QUANTITATIVE VERSION OF WEYL’S LAW
NIKHIL SAVALE

ABSTRACT. We prove a general estimate for the Weyl remainder of an elliptic, semiclassical
pseudodifferential operator in terms of volumes of recurrence sets for the Hamilton flow of its
principal symbol. This quantifies earlier results of Volovoy [23, 24]. Our result particularly
improves Weyl remainder exponents for compact Lie groups and surfaces of revolution. And
gives a quantitative estimate for Bérard’s Weyl remainder in terms of the maximal expansion
rate and topological entropy of the geodesic flow.

1. INTRODUCTION

Let X™ be a smooth, compact and n-dimensional manifold. Let P € W', (X) be a self-
adjoint, semiclassical (h-)pseudodifferential operator (see Section [2). We assume that the total
symbol of P has a classical expansion

P=p),
(1.2) Pr~po+hp+...,

for some smooth functions p; € C* (1T*X), 7 = 0,1,2,... on the cotangent space T*X. Let
[a,b] C R and assume that the principal symbol py is elliptic in this interval, i.e. py* [a,b] € T*X
is compact. The spectrum of P, in [a,b] is then discrete for h sufficiently small. Denote by
Ny, [a,b] the number of eigenvalues contained in this interval. Further suppose that a,b are
noncritical values for the principal symbol py, whereby the energy levels ¥, = py' (a) C
T*X, ¥ = py ' (b) C T*X are well-defined hypersurfaces and so is the Hamiltonian flow et#ro
for the principal symbol on them. We denote by the shorthand e'fro = ¢tfro s the Hamilton
flow restricted to the given energy level. And by T > 0 the shortest period of the restricted
Hamilton flow e'#7o. These energy levels also carry the canonical Liouville volume form dv
such that dpy A dv is the canonical symplectic volume form in a neighborhood of these levels
in T X.
Next, define the recurrence sets

(1.3) Sgo = {(x,g) C X.|3t € BTg,T] s.t. d (e (2,€), (2,€)) < e}

and S7¢ = {(2,€) C Sald ((2,€),5%,.) < e} for each T > 1Ty, € > 0. These are defined with
respect to a distance function d on the phase space that is equivalent to a manifold distance,
although the dependence of the above (1.3) on d is suppressed in the notation.
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Next we further, for each § € [0, %) and ¢ > 0, define the Ehrenfest time via

(1.4)

e 1! Clal o1
Tz,a,é(h) B T——; if 30, > 0s.t. |9% v ST+t Yae N la—d| <€,
e =

Alal n thr e otherwise.

(1.5)

Here Af,. :=limsupt™" sup In |de"mo ()|
t—o00 TEX,

is the maximum expansion rate of the Hamilton flow e'*0 (z) on the energy level ¥, defined
with the help of its Jacobian de'ro ().
Our main result is the following general estimate on the Weyl remainder for P.

Theorem 1. Let P € V', (X) be a self-adjoint, h-pseudodifferential operator that is elliptic in
the interval [a,b] and whose principal symbol is noncritical at its endpoints. For each € = ch?,

o€ [O, %), c,{>0and T < (% — (5) . max {ij;’a"S (h) ,Té’b"s (h)}, the Weyl counting function of

the interval satisfies

(1.6) Ny, [a,b] = (2wh)™" [vol po ' [a,b] + R (/ prdv — / pldu> + th}

a X
(1.7) with By < (v (Sa) + v () T~ + 0 <y (52¢) + v (5%;) +T2 4 h1*25>
as h — 0.

Interesting specializations of the above arise depending on estimates for volumes of the recur-
rence sets. Firstly, it recovers the classical results of Hormander [11] and Duistermaat-Guillemin
[4], in their semiclassical form cf. [14] 19]. Namely, under the non-criticality assumption on
the endpoints, one first obtains Ny, [a,b] = (2rh) ™" [vol py* [a,b] + O (k)] from , which is
the semiclassical version of Hérmander’s Weyl law. Secondly, and further assuming that the
set of periodic Hamilton trajectories is of measure zero on the two energy levels 3., >, one has
Ry, =o0(1) in (L.6). This is the semiclassical version of Duistermaat and Guillemin’s Weyl law.
This follows on letting £, T be h—independent. Since the recurrence set volume approaches
the measure of the set of periodic Hamilton trajectories as ¢ — 0 and T — o0, one recovers
Duistermaat-Guillemin.

Another interesting specialization of the general estimate is when the Hamilton flow is a
contact Anosov flow. In this case the recurrence set volumes can be shown to satisfy exponential
estimates in time v (S7:¢) = O (2" e V4T with the exponent again being the maximal
expansion rate (1.5]) (see Section below). By an appropriate choice of €, 7" in this case, one
obtains a logarithmic improvement in the Weyl law. A particular example of contact Anosov
Hamiltonian flows are geodesic flows on negatively curved manifolds. Thus, if we particularly
specialize to the case when P, = h®A, is the semiclassical Laplacian for a negatively curved
Riemannian metric (X, g), with a < 0, b = 1, we obtain the following quantitative version of
Bérard’s Weyl law.



QUANTITATIVE WEYL LAW 3

Corollary 2. Let (X", g) be a compact, negatively curved Riemannian manifold. The Weyl
counting function for the semiclassical Laplacian Py, .= h*A, satisfies the asymptotics

(1.8) N, [0,1] = (27h) " wol (S*X)[1+ hRy]
(1.9) where  |Rp| < 4\ e [Inh| ™" 40 (|In h|_1)

16 _ _
(1.10) < 5Py [ | "o([lnh| Y,

as h — 0, in terms mazimal expansion rate A, and the topological entropy hy,, (see Sec.
) of the geodesic flow on the co-sphere bundle S*X.

The next specialization concerns the semiclassical Laplacian P, = h?*A, corresponding to a
bi-invariant metric on compact a Lie group G. The corresponding Hamiltonian flow is again
the geodesic flow which is given simply by the group action. While the recurrence set volume
for the geodesic flow on the unit co-sphere bundle can be shown to satisfy the bound v (S}Fi) =
O (eP~'T?) , with p = rk G, being the rank of the Lie group (see Section [4.2). This gives the
Weyl law below as a corollary.

