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1 Introduction

We study the empirical cycle distributions in models of random permutations with weights
depending on the length of the cycles. In this model, for any cycle of length j the weight
of the permutation gets multiplied with a factor proportional to ¢;. More precisely, the
probability of a permutation 7 of n elements is defined as
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where r;(m) is the number of cycles in the permutation 7 of length j, and h, is a nor-
malisation. The case of constant cycle weights §; = 6 corresponds to the Ewens measure
from population biology and is well studied. In this paper our focus is on cycle weights
(6;) which form a diverging sequence of regular variation. Studying random permutation
with cycle weights described by their asymptotic behaviour was considered in [BG05]
and is also motivated by the study of the quantum Bose gas [BU09, BU11]. The case of
convergent sequences (#;) has also been studied, see e.g. [BG05, BUVI1I, Lug09].

The case of diverging cycle weights was treated by Betz et al. [BUVI1I], Ercolani and
Ueltschi [EU13|, Nikeghbali and Zeindler [NZ13] and by Maples et al. [MNZ12]. If the
growth of the cycle weights is of polynomial order the length of a typical cycle goes to zero.
Moreover, Ercolani and Ueltschi [EUL3| show for a particular choice of the sequence (6;)
that the length L, of the cycle containing one, behaves like

1
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where v := lim > (0 and X is gamma distributed with shape parameter v + 1.

The aim of this paper is to generalise this result in several ways. First we allow for
completely general sequences (6;) of regular variation with positive index, going well
beyond the setting of [EUL3]. See [BGTST] for definitions and general results on this
class of sequences. Second, we considerably refine the asymptotics and obtain a full
local limit theorem. And third, building on this result, we extend the convergence to full
convergence of the empirical cycle length distribution to a gamma distribution. The latter
fact brings this result in line with similar results obtained in the study of condensation
phenomena recently obtained by the authors in [DM13] and [Der13].

While the studies carried out for this model so far rely on the (often quite heavy) machin-
ery of analytic combinatorics, like saddle-point analysis [EU13], singularity analysis [NZ13]
or further generating function methods [MNZ12], our proofs rely on a direct analysis of
the renewal-type equations relating the normalisation factors h,, to the cycle weights. The
flexibility of this method is due to the fact that no inversion of generating functions has
to be performed. One can expect that this method can also be used to extend further
results from [EU1L3| and other papers in this area.



2 Statement of the main results

Recall the definition of the random partitions and impose the following assumptions
on the sequence (#;) of cycle weights:

(A1) (0;) is regularly varying, i.e. there exists an index v > 0 and a slowly varying
function ¢ such that 6; = j7¢(j) for all j € N.

(A2) (6;) is nondecreasing.
We let 5y =0 and (3, := Z?Zl 0; for integers n > 1. By Lemma below we have

571 ~ #n’ﬁ—l f(n)

and, denoting by
() :==min{n >0: 6, >t}, forte]0,00),
its generalised inverse, there is a slowly varying function ¢ : [0, 00) — [0, 00) such that
BE(t) = 70 (8),
or in other words that (8 (¢)) is regularly varying with index # Finally, define
d, =T(y+2)7

and recall that (v + 1) 27 e~4% x > 0 is the probability density of a gamma distribution
with shape parameter 7+ 1. We denote by Ly = Li (o), the length of the cycle containing
the symbol k € {1,...,n}. The following local limit theorem is the first main result of
this paper.

Theorem 2.1 (Local limit theorem). For every M > 0 we have

n
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J < MB—(n)

Moreover, for every e > 0 there exist M > 0 with

limsupP,{L; > MB*(n)} <e.

n—oo

Theoremimplies that a typical cycle under P, has length of order 8¢ (n). The following
corollary is a slightly weaker version of Theorem [2.1, which is more illuminating in the
case that j is of the order of a typical cycle length, and readily implies a global limit
theorem.



Corollary 2.2. For every M > 0 we have

sup ﬁe(n) ]Pn{Ll :]} B (,Y_i_ 1)(ﬁ+‘(n))’767d~/j/5k(n)
J < MpB=(n)

—0 as n— oo,

and therefore we have the global limit theorem
Ly Pu,
p(n)

where X 1s gamma distributed with shape parameter v + 1.

X,

We now define the empirical cycle length distribution as the random probability measure
on [0, 1] given by

1 < 1
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where the integers A\; > Ay > --- are the ordered cycle lengths of a permutation chosen

randomly according to P,. We derive a limit theorem for the empirical cycle length
distribution, showing that it converges in probability to a deterministic limit given by a
gamma distribution.

