MATHEMATICS 30650 - DIFFERENTIAL EQUATIONS

LECTURE 1

1. INTRODUCTION

A differential equation is any equation involving a function and its derivatives.
These are broadly classified into ordinary and partial differential equations. An
ordinary differential equation (ODE for short) is one involving a function of a
single variable (often thought of as time). The most general form of an ordinary
differential equation involving the function f (¢) is

F(f0 " 0,8) =0

for some function F' of several variables. The order of the differential equation
is highest order of differentiation involved. Hence the above equation has order n.
Ordinary differential equations can be further classified as being linear or nonlinear.
A linear ODE is one which has the more restricted form

L(fl=aof +arf +...+anf™ = g(t)

for some coefficient functions aq, ..., a,. We shall often restrict to the case when
these coefficient functions are constant in order to be able to solve the equation.
If is happens that the right hand side g () = 0, then this equation is said to be
homogeneous (and inhomogeneous othewise). Towards the end of the course we
shall study some partial differential equations which are those involving a function
of several variables.

2. SIMPLE EXAMPLES
We begin today with some simple examples
Problem 1. Find the general solution to the differential equation
Yy =z
and more generally to the equation
y'=f(a).

Solution. Both equations are solved by integrating the right hand side. The
general solution to the first is

2
—+C.
5 +
While the general solution to the second is

y:/f(z)dx+0.

Hence we see that integration is solving the simplest kind of differential equation.

x
y:
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Problem 2. Find the general solution to the equation
y =y
Solution. This equation is solved using separation of variables. We have
d d
& _ y = Y _ da
dx y
which upon integration gives
log (y) =z +c.
Hence we have
y = ee” = Ce”.

We now solve an inhomogeneous equation

Problem 3. Find the general solution to the equation
y —y=umx.

Solution. This problem is solved in two steps. The first step consists in finding
the solution ¥ to the corresponding homogeneous equation obtained by setting the
right hand side to 0. Hence we must solve

Yh — yn = 0.
From the previous problem this gives

yn = Ce”.

The next step consists in finding one particular solution y, to the problem . There
isn’t a systematic way to do this. In specific examples we can venture a guess. Here
we try

yp = Az + B.
Putting this into our problem gives

y,—yp=A— (Az+ B) = x.

This gives A = —1,B = 1 by comparing the coefficient of = and the constant
coefficient. Hence y, = —z + 1. The general solution yge, to the problem is now
the sum of the homogeneous and the particular solutions
Ygen = Y+ Yp
= Ce*—x+1.

Since the solution involved determining the coefficients A and B of the linear poly-
nomial Ax + B, it is called the method of undetermined coefficients.
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LECTURE 2

1. METHOD OF UNDETERMINED COEFFICIENTS

We shall continue with some more examples of the method of undetermined
coefficients. This method is used to find the particular and general solution to a
linear ODE with constant coefficients. We first start with a homogeneous example

Problem 1. Find the solution to the equation
y"+5y +6y=0, y(0)=0,y'(0)=2.

Solution. The recipe consists in first writing down the associated characteris-
tic polynomial equation. This is obtained by replacing polynomials in place of
derivatives. Here we have the characteristic equation

p(r) =72 +5r+6=0.

This has the roots r = —2, —3. The general solution is now the linear combination
of exponentials

y = Cre 2 4+ Che™ 37,
To find the solution with the given initial values of y (0),y’ (0) we simply differen-
tiate to obtain

y(0) = C1+Cy =0
Yy (0)= —2C; —3C, =2.
This gives C; = 2,Cy = —2. Hence we have
y(z) = 272 — 2737,
Problem 2. Find the general solution to
y' =2y +2=0.
Solution. Again we write the characteristic equation
p(r)y=7r>—2r+2=0.
However this now has imaginary roots
r=1%4i.
The general solution still is
y = Cret+de 4 oyed-de
= Che” (cosz +isinx) 4+ Coe® (cosx — isinx)
= Cle”cosx + Che®sinw
using the formula e® = cosx + isinz.
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Problem 3. Find the general solution to the inhomogeneous equation
y" — 3y’ — 4y = 3e*.

Solution. The roots of the characteristic equation r? —3r —4 = 0 are r = —1, 4.
Hence the general solution to the associated homogeneous equation 3" —3y’ —4y = 0
is

yp = Cre % + Chel®.
We now need to find a particular solution to the problem. We venture the guess
yp = Ae*".
On differentiating this gives
Yy — 3y, — Ay, = —6Ae” = 3"

Hence we have A = —% and y, = —%e%. The general solution is now a sum of the
homogeneous and particular

Ygen = Yn+Yp
= Che % 4 Che’® + 3e2®,

Problem 4. Find a particular solution to

Solution. This time we guess
Yp = A2z’ + Bz + C.
Plugging this into the equation gives
yg —yp =24 — (Ax2 + Bx + C') =22

On comparing coefficients we see A = —1, B = 0 and C = —2. Hence the particular
solution is

Yp = —z? = 2.
Problem 5. Find the particular solution to
y// _ 4y _ eZt_
Solution. As in problem 3 we may try y, = Ae?'. However substitution into our
problem gives
Yy — Ay, = A(4—4)e*' =0
which is always zero and cannot solve the equation. The reason this has happened

is because the exponent 2 of e?! is a root of the characteristic equation. As a second
guess we try

y, = Ate?".
This gives
Yy — 4yp = 4Ae* = 2t

which is now solvable. Hence A = % and y, = ith.



MATHEMATICS 30650 - DIFFERENTIAL EQUATIONS 3

All the above examples are of the form
ay" + by’ +cy=g(z).
The homogeneous solution is of the form
yn = cre”! 4 cpe”?!

when r1, ro are distinct roots of the characteristic polynomial p (r) = ar?+br+c = 0.
But how does one guess the particular solution. The following table gives the form
of the guess.

Problem 6. All the above examples are of the form
ay” +by' +cy =g (x).
The homogeneous solution is of the form
yn = c1et + cpe’?!

when 1, ro are distinct roots of the characteristic polynomial p (r) = ar?+br-+c = 0.
But how does one guess the particular solution. The following table gives the form
of the guess.

All the above examples are of the form

ay” +by' +cy=g(z).
The homogeneous solution is of the form
yn = c1e"’ + cpe™!

when 71, 7o are distinct roots of the characteristic polynomial p (r) = ar?+br-+c = 0.
But how does one guess the particular solution. The following table gives the form
of the guess.

’9(93) ‘ Yp

er 2% where s is the smallest number such that p®*) (a) # 0

a" | 2°(Ag + Aix + ... Apx™), where s is the smallest number such that p®*) (0) # 0




MATHEMATICS 30650 - DIFFERENTIAL EQUATIONS

LECTURE 3

1. METHOD OF VARIATION OF PARAMETERS

In this lecture we continue our study of linear inhomogenous ODE’s. These are
equations of the form

Liyl=y"+p®)y' +a)y=g().

In the last lecture we saw how to solve the above equation in the case where the
coefficients p (t),q (t) were constants. Moreover we also assumed that the func-
tion ¢ (t) was either a polynomial (g (t) = Ag + A1t + ...+ A,t™) or a (possibly
complex) exponential g (t) = ™', a being real or complex. The key step involved
guessing a right form for the particular solution y,,.

We now proceed to solve the equation in the general case. However our method
requires that we know the general solution to the homogeneous equation

(1.1) Yn (1) = c1y1 (8) + coy2 (1)

solving L{yn] =y +p({#)y + q(t)y = 0 (as is the case when p (¢),q(t) are con-
stants). Hence we again have to find one particular solution y, to the problem
L [yp] = g (t). We try a solution of the form

Yp (1) = ur () y1 (1) +uz (1) y2 ()

where the constants ¢, ¢ in (1.1) now get replaced by functions uy (¢),us (¢). Dif-
ferentiating this gives

Yp (1) =u1 (1) v () +uz (t) ya ()
oy () y1 () 4wy (1) y2 (1) .

We need to differentiate again to find L [y,]. In order to simplify the computation
of the second derivative let us try to find a solution where the second line above is
Zero

(1.2) uy () y1 (t) 4wy () ya (t) = 0.
We then have
Yy = uy (1) Y (8) +uy (1) ya (8) +ua (8) yy (1) +ua () ys (1) -

Hence we may compute

Liyyl = wi () [yy +p ) y1 +q(t) 1]
+ ug () [ys +p ) ys +q(t) yo]
+uy () yy (B) +uy (B ys () =g(t).
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Since y1,y2 were solutions to the homogeneous equation we must have

uy (1) yy () +uy (8) vy (t) = g (1) .

Combining the above with (1.2) we end up with the pair of equations

(1.3) uy (B g1 () +up (B y2(t) = 0
(1.4) uy (8) yr () + uy () s () g(t)
Cramer’s rule then gives us
biv %0 h o)
Con 19 s (t o _ @) gt
TOT o wer YT e naf
vi(t) ys (1) v (t) ys (1)

yi(t) y2(t)
vi(t) ws (1)
Wronskian of y1,y2. Finally we may integrate the above to get the particular
solution

We call the determinant in the denominators W (y1,y2) (t) = the

t t

y2(s) g (s)
to W (y1,2) ()

We now do some examples of this method.

yi(s)g(s) .

dst () | 5y ) ()

Yp = —y1 (%) s.

Problem 1. Find a particular solution of the equation
y" +y=tan(t).

Solution. The corresponding homogeneous equation is y” +y = 0. This has the
solutions y; = cost and yo = sint. The Wronskian of these two solutions is

cost sint

W (sint, cost) =

—sint cost
Hence we have
0 sint sin? ¢
!
t) = = T —cost —sect

“ ( ) tant cost COS T cos sec

, cost 01 _ .
uy () —sint tant| o™ ¢

On integration we have

uy (t)
us (t) = —cost.

sint — In|sect + tant|

Hence the particular solution is
yp (t) = (sint — In|sect + tant|) cost + (— cost) sint.
Problem 2. Find a particular solution to the equation

y// . 2y/ +y= t726t.
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Solution. The corresponding homogeneous equation y”’ — 2y’ + y = 0 has the
solutions y; = ef, y» = tet. The Wronskian of these two is

t oty _ |€ te! _ 2t
W(e’te)_et et +tet|
This gives
0 tet
t=2et el 4 tet 1
Uy (t) = egt = 7;
et 0
t -2t
, et tT%er) 1
Ug (t) - e2t - tig
Hence u; (t) = —Int, us (t) = —1. Hence the particular solution is

yp () = (—Int) e’ — €.
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LECTURE 4

1. GENERAL THEORY OF nTH ORDER LINEAR ODE

In this lecture we shall discuss the general linear ODE of nth order. The general
equation of this kind has the form

Po Y™ 0 Oy T+ pe Dy =g (b))
In this generality it is impossible to solve this equation explicitly. However one
can still prove existence and uniqueness for the solution. In order to do this let us
assume that the leading coefficient p,, (t) # 0 is non-zero on some interval I = [a, b].
We may then divide by p,, (¢) to obtain the equation

(1.1) Lly)=y™ +au1 Oy D+ a0 By =h(D).
for the new coefficient functions g,_1 (t) = p;;(lt()t),...,qo (t) = 5:((3 and h(t) =

pi((tt)) The general theory of linear ODE’s now tells us that a solution to (1.1)
always exists for all times ¢ € I = [a, b]. Moreover let us consider the corresponding

homogeneous equation
Lyl =y™ +goor () y™ ™V + ...+ g0 (t) y = 0.

Let us say we have n solutions y; (t), ..., yn () to the above homogeneous equation.
Recall that these solutions are said to be linearly dependent if there exists constants
ci,...,c, not all zero such that

ey (B) + ...+ cuyn () =0,

and they are said to be linearly independent otherwise. The Wronskian of these n
functions y1,...,y, is

Y1 Y2 e Yn
i Ya Yn
W(y17"'7y7b): N -,
ygnfl) yénfl) y7(bnfl)

If the Wronskian W (y1, ..., y»n) (to) # 0 is non-zero for some point ¢ in the interval
to € I = [a,b] then these solutions are linearly independent on the interval I. In
this case the general solution y, to L [ys] = 0 can be written as a linear combination
of these

Yo =C1Y1 + ...+ CpYn.
If y, is a particular solution to the equation L [y,] = g () , then the general solution
to the equation L [y] = g (¢) is of the form

Y=Ypt+ciyi+...+ Culn-
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Example 1. Consider the equation

(> —1) Y3 +ty + et = cost.
Find an interval of time ¢ containing 0, for which the solution is sure to exist.
Problem 2. Solution. The leading coefficient t?> — 1 is non-zero for ¢ # —1,1.

Hence the largest interval containing 0 of the complement R\ {-1,1} is (—1,1).
The solution is sure for this interval (—1,1).

2. HiIGHER ORDER EQUATIONS WITH CONSTANT COEFFICIENTS

The general theory does not tell us how to solve the equations explicitly. In
order to find explicit solutions we restrict attention to equations with constant
coefficients. Hence we consider the equation of the form
(2.1) Lyl = any™ + ...+ aoy =g (1)
with a,,...,a¢ being constants. These can be solved in a very similar fashion to
the equations of second order. Again we write the characteristic polynomial

p(r) =apr™ +an_ 1" 4 ... +ag=0.

Let us assume that one has n distinct roots r1,79,...,7, to the above equation.
Then the general solution to the a corresponding homogeneous equation L [y] = 0
is of the form

y=cre 4+ .. +cpe™t.
If a certain root (say r1) is repeated s times, then each of e™? te™? ... t5~lemt is
a solution to L [y] = 0. The general solution now contains a linear combination of
these.

Example 3. Find the general solution to the homogeneous equation
Lyl =y" +2y" —y' =2y =0.
Solution.We try a solution of the form y = ™. This gives
Lly] = (7"3 +2r% —p — 2) et =0.

p(r)= characteristic polynomial

The characteristic polynomial factorizes as 12 +2r? —r —2 = (7"2 — 1) (r+2). Thus
its roots are r = —2, +1. The general solution to the problem is

Y= cle_zt + C2€_t + c;;et.
Example 4. Find the general solution to the homogeneous equation
y" —y=0.
Solution. The characteristic polynomial is 73 — 1. This factorizes as > — 1 =
(r—1) (r* +r+1) = 0. This now gives
—1+4V3

:1 =
r orr D)

Hence the general solution is of the form

3 3
Y = c1et + cze*% cos ({t) + 036*% sin <\2[t> .
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Example 5. Find the general solution to the homogeneous equation

y W +2y" +y =0.
Solution. The characteristic polynomial factorizes r* + 2r2 + 1 = (r2 + 1)2.
Hence we have the roots
r==+i,+i
with them being repeated roots. Hence four solutions are y; = cost, yo = sint,
ys = tcost, y4 = tsint. The general solution is now a linear combination of these
y = cy1cost+ cosint + cst cost + cytsint.

Example 6. Find the general solution to the homogeneous equation
y@ —y=o.

Solution. The characteristic polynomial factorizes as r* — 1 = (r? + 1) (r? — 1).
This has the roots » = +1, £¢. Hence the general solution is

Yy = cret + coe™t + 3 cost + ¢y sint.
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LECTURE 5

1. THE METHOD OF UNDETERMINED COEFFICIENTS IN nTH ORDER

The method of undetermined coefficients can also be used to solve an nth order
linear ODE with constant coefficients. This is an equation of the form

Ly = any™ 4+ an 1y + .. tay=g(t).

This method however requires that the right hand side g (¢) to be a (real or complex)
exponential or a polynomial in ¢. In these cases one can find a particular solution
to the equation in the same way as in the second order case. The table giving the
form of the guess is the same as from lecture 2

’g(t) ‘ Yp

et t5e®? where s is the smallest number such that p{*) () # 0

t" | t° (Ag + A1t + ... Axt™), where s is the smallest number such that p(s) (0)#£0

The general solution now has the form

Y=Yn+Yp

where yy, is the general solution to the homogeneous problem.
Exercise 1. Find the particular solution to the equation
Lyl=y" +y=1.

Solution. In this case it is easy to guess the particular solution y, = 1. More
systematically, the right hand side is a polynomial of degree 0. The characteristic
equation is 73 + 1 = 0, which does not have 0 as a root. Hence the form for the
particular solution should be y, = Ay a constant. Plugging this into the equation
gives Ag = 1.

Exercise 2. Find the particular solution to the equation
(1.1) v +y=t+1.

Solution. Again it is easy to guess y, =t + 1, since the third derivative of this
yg’ = (. But we would like to solve it more systematically. Since the characteristic
equation 7> + 1 = 0 again does not have 0 as a root, the form for the solution
should be a polynomial of the same degree as the right hand side of (1.1). Hence
yp = At + B. Plugging this into the equation (1.1) gives y," +y, = At+ B =t +1.
Hence we have y, =t + 1.

