Ageing in the parabolic Anderson model
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Abstract: The parabolic Anderson model is the Cauchy problem for the heat equation
with a random potential. We consider this model in a setting which is continuous in time
and discrete in space, and focus on time-constant, independent and identically distributed
potentials with polynomial tails at infinity. We are concerned with the long-term temporal
dynamics of this system. Our main result is that the periods, in which the profile of the
solutions remains nearly constant, are increasing linearly over time, a phenomenon known
as ageing. We describe this phenomenon in the weak sense, by looking at the asymptotic
probability of a change in a given time window, and in the strong sense, by identifying
the almost sure upper envelope for the process of the time remaining until the next change
of profile. We also prove functional scaling limit theorems for profile and growth rate of
the solution of the parabolic Anderson model.
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1 Introduction

1.1 Motivation and overview

The long term dynamics of disordered complex systems out of equilibrium have been the subject
of great interest in the past decade. A key paradigm in this research programme is the notion of
ageing. Roughly speaking, in an ageing system the probability that there is no essential change
of the state between time ¢ and time ¢ + s(¢) is of constant order for a period s(¢) which depends
increasingly, and often linearly, on the time ¢. Hence, as time goes on, in an ageing system
changes become less likely and the typical time scales of the system are increasing. Therefore,
as pointed out in [BF05], ageing can be associated to the existence of infinitely many time-scales
that are inherently relevant to the system. In that respect, ageing systems are distinct from
metastable systems, which are characterized by a finite number of well separated time-scales,
corresponding to the lifetimes of different metastable states.

Ageing systems are typically rather difficult to analyse analytically. Most results to date concern
either the Langevin dynamics of relatively simple mean field spin glasses, see e.g. [BADGO1],
or phenomenological models like the class of trap models, see e.g. [Bou92, Cer06, GMWO09].
The idea behind the latter is to represent a physical system as a particle moving in a random
energy landscape with infinitely many valleys, or traps. Given the landscape, the particle moves
according to a continuous time random walk remaining at each trap for an exponential time
with a rate proportional to its depth. While there is good experimental evidence for the claim
that trap models capture the dynamical behaviour of many more complex systems, a rigorous
mathematical derivation of this fact exists only in very few cases.
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Two recent papers, Dembo and Deuschel [DD07] and Aurzada and Doering [AD09], investigate
weaker forms of ageing based on correlations. Both deal with a class of models which includes
as a special case a parabolic Anderson model with time-variable potential and show absence
of correlation-based ageing in this case. While this approach is probably the only way to deal
rigorously with complicated models, it is not established that the effect picked up by these studies
is actually really due to the existence or absence of ageing in our sense, or whether other moment
effects are accountable.

In the present work we show that the parabolic Anderson model exhibits ageing behaviour, at
least if the underlying random potential is sufficiently heavy-tailed. As a lattice model with
random disorder the parabolic Anderson model is a model of significant complexity, but its
linearity and strong localization features make it considerably easier to study than, for example,
the dynamics of most non-mean field spin glass models.

Our work has led to three main results. The first one, Theorem 1.1, shows that the probability
that during the time window [¢,t + 0t] the profiles of the solution of the parabolic Anderson
problem remain within distance e > 0 of each other converges to a constant I(f), which is
strictly between zero and one. This shows that ageing holds on a linear time scale. Our second
main result, Theorem 1.3, is an almost sure ageing result. We define a function R(t) which
characterizes the waiting time starting from time ¢ until the profile changes again. We determine
the precise almost sure upper envelope of R(t) in terms of an integral test. The third main result,
Theorem 1.6, is a functional scaling limit theorem for the location of the peak, which determines
the profile, and for the growth rate of the solution. We give the precise statements of the results
in Section 1.2, and in Section 1.3 we provide a rough guide to the proofs.

1.2 Statement of the main results

The parabolic Anderson model is given by the heat equation on the lattice Z¢ with a random
potential, i.e. we consider the solution u: (0,00) x Z% — [0, 00) of the Cauchy problem

%u(t7 z) = Au(t,z)+&(2)ult, z), for (t,2) € (0,00) x Z2,
. _ d
ltlfgl u(t,z) = Tp(z), for z € Z°.

Here A is the discrete Laplacian

yezd
Y~z

and y ~ r means that y is a nearest-neighbour of site . The potential ¢ = (£(z): z € Z%)
is a collection of independent, identically distributed random variables, which we assume to be
Pareto-distributed for some a > d, i.e.

Prob{é(z) <a}=1-—-2"%, forax>1.

The condition o > d is necessary and sufficient for the Cauchy problem to have a unique,
nonnegative solution, see [GM90]. We write

Ut) = Z u(t, z) for t >0,
z€Z4
for the total mass of the solution (which is finite at all times) and
u(t, z)
t =
0

for its profile. It is not hard to see that the total mass grows superexponentially in time. Our
interest is therefore focused on the changes in the profile of the solution.

fort >0,z € 24,




1.2.1 Ageing: a weak limit theorem

Our first ageing result is a weak limit result. We show that for an observation window whose
size is growing linearly in time, the probability of seeing no change during the window converges
to a nontrivial value. The same limit is obtained when only the states at the endpoints of the
observation window are considered.

Theorem 1.1. For any 6 > 0 there exists 1(0) > 0 such that, for all sufficiently small e > 0,

lim Prob{ sup  sup |v(t,2) —v(s, 2)| < z—:}
t—00 z€RY sE[t,t+10]
= lim Prob{ sup |v(t, 2) —v(t +10,2)| < 5}
t—o0 z€R4
= 1(0).

Remark 1.2.

e Note that we only have one ageing regime, which is contrast to the behaviour of the
unsymmetric trap models described in [BACO05]

e An integral representation of I(6) will be given in Proposition 2.4, which shows that the
limit is not derived from the generalized arcsine law as in the universal scheme for trap
models described in [BAC08]. In Proposition 2.5, we show that there are positive constants
Cy, Cq such that

191?89*1 (1-1(0)) =Co and aliTI;lo 041(9) = Cy.

1.2.2 Ageing: an almost-sure limit theorem

The crucial ingredient in our ageing result is the fact that in the case of Pareto distributed
potentials the profile of the solution of the parabolic Anderson problem can be essentially de-
scribed by one parameter, the location of its peak. This is due to the one-point localization
theorem [KLMS09, Theorem 1.2] which states that, for any Z?-valued process (X;: t > 0) with
the property that v(¢, X;) is the maximum value of the profile at time ¢, we have

v(t, Xy) — 1 in probability. (1)

In other words, asymptotically the profile becomes completely localized in its peak. Assume for
definiteness that ¢ — X is right-continuous and define the residual lifetime function by R(t) =
sup{s > 0: X; = Xy}, for t > 0. Roughly speaking, R(t) is the waiting time, at time ¢, until the
next change of peak, see the schematic picture in Figure 1. We have shown in Theorem 1.1 that
the law of R(t)/t converges to the law given by the distribution function 1 — I. In the following
theorem, we describe the smallest asymptotic upper envelope for the process (R(t): t > 0).

Theorem 1.3 (Almost sure ageing). For any nondecreasing function h: (0,00) — (0,00) we
have, almost surely,

, o dt
lim su —R(t) = ' Zf/l th{t)? -
IO



-’

Figure 1: A schematic representation of the residual lifetime function R.

1.2.3 A functional scaling limit theorem

To complete the discussion of the temporal behaviour of the solution it is natural to look for
a functional limit theorem under suitable space-time scaling of the solution. From [HMSO08,
Theorem 1.2] we know that there are heavy fluctuations even in the logarithm of the total mass,
as we have for ¢t T oo,

d

% log U(t) = Y, )
where Y is a random variable of extremal Fréchet type with shape parameter a—d. We therefore
focus on the profile of the solution and extend it to (0, 00) x R? by taking the integer parts of the
second coordinate, letting v(t, ) = v(t, |x]). Taking nonnegative measurable functions on R as
densities with respect to the Lebesgue measure, we can interpret a®v(t,ax) for any a,t > 0 as
an element of the space M(R?) of probability measures on R?. By §(y) € M(R?) we denote the
Dirac point mass located in y € R.

Proposition 1.4 (Convergence of the scaled profile to a wandering point mass). There exists a
nondegenerate stochastic process (Yz: t > 0) such that, as T 1 0o, the following functional scaling
limit holds,

((E7) ™7 01T, () T 70) £ > 0) = (5(¥0): £ > 0). (3)

in the sense of convergence of finite dimensional distributions on the space M(R?) equipped with
the weak topology.

Remark 1.5. The process (Y;: ¢ > 0) will be described explicitly in and after Remark 1.7 (iii).

In this formulation of a scaling limit theorem the mode of convergence is not optimal. Also,
under the given scaling, islands of diameter 0((@)ﬁ) at time ¢t would still be mapped onto
single points, and hence the spatial scaling is not sensitive to the one-point localization described
in the previous section. We now state an optimal result in the form of a functional scaling limit
theorem in the Skorokhod topology for the localization point itself. Additionally, we prove joint
convergence of the localization point together with the value of the potential there. This leads
to a Markovian limit process which is easier to describe, and from which the non-Markovian
process (Y:: ¢t > 0) can be derived by projection. This approach also yields an extension of (2)

to a functional limit theorem. Here and in the following we denote by |z| the £!-norm of z € R%.

Theorem 1.6 (Functional scaling limit theorem).
There exists a time-inhomogeneous Markov process (Y, Y,?) : t > 0) on R? x R such that,

(a) as T — oo, we have

_o _d
()™ e, (57) 7 €(Xer) < 8> 0) = (V12 4 25/)) < ¢ 0),



in distribution on the space D(0,00) of cadlag functions f: (0,00) — R? x R with respect
to the Skorokhod topology on compact subintervals;

(b) as T — oo, we have

()™ 1o8 LT - > 0) = (1 + 55 (1= DIV 5 0>0).

[e3

in distribution on the space C'(0,00) of continuous functions f: (0,00) — R with respect to
the uniform topology on compact subintervals.

Remark 1.7.

(i) Projecting the process onto the first component at time ¢ = 1 we recover the result of
[KLMS09, Theorem 1.3]. This result shows in particular that the peak X; of the profile
escapes with superlinear speed.

(ii) From the proof of this result it is easy to see that the convergence in both parts of Theo-
rem 1.6 also holds simultaneously on the space of cadlag functions f: (0,00) — RY xR x R
with respect to the Skorokhod topology on compact subintervals.

(iii) The process (Y;: ¢t > 0) in Proposition 1.4 is is equal to the projected process (Y, : ¢ > 0).

(a) t < 1. (b) t>1.

Figure 2: The definition of the process (Y, Y,”’) in terms of the point process II. Note that ¢
parametrizes the opening angle of the cone, see (a) for ¢ < 1 and (b) for ¢ > 1.

In order to describe the limit process we need to introduce some notation. Denote by II a Poisson

point process on H? = {(z,y) € R x R: y > fﬁm} with intensity measure

ady

v(dedy) =de @ —————.
(y + gglal)ot

Given the point process, we can define an R%valued process Y, and an R-valued process Y,*’
in the following way. Fix ¢t > 0 and define the open cone with tip (0, 2)

Ci(2) = {(z,v) eRIxR : y—|—ﬁ(1—%)|x| >z},

and let

Ct:cl( U Ct(z)).

z>0
(C¢(2))=0

Informally, C; is the closure of the first cone C;(z) that ‘touches’ the point process as we decrease z
from infinity. Since C; N1I contains at most two points, we can define (V,",Y,®) as the point in



this intersection whose projection on the first component has the largest £!-norm, see Figures 2(a)
and 2(b) for illustration. The resulting process ((Y,”,Y,”): t > 0) is an element of D(0,c0).

The derived processes in Theorem 1.6 can be described as follows:

o (Y + -4 |YV|): t > 0) corresponds to the vertical distance of the point (Y, Y,*’) to
the boundary of the domain given by the curve y = ,ﬁm;

o (Y +(1—1)|Y]): t > 0) corresponds to the y-coordinate of the tip of the cone C;.

Remark 1.8. Time evolution of the process.

, is the ‘highest’ point of the Poisson point process II. Given ) and s >t we
YV, Y{®) is the ‘highest’ point of the Poi point p II. Gi YY) and s >t
consider the surface given by all (z,y) € R? x R such that

y=Y" = 51— )l = ).

For s = t there are no points of IT above this surface, while (Y, ¥,*) (and possibly one further
point) is lying on it. We now increase the parameter s until the surface hits a further point of II.
At this time s > ¢ the process jumps to this new point (Y.",Y®). Geometrically, increasing s
means opening the cone further, while keeping the point (Y, ¥,’) on the boundary and moving
the tip upwards on the y-axis. Similarly, given the point (Y,'", Y,*) one can go backwards in time
by decreasing s, or equivalently closing the cone and moving the tip downwards on the y-axis. The
general independence properties of Poisson processes ensure that this procedure yields a process
(V™ V2): ¢t > 0) which is Markovian in both the forward and backward direction. The process
(Y 4+ (1 - 1)|Y"|: t > 0) is continuous, which can be seen directly from its interpretation
as the y-coordinate of the tip of the cone. An animation of the process ((Y,,Y,*): ¢t > 0)
can be found on the second author’s homepage at http://people.bath.ac.uk/maspm/animation_
ageing.pdf.

1.3 Strategy of the proofs and overview

Let us first collect some of the key ingredients common to the proofs of our three main results. It
is shown in [KLMS09] that, almost surely, for all large ¢ the total mass U(t) can be approximated
by a variational problem. More precisely,

1
n log U(t) ~ max Py(2), (4)

where, for any ¢ > 0, the functional @, is defined as

@.(2) = £(2) - Plioge(z) + 12,

for z € Z% with t£(2) > |2|, and ®,(2) = 0 for other values of z. Here 1(2) is the logarithm of
the number of paths of length |z| leading from 0 to z.