Theorem 2.3 (Asymptotic shape of the cycle length distribution). For every z > 0,
lim g, [0,$] =(y+1) / ye hYdy, in probability.
n—oo 0

Our interest in Theorem stems mostly from the analogy to results on the emergence of
condensation, which also exhibit an incomplete gamma function describing the empirical
distribution of a condensing quantity prior to condensation, see [DM13] for a speculative
treatment of this universal phenomenon and results in the case of Kingman’s model of
selection and mutation and [Der13| for results on random networks.

3 Proofs

3.1 Some first observations

The following two lemmas hold without any assumptions on (6;). Crucial in the analysis
of the model is the sequence (hy,),>o of normalisations.

Lemma 3.1.

(a) The sequence of normalisations is determined by the recurrence equation

1 n
ho=1 and hy,=—>% 0;h,_; N. 2
o=t and b= 13 forne ®



(b) The law of Ly is given by

0; hn_
IP)n{Ll _.]} - !

forj>1

Proof. See also Proposition 2.1 in [EU13]. We have that (a) follows from (b) by summing
over all j € {1,...,n}. For (b) we first sum over all the possible elements of the cycle
containing one, in order, and then look at all the permutations of the remaining indices.
This yields

Pl = j} = iliny

=D =2+ D (= by =S

Lemma 3.2. Given the cycle containing one, the conditional distribution of the permu-
tation on the remaining indices is given by Pp,_p, .

Proof. Note that the number of possible cycles of length [ containing one is (n — 1)(n —
2)---(n—1+1), and by Lemma [3.1(b) the law of L; is given as

Oihn
PdLll}—th
Hence the conditional weight of any permutation o containing the given cycle is
r;(0)
P (o) U ()
O1hn—1 (n — l)!@lhn,l e ’

hnn(n—1)--(n—I+1)
where ¢ is obtained from ¢ by removing the cycle containing one and relabelling the
remaining indices as {1,...,n — [}. OJ

The next lemma is a simple consequence of assumption (A2).
Lemma 3.3. The sequence (nhy,),>o is nondecreasing.

Proof. Let n € N and observe that
n hn = Z ‘9]' hnfj < Z 0j+1 hnfj = (n + 1) hn+1
j=1 J=0

by the nonnegativity of (h,) and assumption (A2). Further, Ohg = 0 < 1h;. O
We collect relevant asymptotic estimates in the following lemma.

Lemma 3. 4 (Asymptotic estimates).

(i) By = Ze ~ 0t e(n)

(11) There exists a slowly varying function €< : (0,00) — [0, 00) such that
B (t) == min {n € NU{0}: B, >t} = t7+10 (1)
“(n) Ogn
(iii) mné—@Lﬁll:1+y.
n—oo n



Proof. (i) This follows immediately from Karamata’s theorem (direct half), see [BGT8T,
Proposition 1.5.8]. (ii) This follows immediately from the asymptotic inversion princi-
ple for regularly varying functions, see [BGTS87, Theorem 1.5.12]. (iii) One has Oy ~
(1 + )" 'N6y. Replacing N by 7(n) and letting n tend to infinity, one gets n ~

ﬁ “(n) 05+ (n), which immediately implies (iii). O

3.2 Proof of Theorem 2.1

The key to our analysis is to study the asymptotic behaviour of the normalising sequence
(hy,) using the recurrence relation . Our main technical step, Proposition , shows
that defining

géN) = hN-i—LtB‘—(N)J for t € R, (3)

with the convention that h, = 0 for n € —N, we have

(N)

9% d, (b—a)
W g W

uniformly in the values a, b taken from a compact interval.
Let us first see how Theorem [2.1] follows from this. By Lemma [3.1](b)

(N)

n R —gels
— Pl =j}=—2L =
93‘ hn géN)
so that by , for every M > 0, we have
sup 2IP’n{Ll =} — e RIBTM) 50 as n— oo
j<Mp-(n) 0]

The additional statement of Theorem will be proved in Subsection [3.2.1] It constitutes
the first step in the proof of (4)), which will be carried out in four steps in Subsections
to[3.2.4l Subsection [3.2.5] is devoted to the proof of Corollary [2.2]

3.2.1 The recurrence equation

In this section we show that for every € > 0 there exist M > 0 with

limsupP,{L; > MB*(n)} <e. (5)

n—oo

This is a direct consequence of the following lemma.

