A CLASS OF WEAKLY SELF-AVOIDING WALKS

PETER MORTERS AND NADIA SIDOROVA

Abstract: We define a class of weakly self-avoiding walks on
the integers by conditioning a simple random walk of length n
to have a p-fold self-intersection local time smaller than n?,
where 1 < # < (p+1)/2. We show that the conditioned paths
grow of order n®, where a = (p — 3)/(p — 1), and also prove
a coarse large deviation principle for the order of growth.

1. INTRODUCTION AND MAIN RESULTS

Weakly self-avoiding walks are defined by multiplying the distribution of a
simple symmetric random walk path (S;: 1 < i < n) on Z? with a density
which is decreasing in the p-fold intersection local time

Alp)= > 1S, =--=S5}

0<i1,...ip<n

of the walk, where p € N and p > 2. In the classical Domb-Joyce model this
density is given as
1

e {— @),

where T" > 0 is a temperature parameter and 7, is a normalising factor. This
model is well-understood in the one-dimensional case, where the resulting
polymers grow like ~ c¢n and laws of large numbers, central limit theorems
and large deviation results are established, see [2] for a survey.

A natural alternative to the Domb-Joyce model is to choose densities

1{An(p) <bn}
P{An(p) < bn}

where b,, grows slower than EA,,(p). In this paper we study this model in
dimension d = 1. At a first glance, this may look harder to analyse than
the Domb-Joyce model, but it turns out that interesting behaviour kicks in
on a coarser scale and we are helped by the fact that on this scale we can
understand, to a certain extent, what kind of behaviour of the walk realises
the event {A,(p) < by} with maximal probability. As b, varies between the
expectation and the minimum of A, (p), we see weakly self-avoiding walks
with typical growth of any order between y/n and n.
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To formulate our results precisely, we define the local time of the random
walk at z € Z by

n
bo(2) = 1{S; = 2},
i=0
which is exactly the number of visits to z until time n. Note that, for any
integer p > 1, the p-fold self-intersection local time is

(1) Au(p) = (=),
Z€ZL
Hence, n < A,(p) < nP and it is not hard to show (see Lemma 3) that
pt+1

EA,(p) < n 2 (which means that the ratio of the two sides is bounded
away from zero and infinity). We define

0<i<n

and state a limit theorem for S,, under the conditional probability.

2

Theorem 1 (Law of large numbers). Let €, | 0 such that e} 'n — oc.
Then there exist constants 0 < ¢ < C < oo such that

__1 _ 1
P{cvne,”" <8, < Cvnen” ' | Au(p) < enEAn(p)} — 1.

Remarks:
2

e The condition €2~ 'n — oo ensures that ¢, EA,, (p) grows faster than
n, which is a strict lower bound for A, (p). Hence the conditioning
event has positive probability.

e An important step in the proof of Theorem 1 is to analyse the
asymptotic behaviour of the probability of the conditioning event.
This result will be formulated as Theorem 3 in the next section.

e It would be interesting to see if there exists a constant ¢, > 0 such
that, in probability, S, ~ ¢ vnen'/® ", but the methods of this
paper do not allow to show this.

e In Theorem 1, we assume that p is an integer, but it is plausible that
the same statement is true for any p > 1 if we use (1) as a definition
of An(p).

As a particular case of the law of large numbers, if we condition the random
walk on the event {A,(p) < nf} for some 1 < 3 < %, we obtain a typical
growth rate of

10g§n p—p

logn p—1

for the weakly self-avoiding walk. Interestingly, it turns out that the prob-
ability of deviations from this behaviour decay with a speed dependent on
2



the size of the deviation. The following coarse large deviation principle de-
scribes this behaviour. For its formulation we define log® (z) = log |log |
for all 0 < z < 1, as well as log® (1) = —oo and log®(0) = co.

Theorem 2 (Large deviation principle). Suppose 1 < 8 < %. Then, for
any 1> a > ’;_ff, we have

1
lim
nloo logn

log S
log(Q)P{% >a ‘ An(p) < nﬂ} =2a -1,

p=08
p—1
P{S, < cen®|An(p) < nﬁ} =0.
for all sufficiently large n.

and, for any 0 < a < and ¢ > 0 small enough

Remark: In fact, we prove a stronger (but more technical) result, see
Proposition 1 for the precise formulation. In particular, our result shows
that the typical growth rate for any walk with A,(p) < nf is Z%[f, while
larger growth rates are possible but occur with subexponentially decaying

probability, and smaller rates are not possible at all.