Furthermore, [KLMS09] show that the peaks X; agree for most times ¢ with the maximizer Z;
of the functional ®;. This maximizer is uniquely defined, if we impose the condition that t — Z;
is right-continuous. Defining the two scaling functions

_a _d_
Ty = (@) “=4 and a; = (@) o=

it is shown in [KLMS09], refining the argument of [HMS08], that, as ¢ — oo, the point process
M= ) 8z mm ®)
zezd

t&(2) =]z

converges (in a suitable sense) to the Poisson point process IT on Hy defined above.



Section 2 is devoted to the proof of the ‘annealed’ ageing result, Theorem 1.1. We show in
Section 2.2, see Lemma 2.9, that

lim Prob{ sup  sup |v(t,2) —v(s, 2)| < 5}
t—o0 2€R? sE[t t+10]
= tll}l’élo PI'Ob{Zt = Zt+t0 } .
Therefore we begin this proof, in Section 2.1, by discussing the limit on the right hand side. To
this end we approximate the probability in terms of the point process II;. We are able to write
q)t+9t (Z) q)t (Z) 0 d |Z|
= — + error 6
ay ay 1—|—004—d7“t+ ’ (6)
where the error can be suitably controlled, see Lemma 2.3. Hence (in symbolic notation)

Prob{Z = Zy 149}
~ // Prob{TT,(dz dy) > 0,T{(z,5): § > y} = 0,

M {(7,9): |o] > o] and 5> y — 35575 (Ja] - |«))} = 0},

where the first line of conditions on the right means that x is a maximizer of ®, with maximum y,
and the second line means that x is also a maximizer of ®;, ;. As ¢ T oo the point process II; is
replaced by IT and we can evaluate the probability.

Section 3 is devoted to the ‘quenched’ ageing result, Theorem 1.3. This proof is technically more
involved, because we cannot exploit the point process approach and have to do significant parts
of the argument from first principles. We now have to consider events

R(t)

Prob{T >0, } ~ Prob{Z = Ziru,},

for 6; T co. We have to significantly refine the argument above and replace the convergence of
Prob{Z; = Z;+1s} by a moderate deviation statement, see Section 3.1. Indeed, for 8; 1 co not
too fast we show that

PI‘Ob{Zt = Zt+t0t} ~ C@;d,

for a suitable constant C' > 0, see Proposition 3.1. Then, if ¢(¢) = th(t), this allows us to show
in Sections 3.2 and 3.3 that, for any € > 0, the series ) Prob{R(e™) > ep(e™)} converges if
>, h(e™)~? converges, which is essentially equivalent to [ h(t)~?dt/t < co. By Borel-Cantelli
we get that n
lim sup R(e") =0,

n—oo p(em)
which implies the upper bound in Theorem 1.3, and the lower bound follows similarly using a
slightly more delicate second moment estimate, see Lemma 3.5.

The proofs of the scaling limit theorems, Proposition 1.4 and Theorem 1.6 are given in Section 4.
By (6) we can describe Z;1 approximately as the maximizer of

Dr(z) d (1 1)@

ar + a—d\ t)rp
Instead of attacking the proof of Theorem 1.6 directly, we first show in Sections 4.1 and 4.2 a
limit theorem for
((@ <I>1,T(ZtT)) > 0) (7)
T ) ar : )

see Proposition 4.1. Informally, we obtain

T arT

~ // Prob{Tr(dzdy) > 0, Ir{(2,5): 5~y > 525 (1= 1) (2] ~ |2)} = 0},
TEA,
y+a(1-1)lzl€B



where the first line of conditions on the right means that there is a site z € Z? such that
r=z/rp € Aand y = &7 (2)/ar € B—q(1—1)|z| , and the second line means that ®;7(z) is not
surpassed by ®;7(Z) for any other site z € Zdt with & = z/rp. We can then use the convergence
of IT7 to II inside the formula to give a limit theorem for the one-dimensional distributions
of (7). A minor strengthening of this argument given in Section 4.1 shows convergence of the
finite dimensional distributions, see Lemma 4.2. In Section 4.2 we check a tightness criterion in
Skorokhod space, see Lemma 4.5, and thus complete the proof of the convergence

((Z, 2xndy s 4> 0) = (00 + 250 - DY) > 0).
Based on this result we complete the proof of the scaling limit results in Section 4.3. Theo-
rem 1.6 (b) follows using (4) and projecting on the second component. Observe that the conver-
gence in (b) automatically holds in the uniform sense, as all involved processes are continuous.
We note further that

€z _9r(x)  d [

+ —— — + error,
ar ar a—d rp

see Lemma 4.6. This allows us to deduce Theorem 1.6 (a), and Proposition 1.4 is an easy
consequence of this.

2 Ageing: a weak limit theorem

This section is devoted to the proof of Theorem 1.1. In Section 2.1 we show ageing for the two
point function of the process (Z;: ¢ > 0) of maximizers of the variational problem ®;, using
the point process approach which was developed in [HMS08] and extended in [KLMS09]. In
Section 2.2 we use this and the localization of the profile in Z; to complete the proof.

2.1 Ageing for the maximizer of &,

In this section, we prove ageing for the two point function of the process (Z;: t > 0), which
from now on is chosen to be left-continuous. The value I(f) will be given by the formula in
Proposition 2.4 below.

Proposition 2.1. Let § > 0, then tlim Prob{Z, = Z, 10} = 1(6) € (0,1).

Throughout the proofs we use the abbreviation

For any ¢ > 0 consider the point process IT; on R? x R defined in (5). Define a locally compact
Borel set o
H=R"\ ({(z,y) e RT x R: y < —q(1 —¢)|z[} U {0}),

where 0 < ¢ < 35 and R4+ is the one-point compactification of R+, As in Lemma 6.1
of [KLMS09] one can show that the point process II; restricted to the domain H converges in
law to a Poisson process II on H with intensity measure

adzrdy

vdedy) = o e

(®)

Here, II; and II are random elements of the set of point measures on H , which is given the
topology of vague convergence. For more background on point processes and similar arguments,
see [HMSO08].



Our strategy is to express the condition Z; = Z; 14, in terms of the point process II;. In order to
be able to bound error functions that appear in our calculations, we have to restrict our attention
to the point process I on a large box. To this end, define the two boxes

By ={(z,y) € R x [0,00) : [z| <N, & <y < N},
By = {(z,y) € H: || < N,y < N}.
Now note that the condition Z; = Z;,¢; means that

Di106(2) < Pryoe(Zy), 9)

for all z € Z%. We now show that it suffices to guarantee that this condition holds for all z in a
sufficiently large bounded box.

Lemma 2.2. Define the event

AN, ) = {(f;, 220y € By, rron(z) < Pryor(Z) Vz € Zs.t. (L, 22)) ¢ BN}.
Then, provided the limit on the right-hand side exists, we find that

tlim Prob{Z; = Zi 191} = hm lim Prob(A(N,t)).

—o00 t—o00

Proof. We have the lower bound,
Prob{Z; = Ziyoi} > Prob{Zy = Zisor, (%, 2422) € By}
> Prob(A(N, t)) — Prob{ 122t > N1
Recall that, by [KLMS09, Lemma 6.2], we have that
(2 M) = (Y, Y®), (10)

T at

where (Y, Y ®) is a random variable on R? x [0, 00) with an explicit density. In particular, we
find that since ry g = (1 +0)71ry (14 0(1))

Jlim Prob{!Zeeel > N} — Prob{|Y | > i}

which converges to zero as N — oo.

Now, for an upper bound on Prob{Z; = Z;(1,¢)} we find that
Prob{Z; = Zy1.0)} < Prob(A(N Prob{Zl > N — Prob{L < 2Z) <
t = Zy1+0)} < Prob(A(N, 1)) + rob{ ™ = } + (1 rOb{N >y S } :

As above, using the convergence (10) one can show that the limit of the last two summands is
zero when taking first ¢ — oo and then N — oo, which completes the proof of the lemma. O

We would like to translate the condition (9) into a condition on the point process II;. Therefore,
we have to express ®;1¢:(2) in terms of ®.(2).

Lemma 2.3. For any z € Z¢ such that (2, ‘bt(z)) € By and té(z) > |z|,

Diroi(2)  Pi(2) | qf |2 2] ®(2)
= — + g (t, =, L
Q¢ a¢ +1+97‘t+ 0(’“7 at )’

where the error dg converges to zero as t — oo uniformly. Moreover almost surely, eventually
for all large enough t, for all z € Z¢ such that (%, 2 (z)) € By and t&(z) < |z|, we have that
O 0¢(2) <0, and such a z € Z¢ will automatically satisfy (9).



Proof. Consider any z such that (Z, q);(tz)) € By and t£(z) > |z|. Then, using that ry = @ ay
we obtain
Ppron(z) _ £(2) 1
= — 1 —
o) 85 (el oge(a) - n(2)
o 0 0
ag 14+60r logt 1460 \r;logt ag tag
_Qu2) | Oq 2 o, s e
o 1+97"t+59<t’”7“‘)’
where using that loga; = (¢ + o(1))logt and 0 < n(z) < |z|logd, we can write
0 2| £(2) ||
5 §()) — ( 1 ) 12
9( ’(lt) 1+9 Ttlogt og a +o ()Tt ( )

First of all, we have to show that this expression is of the form (¢, z/r:, P+(z)/at) for some

suitable error function. With this in mind, using that a;t = r;logt, we obtain for z such that
t§(z) = |z| o

z z z z

B €0 B 1)

ag ag relogt ast
= %? —(q+ 0(1))% - |1th log gc(zj) + 77(1(;) ,
=% (£2) ~ g+ o
where x,(z) =z — plogz and p = L2 |g Note that x, is strictly increasing on [p, c0) and also

that £(z)/ar > p is equivalent to t£ ( ) > |z| which is satisfied by assumption. Therefore, we can
write

L1 (H2 4 o))

a¢ P

and obtain that the error in (12) is of the required form

(2 52) = 100 (o (B2 4 (g o(1))2) 4 o(1) )

@ 1+6\rlogt Tt (13)
=:0p(t, = ‘Pt(z)).

We now show that this error tends to zero uniformly for all z satisfying t£(z) > |z| and

(f—t, (D;—(tz)) € By. For a lower bound we first use that xlogz > —e~! to obtain

2| 1 ®(2) E
1 u 1)
gz 0%, (Fa + @+ o1))
> |z] og |z > 1 efl_loglogtﬂz_ 1 efl_loglogtN
r¢logt r¢logt logt logt 1 logt logt
To bound the expression in (13) from above note that p = - ‘lf)‘g ;<1 OAgf - and we can thus assume

that p < 1, which implies that for z > 1 we find x1(z) < x,(x). Hence, either
X (B (g +o() B <1,
or we can estimate
X (5 + g+ o(D) 7)< a7 (B52 + (a4 0(1) ) < x0T ((V(1+20).

which completes the proof of the first part of the lemma.
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For the second part, recall that for all ¢ > 0 we have ®4(Z;) > 0, since ®4(0) > 0. Suppose
t&(z) < |z|, then ®;(z) = 0 and hence z # Z;. We want to show that ®;;¢:(z) < 0 which ensures
that z satisfies (9). Indeed, if (£ 4+ 0t)£(z) < |z|, then this is true as ®;49¢(z) = 0, and otherwise
we can estimate as above that

® 0
or(2) _€(2) a0 | 5 (¢, 2], 2ela)y.
ag a¢ 1+9 Tt at at

where Se(t, x,y) converges to zero uniformly in (z,y) € By. In particular, it follows that

Dyyor(2) ( qf ) |2| 2] ®4(2)
Ztrot\c) 4~ S 24(2)
ar 1+9+1ogt + (’“f’ as ).
which is negative for all ¢ large enough, uniformly for all z such that ( th, q)t(z)) € By. O

We now calculate Prob(A(t, N)) in the limit as ¢ — oo, i.e. we are interested in

at

// PI‘Ob{% S d.’E, %tzt) S dy, ¢t+gt(z) < q)t+0t(Zt)VZ S Zd s.t. (%, <I>t(z)) S BN} .

(z,y)€EBN

First, we express the probability under the integral for fixed (x,y) € By in terms of the point
process II;. Given that IT; contains the point (z,y) we require that there are no points in the
set R? x (y, o0), and requiring (9) for all points z with (|z|/r¢, ®¢(2)/a;) € By is, by Lemma 2.3,
equivalent to the requirement that II; should have no points in the set

{(z,9) € Bx: 5+ 1517 > y + 125zl }.
Hence, defining the set
DY (ry)={@7) eR* xR : §>y}U{@7) € By : 7| > 17>y — 125zl - 1)},

we see that, as t — o0,

tlglgo Prob(A(N,t)) // Prob{II(dz dy) = 1,II(D} (|z|,y)) = 0}
(z,y)€BN
// =03 (=19) (A )
(z,y)€EBN

Taking the limit in this way is justified as D}’ (|z|,y) is relatively compact in H and (x,y) ranges
only over elements in By. Finally, if we similarly define (see also Figure 3)

Dy(r,y) ={(@,7) eER* xR : [Z| <ry>yor [7>rT>y— 25z —r)}.
we can invoke Lemma 2.2 to see that

tlim Prob{Z; = Zi19:} = hm lim Prob(A(N,t))
— 00

N —o0 t—o0

_ o~V (DY (1],9)
g J] ey

z y)GBN

/>O / . =Vl (A dy)
y> TE

where the last equality follows by dominated convergence, as the integrand is dominated by
e~V (Do(lz1,)) which is integrable with respect to v by the direct calculation in the next proposition.
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Y+ argg (Il — =)

—qlz] "~

Figure 3: The point process II is defined on the set H indicated in grey. If we fix Zy/r; =
x,®:(Z;)/ar = y, the condition that Z; = Z;,¢: corresponds to the requirement that the point
process II has no points in the shaded region Dy(|z|, y).

We now simplify the expression that arises from the point process calculation. We denote by
B(a,b) the Beta function with parameters a, b and define the normalized incomplete Beta function

B(z,a,b) = B(clz D) /0 v 1 —v) .