Lemma 3.5. For every € > 0 there exists M € N and ng € N such that, for all n = ny,

n

1
— Z Gjhn,j < Shnfl.
n

J=IMpB(n)]



Indeed, using Lemma [3.1[(b), Lemma 3.3 and Lemma [3.5] we get for every € > 0 some M

and ng such that, for all n > ny,

0:h,_
Po{li>MB“(m}= 3 =5
i=[MB(n)] "
1 - 0.h,
< J'n—j )
n—1 . Z hn—l =
J=[MB+(n)]

Proof. We analyse the sequence (h,,) at a large reference time N € N. By Lemma
there exists ng € N such that for any n > ng

B<(2n) < n/2 and B (2(n+1)) — B (2n) € {0, 1};

and we define a sequence (a)) inductively by letting af” := N and agi)l = a") —

B(2a8) as long as o) = ng. We denote by K = K(N) the largest index for which
O/;{V) > ng so that we end up with a sequence oy, .. a(K 41 of positive integers. The

sequence is used to partition {0,..., N — 1} into sets
LY ={agty, .0 — 1}

for k = 0,..., K, and the remainder ]I(II(VJ)rl = {0,.. 04(;(\11 —1}. For k=0,...,K, we
consider
M .= min{h, : n € [V}

First we prove that, for k =1,..., K,

M, = 2M™.
Let n = ;" which is the smallest index in I}, . Since n—£*(2n) = a;}; and Bge(2n) = 2n
by definition, we get (conveniently dropping the round-off symbols in the summation)

1 B (2n) BH 2n)
- Z 0P /M‘N) Z 0, > 2M™.

Next, let n = of + 1. By assumption n — 1 > ng so that n — 3 (2n) > agfl and as
above
1 B (2n)
Pz = (00 hoy + Y Oihay) > 2M0.
n 1 1 JZQ —J k

> 2m V)

Similarly, it follows by induction over n, that

MM =min{h, :n=a", ..., —1} = 2M". (6)



Second, we provide an estimate for h, where n € I and k € {0,..., K + 1}. To begin
with, let k € {1,..., K} and let m € I”; be the index where (h,,) takes its mimimum on
the set ]IﬁfN_)l. Then, by Lemma and ([6)), one has

hyn, < o I, = n MM < 427D py
n n

where we used that o’ /o), < 2 for k € {0,..., K}, by construction. The estimate

remains true for n € I and, for n € I, \{0}, one has

hy < o4 h, 0, <4ng2 % hy_. (7)

Since 37 (2ng) < no/2, one has Bn,2] = ZL"O/QJ 0, > no. Hence, there exists n €
{1,...,[no/2]} C I}, with 6, > 4 and one obtains h, > % > %. Consequently,
ho=1< %hn <n22 Khy_,.

by @ Altogether, we get that there is a constant ¢ only depending on ng such that, for
ke{0,...,K+1}and n € I,V

ho < c27%hn_y. (8)

Fix a constant M € 2N and analyse

N

1
v =5 Z 0 hn-;

j=MB—(2N)/2+1
For j € N, we set
i (j) =max{l € {0,..., K +1}: N —a{™ +1 < j}
which is the unique index [ for which one has N — j € I["”. By , one has

1 N

§N < & N Z 0 2_i<N)(j) hN—l-

j=MB<(2N)/2+1

Since, for k=0,..., K +1,

oy Zﬁ“ (20{) < kB 2N),

one has

i) > max{l € {0,..., K +1} : 1+157(2N) < j}—{%JA(KH).

8



Therefore, as long as S (2N) > ng, one has

o0 (k+1)8 (2N) o
. L B((k+ 1) (2N
v<chva Y2 kﬁ > 0;<chya ) 2 gil( J)\? (2N))

k=M/2 j=kB< (2N)+1 k=M/2

Clearly, one has S(8(2N)) ~ 2N as N — oo. Further, the Potter bound [BGTS87,
Theorem 1.5.6] implies that for sufficiently large n and any m > n one has

B(m) < 2(=)"*B(n).

n

Consequently, one gets that, for sufficiently large V,

N < 5ChN_1 Z 2_k(k3 + 1)74_2.
k=M/2

Since MB<(2N)/2 +1 ~ M277/0H)3<(N) and 277/+7) < 1, we have for sufficiently
large N that

N
1
N Z Hth_j \5 5ChN 1 Z 2 /{3+1 7+2
j=MpB~ (N k=M/2

The statement follows by choosing M sufficiently large. OJ

3.2.2 Estimates against the Volterra equation

Our aim is to show that ¢, as defined in (3)), is close to the solution of an integral
equation on an interval [—L, L] with L > 0 being fixed, but arbitrarily large.