Coming back to the beginning of this introduction, we see that, if p = 2,
the Domb-Joyce model can be interpreted as a limiting case of our models
when | 1, in which case both the self-intersection local time A, (2), and
the growth of the polymer are linear in n. Hence the self-avoidance in the
Domb-Joyce model is significantly stronger than in our models.

2. LOWER DEVIATIONS FOR SELF-INTERSECTION LOCAL TIMES

As an important step in the proof, we compute the asymptotics for the
probability of lower deviations of A, (p) from its expectation. This is also of
independent interest.

2

Theorem 3. Let g, > 0 be such that €, — 0 and &~ 'n — oo. Then,
2

—10gP (An(p) < enEAL(p)) = e, 77"

Remark: An analogous lower deviation regime also exists for self-inter-
sections of planar random walks, see [1, Theorem 1.2]. Results for the lower
deviations of self-intersection local times of one-dimensional Brownian mo-
tion are discussed in [4].

In the following, we fix p > 1 and abbreviate A, = A, (p). We assume that
€n > 0 is such that

2

en — 0 and ek 'n — 0.
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We prepare the proof of Theorem 3 with two easy lemmas dealing with the
curtailed Green function

Gn(z) =El,(2) = ZIP)(SZ- = z) for z € Z.

The first lemma is elementary and is included for the sake of self-containment.

Lemma 1. The curtailed Green function has the following properties:

(1) 2 Gu(z) =n

2€EZ
3

(2) X Gh(z) = n2;
Z€EZ

(3) Gn(0) < /n and G,(1) < /n.

Proof. Formula (1) is trivial, and (2) is proved in [3, (3.4)]. To show (3), we
use the Stirling formula

n! = exp {nlogn —n+logVv2mn + 5n},

where §,, — 0. We have

n [n/2] [n/2]
=Y P(Si=0)=) (22>2—%— Z 7)
= (@)

i=0 =0
[n/2]
= ) exp {2ilog(2i) — 2i + log Vi
i=0
+ ;i — 2ilogi + 2i — 2log vV 2mi — 20; —2zlog2}
[n/2] ln/21
= Z exp { log V4mi + 62; — 2log vV 2mi — 25i} = Z iT2 < /n
i=0 i=0
and
n /21 e 4 /21 o
_ 1) — —2i+1 _ 2%
Gn(1)_iz;19>(s, 1) Z; < . )2 z; <Z>2 1.

This implies G,,(0)—1 < Gy (1) < Gp41(0)—1, which gives G,,(1) < /n. O

Lemma 2. For every q € N, we have

Clnjq)(2) Gy (0) < ELE(2) < g1 Ga(2) GEH(0).
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Proof. We first prove the lower bound. We have

E¢i(z) =E Z Z H 1S, = 2}

i1=0 iq=07=1

Z Z o Z P(S;, = 2) H P(Si,~i;_, = 0)

0<in <2 ir<io<in+2 g1 <ig<ig-1+2 7=2
q
> ) P(S, =2) [ P(S
0<ii<Z 0<ig<2s j=2

[n/q] [n/q]

= (=) (P =0))" = Gluy(2) Gy O)

=0 =0
For the upper bound, we get

El(z)<q Y P(S;=-=8,=2)

0<ir<--<ig<n

q
=q! Z P(Sil :z)HP(Sij_iJ 1 :0)
0<iy < <ig<n J=2
q

Sq! Z 21_2 H _0 _Q‘G()Ggil(o)v

0<i1,..,5g<n 7j=2

which completes the proof. ([

In the next two lemmas, we study the asymptotic behaviour of the first two
moments of A,,.

+1
Lemma 3. EA, =< n'z .

Proof. Applying Lemmas 1 and 2 with ¢ = p, we obtain

— pt+l
EA, = ZEKP ) > Glfn/pj )ZGL”/I’J<Z) =n 2z,

2€L 2€ZL
and
EA, <p!GEH(0)) | Glz) =
2€EZ
which completes the proof. O

Lemma 4. There exists ¢ > 0 such that EA2 < enPtL for all n.
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Proof. We have

EA?L:E( S S, == })2

0<iy,....ip<n

:Z Z P(Silz"'zsip:’z’sjl:"':Sjp:’w)