Corollary 3. Let G be a compact Lie group equipped with a bi-invariant Riemannian metric.
The Weyl counting function for the semiclassical Laplacian Py, = h*A, satisfies the asymptotics

(1.11) N [0,1] = (27h) " vol (S*X) [1 40 (h”%‘ﬂ ,
E| as h — 0, where p = rk G is the rank of the Lie group.

Our final specialization concerns the semiclassical Laplacian P, = h*A, on surfaces of revo-
lution X. The corresponding Hamiltonian flow is again the geodesic flow. In this case, it has a
simple description as an ordinary differential equation on the base surface (see below). The
Ehrenfest time is infinite. Assuming the surface to be strictly convex, it has an equator;
the unique rotationally invariant geodesic v C X of maximal length. For any point z € v the
equatorial return map 6 : S¥X — ~yg is well defined (see Figure on page [18] in Section [4]).
This is the map sending a unit covector £ € S¥X to the first return point 0 (£) of the geodesic
exp, (t€) to the equator vg. The equatorial return map has an order of vanishing defined as

re, = ordg, [0 () — 0 ()] = min {l|@é [6(€) = 0(8)] (€0) #0}, 7 > 1,

for each covector {, € S;X. The function r¢, is upper semi-continuous in &, and it is clearly
independent of = by rotational invariance. We set

ri= sup Tg,
0ESEX

(1.12) — sup_orde [0.(€) — 6 (60)

&oeSEX

to be its supremum over &, € S;X. There are standard formulas to calculate 6 and r in terms
of a given equation for the surface (see [2]). For a real analytic surface which is not Zoll we
have r < oo is finite, while for a generic surface one has r = 1.

Under some further assumptions stated below, the recurrence set volume for the geodesic

flow on the unit cosphere bundle can be shown to satisfy v (Silpi) =0 <E%T1’%> for e, 71

sufficiently small. This gives the Weyl law below as a corollary.

"Here O (h®~) denotes a term that is O (h*~*) for each £ > 0.
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Corollary 4. Let (X2, g) be a compact, strictly convex surface of revolution. The Weyl counting
function for the semiclassical Laplacian P, = h*A, satisfies the asymptotics

(1.13) N2 [0,1] = (27h) % vol (S*X) [1 +0 (h”ﬁ)} ,
as h — 0. Here r (1.12)) is the maximum order of vanishing of the equatorial return map.

The corollaries are all based on a judicious choice of £, T in the main Theorem [I}

The general estimate in Theorem [I| or the arguments for it, are seemingly folklore. Less
precise versions of it are explained in the articles of Volovoy [23] 24] as well as the recent book
[14, Sec. 4.5.4] of Ivrii. However the identification of the various exponents and constants in
our corollaries does not appear in them. Our own motivation came from the recent article of
the author [22] where an analogous result is proved for the coupled Dirac operator. Our method
is based on modifying standard arguments from the book of Dimassi-Sjostrand [3, Ch. 11].

The first Corollary [2| quantifies Bérard’s Weyl law [1] for negatively curved manifolds. Its
identification of the maximal expansion rate or topological entropy appears to be
new. It might however be of little interest since there are stronger conjectures. For instance
it is conjectured that for a non-arithmetic or generic surface the remainder is R, = O (h*7).
Although no better improvement is known since Bérard’s article.

The second and third corollaries were also considered by Volovoy. He proved the remainder
estimates O (hH‘S), for some 9 > 0, in , . And our corollaries quantify the value of
0 that can be chosen. In Corollary , the case of the torus G = T" is particularly studied (see
[7, Ch. 3]). In this case, the sharp Weyl remainder is conjecturally

O (h%_) , for n =2, (Gauss circle problem)
Ry=14q0(h?*), for n=34,
O (h?), for n > 5.

285

This is known in dimensions n > 4. While R, = O <h2T8_> ,O (h%_> are the best known

results in low dimensions n = 2, 3 respectively [I3]. Our Corollary [3|is worse than these known
results for the torus. However, the estimate for an arbitrary Lie group appears to be new.
The problem of determining the sharp exponent in the Weyl is further unknown for general G.

Finally, we remark that although it is not our interest here, our method almost certainly gives
similar improvements for local Weyl laws as well as L?, L norms and averages of eigenfunctions
etc.

The article is organized as follows. In Section [2] we begin with some preliminaries on semi-
classical analysis and dynamical systems. In Section [3| we prove the general Weyl’s law in our
main Theorem || based on a modification of the argument in [3]. In Section {4 we consider
recurrence sets for several dynamical systems including Anosov flows as well as geodesic
flows on Lie groups and surfaces of revolution 4.3 The final Section [5| proves the three
Corollaries [2] 3] and [4 based on the volume bounds from Section [4]

2. PRELIMINARIES

In this section we review some preliminary notions from semiclassical analysis and dynamical
systems that are used in the article.

2.1. Semiclassical analysis. First we begin with some requisite facts from semi-classical anal-
ysis that shall be used in the paper, |3, O] provide the standard references. The symbol space
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S™ (R?") is defined as the space of maps a : (0,1], — C> (RZ}C) for which each semi-norm

lall s = b6 7 05000l &), B € N,
is finite. The more refined class a € ST (R*"; C') of classical symbols consists of those for which
there exists an h-independent sequence a, k = 0,1,.. ., of symbols satisfying

N
(2.1) a— (Z hkak> e KNFLS™ (R*™), VN.
k=0

Any given a € S™ (R?"), S (R?") in one of the symbol classes above defines a one-parameter
family of operators "' € ¥™ (R*) W7 (R?") via Weyl quantization. The Schwartz kernel of
the quantization is given by

1 o r+y
W ._ i(z—y).E/h .
a’ i) /e a <—2 ,§,h) dg.

The above pseudodifferential classes of operators are closed under the usual operations of com-
position and formal-adjoint. Furthermore the classes are invariant under changes of coordi-
nates. Thus one may invariantly define the classes of operators W™ (X), ¥ (X) acting on
smooth functions C* (X;C) on a smooth compact manifold X.