Lemma 3.6. For any € > 0, there exists kK > 0 such that for any L > 0 one has, for all
sufficiently large N € N and all t € [-L, L],

o < (1) [ gl ds
0
Conversely, for every e,k > 0 and L > 0 one has, for all sufficiently large N € N and all
€L, L],
6z () [ gas
0
Proof. We only prove the first statement, as the second can be proved analogously. Fix
e € (0,1/2) and choose M > 0 according to Lemma [3.5] In the following, we denote by

0 <11 <19 < ...constants that can be chosen arbitrarily small and that do not depend
on N and t. The following estimates are valid for sufficiently large N and all t € [—L, L].



We let K € N and set § = M/K. Applying Lemma 3.5 we get

1 N+[t8(N)]
) _ 0. o™
o N+ [tB<(N)] JZI 79— ey
[k6B (N)]
< 0,9 . +eg™V
N+l tﬁ% ;J L(k— 1%F N)J+1 P
For large IV, one has N/(N + [—LS(N)]) < e** so that
™) < B (V) Ourss—v)) S 9 TtrEm ()
fose N 2 e T
P J=L(k—1)05 (V)| +1

By definition of ¢\, one has

(N)

sl gn ak
= [ s
J+1 /8 ( ) ap—1

J=[(k=1)6B (N
for aj, := a}"" =t — 45 E(N)ﬁt H@‘;ﬁ "M Here we used that g is constant on intervals

of length 5 (N). Hence,

(N)
<e

B (N QLkaﬁe( N /a géN)st-l-e?giN)
ap—1

I

We note that, for each k =1,... K,
Oiksp vy ~ (k0)" O ()

Further, by Lemma , we have % — 1+ . Consequently,

K
g <e?(1+7) Z (ko)™ / g ds 4+ eg™. 9)
k=1

k—1

So far we have not imposed any assumptions on the positive constants € and . We now
assume that K is sufficiently large (or, equivalently, § = M/K is sufficiently small) in
order to guarantee existence of a nonnegative integer Ky < K with

(Ko+1)7 _

(14+7)(Ked)"™ <e/2 and e —— <
Ky

L3

One has

Ko

L2 v " (N) L2 2l o (N)
e?(1+7) E (ko) Gi—s ds < e (14 7v)(Kob) gi-yds.
0

k=1 Gk—1

10



From Lemma [3.3] we infer that

(N)
sup —& — 1, as N — oo.
u,w€[—L,L] Gu
u<v

Further, ax, — Koé uniformly in ¢ as N — oo and assuming that e> < 2, we conclude
with the definition of Ky, that, for N sufficiently large,

ak,
L ES) [ g ds < el
0
Combining this with (9) and the estimate e2k?/(k — 1) < e for k > K, yields that

aK
o < (1) [ g ds - 2egl”

aKO

where we used that
$7

sup sup — 1,

k=Ko+1,....K s€lag_1.ar] (FO)7
which is a consequence of the uniform convergence a;, — kdé as N — oo.

Finally, we subtract 2eg;", divide by 1 — 2¢ to deduce that for all sufficiently large N and
all t € [-L, L]

1 ax M+1
6" < 51+ 7) / 7 g ds < (14 7) / 7 g2y ds
— 0

aKO

1— 2

which proves the statement since € and ¢35 can be chosen arbitrarily small. |

3.2.3 Analysis of the Volterra equation

Lemma |3.6[ relates our problem to the Volterra equation

gs(t) = /(;t ks(t - S).ge(s) ds + f(t)7 for ¢ > T: (10)

where e € R, T € R, k.(u) = e°(1 +v)u?, for u > 0, and f: [T,00) — R denotes a locally
integrable function, see Remark [3.8 below for more details on this relation. We now collect
some facts about this equation taken from [GLS90, Chapter 2]. We only consider the case
T = 0, since the general case can be easily obtained from the particular case by applying
a time change. Further we write g = go and k = k.

The unique solution to (10) can be expressed in terms of a fundamental solution. It is
the unique solution to

re(t) = /Ot k-(t — s)re(s)ds + k-(t), for t > 0. (11)

11



Again we abbreviate r = ry. With the fundamental solution we can represent the unique
solution g. to (10)) as

t
g=(t) = /0 ro(t —s) f(s)ds + f(t).
We will make use of the following properties.
Lemma 3.7.
(1) We have r.(t) = e/0+ Dy (es/0F ),
(2) We have r(t) ~ p~te™" as t — oo where p:= (1+7) [5° e D"u ™ du.