ZWEZ 0<iy,...,ip<n
0<j1,.-,dp<n

2

@ <e )y, >, By, =" (),

ZWEZ O0<ly<-<lgp<n  AC{1,..2p} i=1

|[Al=p
where [g = 0 and, for all 2 < i < 2p,
z—w, ifiecAi—1¢A,
sw,oa ) oz ifleA, cwoy ) w—z, ifi¢Ai—1€A,
“ (A)_{w, if1¢A, Y (4) = 0 ifi,i—1€ Aor

ifi,i—1¢ A,

Observe that if 1 € A then a]"" = z and there is an index i(A) € {2,...,2p}
such that af(’f) = w — z. On the other hand, if 1 ¢ A then o] = w and

there is an index i(A) € {2,...,2p} such that af(’j“:) =z —w.
Further, denote k; = [; — [;_1 and notice that

P(Sk, = a;"(A)) < P(S, €{0,1}).

We will use this estimate to bound all the factors in the product in (2)
except those numbered 1 and i(A). This gives

2p
EAT<@! ). Y > TIPSk =ai™(a)

z,weZ 0<k1,....k2p<n ACl‘(ji4»4y2p} i=1
=p

<@y X > I P(Sk =ai"(4)

2WEZ 0Sky,.hzp<n AC(L 20} ig{1i(4)}
=p

x |11 € AYP(Sk, = 2)P(Sk, = w — 2)

+1{1 ¢ A} P(Sy, = w)P(Sk, ) = 2 —w)].
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Rearranging the terms, we obtain
2p
EAZ<p S Y ;(iﬁ’) [1B (s € 0.13)
2wEZ 0<ky,....kap<n i=3
[P(Sk = 2)P(Sk, = w = 2) + P(S, = w)P(Sh, = 2 — w)]

2p
< (2p)!2[ > TIPSk e {0,1})]

0<ks,....kap<n i=3

x[ Z Z (Sk, = 2) (SkQ:w)}

0<k1,ko<n z,w€Z

= (2p)12n? [znjp(sk e {0, 1})}273_

k=0
= (2p)1n%[G(0) + G (1)] 772 < nPt1,

where the last line follows from Lemma 1. O

We fix some small number 0 < 1 < 1. Define

B = { sup

S,
—77)<1,1<n<1+n}.
0<i<n

i
N N
Lemma 5. P(B)]) < 1;

Proof. By Donsker’s invariance principle there is a standard one-dimensional
Brownian motion (B;)o<t<1 defined on the same probability space as (S;)ien,

such that
> 5) — 0

(3) ]P’( sup
sup ‘f ,-/n‘ < 5]

S;
»Pi_ B
Vn ifn

for any § > 0. Further,

=l <1, 1<jz<1+n

0<i<n
0<i<n

IP’[ sup |

0<i<n

ZIP’{sup ‘Bt—n‘<1—5,1+5<31<1+77—5

0<t<1

sup | 55 = Byl < 5]

—P( sup [By—n| <1-8,1+0<Bi<14n+6)>0,

0<t<1

for § < min{1—mn,n/2}, which, together with (3), implies the statement. [



Abbreviate a,, = EA,, and let (m,,) be the sequence of natural numbers such
that 2™ <n < 2metl

Lemma 6 (Upper bound). There is a constant C > 0 such that

2

logIP’(An < Enan) < —Cegﬁ.

Proof. Let (k) be the sequence of natural numbers such that

2 2

cebTn < 2Fn < 2l n,

where the constant ¢ will be specified later. Note that, by choice of ¢,, we
have 2% — oo0. To obtain an upper bound for P(A,, < e,a,), we only count
self-intersections occurring within 27»~%» disjoint intervals of length 2F».
We fix n and, for each 1 < j < 2"»~*n_ denote

(2

They are simple symmetric random walks starting at zero, which are inde-
pendent. Denote, for z € Z,

S g | 2
Gl =3 US™ =2 = 30 USi=z+S; rm}-
i=0 i=(j—1)2kn
For each 1 < j < 2™»~Fn denote by
j2kn j2kn

Yo, = Z Z 1{S;, = =5}

i1=(j—1)2kn  ip=(j—1)2kn
the number of p-fold self-intersections in the j-th interval. We have

jgkn j2kn

Yn] — Z Z . Z ]_{SZl = ... = Sip =z+ S(j_1)2kn}

2€Z j1=(j—1)2kn ip=(j—1)2kn
=Y [d @]
2EZ

and by Lemma 3 we get

kn(p+1)
2 .