Proposition 2.4 (Explicit form of I(6)). For any 6 > 0, we have

1 1
_V(Dé(lx‘ v)) drdy) = I(6 / a—d 1_ d—1 q
/>0/x€Rd Vidwdy) = 1(6) := Bla—d+1,d) v =) e (v) dv,

where the weight @g(v) is defined by

d—a

L =1-Bw,a—d,d)+(1+6)*(%+1)

7o) B(f a—d.d). (14)

1+9’

Proof. First of all, we compute v(Dy(r,y)) for some r > 0,

/ / adz dy / / adzxdy
r y OL [
z|<rJy y+Q|x| + |z|>r Jy— lJr5(\w|—7‘) y+q|3)|) +

Ry -
m<r W+ dZD*  Jigse (y+ mrﬁ‘ mlw\)“

Next, we can rewrite the two last summands. We exploit the invariance of the integrand under
reflections at the axes, then for z; > 0 we use the substitution u; = T, + - - - + T4, u; = T; for
¢ > 2 and then the substitution y 4+ qu; = y/v, so that

_ d—
/ deQd/Tull(/ duz...dud)dul
w<r (¥ +qz)* o (Yt qua)® \ St tuas
r d—1 1
e uf _ gdyd-a a—d—1 d—1 15
= (d_1)!/0 W+ qu)® dm—m/y v (1-v)d-tay (15

:ﬂyd_o‘<1—é(y+q a—d, d))

y+qr

12



d
where ¥ = %. A similar calculation shows that

[ o 00 o ) B 0 )
[Z|>r

y+ 1557+ 1 T

Combining the previous displays, and using the substitution y + ¢gr = y/v yields
—a +ﬁr
—d,d) + (1+0)(1+ 25 2)" " B(LES o~ d,d))

v(Deg(r,y)) = ﬁyd‘“(l - B(7sa
= oy" (1= Blo,a— dd)+ (1+0)*(1+ 2)" "B(3£5,0 — d,d))

= 9y *pp(v) . (16)
..+ x4 and u; = x; for i > 2,

To calculate the integral over z € R? we substitute r = z; + .
pd—1

[e.e]
~v(Dy(lal.v)) a do — L/ —u(Dy(ra)) T
e xr = e T
/]Rd (y + glz[)o+! @@=t J, (y +gr)o+t

Finally, we integrate over y > 0 and use the above formula for v(Dgy(r,y)) together with the

substitution y + ¢r = y/v and w = Yy~ to obtain
—“ldr

= Doll19) 1 (dg dy) = // o v(Do(ray 0T dr
/>0 /xe]Rd v{dedy) (d bt (y+q7")a+1 Y

d
A R e e PRI
0

1 S
(e a—d d—1 —wepg(v) !
:W/Ov (1—wv) /0 e () dw do

1
= B(a—tli-i-l,d) /o v (1 =) g (v) do,

where we used the identity B(z + 1,y) (x + y) = B(z,y) « for z,y > 0 in the last step.

Proposition 2.5 (Tails of I).

(a) Jim 0°1(0) = gpitarra-

(b) %89*1(1 — I(0)) = Cy, where the constant Cy is given by

1
Co= potirs </ v (1~ )" Blvsa — d,d)dv + B(2(a - d),2d - 1)) .

B(v,a —d,d) <1 and v — B(v,a — d,d) is nondecreasing we get, for 0 < v <1

—d,d)
)d,Uafd ,

Proof. (a) As

@e(v)

—1-Bwa—dd)+1+0)°(L+1)" "B
> (1+0) v (25)B(% dd)zé

1+9’

where we chose 0 large enough such that B( Trg: O — d,d) > % Hence, for 6 large enough,

1
01(0) = m%) V(1 = 0) 0% (v) o

1
2 d—1 _ 2
< (a—d+Ld)]€ (1=v)" dv= dB(a—d+1,d)

Therefore, since 8%pg(v) d=a pointwise for every v € (0,1) as § — 0o, we can invoke the
dominated convergence theorem to complete the proof of the lemma.

13



(b) We can write

L=10) = g | 70— 0 o) ()~ ).

Set B(v) = B(v; — d,d). Then, since pg(v) — 1 for every v as 6 | 0, we can concentrate on

eo(v) "t =1 = (14 6)%0 ¢ (L) " B(42) — B(v)

v+6 1+v
> ay—d B, v »,
= B(%5) (e — 1) + B(55) - B(v).

The first summand can be bounded by (1 + 6)* — 1 < 2a6, eventually for all . For the second
term, we have that

v+6

B((iiZ) - B(U) = /1+6 w11 — w)rdu < 0(1 — v) max{v*~471 1} .

Combining the two estimates we obtain that §=1(1 — I(6)) is bounded, so that by the dominated
convergence theorem, we may take the limit of 6=!(¢, ' (v) — 1) as 6 | 0 under the integral. [

2.2 Ageing for the solution profile

In this section, we prove Theorem 1.1 by combining the results about ageing for the maximizer Z;
from the previous section with the localization results in [KLMS09]. We start with a preliminary
calculation that will be used several times in the remainder.

Lemma 2.6. If ®;(z) = ®(y) for somet >0 and z,y € Z% such that t&(x) > |z| and t&(y) > |yl,
then for all s > 0 such that s§(x) > |x| and s&(y) > |y|, we have that

Dy(z) — Os(y) = (E(2) — €W (1 - ).
Proof. By the assumptions on ¢, z,y, we find that

Oy(x) — Pe(y) = ((=) — &) — 1 (|zllog&() — lyllog £(y) — n(x) +n(y)) = 0.

Rearranging, we can substitute into

D (x) — Bo(y) = (E(x) — () — £(|x[logé(x) — |y[log&(y) — n(x) + n(y))
= (&) — &) (1-1),

which completes the proof. O

Remark 2.7. Let Z”,Z®,... € Z¢ be sites in Z? producing the largest values of ®; in de-
scending order (choosing the site with largest /!-norm in case of a tie), and recall that Z; = Z;.
It is then easy to see that t£(Z,”) > |Z{”| for i = 1,2 and all t > 1. Hence, if 7 > 1 is a jump
time of the process (Z;: t > 0), then ®.(Z) = &, (Z), so that we can apply Lemma 2.6 with
x=Z" and y = Z» and the conclusion holds for all s > 7.

Lemma 2.8. Almost surely, the function u — &(Z,) is nondecreasing on (1,00).
Proof. Let {7} be the successive jump times of the process (Z;: t > 1). By definition,

)

Tn+41 (Z;ilrl) = ¢T71+1 (Z;i)+1)

14



and by right-continuity of ¢ — Z{", we have that Z2 = Z®. Now, consider 7,41 <t < Tnia

such that Z,” = Z for i = 1,2, then by Lemma 2.6 and Remark 2.7 we know that

Tn+1

(I)t(Zt(l)) _ IIDt(ZtQ)) = (Z(l) ) P (Z(z) ) _ (é‘(Z(l) ) o f(Z(z) ))(1 _ ﬂ)

Tn+1 Tn+1 Tn+1 Tn+1 t

= (&(27),,) —&(Z2)) (1 — =52).

As t < Tpyo, and t — ®4(Z") — ®(Z{>) is not constant, the left hand side of (17) is strictly
positive, which implies that £(Z,,,,) — §(Z,) > 0, thus completing the proof. O

(17)

As an immediate consequence of this lemma, we get that (Z;: ¢ > 1) never returns to the same
point in Z*. We now prove the first part of Theorem 1.1.

Lemma 2.9. For any sufficiently small € > 0,

hm Prob{ sup ‘ (t,z) —v(t+ 0tz ‘ <e} = hm Prob{Zt Zryvor} = 1(0).
z€R4

Proof. Suppose 0 < € < % and let us throughout this proof argue on the event
Ay ={v(t,Z) >1— 5, v(t+0t, Zpg) >1— 5}
Now, if z # Z;, then
u(t,z) < Y ult,z) =U(t) —u(t, Z) < §U(),
T A7

and similarly if z # Z, 4, then u(t + 0t,2) < SU(t + 0t). In particular, if z # Z; and z #
Zi1gt, then |v(t, z) —v(t + 0t,2)| < e. Now, if Z; = Z;1¢;, then by assumption A; we have
[o(t, 2) — v(t + 0t, 2)| < e for any z € Z?. Conversely, suppose that Z; # Z;,¢:. From above we
then get u(t + 0t, Z;) < 5U(t + 0t) and since we argue on the event A;, we find that v(t, Z;) —
v(t+6t,Z;) > 1—e > e, so that

sup |v(t,z) —v(t+0t,2)| > |v(t, Z,) —v(t +6t, Z,)| > ¢
z€Z4

To complete the proof, it remains to notice that since v(t, Z;) converges weakly to one, we have
that Prob(A4;) — 1 as t — oo. O

Before we can prove the remaining part of Theorem 1.1, we need to collect the following fact
about the maximizers Z® and Z®.

Lemma 2.10. Let \; = (logt)™" for some 3 > 1 + == If t1 < t2 are sufficiently large, satisfy
70 = 79 and
2
D,(2,") — u(2,”) = 5 arhe, (18)
holds for t =t1 and t = to, then (18) holds for all t € [t1,12].

Proof. Flrst we additionally assume that Z;* = Z;¥ for all t € [t1,¢5). By Lemma 2.8 we have
that Z" = Z ) for all t € [t,ts]. Using also the contmulty of t — <I>t(Z( %, i=1,2, we get

0(2,7) — @1(27) = @u(Z1)) — 2u(Z1))

=&(Z)) - 6(Z7)) — 1 (12 1Mog €(Z1)) — 12,7 |Nog &(Z5)) — n(Z4)) + n(Z,))
=A—1B forallte[t,ts],

for some constants A, B € R depending only on ¢;. Now, defining

f(t):A—%B—%at/\t,
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we get that f(¢1) > 0 and f(¢t2) > 0 by our assumption. Moreover,

1 G
f) = tj(B -3 W(q— ﬁj;i)),

which is negative for ¢ larger than some threshold depending on t;. Also, if ¢; is large enough,
the function ¢ — ﬁ(q — %) is strictly increasing for ¢ > ¢1, hence f’ has at most one
zero for ¢t > t1. Therefore, if f’ has a zero ' > t1, then f’ is negative for all ¢ > ¢’, implying that
f does not have a minimum at ¢’ € (t1,t2). If f' does not have a zero for ¢ > ¢, then it follows
that f/(t) < 0 for all t > t;. In either case, f(¢1) > 0 and f(¢2) > 0 imply that f(¢) > 0 for all

t € [t1,t2], in other words (18) holds for all ¢ € [t1, t2].

Now we drop the extra assumption on Z;> and define the jump times
o =sup{t<t;: Z{" # 2} and tt=inf{t>t,: 2V # 27
Furthermore, define a sequence s by setting s = 7~ and for 7 > 1 setting
sW =1inf{s > sV : ®,(ZP) = Ds(ZP)}.
Then, there exists N > 1 such that s® < 77 < s®¥+Y_ where N > 1 since, by Lemma 2.8,

Z? = lim Z{" # z).
tTT—

Using that @) (Z5)) = @, (Z.(),) and Proposition 3.4 in [KLMS09],
(I)s(i) (Z;B)) - (bs(i)(Z;?z)) = (I)S(i) (Z;H)) - q)s(i) (Z;?,))) > a;s(i))\s(i) .

Therefore, (18) holds for ¢t = s, ¢ =1,..., N. Hence, the additional assumption that we made in
the first part of the proof holds for each of the intervals [t;,s®), [s(), s+ fori=1,...,N—1
and [s™), t). Thus, we can deduce that (18) holds for all ¢ in the union of these intervals, which
completes the proof. O

Finally, we can now show the stronger form of ageing for the profile v and thereby complete the
proof of Theorem 1.1.

Proof of Theorem 1.1. By Proposition 2.1, it suffices to show that

tlim Prob{ sup  |v(t, 2) —v(s, z)| < 5} = tlim Prob{Z" = Z{", }.

— “40t
z€Rd
SE[t,t+0t]

First of all, note that by Lemma 2.8 we know that Z{" = Z\, if and only if Z;" = Z{" for all
s € [t,t + 0t]. We will work on the event
A= {‘Dt(zt(l)) —0(27) > at>\t/2} N {¢t+9t(zt(_l,_)9t) — ‘I)t+9t(Zt(i)9t) > at+0t>\t+9t/2} .

Recall from Proposition 5.3 in [KLMS09] that if ®,(Z;") and ®;(Z;”) are sufficiently far apart,
then the profile is localized in Z;". More precisely, almost surely,

lim ) v(t, 2) T{®,(Z) — By(Z) > azh/2} = 0.
t—o0
zez\{z{V}

In particular, for given € < %, we can assume that ¢ is sufficiently large, so that for all s > ¢,

> w(s,2) {O(ZP) = Bu(Z8) = airs/2} < 5. (19)
zez\{zM}
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Now, if Z{" # Z,"),, then on A;, we know by (19) that v(t + 0t, Z;") <

the fact that v(t, Z{") > 1 — 5, we have that

£. Combining this with

sup  |v(t, 2) —v(s,2)| > |v(t, Z;") —v(t+60t, Z;")| > 1 —e > €.
seﬁfzfeﬂ

Conversely, assume that Z;" = Z;,,, then by Lemma 2.8, Z{" = Z{" for all s € [t,¢ + 0t]. Now,
on the event A; we know by Lemma 2.10 that for all s € [¢,¢ + 0t],

D(Z0) — 0,(28) = ashs/2. (20)
This implies by (19) that
> w(s,z)<e/2 foralls€ [t t+ 01
zez\{zM}
As in the proof of Lemma 2.9, this yields that

sup  |u(t, 2) —w(s,z)| <e.
z€R4
se[t,t+6t]
Hence, to complete the proof, it remains to notice that by [KLMS09, Lemma 6.2] the pair
(®4(Z") Jay, ®:(Z{?)/ar) converges weakly to a limit random variable with a density, from which
we conclude that Prob(A4;) — 1 as t — oo. O

3 Ageing: an almost-sure limit theorem

In this section, we prove Theorem 1.3. As in the previous section, we first concentrate on an
analogous theorem for the maximizer of the variational problem ®;. In particular, in Section 3.1,
we extend Proposition 2.1 to a moderate deviations principle. This estimate allows us to prove
the equivalent of the almost sure ageing Theorem 1.3 in the setting of the variational problem
in Section 3.2. Finally, in Section 3.3, we transfer this result to the maximizer of v.