Exercise 3. Find the particular solution

(1.2) y" +y =1t
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Solution. Now this takes solving! There is no immediate guess. Our guess is
now a degree three polynomial, again the same degree as the right hand side of
(1.2). Hence y, = At> + Bt> + Ct + D. We compute

yy' +yp=6A+ At> + B> + Ct + D =t°.
Hence by comparing coefficients A =1,B=C =0,D = —6A = —6. Hence
Yp = 3 — 6.
Exercise 4. Find the particular solution to
(1.3) Liyl=y"+y =1

Solution. In this example the characteristic polynomial is r3+r = r (r? + 1) = 0.
This has the roots » = 0, +i. Hence the general solution to homogeneous equation
Liy]=0is

Yp = c1 + casint 4 c3 cost.
Although the right hand side of the inhomogeneous is degree zero, we see that
guessing a constant solution y, = A does not work as this solution is part of the
homogeneous (i.e. L [y,] = 0). This happens because 0 is a root of the characteristic
equation. Hence we multiply this guess by a ¢ and obtain y, = At. This gives

"

Yy +y,=A=1
Hence we have y, =t is the particular solution.

Exercise 5. Find the particular solution to
Llyl=y"+y =t

Solution. Again our initial guess should be a polynomial of the same degree as
the right hand side y, = At + B. However one checks that this solution cannot
work. This is again due to the fact that 0 is a root of the characteristic equation
(r® 4+ r =0) of multiplicity 1. Hence the initial guess needs to multiplies by t'to
get y, =t (At + B) . This now gives

Yy +y, =2At+ B =1t.
1 1
Hence A= 5,B=0and y, = §t2.
Exercise 6. Find the particular solution to
Llyl=y"+y" =t

Solution. The characteristic equation is now 3472 = 0. It has roots r = 0,0, —1
with 0 now being a root of multiplicity 2. The initial guess of the particular solution
is yp = At+ B, of the same degree as the right hand side. To keep on trying this and
its successive multiples by ¢ leads to utter exasperation. So one should know what to
try from the beginning. The right multiple of the initial guess is t? (At + B), where
the exponent 2 of ¢? is exactly the multiplicity of 0 as a root of the characteristic
polynomial. This now gives

y" +y' =6A+6At+2B =t.
Hence A= 1 B=-3A=—1andy, =t (§t—1).



MATHEMATICS 30650 - DIFFERENTIAL EQUATIONS

LECTURE 6

1. THE METHOD OF VARIATION OF PARAMETERS IN nTH ORDER
Consider a general nonhomogeneous equation of the form
Lyl = any™ +ap_1y" Y+ .. +agy =g (t),

with constant coefficients a,, ..., ap and g (t) being a general function of time. Un-
less the function ¢ () is a polynomial multiple of an exponential, the method of un-
determined coefficients does not apply. However one can use the method of variation
of parameters as for second order equations. Again we let y; (¢),y2 (¢),...,yn ()
be n linearly independent solutions to the corresponding homogeneous equation
L [y] = 0. Hence the general solution to the homogeneous problem is

Y = C1Y1 + C2Y2 + ... + CpYn-

The Wronskian of these n functions is

nooy2 ... Yn
Yi s Yn
W (t) =W (y1,...,yn) (t) = | . .
n—1

Yn y% )

Next we write down the determinant of the matrix W, (¢) obtained by replacing
0
the m!" column by the vector | . |. We then find the functions u,, satisfying
g(t)
W (t)
t) =

The particular solution is then of the form

yp(t):ul () yr () + o Fup (t) yn ().

The general solution to the problem is now ygen (t) = vy, (£) + yp (t) a sum of the
homogeneous and the particular.

Example 1. Write the general solution to the equation
Lyl =y" +y = cott

using variation of parameters.
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Solution. The characteristic equation is r® + 7 = r (r? + 1) = 0 which has roots
r = 0, %i. Hence the general solution to the homogeneous problem L [y] = 0 is
Yp = c1 + cacost + cgsint.

which is a linear combination of the three linearly independent solutions y; =
1,y2 = cost,ys = sint. The Wronskian of these three functions is

1 cost sint
W (1,cost,sint) = |0 —sint cost | =1.
0 —cost —sint
Hence the partial Wronskians are
0 cost sint
wi(t) = 0 —sint cost | =cott
cott —cost —sint
1 0 sint 5
cos“t
We() = [0 0 cost | = —— ;
0 cott —sint sin
1 cost 0
Ws(t) = |0 —sint 0 |= —cost.
0 —cost cott

Next we have to integrate

/cot tdt = In |sin t|

Uy =
cos?t sint — 1
v = /_. dt:/,idt
sint sint
= /sint—csct:—cost—ln|csct—cott\
uz = /—costdt:—sint.

Hence

Yp = uryr +ugly2 +uzys
= Inlsint| + cost (—cost — In|csct — cot t|) + sint (— sint)
= Inlsint| — cost (In|csct — cot ¢|) — 1.
Hence the general solution is
Ygen = Yp T+ Yn
= ¢1+cocost+cgsint + Insint| — cost (In |csct — cot t])
where we have absorbed —1 from y, into the constant c;.
Exercise 2. Find the general solution to the equation
Llyl=y" —y =te

using both the method of undetermined coefficients as well as variation of param-
eters.
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Solution. The characteristic equation is 7> — r = 0. Hence we have r = 0, 1.
The general solution to the homogeneous equation is

Yy =C1 + CQ@t + 0364.
To find the particular solution via undetermined coefficients our guess should be
of the form y, = (At + B)e'. However since zero is a root of the characteristic
polynomial this needs to multiplied by t. Hence we guess

yp, = t(At+ B).e'
y, = [A®+(2A+B)t+ B¢
yy, = [At?+ (4A+ B)t+2A+2B]¢"
yy' = [At*+ (6A+ B)t+6A+3B]c".
Hence y)/ — y), = [4At + (6A +2B)] = t gives A = ;,B = —3A = —3. We thus

have y, = (%tz - %t) et. The general solution is now

(lp 3\ o
Ygen = e + ¢y +cge” +c3e .
4 4
To solve the same problem via variation of parameters first consider the three
linearly independent solutions to the homogeneous equation y; = 1,y, = ef,y3 =
e~t. They have the Wronskian

1 e et
W(lee)=[0 e —et|=2
0 et et
The partial Wronskians are
0 e et
Wi(t) = |0 e —et|= -2t
tet et et
1 0 et
W) = [0 0 —etl=t
0 tet et
1 e 0
Ws(t) = [0 e 0|=te*
0 e tef

Hence we may integrate

u = /(ftet) dt:ftetJr/etdt

= —te' +¢

1 2
= [ tdt ==
2 2 / 4
1 1
= / te?tdt = = [te?t — / e2tdt
2 4
ot 1N o
- (4 8)@ .

us
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This gives
Yp = U1Y1 + uU2y2 + usys
2ot 1
= |—t4+1+—4+-—Z=|¢
[ + +4+4 8:|6

12 3 t ]'t
= (s Ct)et - et
(4 4)6 8¢

The general solution is then

1 3 1
Ygen = (4t2 — 4t> el — get +c1 + czet + c;;e‘t.

This is the same as before since the —%et can be absorbed inside the constant cs.
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LECTURE 7

1. IMPROPER INTEGRALS

We begin by recalling that real valued function f (¢) of one variable is continuous
at t = a if the limit lim;,, f (t) exists and equals f (a). Similarly, f is continous
on [o, O] if it continous at each point in the interval ¢t € [a, ]. Now f is said to
be piecewise continuous on [«, §] if it continous at all except a finitely many points

t1,...,ty € [@, 8]. An example is the function
0 t<0
f)=41 o<t<1
0 t>0.

This is continous at all points except ¢ = 0,1. Hence it is piecewise continuous on
the real line.
For a piecewise continous function f () the integral

/abf(t)dt

always makes sense, for finite values of a and b. However here we are interested in

the integral
oo b
/ F(t)dt = lim/ (1) dt.

b—oo

The right hand side is the defining equation for this integral. Such an integral is
called an improper integral. However the limit may not exist (or the integral
may not converge). It is known to converge under the assumptions of the following
theorem.

Theorem 1. Assume f (t) is piecewise continous for t > a and |f (t)| < g(t) for
t > M. Then if [,; g(t)dt converges so does [~ f (t)dt.
2. LAPLACE TRANSFORM

Let f (t) be areal valued function of one variable. Its Laplace trasform is defined
by the equation

L) =F(s) = / o

However we again need some hypotheses to make sure the above integral converges
for the Laplace trasform to make sense.

Date: 9/11.



MATHEMATICS 30650 - DIFFERENTIAL EQUATIONS 2

Theorem 2. Let f (t) be piecewise continuous on the interval [0, A] for any A > 0.
Assume that there exists constants K,a, M such that

f ()] < Ke*

for allt > M. Then the Laplace trasform F (s) exists for s > a.

Note that the Laplace transform only depends on the values of f (¢) for positive
time ¢ > 0. The Laplace transform is a linear operator i.e. for constants ¢, cy
we haved

Lierf (t)+cag ()} = aL{f ()} +c2l{g(t)}.
We now compute some examples of the Laplace trasform.

Example 3. Find £{f (t)} for f (t) = 1.

We compute

&S|
~—
V)
S~—
I

oo
/ e~ Stdt
0

efst A
= lim [ }
A—o0 S +=0

) 1 efsA
= lim |- —
A—oo | S S
1
= -, for s > 0.
s

Example 4. Find £ {f (t)} for f (t) = .

We compute

F(s) = / eatefstdt:/ e~ (smatgy
0 0

1
= , for s > a.
s—a

Example 5. Find L{f (t)} for f (t) = sin (at).
We first write sin (t) = % Using the linearity of the Laplace transform
we have

1 1 1
F = —
(S) 2i{s+ia+sia}

a
s2 4+a?’

Example 6. Find £{f (t)} for f (t) =t.
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o0
F(s) = /0 te stdt
A
= lim te st dt
A—o0 0

A similar integration by parts gives L{f (t)} = F (s) = Sﬁ% for f(t) =t™.

Example 7. Find £{f (t)} for f (t) =

We compute

e {4 () )

t.e st e St:|
t=0

s 52

A—o0

= lim {—

1
52"

1 0<t<1
0 t>1.

F(s) =

1
/e_Stdt
0
-],
§ li=o
1 e
s s |
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LECTURE 8

1. PROPERTIES AND FURTHER EXAMPLES OF LAPLACE TRANFORMS

One of the main applications of the Laplace transform is that it allows us to
solve initial values problems. We will see what these are and how to solve them
shortly, but we first shall need some further properties of the Laplace transform.
An important one is the calculation of the Laplace transform of a derivative.

Theorem 1. Let f(t) be a function of atmost exponential growth |f (t)] < Ke™
for some a, K. Then the Laplace transform of F (s) = L{f' (t)} exists for s > a
and is given by

LA ()} =sL{f ()} - £(0).

Proof. The proof is again integration by parts. From the definition of the Laplace
trasform we have

LA (1)) = / T et

~r@ey s [T rwea
0
— £ +L{f ()}

If one iterates the above formula one arrives at

(1) [L{f (0} =s"L{F W) = 5" F(0) — = £ (0) ~ f D (0).

We may now use the above formula to compute further examples of the Laplace
transform.

Example 2. Find £{f (¢)} for f (t) =t".
We put f (t) = t™ in the formula (1.1). Since f) (t) =n.(n —1)...(n —i 4 1)t"*
we have f("=9 (0) = 0 for i < n. Also £{f™ (t)} = £{n!} = 2. Hence this gives

S

n!
sn—i—l :

Lty =

Example 3. Find £{f (¢)} for f (t) = cos (at).

Date: 9/13.
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This can be done in a similar fashion (using complex exponentials) as the Laplace
transform of sin (at) from last lecture. However lets do it differently now.

£ {cos(at)} = éﬁ{[sin(at)]/}

= Zc {sin (at)} — %Sin (0)

a s?+ a?
s

82+a2'

Using the computation of the Laplace transform of sin (at) from the last lecture.
Now we come to another property of the Laplace transform.
Theorem 4. If L{f (t)} = F (s), then L{e“f ()} = F (s —¢).

Proof. This follows immedietly from the definition.

L{ef (1)}

/OO f(t)etetadt
0

= /oo f(t)ye= =gt
0
F )

(s—c).

This now immedietly gives the following transforms

L{e%sin(at)} = @_c;ﬁ
L {ect (o)) (at)} - (s—sc)ﬁ
n!
Ltret) = ————.
{t } (S o C)nJrl

2. SoLuTIONS TO INITIAL VALUE PROBLEMS

The Laplace transform can be used to solve initial value problems. Below is an
example.

Example 5. Solve the differential equation
y' =y -2y=0, y(0)=1,9'(0)=0.

Solution. First let us do this using the a method we know: via the characteristic
equation. The characteristic equation is r> —7 —2r = (r — 2) (r + 1) = 0 and hence
has roots » = —1, 2. Hence the general solution is

y(t) = cre™ 4 cpe®.

The initial conditions now give ¢; + ¢z = 1, 2c; — ¢ = 0. Hence ¢; = 2,¢3 = 3 and

3
we have y (t) = 2e~" 4 et
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3

Let us now learn how to solve the same problem via Laplace transforms! First

we transform both sides of the differential equation
LLy" () —y' (1) =2y (1)}
s2L{y ()} — sy (0) = s°y' (0) = [sL{y (1)} =y (0)] —2L{y (1)} =
Some algebra now gives
-1 s—1

Ll = a5 = o960

Using partial fractions we now get
1/3 2/3
/ /

ﬁ{y(t)}:s—Q s+1°

But now the table of Laplace transforms now gives us

2 1
y(t) = ge_t + §€2t'

Example 6. Find the solution to the differential equation
y' +y=sin(2t), y(0)=2,9(0)=1.
Solution. Let Y (s) = L{y (¢)} . Again we transform the equation to get

2

Y (5) =5y (0) =y (04 (5) = .

Using the initial conditions we now get
25% 4+ 5% +85+6
(+1) (2 +4)

2s 5/3 2/3
s2+1 +52+1 244
Hence the table of Laplace transforms now gives

Y(s) =

y(t) = 2cos (t) + gsin (t) — %sin (2t).
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LECTURE 9

1. SorLuTIiONS TO INITIAL VALUE PROBLEMS

The Laplace transform can be used to solve initial value problems. Below is an
example.

Example 1. Solve the differential equation
y' -y —2y=0, y(0)=1y(0)=0.

Solution. First let us do this using the a method we know: via the characteristic
equation. The characteristic equation is r2 —7 —2r = (r — 2) (r + 1) = 0 and hence
has roots » = —1, 2. Hence the general solution is

y(t) = cre™" + coe?t.

The initial conditions now give c¢; +c2 = 1, 2¢o —c¢; = 0. Hence ¢; = %, Cco = % and
we have y (t) = 2e7" + L2t
Let us now learn how to solve the same problem via Laplace transforms! First

we transform both sides of the differential equation

L") -y @) —2yt)} =

s2L{y ()} — sy (0) = s°y' (0) = [sL{y (1)} =y (0)] —2L{y (1)} =
Let us plug in the initial values of  (0) = 1,3’ (0) = 0 and denote L{y (t)} =Y (s).
We hence have

Y(s)(s*—s-2)—s+1=0.
Some algebra (yes just algebra!) now gives
s—1 s—1

2—s5-2 (s—2)(s+1)

Y(s)=

Using partial fractions we now get
1/3 2/3

Y = .
(s) s—2 s+1

But now the table of Laplace transforms now gives us

2 1
y(t) =LY (s)} = ge_t + §62t'
Example 2. Find the solution to the differential equation

y'+y=sin(2t), y(0)=2,9(0)=1

Date: 9/16.
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Solution. Let Y (s) = L{y (t)}. Again we transform the equation to get
2

2y (s) — —y Y(s) = ——.
sV (s) = sy (0) ¢ (0 +Y (s) = 5~

Using the initial conditions we now get
283 + 52 +85+6
(2 +1) (2 + 4)

2s 5/3 2/3
s24+1 " 241 s24+4°
Hence the table of Laplace transforms now gives

Yi(s) =

y(t)=L7{Y (s)} =2cos (t) + gsin (t) — ésin (2t).

2. PARTIAL FRACTIONS AND THE INVERSE LAPLACE TRANSFORM

In each of the two problems above the crucial step was finding the inverse Laplace
transform. Often the inverse Laplace transform that we require is that of a rational
function (a ratio of two polynomials). The theory of partial fractions now comes in
handy.