EY,; = EAgk, <2
Notice that

and so



(it is easy to see that the equivalence follows from n = o(e,a,)). Using
Markov’s inequality and the independence of Y,,; for fixed n and different j,
we obtain, for each s > 0,

2mn7kn 2mn7kn
IF’( Z Yo < anan) < exp {sanan}EeXp{ — s Z Ynj}
j=1 j=1
(5) = exp {ssnan + 2mn—hn Jog Be ™ Makn } .

It is easy to check that e* <1+ 2 + 22 for all z < 0 and so
Ee*42kn < 1 — sEAgk, + s*EAZ,, .
Using log(1 + x) < z for all x > —1, we obtain
(6) log Ee™*2kn < —sEAgk, + s?EAZ,, .
Combining (4), (5), and (6), we get
]P’(An < Enan)

S min exp{ - S |:2mn_knEA2kn - 5n(lni| + 522m”_k”EA§kn }
s>0

(7)

The optimal value of s is given by

5= [zmn—’anAan . enan} ghn—mn—1 [EA2, 17,

By Lemma 3 there are constants c1,co > 0 such that

kn(p+1) p+1l
EAgk, > 127 2 and an = EA,, <con 2 .
By choice of the sequences m,, and k,,, we obtain
_ kn(p—1) p+1
2mn k"EAan —Enly > 12M"27 2 —cogpn 2

(8) _
> Snn%l (0%012_1 — 02) > 0,

where the last inequality holds if we choose ¢ large enough. Computing the
corresponding value in (7), we obtain

omn—kng A kn — €nan]2
9 P (A, < < {_ [ 2 }
©) (An < £nt) S e = 50 5 Sope
By Lemma 3 we have ¢,a, =< Enn% and, using the choice of k, and m,

and again Lemma 3 we also have

2mnknE A g, =< n25 " = snn%l,
which, together with (8), implies
(10) 2m"*k"EA2kn — Enly < &mpTH.

Further, by Lemma 4 there is a constant c3 such that

2p_
(11) 2m”*k"+2EA§kn < cgn2knP < ghmlpptl

9



Finally, combining (9), (10), and (11), we obtain

_ 2
[2mn =P EA gk, — £nay) i
< —Cepn® 7,

2mn—hn+2EA2,

logP (A, < epan) < —

for some C > 0. O

Lemma 7 (Lower bound). There ezist constants ¢,C > 0 such that, for
each g, satisfying g, > ¢, and

1

1
1 p—1
gnn 2&n > 0,

one has

1

__1_ __2
logIP’(An < epap, Sp > gnn%En pil) > —Cey ”’193-

Proof. Let (ky) be a sequence of even natural numbers such that 2% < n
and k, — oo, which will be specified later. To prove the lower bound,
we describe a strategy of a random walk, the probability of which is large
enough to provide the required bound, which implies that the p-fold self
intersection local time is small and the maximal displacement is large.

For this purpose, we divide the time interval into 2™» % time sub-intervals
of length 2%» and observe the path on the coarse time scale (that is, at
times i2F%, 0 < i < 2mnkn) As a strategy, we consider the event that
on the coarse scale the path moves up in each step, whereas on the fine
scale the path behaves typically. Hence, in one coarse time step, the path
moves up by a distance of order 2#7/2, Then we optimise over (k,). This
strategy guarantees that the path will have almost no self-intersections at
times belonging to different sub-intervals. S,, will be large, because the path
is forced to go up (instead of fluctuating) on the coarse scale.

Let 0 < n < 1/2 be fixed. Denote by

S;—S

ok S.k—S._ k
%_”’<1’1<]2”Tw<1+”}

A= { sup

(5—1)2kn <i<j2kn

the event that the random walk, considered on the i-th sub-interval, stays
at distance of order 257/2 from its starting point and moves up by a distance
of order 2#7/2 during the whole time. Further, denote by

2mn7kn+1

A:]L - ﬂ AZ]W
j=1

the event that this happens on each sub-interval.
10



Using the independence of the events A’ i for j =1...,2m kntl we obtain
by Lemma 5

2mn—kn+1

log P(A7) = lo P(A".) = 2mn—kntl 5o P(BY
12) gP(A]) = log ]Hl (A7) gP(B},,)

= —n2 kn,

Consider the event A]l. Notice that on this event we have

_ kn kn -
Sy > 2mnThn(1 — )28 > 2mn Bl S gonae, P

where the last inequality is satisfied if we choose k,, in such a way that

_2
(13) 2kn < nek™! /(16g2) — oo.