Proof. (1) is easy to verify. For (2) we multiply (with € = 0) by e~ and observe
that the structure of the equation is retained with a new kernel k(u) := e~%“k(u), which
is directly Riemann integrable and defines a probability density on the positive halfline.
Hence, by the renewal theorem for densities (see for instance the ‘alternative form’ of the
renewal theorem in [Fel71, XI.1]), one has for the corresponding fundamental solution
7(t) = e~®r(t) that lim,_ 7(t) = p~!, as required. O

Remark 3.8. Lemma allows to compare g™ with a solution to the Volterra equation
on an arbitrarily fixed window [—L, L]. Fix ¢ > 0 and choose £ > 2L as in the lemma.
For sufficiently large N, one has

t+L K
i< [ rdtdss [kt
0

t+L

=N ()

for t € [-L, L], where we used that k exceeds the length of the window [—L, L]. This is
dominated by the unique solution G™V*% : [—L, L] — [0, 00) of the equation

3 3

t+L
GUrt) = [ k() GOt = ) ds + FOE0 ),
0

As this is a Volterra equation we use the above representation of its solution to get that,
for sufficiently large N,

t
6 <Gt = [t =) FY () ds + FOEO ), (12)

—L

for t € [-L, L]. Analogously, we obtain that, for sufficiently large N and t € [—L, L],

t
gV = GUEI(t) = / r_o(t —s) FP9(s)ds + FU009(t).

—L

12



3.2.4 Exponential behaviour of g;"’

In this section we finish the proof of and hence of Theorem . We achieve this by
combining the approximation and the results on the Volterra equation.

Proposition 3.9. Let L,6 > 0. One has, for sufficiently large N € N, that

_ _ g —
e 5ed.y(b a) I()N) < eéed,y(b a)

ga
for =L <a<b< L.

Proof. Given ¢ > 0 and x > 2L we defineF as in Remark [3.8/and note that FN"9(t) =
e FNER(t) with F':= Fy. We use the properties of the fundamental Solutlon provided
by Lemma to rephrase as follows

t

géN) < 66+e/('y+1)/ ( s/(v—i—l)( )) F(NLK)( )dS 4t F(N,L,n)(t)'
-L

We start with the derivation of an upper bound. Let 6 € (0, 1] be arbitrary. We will
suppose that e € (0, d] is a sufficiently small parameter, the actual value of which will be
chosen later in the discussion. This choice may depend on L and x but not on N or t.
Assuming that ¢ < § we get that, for sufficiently large N,

t
ggN) < 626/ T(es/(7+1)(t . 8)) F(N,L,n)<8) ds + 66 F(N,L,x)(t>. (13>
~L
By Lemma [3.7] there exists 7' > 0 only depending on ¢ such that
r(t) < p et for t>T.
We restrict attention to ¢ € [-L+ T, L]. We split the integral in into two parts. The

dominant part is

t=T

T
/ (/0D (t — ) FNL9(s)ds < e ! / exp{d, e/ 0V (t — §)} F™E (5) ds.

—L L

Assuming that (e/0+Y — 1)2Ld, < § we arrive at

t=T

t—T
[ oy e ds < e [ entopeiagas (1

—L —L

In order to show that the remaining part of the integral is asymptotically negligible, we
first derive an estimate for F"-**)(s) for s € [-L + 1, L]. One has

—L

FEa(s) = (14 7) / (s — u)'g™ du

—K

13



and we observe that for the relevant values of u we have

(s—u)=(s+L—(L+u)=(s+L)(1+="L)" < (s+L)(1—L—u),

where we have used that s + L > 1 and that the numerator is nonnegative. Hence,
L
F”“K@<(1+7KL+$7/‘(—L+1—uﬂﬁpdu<(L+@7FW@W—L+1)

Consider now the remaining part of the integral in fort € [-L+ T + 1, L]. One has
/t r(e/ O (t — 5)) F™E9 (s) ds < pte® exp{d, e/ DT} /t F™NE9(s)ds
t—T t=T
and using the above estimate for F - (s) we arrive at
/t r(ef/ OV (t — ) FNE9(s) ds < e Cp(L 4 t)TLFMED (ZL 4 1), (15)
t-T

where Cr > 1 is a constant only depending on 7" but not on the choice of L, k, and €.