The principal symbol of a classical pseudodifferential operator A € U7 (X)) is defined as an
element in o (A) € S™(X) C O (T*X;C). It is given by o (A) = ag, the leading term in the
symbolic expansion of its full Weyl symbol. While the second term a; is referred to as
the sub-principal symbol of A. The principal symbol is multiplicative, commutes with adjoints
and fits into a symbol exact sequence

0 (AB) =0 (A)o (B)
o (A*) =0 (A)
(2.2) 0 — hUT (X) =07 (X) 5 S™(X),

with the formal adjoint defined with respect to an auxiliary density. The quantization map

Op:S™(X)— V] (X) satisfying
(2.3) o (Op(a)) =a€S™(X)

gives an inverse to the principal symbol map. We sometimes use the alternate notation Op (a) =
a'. The quantization map above is however non-canonical and depends on the choice of a
coordinate atlas as well as a subordinate partition of unity. From the multiplicative property
of the symbol , it then follows that [aW, bW] € hU ! (X). Its principal symbol is given
by the Poisson bracket
—o ([a".0"]) = {a,b} € S™ ().
Each A € U™ (X) has a wavefront set defined invariantly as a subset WF (A) C T*X
of the fibrewise radial compactification of the cotangent bundle 7T*X. It is locally defined
as follows, (zo,&) ¢ WF (A), A = o', if and only if there exists an open neighborhood
(z0,£;0) € U C T*X x (0,1],, such that a € h> (§)"> C* (U;C') for all k. The wavefront set
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satisfies the following basic properties under addition, multiplication and adjoints
WF(A+B)CWF(A)UWF (B),
WF(AB) C WF(A)NWF(B) and
WF(A*) = WF(A).
The wavefront set WF (A) = ) is empty if and only if A € h*°¥U~>° (X) while we say that two
operators A = B microlocally on U C T*X if WF (A— B)NU = {.

An operator A € U7 (X) is said to be elliptic if (€)™ o (A)~" exists and is uniformly bounded
on T*X. If A e ¥7(X), m > 0, is formally self-adjoint, such that A + i is elliptic, then it
is essentially self-adjoint (with domain C'° (X)) as an unbounded operator on L? (X). Beals’s
lemma further implies that its resolvent (A — z)™" € W™ (X), z € C, Imz # 0, exists and is

pseudodifferential. The Helffer-Sjostrand formula now expresses the function f (A), f € S(R),
of such an operator in terms of its resolvent

/ of (= 1 dzdz,

with f denoting an almost analytic continuation of f. One further has

(2.4) WFE(f(A)C zg‘pt( f
(2.5) = J =
Aespt(f)
(2.6) where X3 = {(z,¢) € T*X|o (A) (z,£) = \}

is classical A-energy level of A.

2.1.1. The class U7 (X). We shall also need a more exotic class of scalar symbols S§* (R?"; C)
defined for each 0 < § < 3. A function a : (0, 1], = C> (RZ;C) is said to be in this class if
and only if

(27) ”a’Ha,ﬁ = Sup$’£7hh(|a‘+‘ﬁ|

000 alx, & h)’

is finite Vo, 5 € Nj. This class of operators is also closed under the standard operations of
composition, adjoint and changes of coordinates; allowing for the definition of the same exotic
pseudodifferential algebra WJ" (X) on a compact manifold. The class S§* (X) is a family of
functions a : (0,1], — C* (T*X;C) satistying the estimates in every coordinate chart
and induced trivialization. Such a family can be quantized to o'V € U7 (X) satisfying oV o" =
(ab)" + K120 Wm' =1 (X)) for another b € S5 (X). The operators in W9 (X) are uniformly
bounded on L?(X). Finally, the wavefront an operator A € ¥ (X) is similarly defined and
satisfies the same basic properties as before.

2.2.  Dynamical invariants. Here we state some facts on dynamical systems and their
invariants that are used in the article. Their proofs can be found in the texts [15] [16].

Let V € C* (TY) be a smooth vector field on a compact Riemannian manifold (Y, gTY) of
dimension m. A point y € Y is said to be a regular point for the flow of V' if there is a sequence
of numbers A; (y) > ... > X (y) and decomposition for the tangent space T,Y = @h_ E; (y)
such that
(2.8) limsup ¢~ In|de’ (y)u| = \; (y),

t—o00
Vu € E;(y),1 < j < k. The set of regular points R C Y is a Borel set of full measure. The
numbers \; (y) and subspaces E; (y) are referred to as the Lyapunov exponents and eigenspaces
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of the flow at y € Y respectively. The maximal expansion rate of the flow is the supremum of
the maximum of these

Amax (V) =limsup ¢~ " supln |de" (y)]

t—oo yey
(2.9) = sup max A, (y).
It is well known that Ay.y (V) is an upper semi-continuous function of V.
Additionally, it is useful to define the sum of the positive Lyapunov exponents as the Borel
function

X:R—R
(2.10) X)) = > Ay dim E; ().
Aj(y)>0

In case there is no positive Lyapunov exponent, we set x (y) = 0.

Next, let puy be a Borel probability measure on Y invariant by the flow of V. The measure
theoretic entropy of a partition P = {Pj,..., Py} of Y into measurable subsets is defined to
be H(P) = —> pep by (P)Inpy (P). The measure theoretic entropy of the flow with respect
to the partition is set to be

N—oo

N
H(P,V):= lim N"'H (\/ ejVP> .

J=0

Here P; \/ P, above denotes the minimal common refinement of two partitions Py, P,. The
supremum of the above over all finite measurable partitions is the measure theoretic entropy of
the flow

(2.11) hyy (V) =sup H (P, V).
P

While the topological entropy is the supremum of the above over all the set of all V-invariant
Borel probability measures My,

(2.12) htop (V) == sup hy,, (V).

ny EMy

The relation between the measure theoretic entropy and the Lyapunov exponents is given by
the Margulis-Ruelle inequality [16, Thm. 10.2]

(2.13) By (V) < /Y X () dpsy-

In case py is absolutely continuous with respect to a smooth measure then Pesin’s formula says

that one has equality in the above. Following the definitions (2.9), (2.10) and (2.12)) it is easy
to see that the Margulis-Ruelle inequality particularly implies

(2.14) heop (V) < 1. Aumax.

3. WEVYL LAw

We now give a proof for Theorem [1| based on a modification of standard arguments in [3], Ch.
11| using wave trace asymptotics. The task being to make the arguments therein quantitative.
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3.1. Wave trace asymptotics. First, consider the energy band Xj,_¢ o4, for each € > 0.