Thus, the strategy leads to the desired growth of the walks. We now check
that it also gives the right self-intersection local times. Note that for any
1 < g1, 2 < 2mn—Fatl guch that |jo — j1| > 2 the ji-th and jo-th pieces of
length 2% of (S;) do not intersect. Indeed, let (j; — 1)2%» < iy < 5;2%» and
(jo — 1)2Fn <4y < §12F7. Then

kn kn
Siy > S(jy—1yoen — (L=1m)22 > 54, pyomn + 122
kn kn
> Sj12kn + 772 > > S(j1—1)2kn + (1 + T))2 2 > Sil-
For each 1 < j < 2™»~knt1 define independent simple random walks start-
ing at zero by

S(nrj)

i

= S(j—1)2knti = S(j—1)2kn; for 0 <i < 2k,

Denote by E;an)_l(z) the local time of S(™7) at z, and define independent
random variables

Yoi = [0 ()], for j € {1,...,2mnknt11,
Z€Z

As n < 2™+ we have, on the event A,,, that

omn—kn+1_1 (j41)2kn—1 (j+1)2kn -1

A, < Z Z Z 1{S;, =---=8; }

i=l o a=(-1)2kn ip=(j—1)2kn

2mn—kntl_i (G+1)2kn -1 P
. Z( 3 1{51:2}).
J=1 2€Z " i=(j—1)2kn

11



Using the inequality (a + b)? < 2P~!(aP + bP), which holds for all a,b > 0
and p € N, we obtain

omn—kn+1_q jokn 1 ) (j+1)2kn—1 »
w2 SB[ X us=a) (X us=a)]
J=1  2€Z  j=(j—1)2kn i=j2kn
anfk’nj»l_l anfk’nj»l
=270 Y [y tYage] <2 ) Y
j=1 Jj=1

Let Zfl’;.), 1 < j < 2mn=katl he g family of independent random variables
such that Zq(fj) has the same distribution as Y,; conditioned on AZ]'- Since

AZ]' are independent for all j, and Y;,;, is independent of Ang for all j; # jo,
we obtain

P(Ap < enan, Sp >gnn25np 1) > P[A, <5nan‘A"] (A7)

2mn—kn+l 2mn—kn+1
" z]P[zp Z Yo; < Enan O Agj} P(A7)
7=1 7j=1
2’mn*kn+1
:IP(QP Z Z;Z)Senan>P(AZ).
j=1

We show that the first probability on the right hand side converges to one.
By Lemma 5 we have

E[Y”J]‘{AZJ}] < EAan_l v2kn(127+1)

EZ{") = < = )
(15) ! P(A7;) P(Bjy, )
E[YZ1{A7}] EAZ
El(Z™M2] = nj il < 2kn —1 SCl2kn(p+1)’
@I ="y = wm, )

for some ¢; > 0. Observe that

2mn—kn+1
()
P(2p Z an > Enan)
j=1

omn— kn+1

= P<2_mn+kn—1 Z Z(n ) > 2 —p— mn+kn—1 _ EZ('I]))

2mn—kn+l

< P(jomrhat Z ZD - EZ)| > gt e, —EZ(D).

By Lemma 3 and (15), there are constants ¢z, c3 > 0 such that

+1
an > czin and EZ (77) <327z

12
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which implies
o _ _p_1 k=1 kn(pt+1)
g pmnthn—le g, EZW > 277 In" s 2hneey — 3278 >0,

where the last inequality holds if we choose
2
(16) 2kn < el N (22777 e3).

Let ¢ = (2”*303/02)%, and note that, for all g, > ¢, the inequality (13)
implies (16). We now choose k;,, to be the even number satisfying

2

2 2
neb ™t /(64g2) < 280 < nel~' /(1642),
so that (13) and (16) are satisfied, 2k» < n and 2¥» — oo, where the latter
follows from the growth condition imposed on g,.