Combining (13) with and we get

=T
g < ,u_1645/ e t=9) POL9) (§) ds 4 20 (L 4 1)V T F&L9 (L + 1),
-L

Next, we compare the negligible with the dominant term. For s € [~L + %, —L + 1] we

2 )
find

—-L

FMNE9(g) > (14 'y)/ (s —u)"g\" du = 27T FNEI(—L 4+ 1),
—L+1—k

where we have used that s —u > $(—L + 1 — u) on the domain of integration. Hence, for
te|[-L+T+1,1L],

t—T —L+1
/ edw(t—s) F(N,L,n)(s) ds > / edw(t—s) F(N,L,n)(8> ds > 271+ledﬁ,(zt—|—L—1) F(N,L,n)(_L_i_]-)'
—L —L+1
Consequently, there exists 7" > T + 2 only depending on C7 (and thus on T') but not on
L and 0 so that, for sufficiently large N and t € [-L + T", L],

t—T

géN) < ,u_1656/ edv(t—s) F(N,L,n)(s) ds.
L

An analogous lower bound can be proved similarly. By switching variables we get that,
for 6 € (0, 1] arbitrary, there exist 7', 7" > 0 such that for any L > 0 and sufficiently large
k = 2L one has, for N sufficiently large and t € [-L + T", L],

t—T t—T
M—le—ci/ edw(t—s)F(N,L,n)(S) ds < géN) < /14_166/ edw(t—S)F(N,L,n)(s) ds.
L —L
This implies that, for —L + 7' < a < b < L,
(V)
020 oy (b=a) < ng < e edw(b—a)j
ga"
finishing the proof. O

14



3.2.5 Proof of Corollary
Using regular variation of (;) and Lemma [3.4(iii), for any s > 0,

n
sup  0; =015y ~x(1+7) . (16)
§ € () J [B¢ (n)] B (n)
Plugging this into Theorem [2.1] with M in the role of » gives
B (n) O
sup |nP,{Ly =j}—0je —0 as n — 0.

N < MB<(n)

Hence we are done with the local result once we show that

57

sup

] v
—(’y+1)< J >‘—>O as n — 0o.
J < MB(n)

B (n)

Note that if 7/8 (n)goes to zero, the second term inside the supremum vanishes asymp-
totically, and so does the first term by an application of with an arbitrarily small
value of 2 > 0. Hence we can assume that the supremum is over 6 (n) < 7 < M (n),
for some fixed ¢ > 0. But on this domain we can exploit again that (f;) is regularly
varying and Lemma [3.4](iii) to obtain

Gjﬁifn) - (53(7@))795“(")%@ ~ o 1)(5&j(n))w

uniformly on the domain, which completes the proof of the local result in Corollary 2.2

To infer that this implies the global limit theorem we observe that
[z (n)]

Z B ()P {Li (o) = 5}

[z8 (n)] . .
:<”“>5*1<n> ﬁz (ﬁejm))vedvm)“)(”'

The term in brackets is a Riemann sum and therefore asymptotically equal to

(v 4+ 1) / g e dy,
0

which is the distribution function of a gamma distribution with shape parameter v + 1.

Pn{Li(o) <267 (n)

3.3 Proof of Theorem 2.3

We now derive Theorem from Corollary using the first two moments of p,[0, x],
for fixed x > 0. The first moment is

Epi,[0, 2] = ZIED {Li(0) < 285 (n)} = Po{Li(0) < 26 (n)}
~ (fy + 1) /Ox Y e~y dy.
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Now let L™ := L; and L® be the length of the cycle containing the smallest index not
in the cycle of one. The second moment is

[z ()] n n

E1,, [0, a]? Z > D B{Li=kL;<azp(n)}

k=1 =1 j=1
(2B (n)
_ (2P {LY =k, L® <28 (m)} + LR LY = k}),
k=1

By Corollary 2.2] we have,

2B (n)] 23 (n) (

S oER{L =k} < T

k=1

(v+ 1)z +0o(1)) — 0.

To estimate the main term we use Lemma [3.2 to see that

28 (n)]
]P) {L(l) k L(2) < 1:5(7 Z P {Ll = k}]P)n k{Ll }

Using this together with Corollary [2.2] we get

2B (n)]

x 2
> kP (LY =k L® <axB(n)} ~ (14 7)2(/ yY e~y dy) :
0

k=1

which implies that the variance of p, [O, x] goes to zero. Hence the convergence in Theo-
rem holds in the L? sense, completing its proof.

Acknowledgement: We would like to thank Dirk Zeindler for insightful comments and
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