Denote by the shorthand etHI[,C(L) <o+ — Btho |E[ ] the Hamilton flow restricted to the
a e’,a+e’

given energy band. And by T[a ¢ a+€] >0 the shortest period of the restricted Hamilton flow

et HI[’?) ) a+€}. In similar vein as and ({1.4), the recurrence sets for the energy band are

defined via

(3.1)

a—¢e ,a+e L fa—e a+e
St :={(af)cz{a_eqaﬁq\ﬂte [—Té o ],T] st d (e (2,€), (2,€)) §€},

2

and Sj[?’;,’aﬁq’e = {(x, ) C Xla—eate|d <(x, £), Sj[‘}?:,’a%/]) < 5}. Below it shall also be useful
to define the intermediate recurrence set

[a—¢ ,a+e€], 2 a—e a+e e
s = {(@.6) € Bevasald (@), 557 ) < 2.

Again d denotes a phase space distance on the band that is equivalent to some Riemannian
distance on it.

Furthermore
(3.2)
h—%(%—&—é) . H[(L—E/’(H_GI} C|CM‘ on—1
O la—e a+e],s s i 30 > 0 st |9%M ST, Va e N7
T ) =
%, otherwise,
Ade +‘€
(3.3)
and  Al=9t e — limsupt™ sup  In ‘detHPO (m)‘
t—o0 $€2[a76/,a+6/}

are the Ehrenfest time and the maximal expansion rate respectively of the energy band.
Next, we choose a square microlocal partition of unity {Aj = a}’V};W:’LO € \11275 (X),0 € [0, %),

M, = (h 2nd ) ZMh A2 =1lon Xy ¢ e C T*X, as follows. The first among these is chosen
such that ay € C*° (T* :10,1]), with Ag = ay) self-adjoint and

1, on Sy,

ag = 07 (S[a € (L—I—E]e) ]

One satisfying correct symbolic estimates in \I’% s (X)) is found by an application of the Whitney

[a € a,—l—e]2

extension theorem [I2, Sec. 2.3|. For points p in the complement of S , one has

d (etHPOp’,p’) > ¢ for each d(p,p’) < §. It is hence covered by open radlus $-balls U; such

that d (e U;,U;) > < fort € [%Téa_el’aﬁq, T} . We now apply Egorov’s theorem to Ehrenfest

time [I7, Sec. 3.4], the modification of this to the first case of (3.2)) is an easy exercise. This
gives that the rest of the pseudodifferential operators Ay, ..., Ay € \11275 (X), e = ch®, in the
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/ ’ c
partition of unity covering (Sj[? - e ]’e) maybe chosen such that

Ajp=e hPhA i € V) (X)

(3.4)
1 - o gLt Cla on—1
s =/ if 3C > 0 s.t. [0%"Po < 7', Voo e N
for o' =4° ~ "
i_ (l — 5) +; otherwise,
2 2 Algaxe a+€]+€
(3.5)

with WF (A;)) NWF (A;;) =0,

j=1,...,Mandt¢ |:%T0[a—5’7a+6 (_ _5) f[a ¢ a+e']6(h>:| .

Next choose h—independent functions f,0 € C=(R) with f,6 = F~'6 > 0 and spt (0)
contained in a sufficiently small neighborhood of the origin. Here F~!, F,~ ! denote the classical
and semi-classical inverse Fourier transforms respectively. The trace norm and trace of a positive
self-adjoint operator, computed with respect to the same auxiliary density on the manifold,
being equal one has

(3.6) |Aof (P) (F,,'0) (A= P) Agl|,, = tr [A5f (P) (F,'0) (A — P)]
(3.7) = F(\)6(0) (2nh)™" { /E apdv + O (hl_”)]
(3.8) < 1N 0(0) @)™ [v (S3) +0 (12)]

for each A € R. Here the asymptotics of the trace in the line above are evaluated by
a standard FIO parametrix and application of stationary phase formula as in [3, Ch. 10].
The exponent in h'~2% arises due to the presence of two derivatives of the amplitude a2 € S?
with each h-term in the stationary phase formula. The last equation (3.8) can be claimed for
arbitrary 6 € C° (R) of small support. The condition § > 0 can be removed as in [3, eq. 11.5].

Next, for 6. (t) == 0 (t —c) one has F; '0,(z) = €% F, '0 (x). Furthermore e*“*~) being
a unitary operator, the trace norm on the left hand side of is hence unchanged under
translation of 6. Writing 0 € C'° (=T, T)), of possibly h-dependent compact support 7' = T (h),
as a sum of O (7T') translates of functions with h-independent compact support near the origin
we obtain

[40f (P) (F10) (A= P) A||,, = £ () 01l ) O (T [ (S32) + 0 (0*)]).
Furthermore, Egorov theorem to Ehrenfest time gives
(3.9) tr [A?e%ﬂ = tr [e%PAjytAj} =0 (h™)
2
Aj;’s were chosen to comprise of a square partition of unity on the band Yo o). While

WEF(f(P)) C Yjg—erare) for f € CF(a—€,a+¢€) by (2.4). Thus the last two equations
combine to give

(3810)  [tr [£(P)(F'0) (0= P)][ = F N [0l co 2mh) ™ O (T v (835) + 0 (1))

for feC®(a—¢€,a+¢)and 0 € C®(-T,T) with T < (

for 6 € Cx <1Ta < ate] T), T < (3-0)Ty Tl et (h) following |j Now note that

. 5) Tg[a—e’,a—l—e’]ﬁ (h)

1
2
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Finally writing 0§ € C* (=T1,T) as a sum 6 = 6, + 0y of an h-independent function 6,
supported sufficiently near the origin and 6, supported away from the origin. Applying the
estimate (3.10) for f5 while using again the FIO parametrix for the h-independent function 6,
gives

(3.11)

tr [f(P)(F0) (A= P)] = £ (\)6(0) (2xh)™" [ /2 dv + 1|0]| oo O (TV (55;35) N Thl_%)}

A

for feCx(a—¢€,a+¢)and € C®(-T,T) with T < (1 —6) Ty Thla<atel ).

3.2. Tauberian argument. Following the last equation (3.11]), the rest of the proof of Theo-
rem (1| follows a standard Tauberian argument as in [3, Ch. 11] or [2I, Appx. B|. We provide
the details below for completeness.

