l=n

which when (¢, X) is the labelled tree given by the Poisson branching random
walk defines the martingale above. We denote by p the law of (¢, X). We
now define an associated law f* on the infinite rooted labelled trees with a
distinguished ray. Let p, be the restriction of u to §,. Any §;-measurable
function f can be written as

F6,X,6) =" folt, X)lg =0

lo|l=n
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Define pf as the (not necessarily probability) measure on § given by

[ex i = [ 3 pie.X)dn

|lo|=n

and a probability measure /i on §; by

7k

d
J (1 X,€) = pla) e

Lemma 4.10. There exists a (unique) probability measure ji* such that the
restriction to §, is fu. for all n.

Proof. We define P as the random variable with law given by the density

[ e = P(dx)
pla)

with respect to the law of the Poisson process P. We generate an iid sequence
PO, Pl, Pg, ... of random variables with this law. To define i* we start with
an individual vy at the origin and use Py to generate its offspring. Out of
the (nonvanishing) offspring pick an individual v; = v with respect to the
probability vector
e—aX(v)

fe‘axpo(d:z).
We use the positions of all individuals v # v; to start independent branching
random walks and use P; to determine the offspring of v; and its displacements.
Continue by picking vs = v using the probability vector

6—aX(U)

f e““pl(dx)’

use the positions of all offspring v # vy to start independent branching
random walks, use P, to determine the offspring of vy and continue like
this ad infinitum.

Now let " be the joint law of the random labelled tree and distinguished
ray (vo, V1, s, ...). Then we have

dii e Py(dx) e X Ensr)

" dji
mEL(E X E) = SR (E X €)

T dy, pla)  [eorPy(dx)
e_aX(§7l+1) d/“/l:;/
=— X))
pla)  du,
The claimed property of /i follows from this by induction. O
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The projection of i* onto the space of rooted labelled trees (forgetting
which ray has been distinguished) is denoted by fi and satisfies

dpp

— (6, X) =W (t, X 4.
1, X) = WO, X), (4.5)
for all n and labelled trees (¢, X), where fi, is the restriction of i to §p.

Let (v, v1,v9,...) be the distinguished ray generated by f*. Then, for
any k € N, we have

e—aX(vk) f ava (dy)
X —E k—1
/ (v) A" { ) J e v Py (dy) pla)

gt [ - 2@
= p(«) E[/y P(dy)] )

Asunder i* the labels (X (v): k € N) are iid, the strong law of large numbers
gives

[i"-almost surely.
p(e)

In particular a ray with
/
n !
x pe)

exists fi-almost surely.

Now denote P be the random variable used to generate the offspring of
distinguished vertex vy, and let ¢ be the o-algebra generated by Fy, Py, P, . ..
and vy, v, .... Let

Vk+1 = /e_axpk(dl’).

Further let E* be the the expectation with respect to /i*. Then

o T () G e X)) 4 €
B (W0 X)) =3 S (Vi —emoxtnen) 4 e
P
n-l 6_aS(Uk) n-l e_as(vk)
- (a)k+1V’f+1 - ()
P = P

The terms e=*5() /p(a)* decay exponentially by our assumption, while V1
grow at most subexponentially as

Ellog® Vi] = p(a) "E[W® log™ W] < oo,
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using Fubini and Borel-Cantelli. Therefore the series on the right both
converge ji*-almost surely. By Fatou’s lemma we get

liminf W™ (¢, X) < oo j-almost surely.

n—oo

Now (4.5) implies that 1/W™ (¢, X) defines a martingale with respect to fi.
Hence (W™(t, X)), converges fi-almost surely and together with the result
on the liminf we get that the limit, denoted W (¢, X), is fi-almost surely finite.

We conclude the argument by noting that
dpu(t, X) = W (t, X) du(t, X),

which implies that P(W > 0) is positive. Because of the independence of the
offspring one can infer that W > 0 almost surely on survival, see exercises
for details. In particular the existence of the convergent ray holds p-almost
surely on survival.

4.2.3 A sharp criterion for survival

We now complement Proposition 4.2 with the converse result to give a
necessary and sufficient criterion for a positive survival probability.

Proposition 4.4. If for all « > 0 we have p(«) > 1, then the killed branching
random walk survives with positive probability.

Proof. First, assume that 1 < p(a) < oo and the second condition in (4.4)
holds for all & > 0 and that there exists ap > 0 such that

plao) = minp(a) > 1.

By convexity and continuous differentiability of logp there exists a >

such that ) )
log p(a) — arla) > (0 and pla) > 0.
p(e) p(e)
Then, by Proposition 4.3, with positive probability the limit W is positive
and there exists a ray with

Second, to ensure that the second condition in (4.4) holds we can use a
cut-off procedure, and replace the offspring distribution Y (dx) by one that
takes only the offspring within distance N to the parent into account. It is
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easy to see that, for fixed « and sufficiently large N, we can ensure that the
new (finite) value p™(«) replacing p(«) is close to the original one if this
was finite, and as large as we wish if it was infinite, i.e.

p™(a) S pla).
By our assumptions on p there exists an g such that

plao) = min p(a) > 1.