3.1 Moderate deviations

Recall from Proposition 2.5 that

1 —d

tlggo Prob{Z; = Z; 0.} = 1(6) ~ m 7

where the latter asymptotic equivalence holds for 6 tending to infinity. We now show that we
obtain the same asymptotic for Prob{Z; = Z;,¢:} if we allow 6 to grow slowly with ¢.

Proposition 3.1 (Moderate deviations). For any positive function 6; such that 8; — oo and
0; < (logt)® for some § >0, we have that

PI‘Ob{Zt = Zt(1+0t)} = (m + O(l)) G;d .

Unlike in the proof of Proposition 2.1, we cannot directly use the point process techniques, as
the weak convergence only applies to compact sets, whereas here we deal with sets that increase
slowly with ¢ to a set that has infinite mass under the intensity measure v. We start by expressing
®4(2) in terms of £(z) and |z|, while carefully controlling the errors.
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Lemma 3.2. There exist C1,Co > 0 and to > 0 such that, for all z € Z,t > to with t&(z) > |z,

1
logt’

£z |7 log(Netage)\  2¢(2) _ §(z) |7 log log ¢
— a1 (1 2 og(iNtTqgt < < —g=(1 - og log
ay q Ty ( + logt ) I - q e ( Cl logt ) + 02

where the lower bound holds uniformly for all functions Ny, gi such that ®4(z) < ap Ny, |z| < rige
and Ny, g; — oo ast — oo. Similarly, for § >0 and z € Z¢ such that (1+0)t&(z) > |z|, we have

£(2) q |z log(Ni+qg¢) Diroi(2) _ £(2) q |z log log ¢ 1
20 _ 1 ) t t < < _ 1 — (', loglog C
a; 1+97’t( + logt )_ ag T oay 1+0rt( 1 Tlogt )+ 2logt’

again with the restriction that for the lower bound we assume that ®4(z) < a; Ny and |z| < ryg;.
Proof. Using that r; = @at, we have, for t£(z) > |z|, that

(b;iiz) = % - i(|z| logé(z) —n(z)) = %j) - Q% + error(t, z),

where
|z|loglogt |z log £(z) | n(®)
ry logt rilogt at rilogt

error(t,z) = q

It thus suffices to find suitable upper and lower bounds for the last two terms. For the upper
bound, we use that 7(z) < |z|logd and also that zlogx > —e~! for any x > 0, to get

B |z] o f(z)+n(z)< |z |z] Mlogd< 1 Bloglogﬂrlogd
r¢logt n ast

)

~  rilogt rielogt 1y logt — logt c Tt logt
so that the upper bound holds for C; > % (1+1logd) +q and Cy > e~ 1. For the lower bound we

note that either £(z)/a: < (1 + lfg*t)Q, or we can use logz < z'/2, for all z > 0, to estimate

€) _ &) 2l ()2

a HZZTt‘rtlogtl"thZTt‘ﬁogt(ﬂ
€z) g (ERNY2_ E(2)\12
Tf‘@(?) 2 (Tt) :

Therefore, we have £(z)/a; < max{(1+ %)2, (@Z—(j) + q%)Q} < (N; + qg¢)?. Hence, we can
conclude that
_qm 2log(N: + qg1)

error(t,z) >
(t,2) 2 T logt

For the bound on ®;4¢:(z) it suffices to note that

Diroi(2)  £(2) q || 1
o) S =l t
a¢ a¢ 1+0Tt+1+oerr0r(’2),

where error(¢, z) is precisely the same error term as in the first part of the lemma. O

In analogy to the proof of Proposition 2.1, we will have to restrict (Z;/r, ®:(Z;)/a:) to large
boxes in R? x R. The first step is therefore to estimate the probability that (Z;/r, ®:(Z;)/as)
lies outside a large box.

Lemma 3.3. There exist constants C,C’ > 0 such that for all t > 0 large enough, uniformly for
all N > 1,

(a) Prob{1Zl > N} <O N,

(b) Prob{%tz") > N} < O N,
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(¢) for any positive function n; < 1 such that nia; — oo we have

—a

Prob{ 4( Zt) < } <Ce~ 'y

Proof. (a) Using Lemma 3.2, we can estimate

Prob{|Z,| > Nr;} < Prob{3z € Z* with |2| > Nry, 222 > 0}

< > Pron{S2 = gl (- o) - cody )

zezd
|z|>Nrg
=(1+o0(1) > a(¢Z) ™ =1 +o0(1) DT
zezd zczd
|z|>Nrg |z|>Nrg

where we used that r{ = a¢ and o(1) tends to 0 as t — oo uniformly in N > 1. We obtain the
required bound by noting that the sum is bounded by a constant multiple of (Nr;)4~®

(b) For the second estimate, we use again Lemma 3.2 to obtain

Prob{®,(Z;) > Na;} < Z Prob{®(z) > Na;}
z€Z4
< 3 Prob{&2 > N+ gl (1 0y lpst) - ol
2€74
< (14o(1) Y a7 * (N +qi) ™"
2€7Z%

Similarly as before, observe that the sum is bounded by a constant multiple of f X pd=1(N+qr)~«,
which itself is bounded by a constant multiple of N¢~¢.

(c) For the last bound, note first that by Lemma 3.2, that if t{(z) > |z| and |z|/r: < g == logt
and ®,(z)/a; < 1, then there exists C' > 0 such that

&(z log lo. Dy(z
9 gkl 1+ Cgt) < 2.

Hence, we can estimate

Prob{%tzt) <) < Prob{q);—(tz) < for all z with t£(2) > |z| and |z| < ry(logt)}
< H Prob{tf(z) < |z| or g(gj) <n +q%(1 + C’loglogt)}.

logt

zezd
|z]<rig¢

Now, if t£(z) < |z| and ¢ is large enough, the second inequality must hold as well. Hence we
obtain

PrOb{‘I) S < } < H Prob{f(z) <n +q| |(1+Cloglogt)}

logt
zczd
|z|<7igt
:exp{ Z log(l—a (77t+q| |(1—|—C10£golgotgt)) )}
zczd
|z|<Tigt

<ep{-(+o) ¥ a(n+d) "},
zezd
[z|<r¢g¢

using that a;ny — 0o and log(1 — z) < —z for < 1. The sum can be bounded from below by a
constant multiple of

—1

—a [T 4 rtgy—a R —a
ry r T e+ q2) dr = (1+0(1)) r= (i + gr)dr,
0 ) 0

and the latter integral can be seen to be bounded from below by a constant multiple of 77 e g
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Proof of Proposition 3.1. The main idea is again to restrict (Z;/ry, ®¢+(Z;)/as) to large boxes
to be able to control the error when approximating ®;. To set up the notation, we introduce
functions 7, = (log t)*ﬁl, N; = (logt)?, g; = (logt)” for some parameters 3,3,y > 0, which we
will choose later on depending on the function 6; such that

PI’Ob{Zt = Zt(1+9t)} = PI'Ob{Zt = Zt(1+9t)’ |Zt| S Ttgt, ©4(Z:) S [nt»Nt]} + O(e;d) .

at

Once these growing boxes are defined, we can find by Lemma 3.2 a constant C' > 0 such that
the function §, = C'128198t gatisfies

logt
€0 Bl < 2O L8O Bl g 4,

where the upper bound holds for all z € Z¢ and the lower bound for all z € Z? such that |z| < 7:g;
and @t(z) < CltNt.

Upper bound. We use a slight variation on the general idea, and consider

Prob{Z; =Zy110,)} < Prob{Zy = Zy116,y, m < £22 — ¢ Z(1 —5,) + 6, < Ny}

+Prob{®,(Z:) < mear} + Y Prob{«z) —qEl(1—5) 46 = N,
z€Z4

(21)

By Lemma 3.3(c) and the proof of (b), we have that

Prob{®(Z;) < mar} + > | Prob{%) g1 -6) 8> Nt} < Oy (O 4 N
z€Z4
so that this error term is of order o(6; ) if 8 > 0 is large enough.
Now, we can unravel the definition of Z; being the maximizer of ®; (in particular we know
t&(Zy) > |Zy| and ®4(Z;) is positive) and write
Prob{Z; = Zy19,, njay < ®1(Zy) < meas, | Ze] < gere }
D,(z) < Dy(2) for z with t£(%)

N > [Z]; (22)
= / Z Prob @t(1+9 )( ) < @t(1+9t)( ) for Z with t(]. + et) (E) > |Z‘ .
M Lezd té&(z) > |z| for %f) 2] “(1-06)+éedy

Let z be such that |z| < g¢r¢, and % — q%(l —0t)+0; =y < Ny. For any Z with |Z] < gyry and

D4(z) < Pu(2) if t¢(z) > [z],
Pi(110,) () < Pyito,)(2) (1 +0:)E(Z) > [Z],
we can deduce from Lemma 3.2 that
ftj Elata)<y if t&(z) > |7,
- Ea vay <y el —6) i H(1+0)6(2) > [3.

Recalling that r; logt = ta, it is easy to see that the inequalities on the left hold automatically for
sufficiently large t, if the conditions on the right are violated. Therefore, using the independence
of the £(z), we get an upper bound on the expression in (22),

/ > Prob{£E —glEl(1—5) + 5, e dy} [ Prob{:Z <y+qE (1 +06)}
Tt

z€Z4 zezd

[ERE (23)

zezd
|z|<|ZI<rigt
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We now require that 3 < 1, so that d;n, ' 0. In the following steps, we treat each of the
products in the above expression separately. First of all, as £(0) is Pareto-distributed,

1 ; ; o

d—yProb{%fq%(lf&)JrétGdy}:aa (y+q ( —0) —0y) (1)
< (18 )@ Daa; o (y + 27O

For the second expression in (23), we find that for all y > 7, we know that a;y > aym > 1,

assuming that ¢ is large enough. In particular, we can use the approximation log(l — z) < —x
for z < 1 to obtain uniformly for all y > n; and all z,

[T Prob{ 2 <y+aZ+a)} <exp{ Y tog(1-ar*(y+a1+6))™")}

zezd zezd
=<zl =<zl
< exp{ - Z a;o‘(y+q%(1 +6t))7a}
zezd
=<zl
Sexp{—(1+5t)_a/ (y+q‘ 2 =) dz}
\?I<IZI**

<+o)en{ - +on) [ +am)ar}.

where our assumptions on 7; guarantee that all the error terms are of order o(1). Finally, we
consider the last product in (23), and a similar calculation to above shows that uniformly in
y > n; and for all z € Z2,

H PrOb{é%) =, ‘rztl( +5t)<y+1f§ ‘rzt(l_(st)}
zezd
|21 <IZI<rtg¢

< (1 + o) exp { ~ (1+0(1)) [Zl (v+ 122 + o l) "az ).

?:Shﬂﬁgt
Combining these estimates to bound (23) and thus (22), we obtain

Prob{Z; = Z 1, na; < &TZ;) - qlff (L= 0¢) + 6 < mpae, |Ze] < gere}

< (a+o(1)) / > riten{ = (o) [ e+ ar)

2€7Z4

+ 2|\ —(a+1
xexp{ — (14 o(1) / (v+ 2521 4 ) dm}(y + )"y

El<zi<g
Ny
<Gro) [ [ ew{-@row) [ (y+ ) ar)
Mt z€R |Z|<|x|
N adzdy
xexpd — (1+o0o(1 / + L)+ |z dT p————,
{ (olt) o] <[%|<ar v+ 2 1ol + i 1) }(y+CI|~T|)O‘+1

where, as before, the approximation of the sum by an integral works because n.a; — 0o. Note
also that, uniformly in z and y,

/ (y+ ff;f|x|+ﬁ|f|)*“dfs<1+et>aq*a/ 7| < '8,
|Z|>g¢ ) ) [Z|>g¢

where C’ > 0 is some universal constant. Choosing v > 0 large enough ensures that this term

21



tends to 0. Hence, together with (21) we have shown that
PI‘Ob{Zt Zt(1+9t

/>0 /zeRd P 1+0(1))/|x<|x|(y+Q$|)adx}

)\ o adﬁdy —d
expq — (1+o(1 / y+ Lzl + L |7 dzt ———— +0(0;%).
{ (o) | v+ sfilel + i o))" aw p o oy + ol )

Lower bound. Before we simplify the expression for the upper bound, we derive a similar ex-
pression for the lower bound. As in the upper bound, we follow the main idea and restrict our
attention to large boxes and estimate

Prob{Z; = Zi1s09} > D Prob{Z, = z=Zg, €2 — 22 < N,}

at

zezd
IzI<rege
D (Z) < Py(2) for z with t£(z) > |z|; (24)
> Prob{ Py140,)(2) < yarp,(2) forz Wi(ﬂ)l t(1 +| ?t)§(3) > |z];
. £(z z

e t&(z) > |2[; o T 24 <N

The proof of Lemma 3.2 shows that if z is such that |z| < g¢r¢ and 5 Qq% < Ng, then we
can find C' > 0 such that with ¢; = Cloﬁ)lg‘;tgt we have that
Eif) — q'rt (14+4) < a(i) < E‘(lf) — q%‘(l — ;) + 8¢ and
k= T (14 0) < P < €8 - (LB - 6) + by

Therefore, we can approximate (24) further by

PI’Ob{Zt = Zt(l"l'et,)}
£E) qlgl(l—5t)—|—5t<y for z # z;

at

Z/ Prob{ &) _ o ;(1_5t)+5t<y+;z§;t(1+5t) for Z # z;
() %(1+6t)€dy

(25)

zezd
|zI<7rtg¢

We now show that, depending on whether |z| < |Z| or |z| > |Z| one of the two conditions in the
bracket above is superfluous. Indeed, if |Z| < |z| and the first condition holds we can deduce that

€@ _a [
a¢ 1+9trt

q6: E(l—(ﬁ)gy—i— q6: ‘Z|

1+9t Tt Ot Tt

(I—-0)+6 <y+ (1+0).