First choose an even, h— independent Schwartz function 6 € S (R) such that § > ?, e> 0,
on [0,1] and 1 = 0 (0) = [ d&f (€). Setting 07 (v) = 0 (T~ '), satisfying 67 (€) = T (T¢€), and
choosing f € C° (a —d,a+¢€) w1th f (X)) =1, the trace asymptotics (3.11)) now give

T

N (MA+T7'h) <tr [f(P) (F,'0r) (A= P)]

— (27h) ™" / dv+ O <TV (5;35) + Thl‘%)]
DI
for each e > 0, A€ [a—€,a+ €] and T < (5 —9) Thle=< a9 (1) Hence

(3.12) N (AA+T W) < (20h) ™" {T—l/ dv+ O <y <5%§> + h1—25>}

(1+e)h

foreach £ >0, A€ fa—€,a+€]and T < (__5) hla—¢ a+e]6(h>
Next, the spectral measure for P is defined as ,uf( ") = Z)\ESpec P FO)S(A—=N). Now

choose a different even function 6 € S (R) such that its transform satisfies spt (6) C [—1,1],

1>6(¢)>0and [0(£)dé = 1. The two term asymptotics of the wave trace from [3, Ch. 10]
now give

pg x (F,10) (A) = f(X)6(0) (2mh) ™" /2 dv +h/2 pdv+0 (B?) |,

—
=:co(N) =:c1(A)

VA € R, with the second term involving the sub-principal symbol p; of the operator P.
Both sides above involving Schwartz functions in A, the remainder above can be replaced by
O (h—22> Integrating further gives

oy
(3.13) /_ L / aN (F'0) (A — V) i (V)
3.14) = / " i / AN (F0) (A= X') gy (V' + )

a

00 o | [ e tn [ armaw o).

—00
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Now note that

(3.15) / 0 AN (F10) (A= N") = L—oo ) (A") + 0 (%)

—00

where ¢ () = ffoo dth (t — 2) — 1(_oog) (7) is a function that is rapidly decaying with all
derivatives, odd, smooth on R, \ {0} and satisfies ¢ (z) = 6 (—z) for x # 0.
Next with x > 0 we compute

g0 (x) — ¢o * br ()]
_ ] [ dvlo0t) — on e 7)) é<y>‘

§/< dy 10} (clz.p)| T |y|é<y>+2/ dyf ()

y>xT
xzT
(3.16) STI/ dy\y!9(y)+2/ dyt (),
—0o0 \nyT P
—0, (2T) —05(2T)

where ¢ (x,y) € [t — T 'y, z]. A similar estimate holds for z < 0.
Now pairing the second term of (3.16)) with pf (A" + a) gives

(3.17) / N0, <X};T) iy (N +a) < (2xh)™" [T—l £l o ( /E a du) +0 (v (S5) + h%)

on covering Ry~ with intervals of size O (T'h) and using the Weyl estimate (3.12). A similar
estimate

(3.18) /d)\”T191 (/\;;T> pr (N +a)=0 (h*”T*1 [T’l +v (S;i) + h1*25])
then gives
)\// . )\//
<(2mh) ™" [Tl £l co < / du) +O (T2 +v (SF2) + hl%)] ,
a

on combining(3.16f), (3.17)) and (3.18]).

The second term above (3.19) is estimated on integrating (3.11)) against ¢q as

/ dN" gy * O (%) py (X' +a) = (2rh)™" [ / Ao (N) f(0)6(0) o (0) + O (,, (5??) " hl—zd)}
(3.20) —0 <V < 5%;:) hom h7n+1725> .

since ¢q is an odd function.
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Finally, set f; = 1(_co,q) () f (z). Then combining (3.13), (3.15), (3.19) and (3.20)) gives

tr S (P) = [ N1 V) 1y V)
= (2rh) ™" (/ dAf (A) e (A >+h/a dAf (M) er (A >+0(h2)>

—0o0 — 00

+ /d)\”¢0 (%) pr (N +a)

— (2nh)™" (/ A (V) co (A )+h/a dAf(A)cl(A))JrR(h),

—0o0 —0o0

with  R(h) < (2xh) ™" [T—l = (/ dv)+0(T—2+u(s;:z)+h1—25)],
Ya

for each ¢ > 0 and T < (1 — ) Te’[‘ke/’OLJrel]’(S (h). Letting ¢ — 0 and using the upper semi-
continuity of Ay, one obtains the above for each £ > 0 and T < (— — (5) T4 (h).

A similar estimate can be proved for the functional trace of f;" (z) = 1[1,700) (x) f (z). The
Weyl law of Theorem [1| now follows on writing the counting function as the difference of two

such functional traces.

4. EXAMPLES OF RECURRENCE

In this section we give estimates on the volumes of recurrence sets of various flows. These
shall be used in the next Section [p] to prove the corollaries stated in the introduction.

4.1. Anosov flows. First we shall consider the recurrence set of an Anosov vector field V
on a compact manifold Y™ of dimension m. To recall, a vector field V' is said to be Anosov if
there exists a constant ¢; > 0 and a continuous V-invariant splitting

TY =R[V]|® E*@® E® such that

—cit

H otV
-tV —cit

(11 e |l <,

Vt > 0. Here the norm is taken with respect to some Riemannian metric ¢ on the manifold.

For such a vector field its recurrence set Sy, (1.3]), Lyapunov exponents \; (y) (2.8), maximal

expansion rate Apax (2.9) and topological entropy hiop (2.12) can be analogously defined.
Let A\ > A« be greater than the maximal expansion rate. By definition of the maximal

expansion rate, and the semi-group property of the flow, there exists ¢ > 0 such that

(V)" fl e < ce™ HfHoz and

(4.2) i (e, eV ay) < ce? L9 (1, 12)

forallt >0, 1,20 € Y and f € C* (Y). From here, the following exponential bounds on the
volume of the recurrence set

(4.3) v (Sre) = O (e"e™T)
(4.4) v (Sg
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can be proved following an argument given in [5]. Namely, the recurrence set above has an
obvious lift

~ 1
(4.5) St = {(y,t) It € {QTO,T} st d9 (etvx,x) < 5} CY xR

satisfying my (gTﬁ) = St under the projection onto the first ¥ factor.
The volume bounds (4.3)), (4.4]) then follow from the following proposition.

Proposition 5. For each A > A,,.. , the lift S’T,E 1} satisfies the volume estimate
(46) Vy xR <gT,s) =0 (é?mem)\T)
with respect to the Riemannian product measure on Y x R.

Proof. First we claim that there exist C',d > 0 of the following significance: for each € > 0 and
each pair (,t), (2/,t') € Sy satistying [t —t/| < 0, d9" (x,2') < de ™ one has

(4.7) t—t| < Ce, d (2,Upe1etV ) < Ce.