Using the fact that a sequence of convex functions, which converges pointwise,
converges uniformly on every closed set, we can choose N so that the function
p™) takes its minimum in an open interval around ag and this minimum is
strictly bigger than one, while the cut-off ensures that the second criterion
in (4.4) automatically holds. The argument above can now be applied and
yields the existence of an ancestral line of particles diverging to —oo, which
then automatically also exists in the original branching random walk.

We get that in the (not killed) branching random walk with positive
probability there exists an ancestral line of particles diverging to —oo. Because
v has mass on the left half-axis, for any M > 0, with positive probability the
killed branching random walk has a particle in a position < —M. These two
statements together imply that the killed branching process started in any
position on the left half-axis has a positive probability of survival. O

4.3 Existence of the giant component

Recall that we say that a giant component exists in the sequence of graphs
(Gp)nen if the proportion of vertices in the largest connected component
C,, C G, converges, for n T 0o, in probability to a positive number.

Theorem 10 (Existence of a giant component). The proportion of vertices
in the largest component C,, of the simple preferential attachment graph G,
converges, as n T 0o, in probability to

P(|%] = o0),
where T is the tree associated with the unimodular killed Poisson branching
random walk with intensity w. In particular, a giant component exists if and

only if T is infinite with positive probability.
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We prove this result in several step in the remainder of this section.

Theorem 9 follows from this as we have seen that the tree ¥ is almost surely
finite if there exists o > 0 such that p(a) <1 for

pla) = [t an(t)

o) 0

8 / et gt + 8 / eU=7= gt
0 —00
B 3

= + ,
a—y l—v—«

1

5 minimizes p(a) and gives

p(3) = 20

if v < a <1—~ and infinity otherwise. Only if v < % we can pick o with
p(a) finite and in this case av =

Y

which is no bigger than one if

4.3.1 Sprinkling

Our proofs, in particular the crucial sprinkling technique, relies on the following
continuity property of the survival probability

p(B) = P(|%] = o0)

of the killed branching random walk as a function of the edge density parameter (3
Lemma 4.11. We have

limp(5 — 2) = p(9).

Proof. We only need to consider the case where p(f) > 0, as otherwise both

sides of the equation are zero. This assumption implies, by Lemma 4.4, that
for all 0 < o < 1 we have p(a, 5) := p(a) > 1. As

pla, B) = ) + )

fory<a<l-—xy
a—v l—vy—«

and infinity otherwise, for all sufficiently small £ > 0 we have p(a, 8 —¢) > 1
for all 0 < a < 1. Thus, using again Lemma 4.4, we have p(8 — &) > 0.
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Now we look at the killed branching random walk started with one particle
in position ¢, constructed using edge intensity parameter 5 —e. We denote by
E(e,t) the event this process survives forever, and by V' (e, t, k) the probability
that a particle reaches a site < k. Then we have

lim inf P(E(e,t)) = 1.

K——00 t<K
For fixed x < 0 and 0 < & < gg we have

P(E(e,t)) > P(V(e,t, k) P(E(zo, k) == P(V(0,t, 1)) P(E(c0, ).
Note that the first probability on the right is greater or equal to p(f) and
that the second probability tends to one, as k tends to —oo. O

The crucial tool of this section is the ‘sprinkling’ argument in Proposi-
tion 4.5, which shows that the extra edges generate when increasing 8 by
e suffice to connect large components to a giant. Recall that a sequence of
events depending on the index n holds with high probability if the probability
of these events goes to one as n T oco.

Proposition 4.5 (Sprinkling argument). Suppose that (c,)nen is a sequence
of integers with

2
- =0, c¢,—logn— o0
n

and that, for the graphs (G,)nen with density 0 < B < B and k > 0 we have

n

> {|Cu(i)] > 2¢,} > k0 with high probability,

i=1

where C,,(i) is the connected component of the vertez i in G,. Then there
exists a coupling of the graph sequences (Gy)nen and (Gy)nen such that G, <
G,, and all connected components of G, with at least 2c,, vertices belong to one
connected component in G, with at least kn vertices, with high probability.

Proof. Let ¢ = B — B > 0. Note that we can couple G,, and an independent
Erdés-Rényi graph GER with edge probability €/n with G,, such that

G, <G, VGER <@, (4.6)

Here, G, V GEE denotes the graph in which all edges are open that are open
in at least one of the two graphs, and G’ < G” means that all edges that are
open in G’ are also open in G”. We denote by V/ the vertices in G,, that
belong to components of size at least 2¢, and write V! as the disjoint union
CiU---UCYyy, where C1, ..., C)y are sets of vertices such that,
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e |C}| € [cn,2¢,] and
e (; belongs to one component in G, foreach j=1,..., M.