Let p(s), ¢ (s) be two polynomials such that degp (s) < degq (s). Then we would
like a partial fractions decomposition of Z Ei; We first factorize

q(s)=(s—a)™ (s—ax)™...(s* +bis+ cl)ﬁ1 (s* + bas + 02)52

into its linear and quadratic (corresponding to complex roots) factors. The theory
of partial fractions now says that it is possible to write the rational function as a
sum

p(s) 11 C12 Cloy
q(s)  (s—ap) * (8—a1)2 et (s —ay)™
Ca1 C22 C2a,
+(5*02) " (s — a)? +-“+m
+...
n dy1s + e di25 + €12 T dig, s+ e,
(s2+b1s+c1) (32+b15+cl)2 (52—i-b13+61)ﬁl
do1s + e da2s + €22 T dog,s + eap,
(s2+bastc1)  (s24bas+c)® 0 (824 bos+ )

+...

The Laplace transform table is now used to find the inverse transform of each term
appearing on the right hand side above. Let us see how this works out in examples.

Example 3. Find the inverse Laplace transforms for

(1) F(s) = 5y
(2) F(s) = 54
(3) F(5) = 3375
(4) F(s) = 5
(5) F(s) = 2
(6) F(s) = =t

(—1)°
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Solution.

(1) We write

Hence L7 {F (s)} = %e’%.
(2) We write

s+1

Fl) = &5
_ S n 1
T 244 s244
S 1 2

244 i) s24+4
Hence L1 {F (s)} = cos (2t) + 4 sin (2t).
(3) We write

1

s2+25+5
1

(s+1)7%+4
= %E {e""sin(2t)}.

F(s) =

Hence the L7 {F (s)} = e~ 'sin (2t).
(4) The denominator can be factorized s* + s = s (s? +1) = s(s+1) (s — i).
Hence by the theory of partial fractions

1
B I
A B C

S s+1 s—1

The coefficients can be figured out to be A = 1,B = —%, C = —%. This
gives

F(s) =

Hence the £L71{F (s)} =1 —cos(t).
(5) We write
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(6) Set s — 1 = wu. Then we have

52+ 1 (u+1)>+1
F(s)=——g = ——3—
(5—1) u

w? +2u+2
I
122
Toow o w?

1 2 2

+ + .
s=1 (s—1)° (s—1)°
Hence we have L7 {F (s)} = e! + 2te! + t2el.

3. STEP FUNCTIONS

In many physical problems it is important to consider discontinuous functions.
This is the case when one is trying to model a force or signal which turns on or
turns off at given points in time. The most important prototype of a discontinuous
function is the unit step function also known as the Heaviside funcition. This
is defined by the formula

e (1) = {0 t<c

1 t>ec

Let us find the Laplace transform of this function.

clu) = [ et
L
e

—stdt

o0
e

CcSs

s
In general we have.

Theorem 4. If the Laplace transform L{f (t)} = F (s). Then L{u. (t) f(t —¢)} =
e F (s).

Proof. This is just changing variables of integration. We have

LAut)f(t—0)} = /000 e u. (t) f (t—c)dt

/Ooe*Stf(t—c)dt

= /Oo e () () dt, t =1 +c
0

— efcs/ efst'f (t/) dt/

0
= e “F(s).
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LECTURE 10

1. STEP FUNCTIONS

In many physical problems it is important to consider discontinuous functions.
This is the case when one is trying to model a force or signal which turns on or
turns off at given points in time. The most important prototype of a discontinuous
function is the unit step function also known as the Heaviside funcition. This

is defined by the formula
0 0t
e (1) = { st=c

1 c<t.
More generally we may have a discontinuous function of an arbitrary shape
0 0<t<ec
g(t) =
ft—c) 0<t.

The last function can be written as g (t) = u. (¢) f (t — ¢).
These functions serve as the building block for a lot of piecewise discontinuous
functions. As example consider the function

1 0<t<4
t) = -
F) {3 4 <t <5,

This function can be written as a linear combination of unit step functions
F@&) =14 2uy(t).

Note that the coefficients 2 of w4 (t) represents the change in the value of the
function at ¢ = 4. As another example we have

-1 0<t<1
f)=44 1<t<7
-2 7L<t

This time the function is a linear combination of
f (&) =—145uy (t) — 6uy (¢).

More generally we may have a piecewise discontinuous function of arbitrary shape.

t? 0<t<5
t) = -
1) {2 5 < t.

This function can be written as f (£) = ¢* + u5 (t) (2 — ¢t?). Again the coefficient
function (2 — t?) of us (t) is the difference of the two values near ¢ = 5.

Date: 9/18.



MATHEMATICS 30650 - DIFFERENTIAL EQUATIONS 2

Let us find the Laplace transform of unit step function.

LA{u.(t)} = /OOO e St (t) dt
L
g

7stdt

o0
e

CcS

s
More generally we have.

Theorem 1. If the Laplace transform L{f (t)} = F (s). Then L{u. (t) f(t —¢)} =
e F (s).

Proof. This is just changing variables of integration. We have
Cluc(t) f(t—0)) = Amf%%@f@—dﬁ

/Ooe_Stf(t—c)dt

- /Ooo e () (ydt, t =1 +c

= e / efSt/f (') dt’

0
e~ “F (s).

O

The above theorem can now be used to find Laplace transforms of arbitrary
piecewise discontinuous functions. Below is an example.

Exercise 2. Find the Laplace transform of
1 0<t<2
t) = -
90 {t2 2<t.
Solution. First write the function as
gt) =1+ (2 =1)us (t).
The transform of the the first summand is simply £ {1} = 1. To find the transform

<
of the next summand we need to write in the form wus (t) f (t — 2). It is clear that

(2 = 1) uy (t) ﬁa—m+2f—quﬂw

f(t=2)usz ()

for f(t) = (t+2)° — 1 = {2 + 4t + 3. Now the we may use our theorem to compute
the Laplace transform

L{#—Dux(t)} = e > L{t*+4t+3}

2,43
= 6 — R— p— .
s 52 s
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Hence the final answer is

clowy=sre® (S45+2),

S S

Similarly we may find more inverse transforms using our theorem.

Exercise 3. Find the inverse Laplace transform of

(1) F(s) = 52

(2) F(s) = 2=t

(3) F(s) = w55y

(4) F(s) = =m5rs
Solution.

(1) We write
1 1 3!
F(s) = o T
O = ey TG
Hence L7 {F (s)} = t3¢.
(2) Set s —1 =u. Then we have

Fs)= 4L (w+1)*+1
(5—1)3 u3
B u? +2u+2
R
122
Cou w2 ul
1 2 2

5—1+(s—1)2+(s—1)3.

Hence we have L7 {F (s)} = el + 2te! + t2el.
(3) First find the Laplace inverse of

s24+3s—4"
1 11 11
L't = £715- -
{82+38—4} {53—1 5s+4}
1
= fetfle*“.
5 5

Now it remains to use our theorem to shift this computation

e 2s 1 1
¢ {2+3_4} = [56(”) - 564(”)} ua (1)

(4) First find the Laplace inverse of 5.
1 1
) - © b
5242542 (s+1)°+1
= e 'sin(t)

Now it remains to use our theorem to shift this computation

£ {32:}3_4} = [e*@*” sin (t — 1)] i (t).
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LECTURE 11

1. STEP FUNCTIONS
In the last lecture we saw the theorem.
Theorem 1. If the Laplace transform L{f (t)} = F (s). Then
L{ue (t) f (=)} = e~ F (s).
Conversely, if L1 {F (s)} = f (t) then
L7 e ™ F(s)} =uc(t)f(t—c).
Let us see further examples of computing Laplace transforms using this.

Exercise 2. Find the Laplace transform of

2 0<t<?2
gt)=<t+1 2<t<5
3t 5 < t.

Solution. First write the function as
gt) =2+ (t—=1ua(t) + (2t — 1 us (t).
Let us Laplace transform each term above one by one. First £ {2} = 2. Next
LAE-Dua(t)} = L{(E-2+1Dug(t)}
= L{(t—-2)ua(t)} + LA{ua(t)}

6725 6728

= +
82

s
Similarly

L{2t=Dus ()} = L{R2(E-5+5)—1]us(8)}
= L{20@=5)us ()} + L{9us ()}

2e~5s Q¢ 5
5— + .

S S

Hence the final answer is
—2s 6723 26753 96753

2 e
E{g(t)}:g-f— 82 + s + 82 +

s
Similarly we may find more inverse transforms using our theorem.

Exercise 3. Find the inverse Laplace transform of

(1) F(s)= (5—11)4

Date: 9/20.



MATHEMATICS 30650 - DIFFERENTIAL EQUATIONS 2

(2) F(s) = ~tL

(«—1)°
(3) F(s) = 255
(4) F(s) = =it

Solution.

(1) We write
1 1 3!
Fs)=— =% _
(=) (s—1* 3l(s—1*
Hence L1 {F (s)} = ¢t3e’.
(2) Set s —1 = u. Then we have

$2+1 ut+1)?+1
F
(=t o Ll
(5—1) u
u? +2u+2
- T3
122
T oouw w2 Wl
1 2 2

P R PR T T

Hence we have L7 {F (s)} = el + 2te! + t2el.
(3) First find the Laplace inverse of m3—.

1 1 1 1 1
g S G S S
{32+3s4} {551 5s+4}
1 1
= get—5€_4t.

Now it remains to use our theorem to shift this computation

e 2s 1 1
¢ {+3_4} = [56(”) - 564(”)} uz (1)

(4) First find the Laplace inverse of 5.

1 1
LN = LT ———
{s2+23+2} {(s+1)2+1}

= e 'sin(t)

Now it remains to use our theorem to shift this computation

L {82:58_4} = [e*@*l) sin (t — 1)] i (t).

2. DIFFERENTIAL EQUATIONS WITH DISCONTINUOUS FORCING FUNCTIONS

Now we learn how to solve a linear inhomogeneous ordinary differential equation
with a discontinuous forcing function. This is the equation of the form

Ly == any™ +an_1y™ Y+ +ay=g(t),

where ¢ (¢) is now a piecewise continuous function of time. Let us do this through
examples.
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Example 4. Find the solution to the equation

1 7n<t<2n
0 2n<t,

y”+4y=g(t)={

given the initial conditions y (0) =y’ (0) = 0.
Solution. The function g (t) = ur (t) — ugx (t). We may then Laplace transform

both sides of the equation to get
(s° +4) Y (s) = L{g (1)} =

—Ts 6—271'5

S

Hence we have
(6771'5 _ 67271'8)
Y =
() s(s?2+4)
11 1 s
_ —Ts __ ,—27s - - _ -2
= ( ¢ )[43 4324—4]

e s e % 1 S
4 s 8244 4 |s s2+4)°
Knowing the Laplace inverse

1 s 1
Pt S S QU R W ¥
{5 52+4} 2sm( ),

it remains to shift this to get

y(t) = iuﬁ (t) {1 - %Sin(Q (t— w))} + iu% (t) [1 - %sin(Q (t — 2@)} :

For large times we see that

1 1
y(t):§—zsin(2t), 2 < t.

This problem models a pendulum that starts oscillating once it is pushed gently for
a short amount of time.
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LECTURE 12

1. DIFFERENTIAL EQUATIONS WITH DISCONTINUOUS FORCING FUNCTIONS

Let us do another example of a differential equation with a discontinuous forcing
function.

Example 1. Find the solution to the equation

1 0<t<a
0 a<t,

(1.1) M+y—mﬂﬂ—{
given the initial conditions y (0) =y’ (0) = 0.
Solution. This is very similar to the equation of last lecture. First we write

ga (t) = 2 — Ly, (¢) in terms of step functions. Now we Laplace transform to get

111 e 9
241)Y(s)=~-|-— :
(8 + ) (s) als s
Hence we have ) )
Y =-11 a8 .
(s) a [ ] s(s?2+1)
Partial fractions now give
1 1 S
Y — - 1 —as -
(5) a [ ¢ } L s2 + 1}
CO[1l s e s
T oals 241 a |s s241|°

Now our solution is y (t) = L7 {Y (s)}. The Laplace transform of the first term
above is easy from the table for the second term one need to use the exponential
shift rule to get

Yo () = L7HY (5)} = 2 [1 —cost] — é [1 —cos(t—a)]ug(t).

cos(t—a)—cost

For times t > a, this solution equals y, (t) = -

2. IMPULSE FUNCTIONS

Now let us make some further observations regarding the solution to the final
problem. Note that the solution to the last problem is

L1] — cost 0<t<a
ya(t)_{a[ ] P

Cos(t—zz,l)—cost a<t.

Date: 9/23.
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Now let us observe what happens to the solution as a — 0. In the limit we get the
function
cos (t —a) — cost

yo (t) = lim =sin ().

a—0 a
This is a perfectly well-defined (and enough loved) function. However what happens
to our original forcing function g, (¢) (of equation (1.1)) as @ — 07 Things get rather
spooky! It is perhaps best visualized by its graph which is non-zero on a smaller and
smaller interval [0, a] as a — 0. We also note that the total integral ffooo go (t)dt =1
independently of a. Let us denote

(2.1) lim g, (t) =6 ().

a—0

The limiting object is not quite a function, however it has a lot of the same prop-
erties of being one. Its true nature will be left undefined here. It is much the
Leprechuan of this course! We will see it but won’t get to know it.

We will call ¢ (t) the unit impulse function or the Dirac delta function.
The main property it has is that

)=0 for t#0,

/5 -1

It models a unit impulse (a instantaneous force of unit intensity) applied at the
instant of time ¢ = 0. One may similarly define the impulse function § (¢ — t¢)
corresponding to a unit impulse applied at time ¢ = to. This now has the property

(t—to)—o for t;’éto,

/ d(t—to)d = 1.

We can use (2.1) to figure out much about this function. First lets compute its
Laplace transform

L) = lim £{g (1)}

111 —as
R HEEE

a—=0a | S S
se as
= lim ,  (by L’hospitals rule)
a—0 S

Another important property it has is

| w0 =t [ rweo

= lim — / f(@)dt
a—0 a

= hn%f( a), (by L’hospitals rule)
a—

= f(0).



MATHEMATICS 30650 - DIFFERENTIAL EQUATIONS 3

Similar properties of ¢ (¢t — tg), which can be figured out by simply changing vari-
ables, are

L{6(t—ty)} = e 5t
| rwse-w = s,
Now we can solve a forcing problem involving impulses. Below is an example.
Example 2. Find the solution to
y'+9y = d(t-1),

with the initial conditions y (0) =y’ (0) = 0.
Solution. First Laplace transform both sides

(s> +9)Y (s)=e".

Then we have

Since £1 {32{%9} = %Sin (3t) . We have
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LECTURE 13

1. IMPULSE FUNCTIONS

In the last lecture we introduced ¢ (¢) the unit impulse function or the Dirac
delta function. This is not a function in the usual sense but in a generalized sense.
Mathematically, this means that it doesn’t have values (especially not at zero) but
integrals in which it appears still make sense. The main property it has is that

S(t)=0 for t#£0,
/Ooé(t)dt - 1L

In physical problems, it models a unit impulse (a instantaneous force of unit total
intensity) applied at the instant of time ¢ = 0. Think of a football kick, golf shot
or any kind of jerk. It may be useful to think of it as the limit

(1.1) o(t) = lim g, (t)
a—0
1 1 1 0<t<a
atszfat == e B
g (1) = 5 = ~ua (1) {0 et

The function g, (t) models a force of unit total intensity ([~ gq (t) dt = 1) applied
over an interval of @ units in time.

One may similarly define the impulse function § (¢ — ¢) corresponding to a unit
impulse applied at time ¢ = tg. This now has the property

5(t—t0):0 for t;éto,
/ S(t—to)dt = 1.

We can use (1.1) to figure out much about this function. First lets compute its
Laplace transform

LMY = lim £{g (1)}

Date: 9/25.
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Another important property it has is

| w0 =t [ rweo

a—0

.1

= lin%f (a), (by L’hospitals rule)
a—r

= f(0).

Similar properties of ¢ (t — tg), which can be figured out by simply changing vari-
ables, are

L{6(t—1to)} = e
| 18-t = i),
Now we can solve a forcing problem involving impulses. Below is an example.
Example 1. Find the solution to
y' 9y = 0(t-1),

with the initial conditions y (0) =y’ (0) = 0.
Solution. First Laplace transform both sides

(s> +9)Y (s)=e "

Then we have

_ e ?
Since £1 {32{%9} = %Sin (3t) . We have
_ e ?
Y (t) = ' { s2 +9 }

Example 2. Find the solution to
y' +5y =d5(t—2)
with initial conditions y (0) =y’ (0) = 0.
Solution. Laplace transforming both sides of the solution we get
(s> +5s) Y (s) = e 2.
Hence

Y(s) =
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To inverse transform the above first inverse transform £~} {% (% —

It remains to shift this computation to get

y(t) = LY (s)} = % [1-e 2] uy 1),
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LECTURE 14

1. THE CONVOLUTION INTEGRAL

So far, you have probably been convinced that finding the inverse Laplace trans-
form is crucial to solving a differential equation. Finding the inverse Laplace is
perhaps also more difficult than the Laplace transform itself since there is no easy
formula for it. Often it is important to find the inverse Laplace transform of a
product of functions. The product operation is the counterpart (on the transform
side) of a more exotic operation (on the function side) called convolution. Given
functions f (¢) and g (¢) of time, define their convolution as

(9O = [ re=ngtn
Theorem 1. If L{f (t)} = F (s) and L{g(t)} = G (s), then

LA(fxg) ()} =F(s)G(s).
In other words, if L71{F (s)} = f(t) and L7 {G (s)} = g (t), then
LTHE (5)G(s)} = (f*9) (1)
Proof. By definition we have

re = [ T (o) de

0

G(s) = /Oooe”g(f)r

( / G d&) ( / ey (1) dT)

- [ Ty [ / T g (g) ds} dr.