By choosing § sufficiently small and using (4.2) we may work in a sufficiently small geodesic
coordinate chart. The V-direction and E* @ E* being transverse, we may replace 2’ by eV (z/),
t € [-1,1], to arrange x — 2’ € E* () ® E*® (z). Using (4.2) and a Taylor expansion in x,t we
obtain

eV () — eV (2') — de" (x) (x — ) =V (e () (t = )| < czeM |z — P Heslt—t

<eble—a|+ed |t —t].
Since (z,t), (2/,t') € S'T,g the above gives
6|z — 2| +esd [t — 1|+ 22 > [(I — de' (2)) (x — ") =V (" () (t 1))
>cylr—al|+eylt =1
with the second line above following from the Anosov property. It then remains to choose ¢

sufficiently small in relation to cs, ¢4 to obtain (4.7)).
Finally, let z;, j = 1,... N, be a maximal set of points such that a9 (zi, ;) > de . As
N
the balls {B Se—AT (93])} centered at these points are disjoint, the bound N < c5e™7 follows
2 7=1
by a computation of the total volume. Furthermore the sets

1 1
Bj i = Byse-xr (x) X [5 0+ ko, 5TO +(k+1) 5} :

Sjr=2S8r.NBjx, j=1...N, k=0,....,1+ [67'T],
cover Y X [%T 05 T] and ST,E respectively. By 1) small O () size neighborhoods of the orbits

1 1
§T0 + (kﬁ + 5) 0, Ute[—l,l]e(tﬁt)v (z;)
N\ :‘?k J

of volume O (™), then cover Sy, proving (4.6)). O
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4.1.1. Aoz v hypp. In sectionwe stated how the inequality hiop (V) < m.Apax follows
from the Margulis-Ruelle formula for a general flow of a vector field V' on a compact manifold
m-dimensional manifold Y. In this section, we show that a reverse inequality holds between
the two invariants when the vector field is further assumed to be Anosov. Namely, we shall
prove the following.

Theorem 6. For an Anosov vector field V' on a compact m-dimensional manifold Y one has
m

(4.8) Z.Amaz < oy (V)

We shall prove the above at the end of this subsection following some preparation. Namely,
to prove the above we shall use the equivalent Bowen-Margulis definition of topological entropy.

For each T > 0 one defines the Bowen distance on Y via
TY TY
4 (y1,y2) = sup @7 (e'fyr, eyp),
te[0,7)

where d9" " denotes the Riemannian distance corresponding to some Riemannian metric g”* on
Y. A (T, ¢) separated subset S C Y is a finite set in which any two distinct points are at least
distance € apart with respect to the above dr. Denote by N (T ¢) the maximum cardinality
of a (T, €) separated set in Y. The topological entropy of the flow is now equivalently
defined by

, , InN (T,€)
(4.9) hiop = hiop (V) = lg% (lljgljip T) :
Next for each s € (0, 1], let Dy (Y), Ds— (V) respectively be the set of compatible distorted
distance functions d on the manifold satisfying
dgTY <d< (dgTY)S

S—€

" <d< (dgTY) ,  for some € > 0,
respectively. The following inclusions are clear
D, (Y) C Dy (Y),
D, (Y)CDy (V), §<s.

Furthermore, all distances in D, (Y'), Ds_ (V) define the same manifold topology while D; (V)

is the set of all distances equivalent to the d9"" and hence includes all Riemannian distances.
To each distance d € D (Y), Ds_ (Y) we can associate the Lipschitz constant of its time one
flow

d(evyl evyz)
4.10 L,=1 V) .— N I JE)
(4.10) 0= La(eh) = s =

The following notion of the local skewness of the time one map shall also be useful. It is defined

as
d(eVy,e"
SLy (ev) =sup inf M
e>0 0<d(yry2)<e  d (Y1, Ya)
We now have the following inequalities for topological entropy.

Lemma 7. The topological entropy (2.12)) of an Anosov vector field satisfies the inequalities

m inf InL;| <hg,<m inf Inly
2 deDy _(Y) deDy _(Y)
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in relation to the infimum of the log Lipschitz constants 1) in D%_ (Y).

Proof. Let HD (d) denote the Hausdorff dimension of the manifold with respect to the distance
deDy_ (Y). The inequalities

(4.11) HD (d)In SLg < hyop < HD (d) In Ly

are fairly well known (see [6], 20] or [25, Thm. 7.15]). Furthermore % < HD (d) < m follows
from the definition. This proves one half of the lemma

4.12 hiop < inf InLg|.
(4.12) top = 110 (deplg(y) " d)
One is now left with constructing a sequence of distances dj € D% _(Y), k=1,2,... such

that m In Ly, approaches 2hy,, as k — 0o. Such a sequence of distances dj, can be constructed
for expansive maps [6} 20], cf. also the construction of the Hamenstédt distance [10]. The time
one map e’ is however not expansive in the flow direction. This lack of expansiveness can
nonetheless be replaced with the following instability property that is satisfied by the flow "
[18]: there is a positive constant ¢y > 0 for which one has the following implication

(4.13) y#eVz, VteR = " (ejvx, ejvy) > ¢y for some j € Z.

In fact the proof of the above therein gives the following stronger statement: for any ¢ > 0 there
exist positive constants ¢ > 0, a > 1 such that for a, == « + € one has the stronger implication

y#eVz, VteR and ¢ (z,y) < s,
— ad’" (z,y) < max {dgTY (e"z,e"y),d (e Va, e_v?/)} <aud (2,y).

The constant « can be related to the exponent ¢; in the definition (4.1]) of the Anosov condition.
We now define
N 00, T =Y,
x,y) =< . . , .
(z.9) inf {N € Ny| max;c[—N,nN] ds" (eJVx, ejvy) > cga_m} , T FY.

The following bounds are straightforward

In —d(? ) In —d(f )
(4.14) max 4 0, ——% & < N (2,y) < max{ 0, v

" In o, Ina

And we now set

(4.15) p(x,y) =NV satisfying

In o/ In(aae)
dgTY ([13, y)
Ca

dgTY ((L" y)
Ca

(4.16) <p(z,y) < [ for d9"" (z,y) < co.