Recall (4.6), and note that given G, and the sets Ci,...,Cy, the Erd6s-
Rényi graph GE® connects two distinct sets C; and C; with probability at
least , . e
paim1-(1- 9% > 1-e it L 22
n

By identifying the individual sets as one vertex and interpreting the GEZ-
connections as edges, we obtain a new random graph. Certainly, this domi-
nates an Erdés-Rényi graph with M vertices and success probability p,,
which has edge intensity Mp,. By assumption, %’Z—: < M < n with high
probability. Hence M — oo and Mp,, —log M — oo in probability as n 1 oo.
We have seen in an exercise that the new Erddés-Rényi graph is connected
with high probability. Hence, all vertices of V! belong to one connected

component in G,,, with high probability. O

4.3.2 The variance of the cluster size

In this section we provide the second moment estimate needed to show that
our key empirical quantity, the number of vertices in connected components
of a given size, concentrate asymptotically near their mean.

Proposition 4.6. Suppose that (¢,)nen and (1, )nen are sequences of integers
satisfying 1 < ¢,,n, < n. Then, for a constant C' > 0 we have

Var(% i H{|C,(v)| > cn}>

< 2P(|Ch(0n)] < cn and Cp(0,) N{L, ... ,n,} #0)

Cn — —
+ 2+ 0nt + Cepnl ™t
n

where O,, is independent of G,, and uniformly distributed on {1,... n}.

Proof. Let v,w be two distinct vertices of G,. We start by exploring the
neighbourhood of v similarly as before. As before we classify the vertices
as veiled, active and dead, and in the beginning only v is active and the
remaining vertices are veiled. In one exploration step we pick the leftmost
active vertex and consecutively (from the left to the right) explore its immediate
neighbours in the set of veiled vertices only. Newly found vertices are activated
and the vertex explored is set to dead after the exploration. We immediately
stop the exploration once one of the events

(A) the number of unveiled vertices in the cluster reaches ¢,
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(B) one vertex in {1,...,n,} is activated, or

(C) there are no more active vertices left,
happens. Note that when we stop due to (A) or (B) the exploration of the
last vertex might not be finished. In that case we call this vertex semi-active.

We proceed with a second exploration process, namely the exploration
of the cluster of w. This exploration follows the same rules as the first
exploration process, where we treat the vertices that remained active or semi-
active at the end of the first exploration as veiled. In addition to the stopping
in the cases (A), (B), (C) we also stop the exploration once a vertex is unveiled
which was also unveiled in the first exploration, calling this event (D). We
consider the following events:

EY : the first exploration started with vertex v ends in (A) or (B);
E7"Y ¢ w is unveiled during the first exploration (that of v);

Ey" ¢ w remains veiled in the first exploration and the second exploration
ends in (A) or (B) but not in (D);

E3" : w remains veiled in the first exploration and the second exploration
ends in (D).
We have

n n 3

ZZPOCn(U)‘ > Cp, |Cn(w)‘ > Cn) < ZZ ZP(EU N E]tg},w>

v=1 w=1 v=1 w=1 k=1

As the first exploration immediately stops once one has unveiled c¢,, vertices,
we conclude that, for fixed v,

n

SB(EY| EY) = E[Z g
w=1

w=1

E] < e (4.7)

To analyse the remaining terms, we fix distinct vertices v and w and note
that the configuration after the first exploration can be formally described
by an element £ of

{open, closed, unexplored} ",

where E, := {(i,5) € {1,...,n}? : i < j} denotes the set of possible edges.
We pick a feasible configuration £ and denote by & the event that the first
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exploration ended in this configuration. On the event & the status of each
vertex (veiled, active, semi-active or dead) at the end of the first exploration is
determined. Suppose £ is such that w remained veiled in the first exploration,
which means that & and E}"" are disjoint events. Next, we note that

P(Ey"| &) < P(E"). (4.8)

Indeed, if in the exploration of w we encounter an edge which is open in the
configuration €, we have unveiled a vertex which was also unveiled in the
exploration of v, the second exploration ends in (D) and hence Ey* does not
happen. Otherwise, the event & does not influence the exploration of w and
hence we obtain (4.8).