Now we perform the change of variables t = £ + 7 and 7 = 7. The Jacobian of the
change of variables is 1. After calculating the limits of integration we get

F(s)G(s) = /OOO [/OteStg(T)f(t—T)dT] dt

/Oooe—st [/Otg(r)f(t—T)dT] it

L{(f=g)(®)}.

Hence

F(s)G(s)

Date: 9/27.
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The convolution also satisfies the following basic properties.

fxg = gxf
f*(g1+g92) = f*xg+f*ge
(fxg)xh = fx(gxh)
fx0 = 0xf.

Example 2. Find the convolutions and their Laplace transforms

(1) 1xt
(2) t*sint

(3) sint * cost

(4) ()*cost

(5) 0(t) = f (1)

(6) [sintd (t — )] =t

Solution.
1. 1xt=tx1= j;) rdr = % . Hence the Laplace transform is £ {1t} = Z%.
2.

¢
txsin(t) = /Tsin(t—T)dT
0

= [Tcos(t—r)](t)—/o cos (t —7)dr

t — [—sin (t — )]

= t—sint.

Also, the Laplace transform is £{t *sint} = L {t} L {sint} =
3.

.
s2(s24+1) "

t

sint * cost = /SiHTCOS(t*T)dT
0
‘1
_ / 5 [sin () + sin (27 — )] dr
0
t
= isin(t).

Also the Laplace transform is £ {sint * cost} = L {sint} £ {cost} =
4.

s
(s2+1)%"

0 (t) xcost = /5 )cos(t —7)dr
cos (

Also the Laplace transform is £ {4 (t) * cos t} = L{cost} = 5.
d.

5(t) = f(¢) /Oé(T)f(t—T)dT
— .

Also the Laplace transform is L{d (t)x f ()} = L{f (1)} = F (s).
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6. Firstly note that sin (£)§ (t — %) =sin(5)0 (¢t — %) =6 (t — 5) . Hence

S (t
[sin(t)é(t— g)] xt =

Also the Laplace transform is £ { [sin (t)d (t — g)] * t} =L {(t — 1) uz (t)}

T
e 2°
52

Example 3. Find the solution to the initial value problem
y' +3y +2y=g(t),

y(0) =1,% (0) = 0, in terms of a convolution integral.
Solution. Laplace transform both sides of the equation to obtain

Y (s)(s°+3s4+2) —s—1=G(s).
Hence we have
s+1 G (s)

s2+35+2  s2+3s5+2
1

1 1
s+2+G(S) [s+1_s+2]

Y(s) =

Hence
y(t) = e 2+ g (1) = [67t - 67%] .
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LECTURE 15

1. CONVOLUTION INTEGRAL

Last time we discussed the convolution integral. To recall the definition, given
functions f (t) and g (t) of time, their convolution is

(f+9) /ft—T 7 dr

Let us now do some more examples of computing convolutions.

Example 1. Find the convolutions and their Laplace transforms

(1) 1=t
(2) t=sint
(3) sint * cost
(4) 6 (¢) * cost
(5) 0(t)* f(t)
(6) [sintd (t —F)] =t
Solution.
Llxt=tx1l= fo rdr = %. Hence the Laplace transform is £{1xt} = Z%.
2.
¢
txsin(t) = / Tsin (t — 7)dr
0
¢
= [rcos(t— 7')]6 - / cos (t — 7)dr
0
= t—[—sin(t—7)]
= t—sint.
Also, the Laplace transform is £{t *sint} = L{t} L {sint} = @
3.

t

sint x cost = sinTcos (t — 7)dr

S—

t [sin (t) + sin (27 — t)] dT

N | =

0

= sin (¢) .

N | =+

Also the Laplace transform is £ {sint * cost} = L {sint} £ {cost} = ﬁ

Date: 9/30.



MATHEMATICS 30650 - DIFFERENTIAL EQUATIONS 2

0 (t) xcost = /05(7')005(t—7)d7'
)

= cos(t).
Also the Laplace transform is £{d (¢) x cost} = L{cost} = 7.
.
t
Sy« f(t) = S(r)f({t—7)dr
0
= f).

IS
52!
—
=
)
=+
=
<
=
o
=+
@
—+
=
Q
=+
w
&.
=
—
~
=
(=%
—~
~
\
[SIE
S~—
\
w
=
=]
[NIE
S—
—
~
\
[NIE
S~—
I

{sin(t)&(t—g)]*t = 9 t—g)*t

Also the Laplace transform is £ {[sin(t)d (t —5)] *xt} = L{(t—F)uz (1)} =

™
e 2°
s2

Now we do an example of computing inverse Laplace transforms using convolu-
tions.

Example 2. Compute inverse Laplace transforms for the following using convolu-
tions.

W L7 e |
(2) ﬁ_l{m}

Solution.

(1) By the convolution theorem we have

R e e i)

- £‘1{<321+1>-}*£‘1{<5219>}

= sin (t) * cos (3t)

_ /O “sin (t — 7) cos (37) dr

1t
= 5/ [sin (t + 27) + sin (t — 47)] dT
0

1 1
= 1 [cost — cos (3t)] + 3 [cos (3t) — cost]

1
= 3 [cost — cos (3t)] .
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(2) By the convolution theorem we have

e o)

It remains to
Let us define

.[1 (CL)

I (a)

9
Oa
9
Oa

Hence we have

e

Clearly

o [ )

th
ot sin (¢)
1t
To1 ; 0%in (t — 7)dr

10!

)w 1 ()
)10 1 ()

[sin (t) /Ot 710 cos (1) dr — cos (t) /Ot 710sin (7) dT:| .

evaluate the integrals fg 719 cos (1) dr and fot 10sin (1) dr.

_ sin (at)

¢
d
/0 cos (ar) dr .
¢
/0 sin (a7) dr = —

710 cos (at) dr

71%sin (at) dr.

2. FUNDAMENTAL SOLUTION OR IMPULSE RESPONSE

One of the main applications of convolution is that it helps with solving a linear
constant, coefficient ODE with arbitrary forcing function. For example consider

Lyl :==ay" +by +cy=g(t),

where the right hand side is arbitrary. Let us now find a particular solution to the
above with the initial conditions y (0) = 3’ (0) = 0. Taking the Laplace transform

on both sides gives

(as® +bs+c) Y (s)

G (s)
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where Y (s) = L{y (¢)} and G (s) = L{g (¢)}. Hence
G(s)
(as? +bs+c)’

v = e nTa)

- ‘1{@w2+25+c>}*g“’

Let us define E (t) = £7! {m} where as? + bs + ¢ is obviously the charac-

teristic polynomial. It is not hard to see (by setting g (¢t) = d (¢) for instance) that
E (t) satisfies

and

LIE(t)] =0(t).
The function E (t) is hence known as the impulse response or the fundamental
solution (my preferred terminology). The particular solution to the general forcing
problem is then a covolution

y() =E(t)xg(t).
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LECTURE 16

1. SYSTEMS OF FIRST ORDER ORDINARY DIFFERENTIAL EQUATIONS

So far, we have been studying differential equations involving just a single func-
tion of one variable. Following Chapter 7 of the textbook we shall now consider
systems of differential ordinary differential equations involving several functions
of one variable (often time). These are still ordinary since there is still just a single
variable involved. The most general system of ordinary differential equations is of
the form

yll = Fl(tvyh'"ayn)
(11) y/2 FQ (tvyla"'ayn)

y;L = Fn(tvylw'wyn)’

One might be inclined to think that this is not the most general system since it is
only of first order. However a higher order system can be turned into a system of
first order equations. As an example let us consider the n'™ order equation

(1.2) y"™ =F (t,y7y’7 . ,y(”‘”) :

This can be turned into a system of n first order equations in the functions y; =
Yy2 =Y. .., yn =y Y. Then (1.2) becomes the system of equations

Yy = Y
s = Y3
y1/'7, = F(tay17y2a"'ayn)'
A special case is when the system is linear. In this case the the functions Fy, ..., F,
are linear and hence (1.2) takes the form
yi = pu®)yi+. A+ pin () yn + g1 (t)
(1.3) yo = par () y1+ -+ p2n (1) yn + 92 (1)
Y = pat (Y1 + e+ Pan () Yn + g0 (1)
If the functions g1 (t) = ... = g, (t) = 0 then the system is homogeneous and

otherwise inhomogeneous (I still insist on using this word!).

Date: 10/02.
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Example 1. Consider the second order differential equation

1
v Y+ qy =0,

with initial conditions y (0) = 0,y (0) = 1. Write the above as a system first order
equations.

Solution. Define y; = y,y2 = y'. We then have ¢y, =y’ = —¢/ — iy = —yo— iyl.
This gives the system

yi = Y2
1

Yy = —y2 = Y-

With the initial conditions y; (0) = y (0) = 0,92 (0) = ¢’ (0) = 1.
Conversely, a system of ordinary differential equations can sometimes be written
as a single equation of higher order. Below is an example.

Example 2. Solve the system of ordinary differential equations
y1 = 4y — 3y
Yo = 2y1— e

with the initial conditions y; (0) = y2 (0) = 1.
Solution. Begin by using the first equation to write y, in terms of y;. We then
have

1
v = 3 [4y1 — ;] and hence
!/ 1 /! 1
Y2 = 3 [4y1 — 1]
This gives
21 —y2 = [y -yl or

1
21 — 3 [y - vil = 5 My -l

The last one is an equation for y; and gives
i = 3yr + 25 = 0.
The general solution is
y1 (t) = cre! 4 cae®.
The initial conditions are y; (0) = 1,47 (0) = 4y (0) — 3y2 (0) = 1. This gives

¢y = 1,¢c0 = 0 and hence we have

yi(t) = ¢
() = [y -y =e.
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1.1. Existence and Uniqueness of the Solution. The system in the example is
rather simple. What can be said for the solution of the general system? In general
it is impossible to solve explicitly for the solution of (1.1) or even (1.2) (we will
have to make further restrictions). However, it is still possible to claim existence
and uniqueness.

Theorem 3. For the system (1.1) assume that Fy, ..., F, are all continous func-
tions for (t,y1,...,yn) € R = [, B]x[aq, B1]X. .. X[an, Bn] and let (to, vl .. ,yg) €
R. Then there is a unique solution (y1 (t),...,yn (t)) to (1.1) with the initial
conditions (y1 (to) ..., yn (t0)) = (49,...,45)for a small positive interval in time
te [to—h,t0+h],h>0.

For the linear system (1.3) one can say slightly better.

Theorem 4. For the system (1.3) assume that pi11,D12,---,Pans Gly- .-, Gn GTE
all continuous functions of time on the interval [o, 8] and let to € [, 8]. Then
there is a unique solution (y1 (t),...,yn (t)) to (1.1) with the initial conditions

(y1 (to) sy (t0)) = (39,...,4%) for allt € [a, ]

Notice that Theorem 4 says more than Theorem 3 about the linear case since
the initial conditions (y?, . ,yg) are now arbitrary and the solution now exists
throughout the interval ¢ € [«, 0]
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LECTURE 17

1. MATRICES

Since a system of differential equations is quite efficiently written and solved
in matrix notation it will be handy to review matrices. An m X n matrix is a
rectangular array of numbers consisting of m rows and n columns such as

ail ai12 . QA1n

a21 a2z ... Q2pn
A =

Am1 Am?2 cee Qmn

We often also write A = (a,;) and call m x n its order. Below are a few important
properties of matrices. Below we let A,,x, = (a;;) and Byx, = (b;;) denote two
m x n and n X r matrices.

(1) Equality. The matrices A = B are equal if and only if the have the same
order and a;; = b;; for each i, j.

(2) Zero. The symbol 0 also denotes the matrix with all entries equal to 0.

(3) Addition. The sum of matrices is

A+B:(aij+bij).

(4) Multiplication by a constant. Given a real or complex number o we
have

ad = (aa;j) .
(5) Subtraction. The difference of the two matrices is
A — B = (a;; — bij).
(6) Multiplication. The multiplication of the two matrices is the m x r matrix
given by
AB = (c¢i), where

n
E aikbkj.
k=1

A key feature (evoking ambivalent reactions) of matrix multiplication is
that it is non-commutative i.e.

AB + BA

Cij

in general.

Date: 10/04.
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(7) Transpose and Adjoint. The transpose and adjoint of the matrix are

Al = (aj) and
Ansm = (@)

where Z denotes the complex conjugate of z.
(8) Multiplication of vectors. An n x 1 matrix is often called an n-vector.
Given two n-vectors x,y define their dot product as

n
aly=y'e= Z%’yi,
i=1
while their inner product is defined by
n
(z,y) =2’y = szﬂz
i=1

(9) Identity. The n x n identity matrix is

1 0 ... 0

0 1 0
In: .

00 ... 1

———

n columns

(10) Inverse. The inverse of an n x n matrix A is another matrix (denoted by
A~1) satisfying

AAT = ATTA=1T,.
The inverse may not always exist. It exists if and only if det A # 0. If
invertible the inverse is ongiven by Cramer’s rule. To find this first
consider the minor M;; obtained by deleting the i*" row and j** column.
Let dij = det Mij and
Cij = (—1)i+j d”
The inverse is now given by

1
" detA (cis) -

The inverse may also be more efficiently found via Gaussian elimination.

2. MATRIX FUNCTIONS

By a matrix valued function A (t) we mean a function which assigns to each
values in time ¢ a matrix

aill (t) e A1n (t)

aml‘ t) ... am,; (t)
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Hence its entries a;; (t) are all functions of time. These may be differentiated and

integrated entrywise
dA daij
e d
dt ( dt ) o

/ff““ g - ( /f d)

These satisfy the same rules for differentiation/integration of sums and products

d(A+B)  dA _dB
dt Todt o dt

d(AB)  (dA dB
i (dt)B“‘(dt)

b b b
/(A+B)dt = /Adt+/ Bt.
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LECTURE 18

1. DETERMINANTS AND INVERSES

Let A be an n X n matrix

ail ai12 . QA1n

a1 a2 ... Qop
(1.1) A=

apl  An2 N

We now recall the definition of its determinant. It is best to define it inductively
by assuming that it is already defined for (n — 1) X (n — 1) matrices. Now we
first define the minor matrix M;; which is the (n — 1) x (n — 1) matrix defined by
deleting the i** row and j** column. Let

(1.2) mi; = det Mij.

The determinant of A is now the sum
n
det A = Z (1) a;yma;.
i=1

This way we have expanded the determinant by its j** column. The answer does
not depend on which column we use. We may also expand by any (say the i*") row
and hence the determinant also equals

det A = Z (—I)H_j QM5
j=1

The inverse of a matrix denoted A~! is another matrix which satisfies
AAT =A"TA=1T.

Such a matrix may or may not exist. If it exist we say that A is invertible and
if it does not we say that A is singular. The column vectors of A are the n x 1
matrices

a1l A1n

Ci=1|11],..,Cn=

an1 Ann
while its row vectors are the 1 x n matrices

R, = [an Cl1n]7

Rn = [anl ann] .

Date: 10/07.
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Recall that we call C1,...,C), linearly dependent if and only if there exists
constants aq, ..., a, not all zero such that

a101+...+ancn:0.

And we say that they are linearly independent otherwise. We now have the
following important theorem of linear algebra.

Theorem 1. (Fundamental Theorem of Linear Algebra) Given an n X n matriz A,
the following are equivalent.

(1) the inverse A~ emists,

(2) det A#0,

(3) the column vectors Cy,...,C,, of A are linearly independent,
(4) the row vectors Ry, ..., R, of A are linearly independent,
(5) for any n x 1 matriz X we have AX =0 < X =0.

If the inverse exists how does one compute it? There are two ways. One by
Gaussian elimination and the other using Cramer’s rule. For Cramers rule the
formula is simple. Recall that m,; was defined in (1.2) to be the determinant of
the minor. Let b;; = (—1)""7 m;;. The inverse of the matrix is now given by

1
T detA (bis) -

For Gaussian elimination one performs row (or column) operations until one reduces
A to the identity matrix. Let us do this by example.