It hence follows that p defines the same manifold topology as d9"", but it does not quite define
a distance. The inequalities 1) further give d (x,y) > 2 —= N(z,y) <22 = o<

«
In2

ame = 2. And applying the triangle inequality for d9"" one obtains
min {N (z,y), N (3, 2)} < M+ N (z,2)  and
p(z,z) < 2max{p(z,y),p(y,2)} Va,y,ze€Y
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as a weaker version of the triangle inequality for p. One now applies Frink’s metrization theorem
[8] to obtain the existence of a metric D on Y satisfying

(4.17) D (z,y) < p(x,y) <4D (2,y).

Thus D defines the same topology as d? . And furthermore we have D € D 1 (Y) on account

of ([8) and (LT7).

It is now an exercise to show that p (e/Vz,e/Vy) < a’p(z,y) with equality on some neigh-
borhood V; C Y x Y of the diagonal in the product. From (4.17) this gives

D (ejvzr, ejvy) <4a’D (z,y), Vr,y€Y,

(4.18) D (eVx,eVy) > ZOHD (z,y), V(z,y) eV,
And thus
(4.19) Lp (¢V) < 4o’ <16SLp (€Y).

Finally we define the following sequence of distances

D (e?Vx,elV
(4.20) di (z,y) = max ( , )
0<j<k—1 i

k € N, which are all equivalent to D. Their Lipschitz constants L, (ev) = [L o (e }1/ " are

seen to be given in terms of the D-Lipschitz constants of the time & map. Using (4.11)), (4.19)
and hep (ekv) = khiop (ev) one now obtains

In
m <m) InLg, (ev) < HD (dg) In Ly, (ev)
< HD (dy,)
- k
HD (d)

InLp (ekv)
<

HD (dy) 1
< - In16 + Ehmp (ew)
d
kg k) In 16 + hiep (ev)

< % 16 + hegp (") .

[ln 16 +InSLp (ew)]

HD

Letting £ — oo, and noting that <ln—a) — % as € — 0, one obtains the theorem. 0

m(aac)
The above lemma now implies the main result of this subsection Theorem [6]
Proof of Theorem[f. As the previous Lemma (7| shows, for each A > %htop we have
Lg<e*  forsomede Di_ (Y).
Using the semi-group property of the flow one obtains a positive constant ¢ > 0 such that

d (etvxl, €tVZL'2) < ceMd (x1, 1) .
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|=

From d¢"" <d < (dgTY> ® " this further gives

as” (etvajl, etvxz) < ce?de"” (21, 22)

(4.21) 1Y) Fllea < ce® (1 £l e
Vo, e €Y, f € C?(Y). The inequality Ayax < 2\ now follows easily from the last equation
and the definition of the maximal expansion rate. U

4.2.  Compact Lie Groups. Next we consider geodesic flows associated to bi-invariant
metrics on compact Lie groups. In this case the volume bound on the recurrence set is the one
given below. It was essentially proved by Volovoy in [24, Prop. 4| and we refine the bound
while following his outline.

Theorem 8. Let G be a compact Lie group equipped with a bi-invariant metric g. The recur-
rence sets for its geodesic flow satisfies the volume bounds

(4.22) v(Sp.) =0 ("'17)
(4.23) v (S75) =0 (er'17)
where p = rk G is the rank of the Lie group.

Proof. With g being its Lie algebra, let exp : ¢ — G denote the exponential mapping of the
Lie group. For bi-invariant metrics, the path Aexptb, b € g = T1G, gives the geodesic through
the point A € G in the direction dL (b) € T4G (here L4 denotes left multiplication by A).

From the compactness of the Lie group, one finds a uniform Lipschitz constant C' > 0 such
that

(4.24) d? (Aexpth, A) < Cd? (expth,I), YA€ G, beg,t>0.

This gives a constant (' such that

(4.25) v (Sp.) < Cuy {a € S7G|3t € { T, } s.t. d7 (expta,l) < }
e .
(4.26) (S%FZ) < Cyy {a € S{G|d? (a, St ;) < e}
_gle

T,e,I

for each ¢ > 0 and T" > %TO. Here v; denote the induced measure on the unit sphere inside the
dual Lie algebra g* = S7G. It thus suffices to estimate the measure of the recurrence set based

at the identity S7_ ; on the right hand side above (4.25).

Now let H = T? C G, p = rk GG, be a maximal torus. Similar recurrence sets 571’7,5,17 S%z?
as (4.25)), (4.26]) can be defined that is based at the identity I € H in the maximal torus. In

[24, Prop. 3| the measure bound v (ST6 1) = O (eP7'T?) for the based recurrence set inside

an arbitrary torus was proved. In fact, [24, Cor. 3] showed that S%’,gl C S7H, and thus

S}i? too, could be covered with a collection of radius e- balls {B: (h;) |h; € STH }jj\/il, where

M = O (T"). For a general group, any element a € Sy, ; C S;G is conjugate to an element in

the torus exp (tadpa) = P (expta) P~' € H for some P € G. It follows from (4.24) that the

conjugates adpa € Szlp’gg ., adpb € S ‘;f[ are elements of the based recurrence sets of the torus,

for a,b € St ;, S%S ; respectively, and hence in one of the M = O (T?) balls B, (h;) of radius
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FIGURE 4.1. Surface of revolution

e. It thus suffices to prove the estimate v (S;) = O (') on the volumes of the conjugates
S; = G.B:(h;).G™, j=1,2,..., M of these balls. This was also done by Volovoy in [24, pgs.
134-135). O

4.3. Surface of revolution. We now consider geodesic flows on compact surfaces of revolu-
tion.
Namely, the manifold is now given as

X ={(p(2)cosd,p(2)sing,z)|¢ € 0,27], 2z € [a_, a;]}
(4.27) C R®.

