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Riemann mapping theorem

Let D" := {z € C"||z| < 1} C C™ .

Theorem (Riemann mapping theorem 1851)

Let U C C open, proper, simply connected. Then U =2 D! (biholomorphic)

Chin-Yu Hsiao & Nikhil Savale arXiv 2009.07159



Classical Ri ing theorem
CR manifolds Bergman kernel
Weakly pseudoconvex case Fefferman's theorem

Riemann mapping theorem

Let D" := {z € C"||z| < 1} C C™ .

Theorem (Riemann mapping theorem 1851)

Let U C C open, proper, simply connected. Then U =2 D! (biholomorphic)

Naive higher dimensional generalization is false

Theorem (Poincare 1907)

In C2, the polydisk and disk D* x D! 2 D? (not biholomorphic).

Poincare’s proof computes:
Aut (D") = PSU (n,1) :=

_ A b In * __ [n _ 1 _ Az+b
(I A PO R [P PRSP
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Riemann mapping theorem

Let D" := {z € C"||z| < 1} C C™ .

Theorem (Riemann mapping theorem 1851)

Let U C C open, proper, simply connected. Then U =2 D! (biholomorphic)

Naive higher dimensional generalization is false

Theorem (Poincare 1907)

In C2, the polydisk and disk D* x D! 2 D? (not biholomorphic).

Poincare’s proof computes:
Aut (D") = PSU (n,1) :=

{T = {’2 Z] T [I" 71} T* = {[" 71} , detT = 1}/31 where T.z = 4258
Questions:

-find generalization of RMT in higher dimensions?

-biholomorphism classification of domains in higher dimensions

-more robust biholomorphism invariants?

Chin-Yu Hsiao & Nikhil Savale arXiv 2009.07159



Let U C C™ open, connected (often smoothly bounded..)
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Riemann mapping theorem
Bergman kernel

Fefferman’s theorem

Let U C C™ open, connected (often smoothly bounded..)

Define

L2 (U) ={f:U — Cmeasurable | [|f||22(, = fy; || dvol < oo}
HY, (U) = {f € L (U)|8f = 0} C L2 (U)

Bergman projection: Iy : L2 (U) — H0 ) (U) Cc L2 (U)
Bergman kernel: Iy € L2 (U x U) satisfies
My f) (=) =

Jo T (2,2") £ (2') dvol (')

[m]

=)
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Bergman kernel

Let U C C™ open, connected (often smoothly bounded..)

Define
L2(U) = {f : U — Cmeasurable | [|f[|%5 g, = fy 11 dvol < oo}

) (U) = {feL?U)|of =0} C L*(U)

(2
Bergman projection: Iy : L2 (U) — H?2> (U) c L2 (V)
Bergman kernel: TIy; € L? (U x U) satisfies

My f) (z) = [y Mo (2,2") f (') dvol (')

Properties:

L Oy (2,2") = 352, 95 () ¢ ©; (), for {¥;};2, ONB ofH<02) (U).
2. Iy (sz/) =1y (2172)

3. Iy (2, 2’) hol./antihol. in z/z’, smooth in the interior

4. (U bounded) Iy (z,2) > 0 in the interior
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The Bergman metric on U is defined via

g5j = 02,05 [InTly (2, 2)]
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Bergman metric

The Bergman metric on U is defined via

g% = 0,0z [In1ly (2, 2)]

Theorem (Bergman 1921)

Let F : Uy — Uz be a biholomorphism between two domains. Then it is an isometry
F.gUt = gU2.

Proof.

| A

From defining property Iy, (z,w) = det (%—f) My, (F(2), F (w))] det (g—i).
Mixed partials of Jacobians are zero.

A\

Chin-Yu Hsiao & Nikhil Savale arXiv 2009.07159



1. U = D" (disk)

(*3")
ONB: \| >~ " / ,a

T

z

H]Dn (Z,Zl) =
"

n!