Conversely, if |Z| > |z| and we assume the second condition it follows that

Z z 0: |z 0
@—qm(l—ét)—k&tgy—LMu 5,) + L £l

— —_ 1-46)<y.
a¢ T¢ 1+9t Tt 1+9t Tt( t)_y

Hence, we have found a lower bound which can be expressed using the independence of the £ as

PI'Ob{Zt = Zt(1+9t)}

Z / Prob{g(z) El(1+96) € dy} H Prob{g(z) %(1 — &) +6 <y}
zezd zezd
lz<reg: ZI<l|
< 1] Pmb{ffj) B -6) + 6 <y+ Ll -4} (26)
zezd
IZ1> 12|
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We use that log(1 —x) > —z(1 4+ z) for 0 < z < 1/2 to see that
H Prob{é(z) i — ) + 0 < y}

= xp{ Z log (1—ay (y+q (1_5t)_6t) a)}

[ZI< =]
zczd
IZ1< =]

> (1+0(1)) exp{ —1+ 0(1))/

|zl < 2l

(y + gle))~dz}

where o(1) tends to 0 uniformly in y > 7; and all € Z?. Similarly as in the upper bound, we
can deal with the other products in (26) and approximate the sums by integrals to obtain

Prob{Zt = Zt(1+6t)}

2oy [ f N oo { (o) [ (+ale)ar)

—a adxdy
xexp{—1+01 / y+ Lzl + 1|7 df}i,
(o) [ (o ilel + cllo)an) o o

which is almost the same expression as for the upper bound. In order to control the difference,
we first estimate

/I>gf/77 eXP —(1+o0(1 ))/m|<|x(y+q|$|)_adx}

—a dz dy
—(1+o(1 a0 i 7l) az
x eXp{ (1+0(1)) /|a;|<|z v+ el + igrll) dw (y + qlz|)o+t

<. /N exp { = (1 0V) [ o+ afel)am)

N.
_ Ld'/ "/ o~ (1o(1)0y"~ QM7
(@D Nt T>gt (y+q7“)a+1

where we used the same simplification as in Proposition 2.4 and 9 =

2¢B(a—d,d)

2= - Similarly, we

get an upper bound of
o0 Nt t
< _a2¢ —(1+40(1))9y?™%, d—a—1 fage) a=d({ _ )41y d
0 0

)Ot*dJrl

IN

Ny
(1 + o) pa=a=a (z

Making 8 > 0 larger depending on 6;, and then choosing v > 0 large depending on 3 and 6;, we
can ensure that this term is of order o(f; %). Similar calculations yield

/mem / Ve { = (1 +o1) /|x<ml(y+qx|)adz}

—a adzdy
xexp{—l—i—ol / y+ 22|z + 4|7 df}ia
( ) mgm( ¥, 171+ | ) (y + glz])>t!
a2¢ B(a— d+1 ,d) —(1+o(1))197]§l7°‘ d—a
= (d—1)lq? Ne s
which is of order 0(97d) and
[ [ ew{-arow) [ (+dshear)
zcRe J N, [z]<|=|
xexp{f(1+0(1))/ (y + 22 |x|+¢|f|)*adz}M CNe
o< (y + g+t =

for some constant C' > 0, which by choice of 3 > 0 is also of order o(6; 9).
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Final step. Combining the upper and lower bound we have shown that
PI'Ob{Zt = Zt(l-‘r@f,)}

— (1+0(1) / . / e { = o) /|x<m(y + qfz))az)

0, o adrdy —d
exp{—(l-l—o(l))/xlélx (y+ 12 |a] + £ [7]) dx}W—&—o(Ot ).

Simplifying the integrals as in Proposition 2.4, we obtain that Prob{Z; = Zy144,)} = (1+
o(1))I(8;) + o(A7 %), and an appeal to Proposition 2.5 completes the proof. O

Remark 3.4. In fact, the proof of Proposition 3.1 even shows a slightly stronger statement.
Namely, let v > 0 and suppose ¢; is a function such that ¢, — oo as t — co. Then for any ¢ > 0,
there exists 7' > 0 such that for all ¢ > T and all ¢; < 6 < (logt)”, we have that

(1 — €)m 97d < PI‘Ob{Zt = Zt+0t} < (1 + €)m 97d .
As indicated in Section 1.3 the previous proposition suffices to prove the upper bound in Theo-
rem 1.3. For the lower bound we also need to control the decay of correlations.

Lemma 3.5. Let 6, be a positive, nondecreasing function such that ; — oo as t — oo and for
some § >0, 0; < (logt)? for allt > 0. Then, for anyt >0 and s > (1+ 6,)t,

1 97494

Prob{Z; = Zi110,) # Zs = Zs(+0,)} < (1 + 0(1))d2B(a —d+1,d2 "

where o(1) is an error term that vanishes as t — oco.

Proof. We use a similar notation as in the proof of Proposition 3.1. In particular, we will choose
functions g, n¢, Ny depending on ;. Also, let 6, = C lolgol%gt, where C' is the constant implied in
the error bounds in Lemma 3.2. A lengthy routine calculation similar to Lemma 3.3 shows that

Prob{Z; = Zy(146,) # Zs = Zs(146.) }
Zy = Zy(1460,) F Zs = Zs(146.);
= Prob )E(TZ;) —Q‘%tl(l—(st)‘i'(st € [, NiJ; ¢ + error(s, ),

§2) _ glZl(1 — 5,) + 6, € [, V]

(27)

where, for some constants Cy,Cy > 0,
error(t, s) < Cy (e~ 4 NA=)(e=C2me ™" 4 o7 4 N&o) 4 10, % (e~ C2ne " 4 N« |

Taking N, = 03+3/2 and 7y = 9[[3’ for 3’ > 0 ensures that the error is of order o(6; %67 ?). We
can therefore focus the probability on the right hand side of (27). Using Lemma 3.2, we find the
following upper bound

Zy = Zy110,) F Zs = Zs(146,) ;
Prob M_q%(l_ét)‘i‘ét € [ne, NiJ;

&) _ qlz.ij‘(l - 53) + 0, € [nsaNs]

@t(1+9t)(f) < @t(1+9t)(21) V|§| < rig; with Z 7& 21,22

Py140.)(Z) < Py140.)(22) Vrege < |Z| < rsgs with Z # 21,20
<2, D, Prob e g2l — 6,) + 6, € e, Ni) '

21€L% zo€Z\{z1 } EEthz) =

Ta. Q%(l - 55) + 55 S [nsaNs]

as
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which, taking g, = 097/

N, Ny _ _
<X X [T eee{-aars <ne o -}
} £l

21 €L 20 €Z\{z1

and using the independence, we can estimate as

< JI Pob{S2 B s < w0 -6
gtT£;|?‘<QsTs
Z#21,22

X Prob{%ﬁl) — ‘ (1 — b))+ 6 € dyl}PrOb{ £z2) q%(l —ds)+ 05 € dyg}.

As before, we can work out the probabilities, and approximate the sums by integrals to finally
obtain (14 o(1)) times

N,
¢ . —a . adry dy;
exp{f(1+o<1>)/ (1 + 71 + 2 ) “az} LS
//77 Il <gr 1o el (41 + gl [)ott

N,

s . . adrs dys
X e — (14 0(1 + 2 29 1o dx}—.
//n Xp{ ( ( ))/ (v | iz 2l) (y2 + glaz|)ot?

gert /7T <|T|<gs

(28)

In the remainder of the proof, we have to show that the first term is of order 6, 4 whereas the
second is of order §;¢. The integral in the first factor equals in polar coordinates

d
@ / (y1+1f9t + 1%

0<r<g:

> (146, / (1 +qr + gl |)” " dr

0<r<y¥4

= FEm+6) {Q‘“(zﬂ +qlz])*B(a — d.d) — / (1 +qr + (Jle\)_ard_ldT} :

gt
> ey

|) “Ypd-lgy

The subtracted integral is bounded from above by ¢=®¢?~%(1 4 ;)% and therefore, by our
assumptions, together with the (14 6;)? factor tends to zero. Hence we can conclude that, with
¥ as before, the first factor in (28) is bounded from above by

Ny
(1+o(1)) // o~ (1Ho(0)0(146,) (yr +glm = __ @ dyrdar
(y1 + q|oa[)>

d—1
—(140(1))9(1+6,)4 (y+qr)t== AT dyr dr
<aromgy [ e (o ar)e

<(1+o(1) da%; / / —(140(1))9(140,) 4yt v~ dya d—1, 0~ d(l )d—ldvdy

— (14 0(1)) (14 0)° W/ (1= )" 1o = (1 + 0(1)) O s

For the second factor in (28), we almost get the same expression, and it suffices to consider the
following term and, using similar arguments as above, we can estimate uniformly in ys > n;,

(y2 + 1g; (7] + glaa])*dz
|| < 27t :

4 —a w9 -
S (1 + gs)dm(yQ +q|l'2|)d d 1(1 — ’Z,L)d 1du.

1— __99t"t
rs(1+0s)ns
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Using that s/t > (1 + 6;) and recalling that n, = 9;5/, where we can assume 0 < 3/ < 1 and

g = 07732 we obtain

gre_ gullogt +loa(1 + 0,))+
715(1 + 95)775 - (log t)q+103+27ﬁl

1
2

< (1+001))0) 7,

so that, by choosing ' < %, this term tends to 0. Now, we can simplify the second factor in (28)
in the same way as the first one to show that it is of the required form. O

3.2 Almost sure asymptotics for the maximizer of o,

In analogy with the residual lifetime function R for the process Xy, we can also define the residual
lifetime function RY for the maximizer Z; of the variational problem, by setting

RV(t)=sup{s>0: Z, = Z;,.}.

Using the moderate deviation principle, Proposition 3.1, developed in the previous section to-
gether with the Borel-Cantelli lemma, we aim to prove the following analogue of Theorem 1.3.

Proposition 3.6. For any nondecreasing function h : (0,00) — (0,00) we have, almost surely,

. > dt
lim su RY(t) _ ! Zf/l th(t)? =00
1 th(t)d '

Proof of the first part of Proposition 3.6. Consider h: (0,00) — (0, 00) such that floo d—f)d < 0

#h(
which is equivalent to [,_, h(e)~?dt < oo, so that

oo
Z h(%e")_d < 0. (29)
n=1

It is not hard to see that h(t) — oo and that we can assume, without loss of generality, that

h(t) < (logt)" for some v > 1, replacing h(t) by h(t) = h(t) A (logt)? if necessary.

Fix € > 0 and an increasing sequence t,, — 0o. It suffices to show that almost surely,

RY (t,)
lim su
R b h(tn)

<e.

To this end, we now show that for all but finitely many n,

RY (1)
t

RY (t,) T 1
= >¢h(t,) implies > zeh(ty) for all ¢ € [t,, 3t,]. (30)

By definition, RV (¢,) > et,h(t,) implies that Z; does not jump during the interval [t,,t, (1 +
eh(t,))]. As RV is affine with slope —1 on this interval

RY(t) _ RY(tn)+tn—t - (1+eh(tn))tn —t _ chltn)
t t t -

Recall that h(t) — oo, and hence we have, for all but finitely many n, that (1 + ¢h(t,)) >
3(1+ 3eh(t,)), completing the proof of (30).

Now, define k(n) = inf{k : e* > t,}, so that in particular ¢, < e*(") < 3t,,. Then, by (30) and
monotonicity of ¢, we can deduce that for n large enough

(14eh(t,))
for t € [tmtnm]

v . . v ek(n) 5 € n
) > eh(t,)  implies i > Ghita) > FHh(5e™).
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This shows in particular that

Prob{%ﬂt") > eh(ty,) infinitely often} < Prob{ Al ) > Sh(3e™) infinitely often} .

e

By Proposition 3.1 we can deduce that exists a constant C such that for all n large enough
RV e" n A n\—
Prob{% > Sh(ze™)} < Ch(3e™) a,
By (29) these probabilities are summable, so that Borel-Cantelli completes the proof. O

For the second part of Proposition 3.6, we need to prove a lower bound on the limit superior,
so our strategy is to use the fine control over the decay of correlations that we developed in the
previous section and combine it with the Kochen-Stone lemma.

Proof of second part of Proposition 3.6. Let h: (0,00) — (0,00) be such that floo th‘(iif)d = 00.

Then, we can deduce that

Zh(e")_d = oo. (31)

Without loss of generality, we can assume that h(f) — oo and also additionally that h(t) <
(logt)?/? for all t. Indeed, if necessary, we may replace h(t) by h(t) = h(t) A (log t)%/4. For fixed
k > 0, define the event E,, = {% > kh(e™)}. By Proposition 3.1,

Prob(E,) = 75

(a—1d+1,d) (1+ 0(1))ﬁ_dh(en)_d )

so that by (31) we have Y Prob(E,) = oo. By the Kochen-Stone lemma, see for in-
stance [FG97], we then have that

2

k
Prob(E,
Prob{ E,, infinitely often } > lim sup (Z"=1 rob( ))

k k . (32)
k—oo Zn:l Zm:l PrOb(Em N En)

Fix e > 0. By Proposition 3.1 and Remark 3.4 we can deduce that we can choose N large enough
such that for all £ > N and all (logt)2a A h(t) < 6 < (logt)®, we have that

(1 - E)m G_d S PI‘Ob{Zt = Zt+9t} S (1 + E)m Q_d . (33)

Also, by Lemma 3.5, we know that we can assume N is large enough such that such that for all
n > N and m > n + log(1 + kh(e™)), we have that

Prob{Zen = Zen(14un(en)) 7 Zem = Zem(14rh(em))
<(1+e) (7(13(&_1(”1’1))2m_2dh(6")_dh(em)_d (34)
< 1££ Prob(E,)Prob(Ey,) .
Note that by Lemma 2.8, we know that Z; never returns to the same point, therefore we have

Prob(E, N Ey,)
= PI‘Ob{Zen = Zem(1+ﬁh(en))} + PI‘Ob{Zen = Zen(1+nh(en)) #* Zgm = Zem(1+ﬁh(em))}.