Here p : (a—,ay) — (0,00) is a smooth function satisfying lim, ,,. p(2) = 0, lim, ., p’ (2) =
Foo. The surface (4.27) is thus obtained by rotating the curve (p(z),0,z2), a < z < b, around
the z-axis (see Figure on page . We shall further assume that the surface is strictly
convex. That is, the function —p is strictly convex satisfying —p” (z) > 0. Thus p is maximized
at a unique zg € [a_,ay]. The curve vg = {(x,y,2) € X|z = 2o} shall be referred to as the
equator. The points (0,0, ay) are referred to as the north and south poles respectively.
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The metric on X is chosen to be the one induced from the Euclidean embedding. The
geodesic flow on surfaces of revolution is well understood. Firstly, the Hamiltonian function

can be computed
_1[g e
H<£Z7£¢)_§ |:E 1_'_p§

in terms of the cylindrical coordinates (z,¢). The angular momentum function &, Poisson
commutes with the above Hamiltonian and is hence preserved under the geodesic flow. This
conservation law can be rewritten in a more explicit form on the base. The geodesic v =
(z(t),¢ (1)) is the projection of the Hamilton trajectory

2(t),0(t); &) & (1) |
=(1+p2)z :p2<15
and thus the function p2q3 = {,(t) = c is constant along the flow. Denote by « the angle
between the velocity vector 7 (¢) at a point 7 (t) of the geodesic with the parallel through the
point. It is easy to compute pp = |¥|cosa. The Hamiltonian/length %MQ = H(v(t)) is
preserved along the flow. Thus the conservation law of &, can thus be restated by saying that
(4.28) pcosa = ¢ (constant )

along the flow. It is easy to integrate the above equation given the initial point and velocity
vector. Conversely, and from the uniqueness existence of of geodesics, any unit speed (non-
parallel) curve along which the above relation holds is a geodesic. While the only parallel
geodesic is the equator yg. The last three lines constitute the statement of Clairaut’s theorem.

Theorem 9. Consider (X?,g) a compact, strictly convex surface of revolution. Then volumes
of the recurrence sets of the geodesic flow (1.3) satisfy the estimates

(4:29) v (Sh) =0 (717)
(4.30) v (S32) =0 (7777 ),

for e, T sufficiently small. Here v (1.12)) is the mazimum order of vanishing of the equatorial
return map.

Proof. 1t follows easily from the Clairaut relation (4.28)), that every geodesic necessarily inter-
sects the equator vg in a uniformly finite time. By compactness, it thus suffices to estimate
the measure of the based recurrence sets

STeq = {f € S;X|3t e ETO,T} s.t. d(exp, (t§),x) < e, exp, (t§) € ’yE}

Slye = {5 € S;X|d (57 S%’,z—:,m) < E}

Tea
for x € vg.
Next for each x € vg on the equator, we define
(4.31) 7:5;X = Ry
(4.32) 0:8:X — S'=10,27]

as functions defined for elements in the cosphere ¢ € S;X above z. The first maps & to the
time of first return 7 (£) of the geodesic 7 (t) = exp, (t§) to the equator. While the second
maps £ to the angle of rotation 6 (£) of the equator needed to take x to the point of first return
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exp, (7 (£) &) (see Figure on page [18). There are standard formulas for 6 in terms of the
defining function p for the surface (cf. [2, Ch. 4B|). Now by Clairaut’s equation the angle
a between the geodesic and the equator will be the same at exp, (7 (£) £). Thus by rotational
symmetry, we have the relations

Y(t+7(§) = Ro)y ()

and the subsequent times of return will be 27 (§),37 (), ... respectively. From the continuity
of 7 one can thus find a positive C' > 0 such that for each ¢ > 0 there exists |s| < C and p € Z,

Ip| < Ct, satisfying exp,, (t§) = Rpoe)y (5) -
One is thus reduced to estimating the measure of the set

(4.33) Sren= {5 € S:X|I3p e Z\{0},q€Z, |p|,|q <CT s.t.

o353}

From the definition of r (1.12)) as the maximum vanishing order, one has [0 (£) — 0 ()| >
C'|€ — &|" for each pair & & € S*X sufficiently close. The volume of the set above is now

easily estimated as
Vg (gT,a,z> =0 <§T: <%> > =0 (5%T1_%>

p=1
as required. ]

S =

5. PROOFS OF THE COROLLARIES

In this section we prove the three corollaries of our main Theorem [T} They shall be based
on the volume bounds on the recurrence sets from Section M.

Proofs of the Corollaries[3, [3, [4 The pseudodifferential operator in all corollaries is the semi-
classical Laplacian P, = h?A, and the interval to be [a, 1] with a < 0. The principal symbol of
the Laplacian is py = |¢|* € O™ (T*X) is the norm square function on the cotangent bundle.
While the sub-principal symbol is zero p; = 0. Its relevant energy level is >; = S*X the unit
cosphere bundle of the manifold. This carries the contact form a, € Q' (S*X) which is the
restriction ay = g,y of the tautological one form on the cotangent space. It is then well
known that the Hamilton vector field of the principal symbol R, = H, g2 18 the Reeb vector
field of this contact form.

For Corollary [2], the manifold is taken to be a negatively curved Riemannian manifold. In this
case, the geodesic flow is known to be an Anosov Reeb flow. Hence the recurrence set volume

bounds 1} 1) apply. We may now set ¢ = h?, with § = 717 and T = }lTé’l (h) = %Aﬁﬂrﬁ in

. Then (1.7) becomes
1 (op_ 1)t _
|Ry| < vol (S*X)4 (AL, +¢) [Inh|™' + 0O <h4'(2 D Xt 4 [In k|2 + h%)

max

Theorem

using the volume bounds (4.3), (4.4). Since ¢ > 0 is arbitrary, the equation (1.9)) is proved.
The second estimate ((1.10)) is now a consequence of the inequality AL, < %htop from Theorem
6L

For Corollary [, the manifold X = G is a compact Lie group equipped with a bi-invariant
Riemannian metric. From [24] Lem. 2|, the Jacobian satisfies the bounds in (1.4 with C' = 1.

O = 1 1 p—1
zﬁ P 1’ and T = h7(§754) = hf(Wf) in

We may now set £ = h°, with [0,3) 2 § = -
4p ) )
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Theorem . Then becomes
R,=0(T'+&"'TP + n'~%)
—0 (h%—‘) V>0,

for p > 1 using the volume bounds (4.22)), (4.23)) as required.
Finally for the last Corollary [4] the manifold is a surface of revolution. From [24, Lem. 3|,

the Jacobian satisfies the bounds in (|1.4)) with C' = 0. And consequently the Ehrenfest time is
infinite. Here we set ¢ = h%, with § = =L ¢ [O 1) and T = h~ %1 in Theorem . Then 1}

ar—1 ’ 9
becomes

Ry =0 (g%Tl—% FT 4 h1—25>

—0 (hﬁ>
using (4.29) as required.
We remark that our choices of ¢ and T" are optimal based on the corresponding bounds for
recurrence set volumes in each case. 0J
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