1

n —\n+1
wr (1 — zz’)
corresponds to Poincare disk model for hyperbolic space
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1. U=D" (disk)

(")
ONB: \| 12/ e

! 1
H]D)” (Z7 z ) = i

—\n+1
" (1 — zz’)
g]Dn corresponds to Poincare disk model for hyperbolic space

2. (D'Angelo '78)
U=E,:= {\z1|2 + 222 < 1} (ellipsoid)

—2

kST

22 —
1\ P /

21 (1 — ZlZl> 2 p— 1 (1 — ZlZl>
g, (z,z/):—Qf + — T

3 2 2
™ p _\ 1 _ ™ p _\1 _
|:(1 —zlzi) P —Z2Zéj| |:<1 —z1z3> P —zgzé:|
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Computations of Il

1. U=D" (disk)

(")
ONB: \| 12/ e

! 1
H]D” (Z, z ) = i

—\n+1
" (1 — zz’)
gDn corresponds to Poincare disk model for hyperbolic space

2. (D'Angelo '78)
U=E,:= {\z1|2 + 222 < 1} (ellipsoid)

o %72 —\» 2
(17z1z1> 2 p—1 (17z1z1>

kST

21
no_
HEP(ZVZ)_?; _\ 1 73+7'r2 P _ 1 _ 12
|:(1—z1zi)p —zzzé} |:<1—z1zi)p —zgzé:|

Computing curvatures:D! x D! 22 D? | B, 2 E,, for p # p’ (not biholomorphic).
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Fefferman's theorem

Another strategy for D! x D! 22 D?: look for behaviour of biholomorphisms near
boundary (boundary of polydisk is non-smooth)

Conjecture: (cf. Krantz '13) Let Uy, Uz C C™ smoothly bounded. Then any
biholomorphism F': Uy — Us extends smoothly to the boundary.
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Fefferman's theorem

Another strategy for D! x D! 22 D?: look for behaviour of biholomorphisms near
boundary (boundary of polydisk is non-smooth)

Conjecture: (cf. Krantz '13) Let Uy, Uz C C™ smoothly bounded. Then any
biholomorphism F': Uy — Us extends smoothly to the boundary.

Theorem (Fefferman '74)

Let Uy,Us C C™ smoothly bounded and strongly pseudoconvex. Then Uy =2 Uz
(biholomorphic) <= 3CR diffeomorphism 0U; = 9U>.

Proof.

Uses Bergman kernel expansion. Given U = {p < 0}, dp|5; # O (boundary defining
function) , then

My (2,2) = a(2) )" +b () In(~p)

o0 oo
~ Z aj (z)p~ "I 4 Z bj (z) p? In(—p), asp—0,
j=0 j=0

for a(z),b(z) € C* (U), z = (x, p) local coord near boundary.Study geodesic flow
for Bergman metric near boundary to obtain boundary extension.
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A CR manifold (X2n+1 T1.0X C T:X)
-codim: dimcT0X =n

-non-degeneracy: TH0X NTLOX =
-integrability: [T10X,T10X] c T1.0X

f:i X1 — Xoisa CRmap iff £, 710X, C T1OX,
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CR manifolds

A CR manifold (X2n+1 T1.0X C TcX)
-codim: dimc7T0X =n
-non-degeneracy: 710X NT1.0X =@
-integrability: [T10X,T19X] c T1.0X

f: X1 — Xoisa CRmap iff £, T10X; Cc THOX,
Examples:

1. X =9U, U C C"smoothly bounded domain.
Where T10X = 71.0C N T X .

2. Y cpx manifold. (L,hL) Hermitian holomorphic.
CR manifold X = S'L, HX =Chern connection, T'0X = ker (J —i) C HX ® C
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CR manifold (X27+1, T1.0X C T¢X)

Levi distribution: HX = Re [T}0X ¢ T01X]
Levi form: . € (HX*)®? @ (T, X/HzX)
LU, V) =[UV]] € TuX/H: X

«O>» «Fr «=>» A



CR manifolds

Kohn Laplacian & Szegé kernel
Embedding question
Bergman-Szegd asymptotics

Classical motivation
CR manifolds
Weakly pseudoconvex case

Pseudoconvexity, Finite type

CR manifold (X27+1, T1.0X C T¢X)

Levi distribution: HX = Re [T10X ¢ T X]
Levi form: % € (HX*)®? @ (T, X/H:X)
LU, V) =[U,V]] € Te X/Hy X

x € X is weakly/ strongly pseudoconvex <= % (., J;.) is positive
definite/semi-definite
z € X is finite type <= HX is bracket generating at «

type of a point € X is r () = 1+ min # brackets in HX necessary to generate TX
type of strongly pseudoconvex point z € X is r (z) = 2.
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Tangential CR complex & Szegé kernel

Weakly pseudoconvex case

Tangential CR operator: 97 : C°° (AIT%1* X)) — €% (AITIT01* X)),
Defined by Leibniz rule following: (32 f) (2) = Z (f), f € C*° (X), Z € T*1X.