Example 2. Find the inverse of the matrix

b

Il
[NCRIE
- W
g w w

by Gaussian elimination.
Solution. For Gaussian elimination we first write the equation A~! needs to
solve

1 3 3 1 0 0
1 4 3/4A1'=10 1 0
2 7 7 00 1

We now perform simultaneous row operations to both sides until we reduce the left
hand side matrix to the identity. To do this reduction we try to eliminate all other
entries in the first column except a;; = 1. Hence let us subtract row 1 from row 2
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(performing Ry — Ry)

(1 3 3] (1 0 0]

0 1 0/]At = |-1 1 0| (performing Ry — R;)
2 7 7 [0 0 1]

1 3 3] (1 0 0]

0 1 0/AY = |-1 1 0| (performing Rz —2R;)
0 1 1 -2 0 1]

[1 0 3] [4 -3 0]

01 0j]At = |-1 1 0| (performing R; —3R3)
0 1 1 -2 0 1]

[1 0 3] [4 -3 0]

01 0/4At = |[-1 1 o0 (performing R3 — Ry)
0 0 1 -1 -1 1]

[1 0 0] (7 0 -3

01 0/At = |-1 1 0 (performing R; — 3R3) .
0 0 1 -1 -1 1

Now having reduced the matrix on the left to the identity the corresponding matrix
on the right is the required inverse

7 0 -3
At=1-1 1 0
-1 -1 1

One can check that one gets the same anwer by Cramer’s rule.

2. SYSTEMS OF LINEAR EQUATIONS

Consider the system of n linear equations in n variables z1, ..., z, given by
a1+ ... +apxr, = b1
ap1xX1+ ...+ apnt, = by.

This system can be written in matrix notation as
(2.1) AX =B
X1 bl
where A is the matrix in (1.1) while X = | : | and B = | ! |. If the inverse

Ty by,
exists (that is either one of the conditions in theorem Theorem 1 are true) then the
solution to the above system or the matrix equation (2.1) is unique and is given by

X =A"'B.

However if the matrix A is sigular then the solution may not exist or may not be
unique and things can be tricky. This again need to be figured out by Gaussian
elimination. Let us do this by example again.
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Example 3. Find the solutions of the system

r1+3x3 = 1

To+2x3 = 0

3IC1 + 9%3 = 3.

Solution. Again this is equivalent to the matrix equation

[1 0 3] [1]

01 2/X=|0

13 0 9] 13 ]

Performing R3 — 3R; gives

1 0 3] [1]

01 2|X=|0

10 0 0] 10

Notice that we can row reduce no further. Hence we are left with the system of
equations

£E1+3£L'3 =1
I2+2I3 = 0.

These are only 2 equations in 3 variables since the last equation is redundant.
Hence we may choose x3 = ¢ an arbitrary constant and this gives

T 1-—3c 1 -3
2| = | —2¢ | = |0| +c|[-2
T3 c 0 1

This is a one dimensional space of solutions.
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LECTURE 19

1. EIGENVALUES AND EIGENVECTORS

Let A be an n X n matrix. You are probably familiar that it can be viewed as a
linear transformation of n dimensional Euclidean space

A:R* — R",

X = AX.
In general the matrix A when acting on a column vector can change its direction.
It is often a natural question to ask whether there are column vectors X whose
direction is unchanged by the matrix A. Hence these column vectors are only

changed in length by multiplication by a scalar. Hence we are looking for a non-
trivial vector X such that

(1.1) AX = )X for some number .
This is clearly equivalent to solving the matrix equation
(A-XH)X =0.

By the fundamental theorem of algebra of last class we know that for the above
equation to have a non-trivial solution, A — AI must be singular or

det (A — \I) = 0.

This is a degree n polynomial equation in A. It is called the characteristic equa-

tion of A. A root of this equation is called an eigenvalue® of the matrix A. A

vector which solves the equation (1.1) is called an eigenvector with eigenvalue .
For a 2 x 2 matrix the characteristic equation is easily written down. It is

a— A\ b
det[ . d—)\] = 0 or
N —(a+d) A+ (ad—bc) = 0.
—— ——
trA det A

Here trA is the trace of the matrix A given by the sum of the diagonal entries of
the matrix.

Example 1. Find the eigenvalues and eigenvectors of the matrix
2 1
<P
Date: 10/09.
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Solution. The characteristic equation is

2-A 1
0 3—A

A —B5A+6 = 0.

det[ = 0

This clearly has the roots A1, As = 2,3. These are the eigenvalues. To find the
eigenvector corresponding to the eigenvalue A; = 2 we have to solve

9-n 1 o1,
[ 0 3/\1]X1_[0 1}X1_0'

Hence we must have

s
for any ¢ # 0. Similarly an eigenvector with eigenvalue A\ = 3 needs to solve
2-X 1 (-1 1],
[ 0 3—)\2]X2 {0 o} X2 =0.
This clearly gives
e

for ¢ # 0.

The characteristic equation det (A — AI) = 0 will often have n distinct roots.
However sometimes the roots may be repeated. The multiplicity of )\ as an eigen-
value of A is its multiplicity as a root of the characteristic polynomial. If the
eigenvalue has multiplicity 1 then it is said to be simple. Let us do an example of
multiple eigenvalues.

Example 2. Find the eigenvalues and eigenvectors of the matrix

0 1 1
A=1(1 0 1
1 10
Solution. The eigenvalue equation is
- 1 1
det | 1 =X 1| = =X4+31+2=0
1 1 =X

= A+1)A+1)(-r2+2).

Hence the eigenvalues are A1, Ao, A3 = 2, —1, —1. Hence the eigenvalue —1 is re-
peated. To find the eigenvector corresponding to A\; = 2 we have to solve the
equation

-2 1 1
1 -2 1|X;=0.
1 1 =2
On row reduction this system is reduced to
2 -1 -1

0 1 —-1|X;=0.
0 O 0
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This gives
1
X1 =C1 1
1
For the second and third eigenvalues Ao, A\3 = —1 we have to solve the equation
1 11
1 1 1| X=0.
1 1 1
€1
If X = [x2]| then this gives the single equation z; + z2 + z3 = 0. Hence letting
3
T1 = C2,To = C3 We get
1 0
X=c| 0| +c| 1
-1 -1
Choosing ¢ = 1, ¢35 = 0 we have
1
Xo=10
-1
while choosing co = 0,c3 = 1 gives
0
X3=11
-1

In this example we found three linearly independent eigenvectors although we had
only two eigenvalues. This may not always happen. For instance if the matrix is
[

a= 1
then one may check that there are repeated eigenvalues A1, A; = 0,0. However the
eigenvector solves the equation

0 0 _1'1 o

IR

Hence z5 = 0 is the only constraint and we have just one linearly independent
eigenvector

1

o

We will look at the repeated eigenvalues again in section 7.8.

There is however one situation in which one does have n linearly independent
eigenvalues. If the matrix is Hermitian (which means A* = A) then its eigenvalues
are all real and it always has n linearly independent, orthonormal eigenvectors. If
the matrix has real entries then being Hermitian is the same as being self-adjoint.
The proofs of these statement are challenge problems #32 and #33 in Section 7.3
of your textbook.
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LECTURE 20

1. SYsTEMS OF FIRST ORDER LINEAR ODE

We now come to our study of systems of linear first order ordinary differential
equations. This is a system that has the form

55/1 = an )z +...+ a1, (t)zn + g1 (t)
" A P P

2 = ap ()T 4. F A () T+ gn (8).
In matrix notation this has the form
X' (t)=A@t) X (t)+G(t)

where
I (t) a1 (t) ai2 (t) oo Q1n (t) g1 (t)
X (1) = ?w, A@:(mﬁ> T
Zp (1) any (t) ... G, () gn (1)
We first consider the corresponding homogeneous system
(1.2) X'(t)y=A(t)X (t).

The above system satisfies the principle of superposition: If X; (¢), X5 (¢) are
solutions to (1.2) then so is ¢1 X7 (t) + ca X2 (2).

Let ~
T11 (t) Tin (t)
X, () = 3321: (t) X () = $2n‘ (t)
be n solutions to (1.2). Consider the matrix
_(E11 (t) X112 (t) e T1in (t)
x@- |
(1) Tom (1)

The Wronskian of X; (t),...,X, (t) is defined to be
WiX1(t),...,X, (t)] =det X (¢t).

Date: 10/11.
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It can be shown (challenge! section 7.4 #2) that the Wronskian satisfies the differ-
ential equation
aw
E = [a11 (t) + a92 (t) + ...+ apn (t)] w.
trA
Here trA denotes the trace of a matrix A defined as the sum of its diagonal entries.

Hence we may now solve the above equation to get

W (t) = cexp {/ [a11 (¢) + a2z (t) + ... + ann (2)] dt} .

This shows that if X; (¢),..., X, (t) define solutions of our system on the interval
t € [a, 5], then either W =0 or W (t) # 0 for ¢t € [a, (]

2. SYSTEMS WITH CONSTANT COEFFICIENTS

A general system of the form (1.2) is still too difficult to solve. To find a solution
explicitly, we restrict to the case when the coefficient matrix A (¢) = A is a constant
matrix and independent of time ¢. Hence we are left with the constant coefficient
system

(2.1) X' = AX.

Some solutions of the above system can easily be guessed. Firstly let X; be an
eigenvector of A with eigenvalue A\; then we can check that

X1 (t) = GAItXl

is a solution to the above system. Now if Xs, ..., X, are further eigenvectors with
eigenvalues Ao, ..., A,. Then by the principle of superposition
(22) X (t) = Cle)\ltXl + CgeAtiQ + ...+ cneA"tXn

is another solution. In the case when we are able to find n linearly independent
eigenvectors for the matrix A, (2.2) denotes the general solution to the system (2.1).
Below is an example.

Problem 1. Find the general solution of the system

0 1
X'=11 0 X.
11

O =

Solution. From the last lecture we know that the eigenvectors of the above matrix
are

1 1 0
Xi=|1], Xo=|0]|, Xz=]1
1 -1 -1
with eigenvalues \; = 2, \o = —1, A3 = —1 respectively. Hence the general solution
to the above system is
1 1 0
X)) =cre® [1| 4ce7 | 0| +eze” | 1
1 -1 -1

Let us now do an example of solving an initial value problem for a system.
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Problem 2. Find the solution to the following system

X' = [g ;} X, X(0)= m

Solution. From last lecture we again know that the eigenvectors of the above

matrix are ~
X: = 1 X9 = 1
1 — 0 b 2 = 1

with eigenvalues A\; = 2, Ay = 3 respectively. Hence the general solution to the
equation is

1 (1
X (t) = cre?t [O] + cpe3t 1} .

To find the constants ¢y, co we use the initial condition to get

o] v o] = [

This gives ¢; = —1,c2 = 1 and hence

X () = —e? H b et m .
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LECTURE 21

Discussed Practice Problems, hence break from taking lecture notes. Whew! See
"Solutions to Practice Problems Exam L.pdf ’ instead.

Date: 10/14.
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LECTURE 22

Discussed Exam Problems, hence break from taking lecture notes again. We
should have more of these. Another WHEW!

Date: 10/16.
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LECTURE 23

1. SYsTEMS OF FIRST ORDER LINEAR ODE: CoMPLEX EIGENVALUES

In the last lecture (or in the one preceding that nerve-racking test) we were
studying system of linear first order equations with constant coefficients. These are
equations of the form

X' = AX
with A being a matrix independent of time. The eigenvalues of the matrix A
played an important role in solving the above equation. However the eigenvalues
in the examples that we considered previously were always real. In this lecture we
consider examples where the eigenvalues are imaginary and see how that affects the
behaviour of the solution.

Example 1. Find the general solution to the differential equation

, o —1
v-Jx

Solution. First find the eigenvalues and eigenvector of the matrix A = {(1) _01} .

The characteristic equation is

-2 -1
1 =X

Hence A = +i. To find the eigenvector for \; = i we need to solve
-A -1 (=i -1,
[1 Al]Xl_[l i]Xl_O'

This gives X; = ﬁ] . Similarly we find the the eigenvector for Ay = —i to be

det{ }:)\24—1:0.

Xo = [_@1] . Hence two solutions to the equation are
i 4 |—sint . |cost
Xi(t) = [1} €= { cost } Tt {Sint}
_ t | 4 | sint . |cost
X2 (t) = [1} €= [ cos t} t Lint}

i = cost + isint). Hence any linear

—sint q |cos t
cost sint |’
Notice that these last two functions are the real and imaginary parts of X; (t)

using the ever sublime Euler’s formula (e

combination of X (t), X (¢) is also a linear combination of [

Date: 10/18.
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or X5 (t). This is always the case when we have a real matrix with imaginary
eigenvalues. The general solution is now a linear combination

_lz(@®)] —sint cost
X = L/(t)] —a [ cost ] te [sint} ’
Note that this solution represents a circle in the (z (¢),y (t)) plane and hence stays
bounded.

Example 2. Find the general solution to the differential equation

, 1 —1
e

Solution. As before we first find the eigenvalues and eigenvectors of the matrix

A= E _11} . The characteristic equation is

det FIA -1 ] =X -2 +2=0.

1-A
This has the roots A = 1+14. To find the eigenvector for A\; = 1+ ¢ we need to solve
1—xn  —1 =i 1],
[ 1 1—A1]X1_ {1 —z} X1 =0.

T

This gives X; = L

] . Similarly we find the the eigenvector for Ay = 1 — i to be

X5 = [ ! ] . Hence two solutions to the equation are

-1
Ul (it _ ¢ |—sint . ¢+ |cost
[1} € =€ { cost } te Lint

_ ( (1—i)t _ ¢ | sint .4 |cost
Xo (t) = [1]6 =€ {cost} + e {sint .

Hence any linear combination of X (¢), X> (¢) is also a linear combination of

X1 (t)

et —smt and et Cf)St . Notice that these last two functions are the real and
cost sint

imaginary parts of X; (¢t) or Xz (t). This is always the case when we have a real
matrix with imaginary eigenvalues. The general solution is now a linear combina-

tion
4| —sint : |cost
X(t)=ce { cost } T e2e {Sint} ’

As t — oo this solution X (t) is an outgoing spiral while as ¢ — —oo we have
X (t) — 0.

Example 3. Find the general solution to the differential equation

-1 0 1
X'=]1 -2 0]X.
0 2 -1
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Solution. First we find the eigenvalues. The characteristic polynomial is

—-1-A 0 1
det 1 —2-\ 0 =X —4\? —5\=0
0 2 —1-=A
and has roots A = 0, —2 £ ¢. The eigenvector for A; = 0 is found by row reduction
2
to be X7 = [1| . Hence one solution is
2
2
X1 ()= |1
2
1
The eigenvector for Ay = —2 — i is found by row reduction to be X, = )
—1—1
Hence another solution is
1 ‘ cost —sint
Xo (t) = i o727t — o2 sint + e cost
—1—1 —cost —sint —cost+sint

Taking the real and imaginary parts we get three linearly independent real solutions

2 cost —sint
1] ,e7? sint ,and e 2! cost
2 —cost —sint —cost+sint

Hence the general solution is
2 cost —sint
X(t)=cp |1]| +coe™? sint + cge” cost
2 —cost —sint —cost +sint
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LECTURE 24

1. FUNDAMENTAL MATRICES

So far in this chapter we have been studying the first order constant coefficient
systems of the type

(1.1) X' = AX
with A being a matrix independent of time. A time dependent matrix

is said to be a fundamental matrix for the system (1.1) if the columns are linearly
independent and each column vector of ® (t) is a solution to (1.1). The matrix itself
solved the equation

' = AD.

Hence finding fundamental matrices is the same as finding linearly independent
solutions to (1.1). A fundamental solution is unique once an initial condition ® (0) =
Dy is specified. The fundamental solution satisfying the initial condition ® (0) = I
has special significance. It is given by the matrix exponential as an infinite series
d(t) = et
A2 A3

The above series always converges. The solution to the initial value problem

X' =AX, X (0)=X,

is then given in terms of the matrix exponential as X () = e*X.
So then how does one compute the matrix exponential e*? The case when A is
diagonalizable is easy. In this case there exists a matrix 7" such that

A1

T'AT =D =

Date: 10/28.
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is a diagonal matrix. Rewriting thi is the same as TDT~! = A. The matrix
exponential is then calculated to be
eAt — TeDtTfl
6>\1t

= T ) T

What about the case when A is not diagonalizable? Umm.... we’ll leave that for
the next lecture. For now let us do some examples.

Example 1. Find the fundamental matrix ® (¢) satisfying ® (0) = I to

;21
v=[o]x

Example. Solution. From lecture 20, the eigenvalues of the matrix A = g ;1;

are \; = 2, Ay = 3 with corresponding eigenvectors X; = [(1)] , Xg = E] . Hence

the diagonalizing or transformation matrix is

T = [(1) ﬂ with
1 -1
1 _
T = [0 1]_
Hence the matrix exponential is
2t
S T[eo egt:| 7!
o2t Bt _ 2
- [v 7]

Example 2. Use the fundamental matrix of the above example to solve the initial

value problem
2 1

X' = [0 3} X, X(0)= m

Solution. The solution is simply given in terms of the fundamental matrix by

X)) = M m

o2t o3t _ o2t] 9
- o "o

|:63t + €2t:|

e315

Example 3. Find a fundamental matrix ® (¢

0 1
X'=11 0
11

~—

satisfying to the system

X.