Using the Chebyshev inequality, we obtain that

anfkn+1

V. Z(n)
P<2p Yoz 5nan> < 2 n1 —
= 2mn*kn+1[2*p*mn+kn*15nan _ ]Ean ]2

It follows from the choice of (k,) that

2(p+1)

—p—mptkn—1 2 -1 1 —4
[2 P~ mnthn Tl a, —EZT(LT{)] > caen’ " nPTlgt

for some ¢4 > 0 independent of g,,. From (15) we obtain, for some c5, cg > 0
independent of g,
2(p+1)

VarZ,(ﬁ) < 52k D) < e v Pl 2D

Using these two formulas and the asymptotics for k,, we obtain

an—kn+1 2 5
IP’(QP Z ng) > snan> < C7gg2peﬁ_1 < cgeh ™t — 0,
j=1

where c7, cg > 0 are independent of g,,. Hence
2mn—kn+1 9

P(20 Y 2 <enan) 21-caef T o1
j=1

It follows now from (14) and (12) that

1

_ 1 ——
log P (An < Enln, Sp > gnn2en p_1>
an—kn+1

>logP(2 30 2\ < enan) +logP(A})
j=1

2 _ 2
> log(1 —cgelh ™) — con2Fn > —C’ggsn Pt

with some cg, C' > 0 independent of g,. O
13



Proof of Theorem 8. Let g, = ¢ be a constant sequence, where ¢ is taken
from Lemma 7. Then the assumptions on the growth of g, hold by choice
of ¢,,. Hence we can use Lemma 7 to obtain a lower bound,

_1 __2
log]P’(An < snan) > log;IP’(An < epap, Sy > cnésn ”71) > —Ccle,? .

The upper bound from Lemma 6 completes the proof. O

3. GROWTH OF THE WEAKLY SELF-AVOIDING WALK

We now state a more general version of Theorem 2, which also includes
Theorem 1. The result of Theorem 2 follows immediately by specialising to
the case g, = nf~P+1)/2

2

Proposition 1. Let ¢, > 0 be such that ¢, — 0 and €2 'n — oco. There
exists c1 > 0 such that eventually,

1

P(Sn < cinZen " | Au(p) < eaBAL(p)) =0,

and there exists cag > 0 such that

2

_ 1
- IOg]P)(Sn > CQn%En pet ‘ An(p) < 5nEAn(p)) = En P

_ 1
In particular, S, < néen P=1 in probability.
1

L 1
Moreover, for any g, > co such that g,n" 2e,""" — 0, one has

_ FR— 2
- logP(Sn > gnn2en Pt ‘ A'n(p) < EnEAn(p)) = ngn Pt
__1
Proof of Proposition 1. Denote f, = clnéen P~ where c¢; > 0 will be spec-
ified later. On the event {S,, < f,}, we have £,(z) =0 for |z| > f,, and

(17) Z ln(2) = n.

lz|<fn

Consider the function ¢ defined on the simplex S = {z € R™: z; > 0V,
T1+ -+ Ty, =a} by p(x) =2 + -+ 2h,. As ¢ has the global minimum
at the point (a/m,...,a/m) we have 2§ +- - -+, > aPm!'~P. Applying this
together with the condition (17), we obtain eventually
A= 3 B(2) 20?20 fa] — 1) 2 aP31 P 1P = (3er) Peun'T
|2l<fn

p+
2

Since a, = EA, <n : by Lemma 3, one can pick ¢; small enough in order

to ensure that
{An <enan} € {8, > ful,

which finishes the proof of the first statement.
14



—1/(p—1)

1/2¢

Now fix g, such that g, > co, and g,n~
be specified later). Define

— 0 (where co > 0 will

1
1 =T
fn —gnn25n )

By the reflection principle we have

P(S, > fn) > P(Orillaél Si > fn) = 2P(S,, > fn),

and
P(Sn > fn) <IP’( max Si >fn)+IP’( min Si < —fn)
= 2IP(OI£%>%SZ- > fn) = 4IP>(Sn > fn).
Hence P(S,, > f.) < P(S,, > f,). Further, the Azuma-Hoeffding inequality
gives
logP(S, > f,) < —1a.

In particular, this implies
1

logIP’(S >gnn2€n YA, <€nan)

_ f2 92 _ 2
<logP(S, > fn) < —5% +1 g4 = —Enenp’l +log4.

(18)

The corresponding lower bound is given by Lemma 7. For ¢y > ¢, we have

(19) logIF’(S >gnn2€n A, < 6nan) > —Cep®” 1927

where C' is independent of g,. Recall that, by Theorem 3,
2

logP(A, < enay) =< —en P,
which, together with (18) and (19), implies

1
1ogP(5’ > gnn26n ‘ A, < 6nan)

= log (S > gnn%n LA, < Enan) log IP’(An < snan)

2

- 2_ p-1
—~ _gngn 5

if ¢o is chosen large enough so that the first probability dominates even in
the case when g, is constant. ([
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