Oy 0 Oy = 0 (uses integrability)
i . go — 54 59—1
Kohn-Rossi cohomology: H%? (X) := ker (8]) /Im <6b )
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. Kohn Laplacian & Szegé kernel
CR manifolds i .
Embedding question
Bergman-Szegd asymptotics

Tangential CR complex & Szegé kernel

Weakly pseudoconvex case

Tangential CR operator: 97 : C°° (AIT%1* X)) — €% (AITIT01* X)),
Defined by Leibniz rule following: (32 f) (2) = Z (f), f € C*° (X), Z € T*1X.

Oy 0 Oy = 0 (uses integrability)
Kohn-Rossi cohomology: H®9 (X) := ker (9) /Im <5gil)

Choosing Hermitian metric on T1:9X & volume form p.
— — * _ —
Kohn Laplacian: 0 := 8¢~ (837")" + (87)" &

Szegd projector: II7 : L2 (AIT01* X) — ker (6])
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Hodge theory

Kohn described Hodge theory when Levi form non-degenerate.

Theorem (Kohn '65)

Let (X2n+1, T1.0X) CR manifold. Assume £ is non-degenerate of constant
signature (n—,ny), n=n_ +ny. Then for each q # n_,ny (i.e. Y (gq) condition )
O} is hypoelliptic and with a corresponding Hodge theorem H®4 (X) = ker (O7).

(X2"+1, TLOX) strongly pseudoconvex = Y (q) for ¢ # 0, n.
When Y (g) fails ker (O) can be infinite dimensional.

Chin-Yu Hsiao & Nikhil Savale arXiv 2009.07159
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Hodge theory

Kohn described Hodge theory when Levi form non-degenerate.

Theorem (Kohn '65)

Let (X2n+1, T1.0X) CR manifold. Assume £ is non-degenerate of constant
signature (n—,ny), n=n_ +ny. Then for each q # n_,ny (i.e. Y (gq) condition )
O} is hypoelliptic and with a corresponding Hodge theorem H®4 (X) = ker (O7).

(X2"+1, TLOX) strongly pseudoconvex = Y (q) for ¢ # 0, n.
When Y (g) fails ker (O) can be infinite dimensional.

Theorem (Kohn '65)

Let (X2n+1, T10X) such that Y (q) condition holds. Furthermore assuming 0 has
closed range, 3G : H® (AYH1TO1* X)) — H5t3 (A9TO1* X)) such that 119 = I—Gég
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Embedding question

Can (X2n+1 T1.0X) be embedded into CV by CR functions?

Theorem (Boutet de Monvel '75)

If (X2 T1.0X) strongly pseudoconvex and 2n + 1 > 5 then yes.

In dimension three counterexamples of Grauert '62, Rossi ‘64, Andreotti-Siu '70 ...

Kohn embeddability of (X27+1, T1.0X) strongly pseudoconvex <= & has closed
range, .(X2"*+1, T1OX) strongly pseudoconvex =—> Y (q) for q # 0,n.

Chin-Yu Hsiao & Nikhil Savale arXiv 2009.07159
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Embedding question

Can (X2n+1 T1.0X) be embedded into CV by CR functions?

Theorem (Boutet de Monvel '75)

If (X2 T1.0X) strongly pseudoconvex and 2n + 1 > 5 then yes.

In dimension three counterexamples of Grauert '62, Rossi ‘64, Andreotti-Siu '70 ...

Kohn embeddability of (X27+1, T1.0X) strongly pseudoconvex <= & has closed
range, .(X2"*+1, T1OX) strongly pseudoconvex =—> Y (q) for q # 0,n.

Theorem (Lempert '92)

Let (X3, T1.0X) strongly pseudoconvex three dimensional CR manifold admitting a
transversal, CR circle action. Then it is embeddable into CN .
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Szegd parametrix

Interesting to describe the singularities of its Schwartz kernel.

Theorem (Boutet de Monvel-Sjéstrand '75)

Let (X2"+17 TlvOX) be strongly pseudoconvex CR manifold. Assume 0, has closed

range. Then near each x € X there exist coordinates | 1 ...,T2n,Tan+1 | such that
—_————

=z’

oo
I (2, y) =/ dte™™ =V a (t; 2, y)
0
== . . /o
= / dtett(@2n+1—vant1) git®(2',y") (t; 3, )
0
=b(t;z,y)

Phase: @ (z/,y') = @ (y/, z’), Im<I>(w',y’)2_C|x'—y’|2,az’:y’ — & =0.
Amplitude: a(t z,y) €SPy an~ 320t (z,y)
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CR manifolds

Kohn Laplacian & Szegé kernel
Embedding question
Bergman-Szegd asymptotics

Classical motivation
CR manifolds
Weakly pseudoconvex case

Szegd parametrix

Interesting to describe the singularities of its Schwartz kernel.