O =



MATHEMATICS 30650 - DIFFERENTIAL EQUATIONS 3

Solution. The eigenvalues were again found in lecture 20 as Ay = 2,y =
—1, A3 = —1 with eigenvectors
1 1 0
Xl =11 5 X2 = 0 s X3 = 1
1 -1 -1

Hence a fundamental solution is given by
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LECTURE 25

1. FIRST ORDER SYSYTEMS: REPEATED EIGENVALUES

In the last lecture we figured how to compute matrix exponentials e/ in the
case when the matrix A was diagonalizable. This in particular allows us to write
down the solution to the initial value problem

X'=AX, X(0)=X,

which is simply given by e*4 X;,. Diagonalizability of A was the important hypothesis
in solving the system. The matrix A is diagonalizable in particular when it has
distinct eigenvalues Aq,..., A, (A # Aj).

Now what happens if the eigenvalues of A are not distinct (i.e. some of them
are repeated)? Let us say A\; = Ay (= A). If we are still able to find two linearly
independent eigenvectors &1, &>. Then we still in good shape as we have two linearly
independent solutions

X1 (t) = e)‘tfl and

X2 (t) = 6)\t£2.
However we may not be able to find two such eigenvectors! We will always find
one by solving (A — A)¢ = 0 and hence have one solution X (t) = e*¢. But
we might be stumped while looking for a second if there is a unique solution to

(A—XI)¢ = 0. In this case we have to look for a generalized eigenvector 7.
This is a vector which solves the equation

!(A—M)nzi-\

Notice that the right hand side is now not zero but instead equals the first eigenvec-
tor £. This generalized eigenvector also solves the generalized eigenvalue equation

(A= XD)?n=0.

The second linearly independent solution to our equation is now

Xo (t) = teMe + eM.

Let us now see this in an exemplary problem.

Example 1. Find the general solution to the equation

Date: 10/30.
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Solution. First to find the eigenvalues the characteristic equation is

1-x =1 .- - 2
det{ 1 3_)\])\ —4A+4=(A1-2)"=0.
Which gives A = 2 as a repeated eigenvalue with multiplicity 2. To find the eigen-
vector £ = [ﬂ we need to solve

L e

. 1
as an eigenvector (hence X (t) = [_ 2t

This gives £ = {_11 1 as a solution). Also

notice that this is the one and only linearly independent eigenvector. Hence for the

second solution, we next look for a generalized eigenvector n = LCZ] which solves

L

This gives c+d = —1 and hence n = {_O as a generalized eigenvector. The second

1
solution to the equation is now given by
Xy (t) = teMe+ety
[1 0

_ 2t 2t

= te -_1] +e {_1] .
The general solution is now a linear combination of these

X (t) = X1 (t) + 0 Xo (t)

=[] v 0],
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LECTURE 26

1. FIRST ORDER SYSYTEMS: REPEATED EIGENVALUES

In the last lecture we figured how to compute matrix exponentials e/ in the
case when the matrix A was diagonalizable. This in particular allows us to write
down the solution to the initial value problem

X'=AX, X(0)=X,

which is simply given by e*4 X;,. Diagonalizability of A was the important hypothesis
in solving the system. The matrix A is diagonalizable in particular when it has
distinct eigenvalues Aq,..., A, (A # Aj).

Now what happens if the eigenvalues of A are not distinct (i.e. some of them
are repeated)? Let us say A\; = Ay (= A). If we are still able to find two linearly
independent eigenvectors &1, &>. Then we still in good shape as we have two linearly
independent solutions

X1 (t) = e)‘tfl and

X2 (t) = 6)\t£2.
However we may not be able to find two such eigenvectors! We will always find
one by solving (A — A)¢ = 0 and hence have one solution X (t) = e*¢. But
we might be stumped while looking for a second if there is a unique solution to

(A—XI)¢ = 0. In this case we have to look for a generalized eigenvector 7.
This is a vector which solves the equation

!(A—M)nzi-\

Notice that the right hand side is now not zero but instead equals the first eigenvec-
tor £. This generalized eigenvector also solves the generalized eigenvalue equation

(A= XD)?n=0.

The second linearly independent solution to our equation is now

Xo (t) = teMe + eM.

Let us now see this in an exemplary problem.

Example 1. Find the general solution to the equation

Date: 11/1.



MATHEMATICS 30650 - DIFFERENTIAL EQUATIONS 2

Solution. First to find the eigenvalues the characteristic equation is

1-Xx =1 .o - 2
det{ 1 3_)\])\ —4A+4=(A1—-2)"=0.
Which gives A = 2 as a repeated eigenvalue with multiplicity 2. To find the eigen-
vector £ = [(Ij we need to solve

el

as an eigenvector (hence X (t) = [_1 ] e?!as a solution). Also

1 1

- 1
This gives £ = {_
notice that this is the one and only linearly independent eigenvector. Hence for the

second solution, we next look for a generalized eigenvector n = Lcl] which solves

S K P R R

This gives c+d = —1 and hence n = { 0 as a generalized eigenvector. The second

-1
solution to the equation is now given by
Xy (t) = teMe+ety

! 2t | 0
= te _71 +e NI

The general solution is now a linear combination of these

X (t) = Cle (t) + CQXQ (t)

=[] v 0],

Let us now do an example of a 3 x 3 system with repeated eigenvalues.

Example 2. Find the general solution to the system

2 -1 2
X'=10 0 2|X.
0 -1 3
Solution. First let us find the eigenvalues. The characteristic equation is
2—X -1 2
det| 0 =X 2 | ==X45X2-6A+2=—A-1)(A—2)".
0 -1 3-2A

Hence the eigenvalues are A\; = 1 and A2 = 2 (repeated with multiplicity 2). To
find the eigenvector for \; = 1 we need to solve

2-\ -1 2 1 -1 2
0 A 2 |&g=]0 -1 2/&g=0.
0 -1 3-X\ 0 -1 2

0

[\]

An eigenvector is clearly foudn to be & =
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To find an eigenvector for Ay = 2 we need to solve

2-Xy -1 2 0 -1 2
0 =X 2 |&=]0 -2 2|&=0.
0 -1 3—-X 0 -1 1

The only eigenvector possible here is (a scalar multiple of) & = . So we have

OO =

only two eigenvectors for a 3 x 3 matrix. Yikes! Fortunately we just learnt the
secret to success in this case. We need to look for a generalized eigenvector which
solves the generalized eigenvalue equation

2—X -1 2
0 —A2 2 n2 = & or
0 -1 3—Az]
0 -1 2] 1
0 -2 2 N2 =
0 —1 1} 0
On row reduction (R1-R3, R2-2R3) this gives
0 0 1 1
0 0 O|n=10
0 -1 1 0
0
Hence 77 = | 1| is a generalized eigenvector. There are more but one is enough.
1
Hence we now have our general solution as
0 1 1 0
X (t) =cre' | 2| +coe® |0f +c3 | te® [0 +e* |1
1 0 0 1

In, both examples above the relevant matrices were not diagonalizable. For
example in the first example we had the matrix

1 -1
e[ 5]
There isn’t any transformation matrix T' such that T-'AT is diagonal (such a
matrix is usual comprised of a full set of eigenvectors). However what happens

when we take 7" to have the eigenvector ¢ and the generalized eigenvector n as
column vectors? Hence in Example 1

1 0
=[5 4
We may now compute
1 121
T AT = [0 NE

So the result is not quite diagonal. But almost! If only it weren’t for that peskyl
in the top right corner.
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Similarly in the second example

2 -1 2
A=10 0 2
0 -1 3
and the matrix consisting of generalized eigenvectors is
010
T=1{2 0 1
1 01
We then compute
1 00
T'AT =10 2 1
0 0 2

So again the result is not quite diagonal but has a pesky 1 ever so close to the
diagonal.

In general the matrix of generalized eigenvectors transforms the matrix into one
comprised of Jordan blocks. A Jordan block is a matrix of the form

Al

A1
Iy =
1
A

There might be more than one Jordan block asscociated with a repeated eigenvalue.
The final result is that for any matrix A there is a transformation matrix 7' such
that
I

Iy

T AT =
Jx,

is comprised of Jordan blocks and is in Jordan canonical form. Proving this in
full and glorious generality is all intense linear algebra. Anyone up for the challenge?
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LECTURE 27

1. INHOMOGENEOUS FIRST ORDER SYSYTEMS

So far we have been studying homogeneous first order systems X’ = AX. Now
we shall move on to inhomogeneous ones of the kind

X' =AX +G(t),
where G () is the forcing function. Again we shall assume the matrix A is inde-

pendent of time.

1.1. Diagonalizable case. Again the easy case is when the matrix A is diagonal-
izable case. Hence we have

A1

-1 )\2
T'AT = D= . or

TDT ! = A.

Let us define
Y:=T7'X, H(t):=T'G(t)
We then have that Y satisfies the equation
Y'=DY + H(t).

Y1 () ha (t)
Y (t) = v (t) , H(t) = hQ:(t) . This gives the equation
o () 0

Y (t) = Ny (t) + hy (t) for 1 <j <n.

This can be solved using the method of section 2.1 with the help of our long lost
friend the integrating factor (e*/! in this case). A particular solution is

(0=t [y (5)ds

and the general solution is

y; (t) = eAjt/efAjShj (s)ds + cjet.

Date: 11/4.
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1.2. Method of undetermined coefficients. This method works in the case
when the forcing function has the special form

G (t) = the™w
or any linear combination of these. We also allow « to be real or complex (and

in the complex case we see cosines and sines in G (t)). The form of the particular
solution is now guessed to be

yp (t) = (tk+svk+s + ... +tvr o) e

where vy, ..., v, are constant vectors and
s = multiplicity of cas an eigenvalue of A.

Plugging this into our equation and comparing coefficients will give a set of equa-
tions for vgig,...,vo. Let us see and example of using both these methods in an
example.

Example 1. Find a particular solution to the equation

, 21 9e—
X_[O 3}X+[3t :

Solution. The eigenvalues of this matrix were found in lecture 20 \y =2, Ay = 3

with eigenvectors
1 1
& = [O} ;o &= {1]

and transformation matrix is given by

11 IR
el )

Hence

Hence we get

Hence

This is the solution via the diagonalization formula.
Now let us use vundetermined coefficients. We find particular solutions to

s [201 2e~t
X, = |:O 3:| X+ { 0 }
;121 0

o= o g o)

separately and add them X, (¢) = X (t)+ X2 (¢) . From the method undeteremined
coefficients formula we have

X1 (t) = e M.
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On substitution this gives the equation

—e v
v
X1
Similarly
gives
Thus

is the same as before.

- 412 1 _+ 12
= e {O 3 v+e 0 hence

|
I
o
—_
[
w o
 —
I
—
| =
—
I

U1
5
vo = A_1U1—|:121
3
2t 1, 5
~Zet 4 Lty
X (t):[ 3¢ 2! 12}
: —(t+3)
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LECTURE 28

1. INHOMOGENEOUS FIRST ORDER SYSYTEMS

In the last lecture we began studying inhomogeneous first order systems of the
kind

(1.1) X' = Apin X +G (1), X(0)=X,

where G (t) is the forcing function. We saw the method of undetermined coefficients
for solving the above equation when G (t) was of a special kind. Now we see two
further methods the variation of parameters and the diagonalization method.

1.1. Variation of parameters. In this method we assume that we know the fun-
damental matrix ® (¢) to the homogeneous equation. Recall that this is the n x n
matrix which solves @' (t) = A® (¢), ® (0) = I. The solution to the inhomogeneous
equation is then given by Duhamel’s formula

X(t) = <I>(t)X0+<I>(t)/0t<1>(s)_1G(s)ds.

Voilal
Assuming A to be independent of time, since we have ® (t) = e*4, the above
formula can be written in terms of the matrix exponential

¢
X (t) = e X, +/ e=9)AG (s) ds.
0

1.2. Diagonalizable case. Another method of solving the inhomogeneous equa-
tion (1.1) is by diagonalization. Hence we assume that the matrix A is diago-
nalizable (otherwise we need to bring it into and use the Jordan canonical form)
ie.

M

-1 )\2
T'AT = D= _ or

TDT™! = A.

Let us define
Y :=T7'X, H(t):=T'Gt)
We then have that Y satisfies the equation
Y'=DY + H ().

Date: 11/6.
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y1 (1) Zl (t)
Y (t) = v :(t) , H(t) = 2:(t) . This gives the equation
o () ha (1)

yi () = Ajy; (£) +hy (t) for 1<j<n.

This can be solved using the method of section 2.1 with the help of our long lost
friend the integrating factor (es? in this case). A particular solution is

ys (t) = eAjt/e*’\jshj (s)ds

and the general solution is

y; () = e’\jt/e_AfShJ- (s)ds + cjeit.

This gives Y, (¢) and hence X, (t) = TY,, (¢).
Let us now see examples of using these.

Example 1. Find a particular solution to the equation

, 21 2¢
X_L4X+h]

Solution. First lets do this via diagonalization. The eigenvalues of this matrix
were found in lecture 20 A; = 2, Ay = 3 with eigenvectors

o= =[]

and transformation matrix is given by

1o L1 =
e R

Hence .
—1 2t 2e
wo=r [o] = [5]
Hence we get
e fot 2e~5ds et — et 91 |2 | —2
Yp(t)_{ =2 0 =e" ol te o

Hence
_ oot |2 ¢ |2
X,t)=TX =e {0 +e 0

and the general solution is

X (t)=¢ [_02] +cre?t H + coe®t H .

Now let us use variation of parameters. First compute the matrix exponential

efor A = [2

0 3} . For this particular matrix this was done in lecture 24 giving

a e et e
" “lo e3t )
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Hence the general solution to our problem is

o2t o3t _ g2t 1 tle2(t—s)  g3(t—s) _ o2(t—5)] [9es
X(t) = [0 Bt }{02 Jr/0 0 B(t—s) 0 ds

1 1] . L T2e~s
(c1 —¢2) [O} %+ ey L} e3t +62t/0 { 60 ] ds

1 1 -2
(c1 — o+ 2) {O] e + ¢y [1} et + et {0]

Which is the same as before but with different constants.
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LECTURE 29

1. NONLINEAR DIFFERENTIAL EQUATIONS: THE PHASE PLACE FOR LINEAR
SYSTEMS

In today’s lecture we begin with Chapter 9. This chapter is concerned with the
study of nonlinear differential equations. Recall that a linear equation is one for
which the linear combination of any two solutions is a solution. A prototype of a
nonlinear system of equations is

' = F(z,y)

y = G(zy)
where F, G are nonlinear functions of x,y. In general it is impossible to solve for
the solution to such a system. So there is nothing to learn?? (1)

However much can be said about the qualitative behaviour of the solution to the
equation in these cases. Before we get to qualitative behaviour of the solution to
nonlinear equations, let us take a step back and study the qualitative behaviour of
linear equations. Linear equations we have been studying so far have been of the
type

(1.1) X' = AX

where A = [CCL Z} is a constant matrix and X = B gﬂ . An equilibrium solu-
tion or a critical point is a point (zg,yo) in the plane which is also a solution
to the differential equation. In the case of equation (1.1) if det A # 0, the only
equilibrium point is the origin.

A critical point is called stable if any solution which is close to (zg,y0) at time
t = 0 stays close to it for all time ¢ > 0. Otherwise it is said to be unstable.

We call the xy-plane the phase plane and a plot of the trajectories in this plane
is called the phase portrait. The qualitative behaviour of the phase portrait
depends a lot on the eigenvalues Aq, As of the matrix A. The cases to consider are
the following

1.1. Real unequal eigenvalue of the same sign. In this case the solution is of
the form

X (1) = 1M + 6?26,

Assuming A; < As < 0 the phase portrait is given in Figure 1.1.
Rewriting the solution as

X (t) = et [Cle(xl—AZ)t& +02§2}

Date: 11/8.
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Figure 9.1.1a
© John Wiley & Sons, Inc. All rights reserved.

FIGURE 1.1. A\ < X2 <0

it is clear that the solution approches the origin along the eigenvector & as t — oo.
This type of critical point is called a node or nodal sink (Stable).

In the case where A\; > Ay > 0 the phase portrait is similar but now a nodal
source (Unstable).

1.2. Real eigenvalues of opposite sign. The general solution is again of the
form
X (t) = c1eM& + cae™és.

The phase portrait is given in Figure 1.2.
Assuming A\; > 0 > Ay any solution is asymptotic to &,&; as t — 0o, —00
respectively. This type of critical point is called a saddle (Unstable).