In particular, notice that the second probability is zero if n < m < n + log(1 + xh(e™)). Hence,
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we can estimate for n > N and for k large enough, using (33) and (34),

k
Z Prob(E, N E,,)
n+2logn k
< Y Prob{Zen = Zewirnerp}t + Y Prob{Zemn-2 = Zem(14nnem))}
m=n m=n+2logn
k
+ e > Prob(E,,)Prob(E,,)
m=n+log(1+kh(e™))
k k
< C Prob(E,) Z edn=m) 4 G2 Z Prob(E,,) + 1t Z Prob(E,,)Prob(E,,),

where C is some suitable constant. Finally, in order to bound the right hand side of (32), we
can estimate for k > N,

kK k ;
> ) Prob(E,NEy) <2N > Prob(E,)+ » Y Prob(E, NE,)
n=1m=1 kn 1 . n=N mk:N
<2¥ (N +Y m ey C‘ed(”’m)>Prob(En)
n=1 m=1 m=n
+obee Z Z Prob(E,)Prob(E,,)
. =N m=n .
<’ Z Prob(E,) + 1< Z Z Prob(E,,)Prob(E,,),
n=1 n=1k=1

where C’ > 0. Therefore, we can conclude from (32) that Prob{E,, infinitely often } > 1=2and

since € > 0 and k > 0 were arbitrary, the second statement of Proposition 3.6 follows.

1+e’

3.3 Almost sure asymptotics for the maximizer of the solution profile

In this section, we prove Theorem 1.3. Thus, we have to transfer the almost sure ageing result
of Proposition 3.6, which was formulated on the level of the variational problem, to the residual
lifetime function of the maximizer X; of the profile v. The underlying idea is that most of the
time X; and the maximizer of the variational problem Z; agree and we only have to control the
length of the intervals when they can disagree. The latter scenario corresponds to those times
during which the processes relocate to another point. Therefore, our strategy is to look at the
jump times and show that both processes jump at almost the same times.

The period when the maximizers relocates correspond exactly to those times when Z{" and Z;>
produce a comparable value of ®. With this in mind, define for A\; = (logt)™# with 8 > 1+ ﬁ,
the set of exceptional transition times

E=EB)={t >ty : DUZ") — @ (Z{) < FarMi}, (35)

where ¢ is chosen sufficiently large and, to avoid trivialities, such that ¢y # inf £. By [KLMS09,
Lemma 3.4] we can choose ty large enough such that for all ¢ > tg,

®,(ZDV) = B(Z2) > ahs . (36)

Lemma 3.7. The process (Z,"”: t > ty) jumps only at times contained in the set £. Moreover,
each connected component of € contains exactly one such jump time.
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Proof. The first part of the statement is trivial, since at each jump time 7 > to of Z;" we have
that ®.(Z") = ©,.(Z?) so that 7 € £. For the second statement, let [b~,b"] be a connected
component of £, then
(I)t(Zt(l)) - (Z(g)) 7at)\t 5

for t = b=, b (here we use that b~ > inf & # ). Now, since t — ®4(Z;") — ®,(Z;”) is never
constant, if Z;" = Z; then by Lemma 2.10 there is t € (b~,b") such that ¢ ¢ £ contradicting
the connectedness of [b ,bT]. Thus, we can conclude that Z; i jumps at least once in [b,b"].
Finally, the fact that, by Lemma 2.8, Z{" never returns to the same point combined with (36)
guarantees that Z{" only jumps once in [b~,b"] (namely from Z“) to Z(2)) O

Denote by (7,,) the jump times of the maximizer process (Z;": t > tg) in increasing order. In
the next lemma we have collected some of their basic properties.

Lemma 3.8. (i) Fiz > 1+ =, then, almost surely, for all but finitely many n,
(E(Zﬁif) —§(Z2)) (=) > a, (log7,) 7.

(ii) Fizy> 1+ - d, then, almost surely, for all but finitely many n,

Tn41 7 Tn > (log7,) 7.

Tn
(iii) Fiz §d > 1+ ﬁ + é, then, almost surely, for all but finitely many n,
§(Z0)) - €(22) > ar, (logm,) " .
Proof. (i) By Lemma 2.6 and Remark 2.7 we find that

i (Z3)) = @y (Z8)) = (6(Z27) — €(Z20) ()

< (&(2) =&z (=) .

Now, we can estimate the difference on the left-hand side from below by using that Z{» cannot
produce more than the third largest value of ® at time 7,,41. Indeed, Lemma 2.8 ensures that Z
never visits the same point again, so that Z2 = Z{1 # Z{  for i =1,2 since Z2 = Z{)).

Hence, using [KLMS09, Proposition 3.4] for the second inequality,
O, (Z2) < r (282),) < 0p (Z0),) = aryy, (108 T0ga) ™7

Trt1 Tn+1
<® (Z2) = ar, (log 7)™~ B

o
(37)

Tn+1
Tn+41

where in the last step we again used that Z{!) = Z(2)+1 and that t — a;(logt)~? is increasing for

all sufficiently large ¢. Substituting this mequahty into (37) completes the proof of part (i).

(ii) By the first part we need to get an upper bound on {(Z{). Therefore, our first claim is
that for any § > — d, and all ¢ sufficiently large

£(2,") < aylogt)”. (38)
Indeed, by [HMSO08, Lemma 3.5], for e = %(5 - o= d) we have for all sufficiently large r,

max(2) < ro (logr)a .

Moreover, by [KLMS09, Lemma 3.2], for &’ = & ((6— 1)), we find that | Z;"| < ry(log t)ﬁ“,
and therefore

(") < ar(logt) T )% (log(ry (log t) 77 7)) 5+
= a(q+1)= T (logt)ma T e (1 4+ 0(1)) < a(logt)’

eventually for all ¢ sufficiently large.
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Now, if we combine part (i) for 3 = (v +1) > 1 4+ - with (38) for § = 1(y — 1), we get

a—

Tntl = Tn o Gr, (log Tn)’ﬁ S G (log Tn)*ﬁ
Tn N f(Z%)) ~ ar,(log Tn)é

which completes the proof of the lemma.

= (log Tn)*(‘wﬂ) = (log7,)77,

(iii) Note that for any ¢§' > 57 Proposition 3.6, shows that for all but finitely many n,

_ \4 ,
Tt =T B o (1og 7).
Tn Tn

This observation together with part (i), immediately implies the statement of part (iii). O

A similar statement to Lemma 3.7 also holds for the process X; = argmax{u(t,z) : z € Z}.
Fix 0 <e< %7 then by [KLMS09, Proposition 5.3] we can assume additionally that ¢, in the
definition (35) of £ is chosen large enough such that for all ¢ > ¢

{U(t)’l 3 u(t,z)} {D(Z") — ®,(Z”) > La)} <. (39)
Furthermore, by the ‘two cities theorem’ [KLMS09, Theorem 1.1], we may assume that for all
t 2 t07
ult, Z;") + u(t, Z;”)
U(t)

>1—c. (40)

Lemma 3.9. The process (X;: t > tg) only jumps at times contained in € and each connected
component of £ contains exactly one such jump time. Furthermore, it never returns to the same
point in Z°.

Proof. By (39), for any t € [tg,00) \ £, we have X; = Z; so that, in particular, X; jumps only at
times in €. Now, let [b~,bT] be a connected component of £. Note that the proof of Lemma 3.7
shows that for all ¢ € [b~,b"], the set {Z{", Z{} consists of exactly two points, 2 := Z;} and
z® = Z;)i’ = Z;)l_’. Hence, by (39) we find that X;- = 2® and X+ = 2®. Also, the two-point
localization (40) implies that {X; : ¢ € [b=,b7]} = {2, 2®}. Hence, it remains to show that
(X¢: t > 0) jumps only once (from z® to z™) in the interval [b~,b].

Define the function

P = u(t, zM)
9(t) = u(t,z2®)

Then, note that since u solves the heat equation, for z € {z®, 2®},
siu(t, z) = Ault, z) + £(2) ult, 2) = Z(u(ty) —u(t, z)) +&(2)ult, 2) .
Y~z
Furthermore, by [KLMS09, Lemmas 2.2, 3.2], we have z® £ z® so that using (40) we get
(—2d + &(2)) ult, z) < 2u(t, z) < 2deU(t) — 2du(t, 2) + &(2) u(t, 2)
< 2d g5 (u(t, 2M) +u(t, 2?)) + (£(2) — 2d) u(t, 2) .

Therefore,
. %u(t’ 2Mu(t, 2®) — ult, Z(l))%u(t7 2®)
g'(t) = o
u(t, z»)
1
> e (66 = €)= 205 )ult, = ult, =) — 2d5Zzu(t, 2]

= g(t)(£(:") — (=) — 2d72 (1 + g(1) ).
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Now, since 2 = Z;} and 2® = Z;", Lemma 3.8 shows (again assuming that ¢ is large enough)
that, for any 6 > 1 + ﬁ + %, if 7 is the jump time of Z® in the interval [b—,bT], then

£(2) ~ (%) > ar(log7) .

Hence, we can deduce that if there exists ¢’ such that g(¢') = 1, then ¢'(¢') > 0. Using the
continuity of u we see that first there can be at most one such ¢’ and g(t) < 1 if t < ¢’ and
g(t) > 1if t > t/, and second that there exists ¢ € [b~,b"] such that g(t') = 1. Therefore it has
to be unique and u(t, zM) < u(t,z2@) if ¢t < ¢’ and wu(t, 2) > u(t, 2®) if t > ¢'. Thus, we can
see that X; jumps exactly once in the interval [b=,bT]. O

In order to be able to deduce the asymptotics of the jump times of (X;: ¢ > 0) from those of
(Z: t > 0), we find bounds for the length of a connected component of £.

Lemma 3.10. Suppose in the definition (35) we choose 8 > 1 + % + ﬁ. Then, for any

0<e<i(B-(1+ % + L)), almost surely for any connected component [b=,b%] of £ with
b~ large enough, we find that
bt — b
< (log7)™*,
where T is the jump time of the process (Z;: t > 0) in the interval [b~,b"].

Proof. We start by expressing the distances b — 7 and 7 — b~ in terms of the potential values
at the sites Z® and Z®. As we have seen in the proof of Lemma 3.7, 2% = Z;) for i = 1,2.
Hence, we obtain that

Dy (Z) = @i (Z7) = ©pe (Z})) — P+ (2)7) = Faps A -
Moreover, by Lemma 2.6 we get that
Dy (Z77) = @t (Z7) = (6(Z77) = €(Z2))(1 = 5F) -

Combining the previous two displayed equations and rearranging yields

Lptase A
bt — % . (41)
E(ZT )*f(Z—,— )
Similarly, we know that Z,” = Z® and 2, = Z and deduce in the same way that
lb_ab— /\b—
B L e — 12
ey e
Define 71 as the next jump of Z;" after 7, then b™ < 7+. We use (41) and (42) to get
b+—b__b+—7'+7'—b__1 1 (a \ E—l—a A\ b;)
T T T 2g(@M) —gz)\T s TRy 43)
< 1;( WA )
S 2eE) e\ T

where we used in the last step that 3~ < 7 and that ¢ — a;(logt)™# = W is increasing for
all ¢t large enough. Next, by the definition of a; and A¢, we obtain that

ptye 74 Ft st
apr Ap+ = (1og(b+))a+ﬁ S Togna#? (T)q = af)‘f( T )q’ (44)

where we used that b™ < 7% for the inequality. Using Lemma 3.8(i), if 7 is large enough, for
B =1+-1+5, we get

§(ZD) - £(Z22) > a-(log)™"".

Tt —71
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Hence, substituting this estimate into (43) together with the previous estimate (44) yields

bt —b= 1t -1 " - 1 ST\ a+2 -
. < . (log )" ﬁ((TJr)q+ + 1) < 2(%)(1 (log7)? P,

It remains to bound the term 7% /7. By Proposition 3.6, for § = é + m, we get

o

— =1+ TS(]OgT)é.

T T

Finally, we have shown that if b~ is large enough =t~ < 2(log 7)7' ~A+(a+2)8 < (log 7)~¢, which

T

completes the proof. O

We are now in the position to translate the results from Section 3.2 from the setting of the vari-
ational problem to the setting of the residual lifetime function of the maximizer of the solution.