Finally, we analyse the probability P(E3"| &). If the second exploration
process ends in state (D) we have discovered an edge connecting the second
exploration to an active or semi-active vertex from the first exploration.
Recall that there are at most ¢, such vertices and at most one of them
isin {1,...,n,}. For each of these we have to test the existence of edges no
more than ¢, times. Hence we find C' > 0 such that

P(Es™|E") < Ceiny' + Cepny ™'

Summarising our steps, we have

n

Var(% Z H{|C,(v)| > cn}>

v=1

<E[ 5 DS HIC)| 2 e [Culw)] 2 e}] — 5 S S B(EY)P(EY)

v=1 w=1 v=1 w=1

1 n
2— P 1,...
203 PO < e and Cu(e) A {1, ma} #0)
< 2P(|Ch(0y)] < ¢n and Cr(0,) N{1,...,n,} #0)
+ % +Ccnt 4+ Cepnl ™

as required to complete the proof. O

4.3.3 Proof of Theorem 10

We start by proving the lower bound. Suppose therefore that p(5) > 0, fix
0 > 0 arbitrarily small and use Lemma 4.11 to choose £ > 0 such that the
survival probability of 3 = B — ¢ is larger than p(3) — . We denote by
(G,)en a sequence of random graphs with edge intensity parameter 5 and
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let C,,(v) the connected component of v in G,,. Suppose a vertex V is chosen
uniformly at random from {1,...,n}. We choose

cn = [(logn)?]

and

Ny, =

= [n7¥1 (logn)°].
Observe that

2
i Cn .ocpn’ . cC
lim —— =0and lim —5 =0and lim — =0.
n—oo nn v n—oo n;yl

n—00 1,
and

.ocpn?
lim 4

=0.

n—oo N

As, by Proposition 4.1 and Lemma 4.7,

E[% S HIC0)] > 0] = B{(Gn, 0) A T, stops in (4) or (B)} + (1)
=P{T A T, stops in (A) or (B)} + o(1) — P{|Z| = oo},

(4.9)
where T is the unimodular branching random walk using intensity parameter /3.
We infer from this that

T B[ 311G, 0)] 2 )] 2 p(9) 6

v=1

as n tends to infinity. By Proposition 4.6 we have

1 < - _
var(ﬁ Zl 1@“(@”2%) < 2P(|C(0,)] < ¢ and C(O,) N {1,y } # D)
+ L o@nt + Com)
n
The first summand goes to zero by Lemma 4.7 and so do the remaining terms,

by the choice of our parameters. Hence

1< _
liminf =Y " 1{|Cy(v)| > ¢,} > p(B) =& in probability,
n—oo N —
and as

3|

— 0, ¢, —logn — oo,
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Proposition 4.5 implies that, with high probability, there exists a component
comprising at least a proportion p(f3) of all vertices, proving the lower bound.

To see the upper bound we work with the original intensity 8. In analogy
to (4.9) we obtain

n

lim B[ 3 1{C(0)] 2 e}] = p(5).

As in the lower bound, the variance goes to zero, and hence we have
1 . .
lim - Zl {|Cn(v)| > ¢,} =p(B)  in probability.

From this we infer that, in probability, the size of the largest component C,
satisfies

n

tim sup 1< < tim sup & v (% SO0 = e}) < p(8)

n— 00 n n—soo N
v=1

proving the upper bound.

Corollary 4.1. The proportion of vertices of G,, which are not in the
largest component but in components of size at least (logn)? goes to zero
in probability. In particular the proportion of vertices in the second largest
component of G,, vanishes asymptotically.

Proof. Note that we have seen, with ¢, as before, that

n

.1 . .
lim % J1{|Cu(v)| > e} =p(8)  in probability,

v=1

so that, with high probability, the proportion of vertices in clusters of size >
¢, is asymptotically equal to the proportion of vertices in the giant component.
Hence the proportion of vertices, which are not in the giant component but
in components of size at least ¢, goes to zero in probability. O

4.4 The phase transition: A closer look at
cluster sizes

For the simple preferential attachment one can ask further questions, that
may be suitable topics for master thesis research. The following questions
(and many others) come to mind:
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When v < %, how quickly does the size of the giant component go to
zero when (8 | 8. > 07 This has been studied for a more sophisticated
model by Eckhoff, Morters and Ortgiese.

When v < % and < (., how quickly does

lim P{|(G,, On)| > k}

n—oo
decay as k — oo? There is a useful recent paper on the corresponding
problem for killed Poisson branching random walks, see Aidekon, Hu
and Zindy.

When ~ < % and f > [, what is the size of the second largest

component? Can this be related to P{k < |T| < oo} for k — oo
and can we find its asymptotic behaviour?

When v < % and [ < ., what is the size of the largest component?
Here the branching process approximation cannot be used directly,
which makes this harder. The answer is known for the Chung-Lu model,
see van der Hofstad II, Theorem 3.22.

When v > %, how does the size of the giant component behave as 3 | 07
The paper by Eckhoff, Morters and Ortgiese might have some clues in
this case, too, but the answer is less clear.

When ~ > %, what is the size of the second largest component? Same
problem as before and equally interesting and challenging problem.
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