1.3. Equal eigenvalues: two independent eigenvectors. Let us say the com-
mon eigenvalue is A. The general solution is again of the form

X (t) = 016At§1 + CgeAt{-Q.

The phase portrait is given in Figure 1.3. This type of critical point is called
a proper node or star point. It is stable or unstable for A < 0 or A > 0
respectively.

1.4. Equal eigenvalues: one independent eigenvector. Let us say the com-
mon eigenvalue is A\. The general solution is again of the form

X (t) = M€ + coe™ (Et + 7).
The phase portrait is given in Figure 1.4.
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Figure 9.1.2a
© John Wiley & Sons, Inc. All rights reserved.

FIGURE 1.2. A\{ >0 > Ao

XoA

&(2) &(1)

(a)
Figure 9.1.3a

© John Wiley & Sons, Inc. All rights reserved.

FIGURE 1.3. A\ = X2 < 0 with two eigenvectors
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Figure 9.1.4a
© John Wiley & Sons, Inc. All rights reserved.

FIGURE 1.4. A1 = A3 < 0 with one eigenvector

As t — —oo the solution is asymptotic to the eigenvector £. This type of critical
point is called an improper node or degenerate node. It is stable or unstable
for A < 0 or A > 0 respectively.

1.5. Complex eigenvalues with nonzero real part. Let us say the eigenvalues
are A £ iu. If A > 0, the solution approaches co,0 as ¢ — oo, —oo. The phase
portrait is also as given in Figure 1.5.

This type of critical point is called a spiral sink (Stable). If the real part
A > 0, the the solution approaches co0,0 as ¢ — —o0,00 and we have a spiral
source (Unstable).

1.6. Purely Imaginary Eigenvalues. In this case the eigenvalues are +iu. In
this cases the trajectories will form ellipses around the origin. The phase portrait
is as shown in Figure 1.6.

This type of critical point is known as a center (Stable).

2. SUMMARY OF TYPES

Finally we summarize all possibilities in the following table.
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FIGURE 1.5. A +iu with A > 0
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FIGURE 1.6. purely imaginary eigenvalues +iu
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Eigenvalues | Type of Critical point [ Stability |

A > >0 Nodal source Unstable
A <A <0 Nodal sink Stable
AL > 0> Ay Saddle Unstable

A1 = Ag > 0 | Proper or Improper node | Unstable

A1 = X2 <0 | Proper or Improper node | Stable

AEip, p>0 Spiral source Unstable

Axip, p<0 Spiral sink Stable

+ip Center Stable
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LECTURE 30

1. AUTONOMOUS SYSTEMS AND STABILITY

In this lecture we continue our study of nonlinear differential equations. We shall
mostly be concerned with equations that are of the form

' = F(x,y)
(1.1) y = G(x,y)

where the right hand side consists of functions F, G that are independent of time.
Such a system is called an autonomous. A critical point of this system (z, yo) is
said to be asymptotically stable if any trajectory or solution curve (z (t),y (t))
which originates close to (xo,yo) eventually converges to it (z (¢),y (t)) — (o, ¥0) -
The basin of attraction B is the region of the plane near an asymptotically stable
critical point such that for any trajectory (z (t),y (¢)) originating in B, we have
convergence (z (t),y (t)) — (zo,yo) - A trajectory that bounds a basin of attraction
is called a separatrix.

An autonomous equation can sometimes be solved using methods (or perhaps
reminisces) of Chapter 2. This can be done for instance by rewriting (1.1) in the
form

dy _ G(z,y) G
d:L’ F(:C,y) or (-T,y) y (x7y) £
The last equation can be solved when it is exact (i.e. F, = —G,). In this case we

can find a function H (z,y) which satisfies
H, F
H, = -G

and the equation is hence solved implicitly by
H (z,y) =c.

Below is an example.

Example 1. Find the equation of the form H (z,y) = c satisfied by the trajectories
of the autonomous system

Date: 11/11.
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Solution. Since (y), =0 = (—x + “"—;) this system is exact. Look for a function
y

H such that Hy, = y. Hence H = % + f (z) and then

3

Hfo/(x)Z—I—‘rF

and f (z) = —’”—22 + % + c. Hence the trajectories are along the level curves
y? 22t

2 2 tu~c

Example 2. Find all critical points of the system
¥ = 2w—a®—ay
/

y = 3y—2°—3xy

and determine their stability and type from the phase plot.
Solution. For the critical points we need to solve

20 —x? —rxy=2(2—-x—y) = 0
3y—2y* —3zy=y(3—-2y—3z) = O.

The first equatioon gives z = 0 or = + y = 2. While the second equation gives
y = 0 or 2y + 3x = 3. This gives four possible system of equations and four
critical points. One of them (corresponding to = 0 and y = 0) is the criical
point (0, 0)(unstable, nodal source). Another corresponding to the the possibility
(r+y = 2 and 2y + 3z = 3) is the critical point (—1,3)(aymptotically stable,
nodal sink). The other two critical points are (0,2) (unstable, saddle) and (2, 0)
(asymptotically stable, nodal sink). Here the stability is determined from the phase
plots.
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LECTURE 30

1. AUTONOMOUS SYSTEMS AND STABILITY

In this lecture we continue our study of nonlinear differential equations. We shall
mostly be concerned with equations that are of the form

' = F(x,y)
(1.1) y = G(x,y)

where the right hand side consists of functions F, G that are independent of time.
Such a system is called an autonomous. A critical point of this system (z, yo) is
said to be asymptotically stable if any trajectory or solution curve (z (t),y (t))
which originates close to (xo,yo) eventually converges to it (z (¢),y (t)) — (o, ¥0) -
The basin of attraction B is the region of the plane near an asymptotically stable
critical point such that for any trajectory (z (t),y (¢)) originating in B, we have
convergence (z (t),y (t)) — (zo,yo) - A trajectory that bounds a basin of attraction
is called a separatrix.

An autonomous equation can sometimes be solved using methods (or perhaps
reminisces) of Chapter 2. This can be done for instance by rewriting (1.1) in the
form

dy _ G(z,y) G
d:L’ F(:C,y) or (-T,y) y (x7y) £
The last equation can be solved when it is exact (i.e. F, = —G,). In this case we

can find a function H (z,y) which satisfies
H, F
H, = -G

and the equation is hence solved implicitly by
H (z,y) =c.

Below is an example.

Example 1. Find the equation of the form H (z,y) = c satisfied by the trajectories
of the autonomous system

Date: 11/11.
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Solution. Since (y), =0 = (—x + “"—;) this system is exact. Look for a function
y

H such that Hy, = y. Hence H = % + f (z) and then

3

Hfo/(x)Z—I—‘rF

and f (z) = —’”—22 + % + c. Hence the trajectories are along the level curves
y? 22t

2 2 tu~c

Example 2. Find all critical points of the system
¥ = 2w—a®—ay
/

y = 3y—2°—3xy

and determine their stability and type from the phase plot.
Solution. For the critical points we need to solve

20 —x? —rxy=2(2—-x—y) = 0
3y—2y* —3zy=y(3—-2y—3z) = O.

The first equatioon gives z = 0 or = + y = 2. While the second equation gives
y = 0 or 2y + 3x = 3. This gives four possible system of equations and four
critical points. One of them (corresponding to = 0 and y = 0) is the criical
point (0, 0)(unstable, nodal source). Another corresponding to the the possibility
(r+y = 2 and 2y + 3z = 3) is the critical point (—1,3)(aymptotically stable,
nodal sink). The other two critical points are (0,2) (unstable, saddle) and (2, 0)
(asymptotically stable, nodal sink). Here the stability is determined from the phase
plots.
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LECTURE 32

1. LocALLYy LINEAR SYSTEMS

In this lecture we continue our study of nonlinear differential equations. To
remind ourselves these are equations that are of the form

o' = Fl(x,y)
(1.1) y = G(a,y)
where the right hand side consists of nonlinear functions F,G. We now focus
attention on locally linear systems. Assume that we are at a critical point of the
system Let us take this critical point to be say (0,0). The system is said to be
locally linear near the critical point (0,0) if it can be written in the form

/

' = ar+by+ f(x,y)
" = cx+dy+g(z,y)

such that
M%O and M%Oasr: 24+ y? = 0.
In this case we say that
¥ = ar+by
(1.2) y = cx+dy

is the corresponding linear system near (0, 0).
In order to classify the type and stability of a locally linear system we find the
eigenvalues of the coefficient matrix

a b
A=l
for the corresponding linear system. The following table now gives the type and
stablity of the critical point of this locally linear system

’ Eigenvalues \ Type of Critical point \ Stability ‘
A1 > >0 Nodal source Unstable
A< A2 <0 Nodal sink Asmptotically Stable
A > 0> Ao Saddle Unstable
A1 = A2 >0 | Node or Spiral Source Unstable
Al=X <0 Node or Spiral Sink | Asmptotically Stable
Axip, p>0 Spiral source Unstable
Atip, p <0 Spiral sink Asmptotically Stable
+ip Center Indeterminate

Date: 11/15.
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The only differences from the classification of critical points of linear systems
are marked in bold. These occur in the cases where we have purely imaginary
eigenvalues (center) or we have equal eigenvalues (proper or improper node).

Example 1. Show that the following system is locally linear and find the type and
stability of (0,0) as a critical point

g = a4y’
"= 2y —ay.
Solution. To show this system is locally linear we check
2 2/ s 0 2
LA (sin ) =r (sin&)2 -0
r r
— —r2 0) (sinf
LA (cos 6) (sin ) = —r(cos®) (sinf) - 0
r r

as r — 0. The correspndng linear system is

V=l o)

This has eigenvalues 1,2 and is hence an unstable nodal source.

Example 2. Find the critical points of the nonlinear system
¥ = 1+y

y/ _ IQ o y2'
Then find the linear system near each critical point and discuss its type and stability.

Solution. To find the critical points we set 1 +y = 0, 22 — y? = 0. This gives
y = —1 and = = £1. Hence the critical points are (1,—1) and (—1,—1). To find
the linear system near (1, —1) we make the change of variables u =z —1,v =y +1.
we then get the system

l
u = v

v o= 2u+2v+(u27v2).

The linear system near this critical point is

=Bl B

The eigenvalues are A =1 + /3. Hence we have an unstable saddle.
To find the linear system near (—1,—1) we make the change of variables u =
4+ 1,v=y+ 1. we then get the system
o= v
!/

vo= 2u+2"u+(u2702).
The linear system near this critical point is

W 10 1] |u

o =2 2| |v]”

The eigenvalues are A = 1 4+ ¢. Hence we have an unstable spiral source.
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LECTURE 32

1. PREY PREDATOR MODEL

In this lecture, we shall discuss an important physical /biological example that is
modelled on a non-linear ordinary differential equation. Let z (t),y (¢) denote the
population of prey and predators respectively at any given time. To be specific,
think of rabbits and foxes in a forest. Or think of gazelles and cheetah in the african
savannah. Or think of redear and bass in a lake. Or think of aphids and ladybugs
on tomato plants.

In describing the model governing the evolution of the two populations x (¢) , y (¢)
we assume

(1) fl—f o x, this is because the more prey we have the more they will reproduce.

(2) % o« —y, this because the more predators we have the more they will
compete amongst each other for food.

3) & x —zy and &  zy, this because zy is the number of encounters
dt dt
between prey and predators. Each encounter is harmful to the population

of the prey and is beneficial to the population of the predators.

Following these assumptions we are led to the following nonlinear system describing
the evolution of the two populations

de_
7 ar — axy
dy
1.1 A — .
(1.1) o y + By

Here a,b, a, 8 are the (positive) constants of proportionality given by our assump-
tions and observed in nature. The critical points of this system are easily found to

be (z,y) = (0,0) and (z,y) = (%, %) Let us now try to figure out the type and
stability of these two critical points.

Let us start with (z,y) = (0,0). Assuming f (z,y) = ax — azy, g = —by + Bzxy
the linearization of the system is given by the Jacobian matrix

[ f] _[a-ay —ae
J(x’y)_[gm gz]_[ By —b+5$]'

Evaluated at the point (0,0) this gives the system

f= 5L

The above matrix has one positive and one negative eigenvalue and hence (0, 0) is
an unstable saddle.

Date: 11/20.
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Now let us consider the critical point (%, %) Again evaluating the Jacobian at

this point gives the linearized system

Fl-l2 T

The eigenvalues of the above matrix are purely imaginary A = +iv/ab. Hence this
is a center. Its stability is now a conundrum since the stability of the center in the
nonlinear case it indeterminate.

To solve the problem of stablity, let’s so back to equation (1.1) and observe that
it is solvable by separation! Dividing the two equations in (1.1) we get

dy _ —by+ By
de az—oaxy

- —b

(a Oéy) dy = (—’_61;) dx
Y T
alny —ay = —blnzr+pfr+C
H(z,y):=ay+ Bz —blnz—alny = C.
Next we show that the point (%, %) is a local minimum. To recall how to do this

from multivariable calculus, we have to consider the Hessian matrix of H defined
by

Hessian (H) := [Z” Zw}
yo Ay

0 o

Evaluated at the point <%, %) this gives the matrix

32
5 0

a

which is positive definite (has both positive eigenvalues). This tells us that the
point (%, g) is a local minimum for H (z,y). Now the trajectories of our system 1.1

(being level curves of H) have to be closed curves around this local minimum. Hence

the point (%, %) is stable. This is clearly seen in the plots below in Figures 1.1,

1.2 and 1.3. We hence see cyclic changes in the population of prey and predators.
On your homework you will be asked to draw and analyze such plots for various
values of a, b, a, 8.

The above method works more generally for exact systems as stated below.

Theorem 1. Consider the nonlinear system

dx

dy

o = 9@y
Assume that it is exact (fy = —gy), so that there exists an energy function H (z,y)
with H, = f,H, = —g. Then any critical point (x¢,yo) which is also a local

minimum (or local mazimum) of H is stable.
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Figure 9.5.2
© John Wiley & Sons, Inc. All rights reserved.

FIGURE 1.2. Solution Curves

What then happens when we have a critical point (center) of a system that is
not exact. Another method is the use of Liapunov functions (generalizations of
energy functions) from section 9.6. A beautiful method which alas we plan to skip!
Another challenging occupation for the deligent student.
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X,y

Figure 9.5.3
© John Wiley & Sons, Inc. All rights reserved.

FIGURE 1.3. Some plots of x (t) vs y (¢)
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LECTURE 34

1. PREY PREDATOR MODEL

In this lecture, we shall discuss an important physical /biological example that is
modelled on a non-linear ordinary differential equation. Let z (t),y (¢) denote the
population of prey and predators respectively at any given time. To be specific,
think of rabbits and foxes in a forest. Or think of gazelles and cheetah in the african
savannah. Or think of redear and bass in a lake. Or think of aphids and ladybugs
on tomato plants.

In describing the model governing the evolution of the two populations x (¢) , y (¢)
we assume

(1) fl—f o x, this is because the more prey we have the more they will reproduce.

(2) % o« —y, this because the more predators we have the more they will
compete amongst each other for food.

3) & x —zy and &  zy, this because zy is the number of encounters
dt dt
between prey and predators. Each encounter is harmful to the population

of the prey and is beneficial to the population of the predators.

Following these assumptions we are led to the following nonlinear system describing
the evolution of the two populations

de_
7 ar — axy
dy
1.1 A — .
(1.1) o y + By

Here a,b, a, 8 are the (positive) constants of proportionality given by our assump-
tions and observed in nature. The critical points of this system are easily found to

be (z,y) = (0,0) and (z,y) = (%, %) Let us now try to figure out the type and
stability of these two critical points.

Let us start with (z,y) = (0,0). Assuming f (z,y) = ax — azy, g = —by + Bzxy
the linearization of the system is given by the Jacobian matrix

[ f] _[a-ay —ae
J(x’y)_[gm gz]_[ By —b+5$]'

Evaluated at the point (0,0) this gives the system

f= 5L

The above matrix has one positive and one negative eigenvalue and hence (0, 0) is
an unstable saddle.

Date: 11/22.
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Now let us consider the critical point (%, %) Again evaluating the Jacobian at

this point gives the linearized system

Fl-l2 T

The eigenvalues of the above matrix are purely imaginary A = +iv/ab. Hence this
is a center. Its stability is now a conundrum since the stability of the center in the
nonlinear case it indeterminate.

To solve the problem of stablity, let’s so back to equation (1.1) and observe that
it is solvable by separation! Dividing the two equations in (1.1) we get

dy _ —by+ By
de az—oaxy

- —b

(a Oéy) dy = (—’_61;) dx
Y T
alny —ay = —blnzr+pfr+C
H(z,y):=ay+ Bz —blnz—alny = C.
Next we show that the point (%, %) is a local minimum. To recall how to do this

from multivariable calculus, we have to consider the Hessian matrix of H defined
by

Hessian (H) := [Z” Zw}
yo Ay

0 o

Evaluated at the point <%, %) this gives the matrix

32
5 0

a

which is positive definite (has both positive eigenvalues). This tells us that the
point (%, g) is a local minimum for H (z,y). Now the trajectories of our system 1.1

(being level curves of H) have to be closed curves around this local minimum. Hence

the point (%, %) is stable. This is clearly seen in the plots below in Figures 1.1,

1.2 and 1.3. We hence see cyclic changes in the population of prey and predators.
On your homework you will be asked to draw and analyze such plots for various
values of a, b, a, 8.