Proof of Theorem 1.3. Suppose t — h(t) is a nondecreasing function such that

/°° dt <
L th(H? =

Without loss of generality, we can assume that there exists 4/ > 0 such that h(t) < (logt)" for
allt > 0. Also, let v > 1+ ﬁ. Fix € > 0 and choose 3 > 1+ % + ﬁ large enough such that

§:=308- 1+ 57 +55)) >+

Define £ = £(f3) as in (35) and denote by [b,,,b],n > 1, the connected components of £. By

n»'n

Lemmas 3.7 and 3.9 each of the processes (X;: t > tg) and (Z;: t > tp) jumps only at times in
& and each interval [b,,,b;"] contains exactly one jump time, which we denote by o, for X; and

n»'n

T, for Z;. By Lemma 3.8 and Proposition 3.6, for all n sufficiently large,

’

il 7 < ep(ir,) < Llogm) (45)

Tn

2(log )77 < <

wlm

We now want to translate the upper bound to the jump times (¢,,). For this purpose, we can
invoke Lemma 3.10 to find that by our choice of § and § we have that for all n sufficiently large

bt — b
2% < (loga) ™. (46)

Now, we first use that |, — 7,,| < b — b, and then the estimates (45) and (46) to obtain

R(O’n) _ On+1 — On
onh(on)  onh(oy,)

<

(Tn—i-l — Tn T b;i;_l,_l - b»,:_;,_l Tn+1 i b: — b;)
Tn Tn+1 Tn Tn
_ _ —1
x (1= (log 7,)~*) (7 (1 = (log 7,) "))
< (BT 4 (log 7o) + (log ) ) (3h(3T))

Tn4+1—Tn
<3 h(%‘rn)rn e,

for all but finitely many n. In particular, this shows that, almost surely,

. R(oy)
1 —— =0.
mSup o)

However, since R jumps only at the points o, and decreases on [0y, 0p41), this immediately
implies the first part of Theorem 1.3, see also Figure 1.
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For the second part of the proof, suppose ¢ — h(t) is a nondecreasing function such that

/°° dt B
L th(pd

Fix k > 0, then by Proposition 3.6, we know that there exists a sequence (t,),>1 such that
RY (t,) > 3kt,h(2t,). Define a subsequence of the jump times (7,,) by choosing ny such that for
some index j we have that ¢; € [7,,,, T, +1). In particular, since R is decreasing on the interval
[Tris Tny+1), we can deduce that for k large enough

Tnp+1 — Tny RV (Tnk) RV (t )

— > . >3
To h(2Tn) T h(27,) — tjh(2t5) T "

Similarly as for the upper bound, we can estimate

R(Onk) _ Ongp+1 — Ony, > Tne+1 = Tng, — (erzrkJrl - br:k+1) - (bJr - b;k)
Unkh(gﬂk) Unkh(ank) N (Tnk + (bik - b’;k))h(Tnk + bnk - bnk)
(1 _ b:k‘i’l B b’l’:k*‘rl Tnk"l‘l T’Vlk _ b’:f—k - b’r_Lk Tnk )
- TTL),;+1 Tnk Tnk+1 - Tnk TTL)C TnkJrl - TTL)C

X Trp+1 — Tng ((1 + (log Tnk)ﬂ;)h(Tnk(l + (IOgT"")ié)))

Tny,

Tt L7 Tk (1 — (log 7y 41) " ™0 — (10g 7)) (200(27, )~

R(t)

eventually for all k& large enough. This implies that hm sup hm sup 90 > K, thus com-

R@t) _
th(t) —
pleting the proof of Theorem 1.3. O

4 A functional scaling limit theorem

The aim of this section is to prove Theorem 1.6. As in previous sections, we start by dealing
with the maximizer of the variational problem formulating a limit theorem for the process

(2, 2exlZen)y . 45 ). (47)

s ar

Convergence will take place in the Polish space D(0, c0) := D((0, 00), R4*+1) of all cadlag processes
defined on (0,00) taking values in R4t equipped with the Skorokhod topology on compact
subintervals. This means that f,, — f if, for every 0 < a < b < co we can find a continuous and
strictly increasing time-changes A, : [a,b] — [a, b] such that

sup |[An(t) —t| — 0 and sup |f(t) — fn(An(t))| — 0,

te(a,b] t€la,b]
for more details see [Bil99]. The main part of this section is devoted to the proof of the following
proposition stated in terms of the maximizer of the variational problem.

Proposition 4.1. AsT —

((@7 <I>f,T(ZtT)) > 0) - ((th’yt@) +q(1 - %)IYt(l)D . O) :

T ar
in the sense of weak convergence on D(0,00).
We will prove this result by first showing convergence of the finite-dimensional distributions in
Section 4.1 and then tightness in Section 4.2. In Section 4.3, we transfer the results to the

maximizer of the profile and the potential value at that site, hence showing Theorem 1.6 and,
by a slight variation, also Proposition 1.4.
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4.1 Finite-dimensional distributions

The next lemma shows that the finite-dimensional distributions of the process (47) converge
weakly to those of the limiting process defined in terms of Y = (Y™, Y®).

Lemma 4.2. Fizr 0 <ty <...<tp <oo. Then as T — o0,

(ZtlT ‘I’t1T(Zt1T)) (ZtkT q’tkT(ZtkT))
rp 0 ar [} rp 0 ar

= (VY + a1 = VD, (VY + a1 = ) Y7)) -

Proof. First notice, by the continuous mapping theorem, see e.g. [Bil99, Theorem 2.7], we can
equivalently show that for V; = (V,', Y,®)

((Zr porlen) oy ylurly | (Zr SurCun) g )

= (Y, ., Y-

Define
H* = {(z,y) eERIxR :y> —q(1- )|ac\}

and recall that, for large T, all components in the vectors above are in H*. Hence it suffices to
show that, for any A C (H*)* with Lebyas1)(0A) = 0, we have, as T — oo,

Prob{ (%, 2atZur) _ (1 — L)Zurh)? e b - Prob{(vi)l, € 4} (43)
The remainder of the proof is organised as follows: First, we show that in fact it suffices to
show (48) for A intersected with large boxes. Second, we also show that it is enough to consider
the maximizer of the variational problem on a large region. These steps let us express the
probability in question in terms of the point process Ilr = {(z/r¢, ®r(2)/ar) : z € Z¢} restricted
to a relatively compact set, so that we can invoke the weak convergence of II; = II and recognize
the resulting event in terms of the process (Y;: ¢ > 0).

Step 1. Define a large region
By ={(z,y) e H" : \x|§N,%fq|:c| <y < N}.

We claim that we only have to show that

Prob{ (Zer, 2utlur) _ g1 — L)IZuth)! e Bk 0} — Prob{(v,,)l, € By n A}, (49)

ar rT
for all N in order to deduce (48). Indeed, using that, by [KLMS09, Lemma 3.2], ®:(Z;) is an

increasing function of ¢, for all ¢ large enough, we get

PfOb{(Zt T Berew) q(l — %)M) ¢ By for some z}

ar

<ZProb{| Zur| >N}—|—Pr0b{7¢tTZtT + } + Prob{ tTZt ir) +q‘ZtT| > N}
=1
<l<:{ Imax Prob{thT| > N }JrProb{M < ﬁ% (50)

D4, 7(Zty 1) IZt T| Nty _r
+ Prob{# > = at T} + max Prob{ 2q1 %

a—d
< Cl k [(tqjyrl )d—a + e—Cz(Ntl) + (ﬂ)d—a +( Nty )d—a} ,

q+1
k 2qt),
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where C1,Cy > 0 are some constants and in the last step we used Lemma 3.3 and the fact that

(g+1)

ar/ayT — tf and rp/ry, T — i) . Hence, the terms in the last display tend to zero as

N — oo. Similarly, we can bound

k
Prob{(Y;,)i_; € A\ By} <> Prob{Y ¢ By}

i=1
k

Z [Prob{|Y, | > N} + Prob{ — g(1 — )|V, <V? < & —q|V;{"[} + Prob{¥,” > N}]

[Prob{|Yt(k”\ > N} + Prob{|Y"] < 75} +Prob{V{” > N}]|,

where we used that |V, | is an increasing function in ¢ and Y,¥ > Y, for all ¢ by construction.
By definition of (Y;: ¢ > 0) all the probabilities tend to zero, as N — oo, and hence if we can
show (49) we can also deduce (48).

Step 2. Denote, for K > N by Z/" the point satisfying
Py (Z") = max {@yr(2) : t&(z) > z and (TZ , (I)T(z)) € Bi},

where in case of a tie we take the one with the larger ! norm. We claim that if K is large, zZ5"
agrees with high probability with the global maximizer Z;7. Indeed, we find that

Prob{there exists i with Z/7 # Z, 7} < ZProb{ Zt - q)T(Z‘ T)) ¢ B} (51)

< k max {Prob{‘ url > K} —i—Prob{q)T Zr) - K} +Prob{M < %}} )

i=1,....k

where for the last term, we use that by Lemma 2.3, we can express

(btiT(ZtiT) ¢T(Zt T)
ar

+q(1— )‘Zt Il 4 error(T),

where the error term tends to 0. Hence, as in (50), we can use Lemma 3.3 to show that the
expression (51) tends to zero if we first let T and then K — oc.

Step 3. Using the point process we want to express the probability

K, T K, T
Zyr q:‘tiT(Zti"T)

Prob{( ;T ,

1\ 250 Nk
—q(l - )= )zleBNﬁA}

arT rT

(52)

K,T
\ |

2[5 @, (Z255) z
= Prob{ “i™ € da;, ———4T- — g(1 — L) —Lr
ro ’ ar t; T
ANBk )

€ dy; for all z} ,

in the limit as T'— oo. First note that by Lemma 2.3 we have that, for any ¢ € [t1, tx],

220 - 2200 41— Bl 4, (T, 5, 2282),

ar Yrp’  ar
where the error 6, goes to 0 uniformly for all z such that (.=, <1>27(Z)) € Bk and also uniformly
for all t € [t1,tx]. Recall also that Il converges weakly to IT on H*. Now, as the restriction to
large boxes ensures that we are only dealing with the point process on relatively compact sets,
we can in the limit as T" — oo express the condition

K, T K, T K, T
2% . (I’tiT(ZtiT ) 1 ‘ZtiT | .
re Li, ar - q( - ?) rT =Y

i

by requiring that IT has an atom in (z;, y;) and all other points (z,y) of II restricted to By satisfy
y+q(1— %)|x| <y +q(1-— %)|xz| Therefore, if we denote by C,(z;,y;) the open cone of all
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points (z,y) € H* satisfying y + q(1 — )|z > yi +q(1 — §-)|2:|, we can express the probability
in (52) in the limit as

K,T K,T K,T
Zyr q)ti,T(ZtiT ) 1Zr |

. ; Sk
TIEI;OProb{( e e fq(lfrli) - )izleBﬁ,ﬁA}

T

k
- /Ants, PrOb{ g, (dzidy;) =1fori=1,....k Iy (Hct(xzvyz)) = 0}~

Now, we can remove the restriction of the point process to Bg, by letting K — oo and noting
that the probability that for some (z;,1;) € AN B% and some i = 1,...,k the point process Il
has a point in the set Cy, (x;,y;) N BY can be bounded from above by the probability that IT has
a point in the set

{(x,y) eRML .y > % —q(1— i)|x| and (y > K or |z| > K)}

But the intensity measure v of II gives finite mass to this region, so that we can conclude that the
probability of the latter event tends to zero as K — oco. Hence, we can combine this observation
with the estimate in (51) and letting first T — oo and then K — oo, to deduce that
. Z ;T P iT(Z iT) 1 |Z iTl k k
TlﬂoProb{(—;T , ot aTt —q(1— E)—;T )i=1 GBNQA}
k
— / Prob{H(dxi dyi) =1fori=1,.. k:H( Uc. (xi,yi)) - 0}
ANBY, i=1
= Prob{(Y;,){=, € By N A},

where in the last step we used the definition of Y. For an illustration of the event under the
integral, see also Figure 4. Thus we have completed the proof of the lemma. O

=gl v

Figure 4: Calculation of finite-dimensional distributions at times t; < 1 < t3 < t3. The event
that Y;, = (z;,y;) translates to the condition that the point process IT has an atom in each of the
points (z;,y;), but does not contain any points in the union of open cones with ‘slope’ —g(1 — ti)
whose boundaries touch the points (x;,y;) (as indicated by the shaded region).

4.2 Tightness

To prepare the tightness argument we prove two auxiliary lemmas. For fixed 0 < a < b the first
lemma gives us control on the probability that the maximizer makes small jumps during the time
interval [aT,bT]. The second shows that, with arbitrarily high probability, during this time the
maximizer stays within a box with sidelength a multiple of r.
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Lemma 4.3. Let 7; denote the jump times of the process (Z: t > aT) in increasing order. Then

1iTm inf PI‘Ob{TH_l —1; > 0T for all jump times 7; € [aT, bT}} > p(9),
where p(6) — 1 as § | 0.

Proof. Cover the interval [aT, bT| by small subintervals of length 67" by setting z; = oT + 6T
fori=0,...,N+1,for N=[(b—a)/d]. We estimate

Prob{nH —1; < 6T for some jump times 7; € [aT, bT]}

N-1

< Prob{r; ;1 — 7 < 6T for some jump times 7; € [;,;41]}
=0
N-1

< Prob{Z; jumps more than once in the interval [z;,z; 2]} .