Theorem (Boutet de Monvel-Sjéstrand '75)

Let (X2"+17 TlvOX) be strongly pseudoconvex CR manifold. Assume 0, has closed

range. Then near each x € X there exist coordinates | 1 ...,T2n,Tan+1 | such that
—_————

=z’

oo
I (2, y) =/ dte™™ =V a (t; 2, y)
0
== . . /o
= / dtett(@2n+1—vant1) git®(2',y") (t; 3, )
0
=b(t;z,y)

Phase: @ (z/,y') = @ (y/, z’), ImCD(x',y')2_C|x’—y’|2,az’:y’ — & =0.
Amplitude: a(t z,y) €SPy an~ 320t (z,y)

Note: regrouped amplitude b (¢; z,y) € S:l Cl(Iies in a more general class;
IR
azaaga;‘/b -0 (tn+%(\a|+\ﬁ\)—v))
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Szegd parametrix

More generally when Y (q) condition fails..

Theorem (Hsiao 10, Hsiao-Marinescu '17)

Let (X2n*1, T10X) be CR manifold. Let £ be non-degenerate of constant
signature (q,n — q) (i.e. Y (q) condition fails). Assuming Of has closed range, there
exists similar description for I1; (z,y).
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Bergman asymptotics

Specialize to X = 0U.
Consider Poisson operator

P:C™(X) = C™®(U)
Oy P =0,7P = I.

Theorem (Boutet de Monvel '71)

The Poisson operator mapsP : H® (X) — H**2 (U). Furthermore
P*P : C*® (X) — C (X) is elliptic, injective pseudodifferential of order —1 with
o (P*P)"t =0 (Ax).

Furthermore P approximately relates the Bergman-Szegé projectors
y” ="P(P*P)~! 9P (at highest order)

Using the above recover/refine Fefferman’s theorem

Chin-Yu Hsiao & Nikhil Savale arXiv 2009.07159
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Bergman semiclassics

Second specialization X = S1L.
Where Y cpx manifold. (L, hl) Hermitian holomorphic.
HX =Chern connection, T*°X =ker (J —i) C HX ® C

X strongly pseudoconvex iff (L, hl) positive
kth Fourier component of IT) = II;, : L? (X, L¥) — H® (X, L*)

This gives

Theorem (Tian '90, Catlin '97, Zelditch '98)

LetY®™ cpx manifold. (L,h") positive, Hermitian, holomorphic. The Bergman kernel
admits on-diagonal expansion

IOy, (y,y) ~ K" [bo (y) + b1 (y) k+...]

valid in C® for all c.

Different more geometric method: Dai-Liu-Ma '06, Ma-Marinescu '07 (without Boutet
de Monvel -Sjéstrand . Based on local index theory of Bismut-Lebeau '91).

Chin-Yu Hsiao & Nikhil Savale arXiv 2009.07159
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Greens function, pointwise bounds

Consider (X3,T170X) weakly pseudoconvex, finite type.
Let maximum number of brackets be r := max,ecx 7 () .

Theorem (Christ '89)

Let (X3, T10X) weakly pseudoconvex, finite type. Assume 9y, has closed range.
There exists (microlocal) G : H® (X) — H*t7 (X) such that 119 = I — GJj.

Chin-Yu Hsiao & Nikhil Savale arXiv 2009.07159
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Greens function, pointwise bounds

Consider (X2, T19X) weakly pseudoconvex, finite type.
Let maximum number of brackets be r := max,ecx 7 () .

Theorem (Christ '89)

Let (X3, T10X) weakly pseudoconvex, finite type. Assume 9y, has closed range.
There exists (microlocal) G : H® (X) — H*t7 (X) such that 119 = I — GJj.

Theorem (Christ '89)

Let(X3,T10X) weakly pseudoconvex, finite type. Assume O, has closed range. Near
any point ¢’ € X of type r (z’) there exists coordinates (z1,z2,x3) centered at
z'such that

0211 (2,0)] < Ca [d7 (,0)

] —2—r—aj—as—ras

dH (z,0) = |z1] + |z2] + |23 /()

(d¥ (x,0) is equivalent to the sub-Riemannian CC distance between x,0).

Similar bounds for boundaries of weakly pseudoconvex finite type domains in C2:
McNeal '89, Nagel-Rosay-Stein-Wainger '89

Chin-Yu Hsiao & Nikhil Savale arXiv 2009.07159
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Szegd parametrix

Consider (XB,TLOX) weakly pseudoconvex, finite type
(HX =Re [T10X @ T%1X] bracket generating).
Let maximum number of brackets be r := max,cx r (z) .