The above method works more generally for exact systems as stated below.

Theorem 1. Consider the nonlinear system

dx

dy

o = 9@y
Assume that it is exact (fy = —gy), so that there exists an energy function H (z,y)
with H, = f,H, = —g. Then any critical point (x¢,yo) which is also a local

minimum (or local mazimum) of H is stable.
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FIGURE 1.2. Solution Curves

What then happens when we have a critical point (center) of a system that is
not exact. Another method is the use of Liapunov functions (generalizations of
energy functions) from section 9.6. A beautiful method which alas we plan to skip!
Another challenging occupation for the deligent student.
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X,y

Figure 9.5.3
© John Wiley & Sons, Inc. All rights reserved.

FIGURE 1.3. Some plots of x (t) vs y (¢)
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LECTURE 34

1. TWO POINT BOUNDARY VALUE PROBLEMS

Today we shall begin with the new chapter 10. This chapter is really about
partial differential equations or PDE’s (differential equations for functions of more
than one variable). However, before we delve into PDE’s we shall find useful the
study of so called boundary value problems for Ordinary differential equations
ODE’s. To describe what one means by a boundary value problem, recall that thus
far we have studied initial value problems for ODE’s of the sort

y' +ay +by=0, y(0)=yo,y (0)=uy.
Here two initial conditions for y (¢) were prescribed at the same point ¢ = 0. In

contrast, a boundary value problem has two conditions prescribed at two different
points in time

y'+ay +by=0, y(a)=yo.y (B) =y
Thus above the boundary conditions are prescribed at ¢t = «,t = 8 (the boundary
points of the interval [«, 3]). Let us now see an example.

Exercise 1. Solve the boundary value problem

Y +ay =0, y(O) =1y (7)=-1

Solution. The characteristic polynomial is 72 4+ 4 = 0 with roots r = £2i. We
know, by heart at this point, that the general solution to the equation is

y (t) = c18in (2t) 4 co cos (2t) .
The boundary conditions now give
y(0)=cy = 1

/() -

y (t) = cos (2t) — sin (2t) .

Hence the solution is

Let us now see another strakly contrasting example.
Exercise 2. Solve the boundary value problem
y'+y=0, y(0)=1y(7)=a.

Solution. The characteristic polynomial is 2 + 1 = 0 with roots r = #i. Hence,
the general solution to the equation is

y(t) = cysin(t) + cacos(t).

Date: 11/25.
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The boundary conditions now give

y(0)=cy, = 1

Yy (m)=—c2 = a.
Hence for a solution to exist the boundary condition must satisfy a = —1. Thus
there is no solution for a # —1 and for a = —1 there are infinitely many solutions

of the form
y(t) =cysin(t) + cos (t).

Hence we observe that whilst the solution to a initial value problem always
uniquely exists, the solution to a boundary value problem might not exist or might
not be unique. Getting a general existence and uniquenedd result is hence not
possible.

1.1. Eigenvalue problems. We now turn to eigenvalue problems for ordinary
differential equations. An example of this sort is given by the boundary value
problem

(1.1) y'+ Ay =0, y(0)=0,y(m)=0.

Formally this equation is similar to an eigenvalues problem. To see this note that
for a matrix A (sending vectors to vectors) the eigenvalue equation is AX = \X.
In similar vein the operator % of taking second derivatives (sending functions to
functions) has an eigenvalue equation

d2

pri il

Again ) is called an eigenvalue while y is now called an eigenfunction.

Let us now solve the eigenvalue problem (1.1) to find the eigenvalues. First
assume A > 0 and hence A\ = p2,;1 > 0. We then have the characteristic polynomial
r? + u? = 0 with roots 7 = +iu. Hence the general solution is

y (t) = ¢y cos (ut) + cosin (pt) .

The initial conditions give y(0) = ¢; = 0 and y (7) = cgsin (ur) = 0. Hence to
have a non-trivial solution we must have sin (umw) = 0 or u = n a positive integer.
Hence we get all the positive eigenvalues

A =n
The corresponding eigenfunctions are
Yn (t) = sin (nm) .

For A\ < 0, we have A = —p2. This gives the characteristic polynomial r? — p? = 0
with roots r = +u. Hence the general solution is

y (t) = cre!t + cge M.

The initial conditions give y (0) = ¢1 +¢2 = 0 and y (7) = 1™ 4+ coe™#™ = 0. This
gives c¢; = c2 = 0. Hence there is no nontrivial solution and no negative eigenvalues.
Finally let us check if A = 0 is a possible eigenvalue. In this case we get

y(t) = 1t + co.
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The initial conditions again give ¢; = co = 0 and there are no nontrivial solutions.
Thus the eigenvalues and eigenfunction of (1.1) are

Ay =02, gy, (t)=sin(nm), n=12...
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LECTURE 36

1. FOURIER SERIES

In this lecture we discuss Fourier series. These will be of crucial importance in
solving partial differential equations introduced in the last lecture. A Fourier series
is defined for a periodic function f : R — R. To say that f is periodic, with
period 2L, is to say that

f(@+2L) = f (2)

for all . Notice that if 2L is a period for f then so are 4L,6L,8L, . ... If there is no
smaller number than 2L which is a period then we say that 2L is the fundamental
period of f. Given a function on the interval f : [-L, L] — R, we can form the
periodic function of period 2L given by its periodic extension f (z + 2L) = f (z).
Some examples of periodic functions of period L are furnished by sines and cosines

sin (H) sin 27?71‘ sin Sﬂ—x
L/’ L ’ L o

cos (E) cos 7277:1: cos 737@
L/’ L ’ L o

Notice that a linear combination of periodic functions of the same period is also
periodic. Hence the function

in (27 4 36 (72 dmz
Sm I Sm I COs I

is periodic of period 2L.
In general given f any piecewise differentiable periodic function, of period L, it
can be written as an infinite linear combination of these sines and cosines

(1.1) 24 Z @y, COS ( ) Z by, sin (mmﬂ)

m=1

An infinite sum as above is called a Fourier series and the coefficients a,,, b,,
are called the Fourier coefficients. So given a function f, how does one find
its Fourier series or its Fourier coefficients. The trick is to use the orthogonality

Date: 12/02.
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relations

/_LL cos (m;rm) sin (?) dx 0

/L . /mTxT\ . [nTx 0 m#n
sin ( ) sin (—) dx
L L L L m=n

[ () o (e = {3 7

These orthogonality relations immedietly give us

Ay = i/if(x)cos(?)dx

by, = i/if(x)cos(?)dx.

Let us find the Fourier series in an example.

Example 1. Find the Fourier series of the periodic function given by
-z, —2<x<0

S (@)= {x 0<z<?2

and f(x +4) = f ().

Solution. The Fourier coefficients are

1 [? 1[0
aozf/ xdx—f/ rdx = 2
and for m > 1

Ay = 1/2 f(x)cos(?)dx

I (mi)z, m odd

0 m even.

On the other hand
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Hence we have

8 T 1 3rx 1 oTX
fx)=1- = (cos <?> +3—2cos <2) +?COS (2) +
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LECTURE 37

1. FOURIER SERIES

In this lecture we discuss further examples of Fourier series. Recalll that any
piecewise differentiable periodic function f, of period L, can be written as an infinite
linear combination of sines and cosines

(1.1) = ag + Z A COS( ) Z by, sin (mwm)

Here the Fourier coefficients a,,,b,, are given by

/ f(x) cos mwx) dx
7 / f(x)cos (?) dz.
-L

Let us find the Fourier series in an example.

am

bm

Example 1. Find the Fourier series of the periodic function given by

fx) =

-1, -2<z<0
1 0<r<?2

and f (z+4) = f(x).

Solution. The Fourier coefficients are
1 [ 1 /O
_7/ dm—f/ dx = 0.
For m > 1 we have

A =

/ f(x cos )dx

/ cos (?) dx — ;/_02005 (?) dx

2 ()] -
2 2

0

1
2
1
2
1
2
0.

Date: 12/04.
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Next we have

2
by, = 1 (z) sin (?) dx
1/2 . (mwx) 1/O . /mmx
= = sin dr — = sm( )dac
2 Jo 2 2/ o 2
1 [ () Cl 2 g (112 ’
2 mm 2 2 [mm 2 /],

- b [2 — cos (m7) — cos (—mﬁ)]g

mm
4 modd
— mm
0 m even.

Hence we have the Fourier series
f( ) 4 ( . (773:) n 1 . 3rx n 1 . Stz n
= —<{sin| — —sin | — —sin | — .
V) T3 55\ 72
Example 2. Find the Fourier series of the periodic function given by

—x, —2<z<0
T) =
f (@) {w 0<xr<?2

and f (z+4) = f(x).

Solution. The Fourier coefficients are

1 2 1[0
aozf/ xdx—f/ rdx =2
and for m > 1

1 2 mmnx
Ay, = §/i2f($) COS (T) dx

mm 0 0o mm 2
5 2
[( 2 ) (mﬂ'x)]
= — | cos|——
mm
0
4

0 m even.

B {—(mi)z, m odd
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On the other hand

|
e

1 /2
by, = 5-/_2f(x)sin (?) dx
Hence we have

fx)=1 8 (Lx>+ios sme +icos o
Ve P ) T 52 2
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LECTURE 38

1. ODD AND EVEN FUNCTIONS

In the last lecture we discussed examples of computing Fourier series. Some
computations can be simplified if one makes observations such as even of oddness
of the function. Recall that a function is even if f(—z) = f (x) for all = while

a function is odd if f(—z) = —f (x) for all . Examples of even functions are

cos (), cos (2x) , 1, 22 etc. while examples of odd functions are sin (), sin (22) , z, 2.

The sum or product of two even functions is even. The sum of two odd functions
is odd but the product of two odd functions is even. The product of an even and
an odd function is odd.

Given an odd periodic function f (x), of period 2L, the cosine coefficients in its
Fourier series are zero

am—i/if(z)cos(nzgj)dx—o.

Hence its Fourier series
o0
. /mnx
fx)= Zl by, sin (T)
po—

is purely a sine series.
On the other hand, given an even periodic function f (x), of period 2L, the sine
coefficients in its Fourier series are zero

1 [t . /mnx
b,nzzlLf(m)sln(T)dx—O

and hence its Fourier series

mﬂ'.’l?)

f(x)z(;()—l—gamcos( 7

is a purely cosine series. Let us see an example of this.

Example 1. Find the Fourier series for the periodic function
fx)=2, —-L<x<L

and f(z +2L) = f(z), f(L)=0.

Date: 12/06.
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Solution. Clearly f (x) is an odd function. Hence its cosine coefficients a,, = 0.
To find the sine coefficients

by, = i/_if(x)sm(nﬂfx)dx
1t ymre
= Z/_Lm&n(T) dx
= i/oLxsin (?) dx
2 (L\’[. /mnx mmx mmx\1L
- L(m> {Sm< L )_ L COS( L )]0
2L

= = (—pmt,
— (=1

Hence the Fourier series is
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LECTURE 39

1. HEAT EQUATION

In this lecture we shall discuss how to solve the heat equation with applications
to reducing your utility bill. The heat equation models heat conduction in a metal
bar. We consider the ideal situation where it is of a uniform composition or density
and its thickness is much smaller in comparison with its length. Let L be the length
of the bar and u (z,t) be the temparture at a point 0 < x < L on the bar at time
t > 0. The equation governing the evolution of w (z,t) is

(1.1) = gy
u(z,0) = f(z)
u (0,t) =0, u(L,t) =0.

The constant « is the thermal diffusivity and depends on the material bar. Here
f () denote the initial temperature at time ¢ = 0. Also u (0,t) & w(L,t) are the
temperatures at the two ends of the bar. In this idealization we assume that they
are at temperature 0 (say being in contact with ice). In the next lecture we will
consider the more realistic situation when the ends are at room temperature.

First let us solve the heat equation without the initial condition (i.e. find the
general solution). For this purpose we need enough linearly independent solutions.
Some linearly independent solutions are given by

_n2x2a%  /MTT
Uy (x,t) =€ 12 tsm(T) n=12,....

Hence the general solution is a linear combination of these and we must have

22,2

o0

_n®na®t nmwx

u(z,t) = E cpe” 2 sin <
n=1

for some constants. Plugging in this into the initial condition gives
nw
u(xz,0) = f(x) ngzlc sin ( —

Hence the constants are simply the coefficients in the Fourier sine series of f

cn:z/OLf(x)sin(nzx).

Let us now do an example.

Date: 12/09.
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Example 1. Find the solution to the heat equation

(1.2) U = Ugy
< 1
w(z,0) = r 0<x<
0 x=1.
u(0,t) =0, u(l,t) =0.

Solution. Clearly a = L =1 in this example. Let us find the Fourier sine series
of u (z,0). The Fourier coeflicients are given by

1
Cn = 2/ xsin (nmx)
0

2

_ 2 (1 n+1
—(=1)
from last class. Hence
= 2 n+1 .
,0) = — (-1 , O<x<1,
u (z,0) nz::l o (=1)""" sin (n7z) x

and the solution to the heat equation is

oo 2 n
u(x,t) = Z . (=1)"*! e "™ gin (nmx).

n=1
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LECTURE 40

1. HEAT EQUATION WITH OTHER BOUNDARY CONDITIONS

In the last lecture we learnt how to solve the heat equation governing the temper-
ature of a metal bar when both ends of the bar were maintained at 0 temperature.
We now study the more general problem when both ends of the bar are at room
(or any non-zero temperature). The heat equation governing this termperature
evolution is

(1.1) U = gy
u(z,0) = f(z)
w(0,t) =T, u(L,t) = Tp.

Again the constant « is the thermal diffusivity and depends on the material bar
and f(x) denote the initial temperature at time ¢ = 0. But now u(0,t) =
Ty & u(L,t) = Ty, the temperatures at the two ends of the bar, are maintained at
some non-zero level. To solve this heat equation we first ask what happens to the
temperature at large time. We expect the temperature to stablize to some steady
state temperature u(z,t) — v(z) as t — 0. The steady state is thus a time
independent solution to the heat equation and hence plugging v (z) into the heat
equation gives v” () = 0. With the boundary conditions v (0) = T1,v (L) = Ts
this gives

U(.’I?)ZT1+%<T2—T1).

We now consider the difference w (z,t) = u (z,t) — v () between the temperature
and its steady state (aka the transient temperature). This difference clearly satisfies
the heat equation

(1.2) wr = QW
w@0) = fl@)-Ti-F(T-1)
w(0,t) =0, w(L,t) =0,

where we are now back to 0 boundary conditions as before. Hence the solution to
the heat equation (1.1) is

i n27r2012t
u(z,t) =T + % (T, —T1) + Z cpe” L2 sin (?)

n=1

Date: 12/11.
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where the constants are the coefficients in the Fourier sine series of f (z) — T} —
7 (I = Ty)

cnE/OL{f(x)Tli(TgTﬂ}Siﬂ(nzx)dz.

Let us now do an example.

Example 1. Find the solution to the heat equation

(1.3) Up =  Ugy
u(z,0) = 0, 0<z<1
u (0,t) =0, u(l,t) =1.

Solution. Clearly « = L =1, T; = 0,75 = 1 in this example. The steady state
temperature is

viz)==x

We need to find the Fourier sine series of —z. The Fourier coefficients are given by

Cn

1
2/ —zsin (nrz) dx
0

= (-

nm

from last class. Hence

o 2
O - = — 71 " si 9 0 < 17
u(z,0) —x ngzl — (—=1)" sin (n7x) z <

and the solution to the heat equation is

= 2 n+l —n?7x%t .
t) = —(—1 e .
u(z,t) =x+ ngzl - (=)""e sin (nmz)

2. BAR WITH INSULATED ENDS

Now we come to a different heat conduction problem. In this case with consider
a bar whose ends are insulated (i.e. no heat is allowed to escape or enter from
the ends). Mathematically this corresponds to the boundary conditions u, (0,t) =
ug (0,t) = 0 and we now have the heat equation

(2.1) = gy
u(z,0) = f(z)
ug (0,8) =0, Uy (L, t) = 0.

Separation of variables now gives the solution
oo
. Co _n2r242¢ nmwx
u(z,t) = ) + E cpe” L% COS (T)

n=1

where the constants are now given by the cosine series of f

Cn = i/oLf(x)cos (?) dx.
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Observe that the steady state temperature is now

L
v (x) ::tlirgou(x,t): %O = %/0 f(z)dx

and hence given by the average on the initial temperature.