Il
=]

J
Hence, taking the limit 7" — oo, we have that

lim sup PI‘Ob{TH_l — 7; < 0T for some jump time 7; € [aT, bT]} < N p(26),

T—o0

where

p(6) := limsup Prob{Z; jumps more than once in the interval [T, (1 + 6)T]}.
T—o0

Thus it remains to show that p(d)/d — 0 as § — 0. We use notation and ideas from Section 2,
which tell us in particular that, as T — oo, if we fix (Zp/rp, ®r(Zr)/ar) = (x,y) then the
probability that (Z; : ¢ > T) jumps more than once in the interval [T, (1 + )T is bounded from
above by the probability that the point process IT has no points in the set Dy(|z],y) and at least
two points in the set Ds(|z|,y) \ Do(]z|,y). To make this bound rigorous, one has restrict the
process (Z; /1, ®¢(Zt)/ar) to large boxes, let T — oo and then the size of the boxes go to infinity
and finally justify interchanging the limit. Details are very similar to Lemma 2.2 and Lemma 4.2
and are therefore omitted. Using this observation, we obtain the bound

lim sup Prob{Zt jumps more than once in the interval [T, (1 + 5)T]}

T—o0

< />0 /eRd Prob{H(dxdy) =1, H(D0(|(E|,y)) =0, H(D5(|5U|,y) \D0(|£L'|,y)) > 2}

= /> / N e—V(Do(‘ﬂ‘vy))(l — e~ Tsllzly) _ f5(|$|’y)e—f5(|x\,y)) v(dz dy)
y>0Jze

2t [T T Doty —fs(r) e e
= (d=1)! € vy (1_6 iy —fg(?",y)e ° )y) drdyv (53)
0 0

(y +qr)>t?
where f5(r,y) = v(Ds(r,y)) — v(Do(r,y)). It remains to be shown that the right hand side
divided by ¢ converges to zero. As we would like to invoke the dominated convergence theorem,
we show that this term is bounded by an integrable function. We have

—v (8 — I8 — g ard71
e~V (Dol ,y))% (1—e Fs(ry) _ fs(r,y)e75( ,y)) e

< efu(Do(’I‘,y))% (V(D(;(T‘, y)) — V(DQ(?”, y))) (

0(Tdfl
= y+qr)tt -

Recall from (16) that v(Ds(r,y)) = 9y~ *ps(v) ™ with y + ¢r = % and ¢s given by (14), and
Y= ~QdB(cv —d, d)/q%(d — 1)!. Next, we estimate the part of the integrand that depends on &, so
for B(z) := B(z,a — d,d) we consider

Lps(v) ™! — po(v) ™) = (U 0 B (25) — B(v))
<3(A+0)" =1) + 5(B(155) — Bv)



As the first term is < 2a for all § < Jp for some small §y (independent of 7, y), we can concentrate
on the second term. Now, we can use the definition of B to write

£Y

vt vts

1+6 1+6
/ w1 —w)? du < %/ w4 duy
v v

$ (35 — v) max{v*~ 4", 1} < max{v* 971 1},

(B(1%3) - B() =

|
|

IN
>

Combining the last three displays we obtain a majorant for the integrand in (53) divided by 9,
which does not depend on 0 < § < dg. To show that this majorant is integrable we calculate

/ / v(Do( Ty) (2a+max{ y+qr )T dil,l}) %drdy
< / / v)d-t y2ld=e)= 130 max{v*= %1 1}e —oy " dvdy
2 o0 d—a
= 3g‘dﬂ/ 41 —v)? lmax{v"_d_171}dv/ yPld=)=le=0y"" " gy
0 0
< ?’a ) max{B(a —d+1,d), B(2(a — d),d)},

so that the proof is completed by applying the dominated convergence theorem. O

Lemma 4.4. For fired 0 < a < b, we have that

Z
lim lim sup Prob{ sup M > n} =0.
K=00 T oo telaTpT] T'T

Proof. Fix a jump time 7 of Z;. By Lemma 2.8 we have £(Z) > £(Z®). In particular, we
have, using that x(z) = x — plogx is increasing on x > p,

,(Z) = £(22) = 1|20 log€(22) > £(22) — 1|20 log £(22).
Since ®.(ZM) = &.(Z), we thus obtain that

E(Z2) — 1|2 [10g £(Z2) + 1n(Z2) > €(27) — L Z0| log (2

Hence using that n(z) < |z|logd, we find that

log d -1 log d -1

1271 <1210 - ) <1271(0 - rtiery)
where we invoked [KLMS09, Lemma 3.2] to deduce that eventually £(Z;>) > a;(logt)~!. Hence,
denoting by Np the number of jumps of Z; in the interval [aT,bT], we have that for T large

enough

sup | Zy] < (1 — 32 8) "N | Zor |- (54)
te[aT,bT)

Fix € > 0. By Lemma 4.3, we can choose § > 0 such that,

lim inf PI‘Ob{TH_l —1; > 0T for all jump times 7; € [aT, bT]} >1-5.

T—o0

If all jump times 7; in [aT, bT] satisfy 7,41 — 7; > 07T, then Ny < Z’TT“ 41 and hence

_b—a
sup  |Z] <(1— q%ézgaé) 5
te[aT,bT)
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Therefore, for any x > 1, we can estimate that

Prob{ sup ‘ ”‘ Zn}
tE[aTbT]

< Probq (1 — 21esd )=

qlogal } + PI‘Ob{TH_l —7; < 0T for some 1 <1 < NT}

R >>}+%
< (14 5) Prob{|Y\V| > kb= ¥V 4 £

for all all ¢ sufficiently large, where we use that Z; /r; = Y. Hence, by choosing  large enough,
the latter expression can be made smaller than e, which completes the proof. ]

To prove tightness we use the following characterization (see,e.g., [Bil99, Thm. 13.2]). A family
(Pr: T > 1) of probability measures on D(][a, b]) is tight if and only if the following two conditions
are satisfied:

(i) lim hmsupPT{x Dzl = Kk} =0,
nT0 Too (55)
(ii) for any € > 0 we have 1111(1) limsup Pr{z : w,(0) > €} =0.

T—o0

Here, [|z|| is the uniform norm, i.e. ||z[| = sup,¢(y 4 [2(t)], and the modulus w},(0) is defined as

/ —
wa(®) = f max waltion, ),

where the infimum runs over all partitions a = tg < ¢; < -+ < t, = b of [a,b] satisfying
ming <<, (t; — ti—1) > 0 and w, is the modulus of continuity defined for an interval I C [a,b] as

waI) = sup [a(s) — 2(t)].
s,tel

Lemma 4.5. For any 0 < a < b, the family {Probr: T > 1} is a tight family of probability
measures on D([a,b]), where Probr is the law of

Vp = ((Zz,22Z1))  t e fa,b]),

T ar

under Prob.

Proof. We have to check the two conditions in (55).

(i) First recall from [KLMS09, Lemma 3.2] that eventually for all ¢, the function t — ®4(Z;) is
increasing, so that we can assume throughout the proof that this property holds for all ¢ > aT.
Note that

V| = bup {|ZfT|+|<I>1T(ZfT)|} bl[lp]{|sz|} @bT(sz)
telab

Therefore, we find that for any x > 0

Prob{||Vr|| > k} < Prob{ t:&pb] % > %} + Prob{%jbﬂ > 51, (56)

Now, by Lemma 4.4 and the weak convergence of ®;(Z;)/a; = Y,*, we can deduce that the
above expressions tend to zero, if we first let T'— oo and then x — oo.

(ii) Fix 6 > 0 and a partition (¢;)?_, of [a, b] such that § < t;41 —t; < 2§ and such that all the
jump times of (Z;r : t € [a,b]) are some of the ¢;. This is possible if all the jump times 7; of Z;
in [aT, bT)] satisfy 7,41 — 7; > 6T, an event which by Lemma 4.3 has probability tending to 1 if
we first let T'— oo and then § — 0. Thus, we can work on this event from now on.
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First, using that Z;r does not jump in [t;—1,t;) and the fact that ®:(Z;) is increasing and
t — £(Z;) nondecreasing by Lemma 2.8, we can estimate

_ Z Zs Pir(Zir) @7 (ZsT)
wyplti-1,ti) = sup | L — 2L+ sup e s |
s,t€[ti—1,ts) s,t€[ti—1,t:)

é(q)tiT(Zti 1T) — @y, lT(Zti 1T))

= é(ti_llT - 7) (|Zt1 1|10g£(Zt ) - n(Zti—1))

2 \Zs [ log £(Zpr)
S a? sup { - } logZIET :
s€la,b]

Now, recall that, by (38), we can bound £(Z;) < a;logt eventually for all ¢ so that together with
logar = (¢ + 0(1)) log T we obtain

Zs log &£(Z, Zs
wQ/—T((S) < Zg ?[lpb]{l T|}%15T) < 2aq26 :1[1 b]{\ rTT‘}(l +0(1))

Finally, we can use Lemma 4.4 to deduce that

hrghmsup Prob{wy, (§) > e} < hmhmsup Prob{ 29 sup {‘Z*T| H1+40(1)) > 6} =0,
T—o0 T—oo s€la,b]

so that also the second part of the criterion (55) is satisfied. O

4.3 Functional limit theorem for the maximizer of the solution profile

In this section, we prove Theorem 1.6 by translating the functional limit theorem from the
maximizer of the variational problem to the maximizer of the solution profile. We prove both
parts (a) and (b) simultaneously. The main argument is contained in the following lemma.

Lemma 4.6. As T — oo, the difference process

((ZtT 2i(Zir) Pir(Zer) + 4 |ZtT\) (M 1 logU(tT) f(XtT)) St 0)

rp 0 art ) aT t rop rr ) ar tT ) ar

tends to zero in probability.

Proof. Denoting the difference process above by (Dr(t): t > 0) it suffices to show that, for any
0 < a < b, there exist time-changes Ar: [a,b] — [a,b] such that as T' 1 oo, in probability,

sup [Ar(t) —t|=0 and sup [[Dr(Ar(t))]| = 0.
t€(a,b] t€la,b]

Fix 0 < a < b. Note that, by Proposition 2.1,

lim lim Prob{Z.r = Zyr(14) and Zyp—y) = Zor} = 1. (57)

~v10 T'—o0

so that we can henceforth assume that 0 < v < Z’TT“ is given such that the event above holds.

Let (04,4 =0,1,...) be the jump times of (X;: t > aT) and (74,7 = 0,1,...) be the jump times of
(Z:: t > aT), both in increasing order. Recall from the discussion in Section 3.3 that if T" is large
enough then the jump times always occur in pairs which are close together, i.e. for § > 1+ ﬁ
each connected component of the set £(3), defined in (35), contains exactly one jump time of
each of the two processes. In particular, by Lemma 3.10, there exists 6 > 0 such that

loi =il (log ;)™ < (logaT) ™" <, (58)

T
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so that under the event in (57) there exists
N =max {i: ; € [aT,bT|} = max {i: 7; € [aT, bT]}.

Denote s; = 0;/T and t; = 7;/T and define A = Ar: [a,b] — R such that A\(a) = a, A(b) = b and
A(s;) =t; for alli=0,..., N, and linear between these points. Then

sup |A(t) —t|= sup |A(s;) —si| = sup T|Tz —o0;| <b sup Irizail
te[a,b] i=0,...,N i=0,...,N i=0,...,N ‘
s s (59)
<b sup (logm) ° <b(logaT)™?,
i=0,...,N

which converges to 0 when 7" — oo, as required.

We now look at the individual components of the process Dr. For the first component, we simply
observe that the time-change is set up in such way that X7 = Zy)r for all t € [a,b]. For the
second component, we split

= Lg%”) — iy (Zar)]
< ﬁ % Dy (Zir)| + 2= |(I)tT Zir) = @y (Zur)| (60)

1
+ = Pawyr(Zir) — ayr (Zawr)]

and look at the three terms separately. For the first term, we use Propositions 4.2 and 4.4
from [KLMS09] to conclude that there exists 6’ > 0 and C' > 0 such that almost surely, for all
sufficiently large ¢,

®(Z;) —2d+ o(1) < flogU( ) < By(Z4) + Ct7"

so that the first term in (60) tends to 0 uniformly for all ¢ € [a,b]. For the second term, we
use the bound 7(z) < |z|logd, the bound (59) for the time-change, and that, by (38) combined
with [KLMS09, Lemma 3.2], there exists a ¢’ > 0 such that

ar(logt)™ < &(2) < ar(logt)’”. (61)
This gives, for T large enough and all ¢ € [a, b],
ﬁ’q)tT(ZtT) — ®rxyr(Zir)| = ﬁ’% - ﬁ| |1 Zir|log &(Zer) — n(Zer)]

< @A — 1] sup 3 max{|log€(Zur)l, 2d)
te

< (1+0(1))q—2(logaT) sup %,
t€[a,b]

and the right hand side tends to zero in probability by Lemma 4.4. In order to deal with the last
term in (60), note that if ¢ € (s; V t4, 8541 A tig1) for some i = 0,..., N — 1, then Zi7 = Z\yr
so that the term vanishes. Otherwise, if t € [s; A t;,8; V t;], then ¢T is in the set of transition
times £ as discussed in Section 3.3 and we find that {Z;7, Zyyr} C {2

A(t)T’Z( (t)T} and also
that there exists 8 > 14 -1 such that

\ N

L(‘Ih(t):r(ZA(t)) @A(t)T(Zf&)T))
AT (log A(t)T') 7
< b <1+o( ))(logaT) ™7,

1
L|erxwyr(Zir) — Pawyr(Zawr)|

| /\

which tends to zero uniformly in ¢ € [a, b] completing the discussion of the second component.
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Finally, we consider the third component. Using (61) and that Zi7 = X141, we estimate

’%(zm) L oalZerl S(Xx—l<t)T)| _ |41Zexl _ |Zir|log€(Zir) | n(Zir)
ar t rr aT 1t rr trr logT trr logT

11 |Z¢7 |\ loglog bT
S ¢ a sup { rr logT
te(a,b]

where C’ is some constant depending on a,b. By Lemma 4.4, the right hand side converges in
probability to zero, which completes the proof of the lemma. ]

Proof of Theorem 1.6. By a classic result on weak convergence, see e.g. [Bil99, Thm. 3.1], the
previous lemma ensures that the processes

((@, LlogU(tT)7 E(Xt,T)) St 0) and ((@7 <I>t(Z,,T)’ Ser(Zer) | 4 ‘Z‘T‘) Tt > 0) )

TT arT tT arT TT ar arT rT

have the same limit, which was identified in Proposition 4.1, as
(0530 (1= WY+ ) s 4>0)

Hence, projecting onto the first and third component proves (a), and projecting onto the second
component and noting that all involved processes are continuous proves (b). O

Proof of Proposition 1.4. We focus on the one-dimensional distributions, as the higher dimen-
sional case works analogously. Fix ¢ > 0 and let f be a continuous, bounded nonnegative function
on R%. Denote

&r(f) = (IOZT)"‘%Z /v(tT, (%)ﬁx) fx)dz = Z v(tT, y)f(%)

A

It suffices to show that the Laplace functionals converge, i.e.

; —&r(f)] — —f(Yy)
%1&E[e T ]—E[e }

Let x > 0 be an upper bound for f. For small ¢ > 0 and § = , consider the event
As = {v(tT, Zyr) > 1 — 6}. Since v(tT, Zyr) = 1, we can choose Ty large enough such that
Prob(As;) > 1 — 5 for all T' > Tj. We estimate

log(1+5)
K

ZyT ZyT
T

E[e~/ ()] — E[e—fm(f)] < E[e~ /()] - ]E[eif( e )HA5]6_5“ < E[e /W] - E[eif( T )] +e,

and

Ele= /0] — E[e=¢7(N] > Ele /0] — E [ef(lfé)f(z,f—'TT)] _

[ S]]

As ZT%TT = Y; by Proposition 4.1, the statement follows. O]
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