Theorem (Hsiao-S. '20)

Let(X3,T10X) weakly pseudoconvex, finite type. Assume Oy, has closed range. Near
any point ' € X of type r (z') there exists coordinates (z1,z2,x3) centered at
x'such that

I (z,0) = / dt €3b (23 £) + C™ (X)
0

1,22

2 _J 1 1
where b ~ tr [Z;‘;Ot rbj (trzl,trr2>] eS

S=s

o (BE, 2y X Rs) |, bj € S (R?).

2

. - . 2 2 -

Christ estimates are equivalent to b € Si’ (]RIMD2 x Ry) (ie.
T

cl

p g el . . .
aFo%b =0 (tm k55 ) without classical expansion).
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Bergman asymptotics

Specializations:

Theorem (Hsiao-S. '20)

LetX3 = OU be boundary of weakly pseudoconvex, finite type domain
U = {p <0} C C2. For any point ' € X = dU on the boundary, of type r = r (z'),
the Bergman kernel satisfies the asymptotics

oo o0
1 .
My (2,2) ~ Y PR > b (—p)? log (—p),
j=0 (=p)"Tr 77 j=0

as z — &’ for some set of reals aj,b; with ag > 0.

Fefferman '74 (strongly pseudoconvex case), D'Angelo '78 (ellipsoids),
Boas-Straube-Yu '95 ( h-extendible/semiregular domains), Kamimoto '98, '04 (tube
domains, toric domains)...
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Weakly pseudoconvex embedding

Theorem (Marinescu-S. '18)

Let Y2 Riemann surface. (L,hL) Hermitian, holomorphic, semi-positive. Assume that
RL vanishes to finite order at each point. The Bergman kernel admits on-diagonal
expansion

Tk (y,9) ~ K7 [bo (4) + b1 ) K~ 7 +b2 () k™7 .. ]

where 7 = (y) = 2 + ordy (RL).

More generally Hsiao-S. 20 expansion of Fourier modes of Szegd kernel under
locally-free, transversal CR circle action.

Theorem (Hsiao-S. '20)

Let X be a compact weakly pseudoconvex three dimensional CR manifold of finite
type admitting a transversal, CR circle action. Then it has an equivariant CR
embedding into some CV .

Lempert '92 (strongly pseudoconvex case), Christ '89 (X weakly pseudoconvex, finite
type with 9y closed range).
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Proof Sketch

Step 1. Let Z = a; () 9z; be CR vector field.

Z = dj (2) 0z; + bi (2) 0Oz; almost analytic extension (i.e. a, b almost analytically
extend a, 0)

Construct almost analytic coordinates w; (2) = p; (2) + g, (2) on C3 such that

Z = % (Owy + i0uwy) — & (Ouw, @ + 10wy P) O, for
¢ (w1, wz) = @0 (w1, ws) +0 (Juw™*1)
N —

homogeneous, real coefficients
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Proof Sketch

Step 1. Let Z = a; () 9z; be CR vector field.
Z = dj (2) 0z; + bi (2) 0Oz; almost analytic extension (i.e. a, b almost analytically

extend a, 0)
Construct almost analytic coordinates w; (2) = p; (2) + g, (2) on C3 such that

Z = % (811/1 + iawz) - % (811/190 + iawch) Ows, for
go(wl,wg) = ©o (wl,wg) +O<”LU‘T+1)
e ——

homogeneous, real coefficients

Step 2. Local Bergman projector By : L? (RIQ,) — ker (0¢) on ¢ =0, where
O = % (8171 + iapz) + %t (8101 e+ iapz‘p)-
Show B (p,p’) € §

3=

,0
cl’
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Construct appropriate symbol spaces a € S’Tk satisfy estimates

T
1
6385,8?a(p,p',p3,pg,t) =0 (tm_'V+F(|‘1|+|/9I)+a3+/33) on compact subsets.
Quantize to ﬁT’fl via Fourier transform.
1,
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Proof sketch

Construct appropriate symbol spaces a € S‘Tk satisfy estimates
=
1
agaf,aza(p,p’,pg,pg,t) =0 (tm*7+?<|a‘+|m>+“3+ﬁ3> on compact subsets.

Quantize to L’ln‘k1 via Fourier transform.
e

Step 3. Define almost analytic continuations of kernels in l:’f’fl.

Relate almost analytic extension of B; to original Szegé kernel IT;, (z,0) on R2.
This part uses Christ estimates and Green's function.
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Thank you.
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