BOCHNER LAPLACIAN AND BERGMAN KERNEL EXPANSION OF
SEMIPOSITIVE LINE BUNDLES ON A RIEMANN SURFACE

GEORGE MARINESCU AND NIKHIL SAVALE

ABSTRACT. We generalize the results of Montgomery [31] for the Bochner Laplacian on high
tensor powers of a line bundle. When specialized to Riemann surfaces, this leads to the Bergman
kernel expansion for semipositive line bundles whose curvature vanishes at finite order. The
proof exploits the relation of the Bochner Laplacian on tensor powers with the sub-Riemannian
(sR) Laplacian.

1. INTRODUCTION

In [3T] Montgomery studied the spectrum, and in particular the smallest eigenvalue, of the
Bochner (magnetic) Laplacian on the tensor powers LF := L®" of a Hermitian line bundle L.
He assumed that the underlying manifold is a Riemann surface and that the curvature of the
line bundle vanishes transversally along a curve. The problem goes back at least to the work
Simon et al. [2, B5] and Guillemin-Uribe [18] among others, who assumed the curvature is
symplectic. The problem has since also been actively explored under different assumptions on
the curvature. The first theorem in this article proves the most general such leading asymptotic
for the smallest eigenvalue of the Bochner Laplacian on tensor powers.

The holomorphic analog of the above is the study of the Bergman kernel of a holomorphic
line bundle L on a complex manifold. The Bergman kernel is the Schwartz kernel of the
projector from smooth sections of L onto holomorphic ones. The analysis of the Bergman
kernel and holomorphic sections associated to tensor powers has important applications in
complex geometry (see [14], 26]). When L is positive, the leading asymptotic for the Bergman
kernel along the diagonal was first proved in [38] and later improved to a full expansion in
[11, B9] using the Szegd kernel parametrix of [9]. Subsequently, a different geometric method
for the expansion was developed in [12] 26], 27| inspired by the analytic localization technique
of [8]. The problem of the expansion for semipositive line bundles is largely open. A second
objective of this article is to give the first proof of the Bergman kernel expansion at vanishing
points of the curvature. We achieve this for a semipositive line bundle L on a Riemann surface.

1.1. Statement of the main results. We now state our results more precisely. Let Y"!
be a compact Riemannian manifold of dimension n — 1 with complex Hermitian line bundle
(L, ht ) and vector bundle (F hE ) We equip these with unitary connections V¥, V¥ to obtain
the Bochner Laplacian

(L) A= (V) VR ox (Vi@ 1Y) 0% (ViF e 1Y), keN,

on tensor powers F' ® L, where the adjoint is taken with respect to the natural L? metric. As
the above is elliptic, self-adjoint and positive, one has a complete orthonormal basis {z/zf}ji )

of L? (Y; F ® L*) consisting of its eigenvectors A = X; (k) ¢F, with eigenvalues 0 < Ao <
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A1 .... Denote by RY = (VL)2 € Q2 (Y;iR) the purely imaginary curvature form of the unitary
connection V¥. The order of vanishing of R” at a point y € Y is now deﬁnedﬂ

(1.2) ry — 2 = ord, (R*) == min {I[J" (A’T*Y) 5 jiR* £ 0}, r,>2,
where j'RL denotes the [th jet of the curvature. We shall assume that this order of vanishing
is finite at all points of the manifold i.e.

1. = .
(1.3) T = ImaxTy < 00

The function y — r, being upper semi-continuous, gives a decomposition ¥ = U;:Q Y; of the
manifold via

J
(1.4) Y, ={yeY|r,=j} witheach Y;:= U Yy
=2

being open. Our first theorem is now the following.

Theorem 1. Let (L, h*) — (Y, gTY), (F,ht) — (Y, gTY) be Hermitian line and vector bundles
on a compact Riemannian manifold with unitary connections V¥, V¥ . Assuming that the cur-

vature RY vanishes to finite order at all points, with mazimal order r (1.3)), the first eigenvalue
Xo (k) of the Bochner Laplacian satisfies

(1.5) Xo (k) ~ CEY", as k — oo,
for some positive constant C. Moreover, the first eigenfunction concentrates on Y,.:
(16) [ ()] = O (k) y & Yern.
The leading constant above ([1.5)) can be identified
(17) €= inf X ()

in terms of the bottom of the spectrum of certain model Laplacians A, = Aggy,jrfz RE de-
pending on the metric gyT ¥ and first non-vanishing jet tensors j”_2R5 , defined on the tangent
space T,)Y at each y € Y (see Section . The first case of the above theorem is r = 2, when
the curvature R* is non-vanishing, and can be found in [19]. Here the model Laplacian is a
harmonic oscillator. The bottom of its spectrum is explicitly given A (A,) = jtr /=J2 in
terms of the endomorphism J, : T,Y — T,Y, defined by the equation g™ (., J,.) = R* (.,.). In
[31] a particular case of r = 3, with Y a Riemann surface, is considered. It is surpising that the
general case, despite being attempted, has been missed therein and in several references since
then.

Without further hypotheses, the structure of the locus Y, may be quite general; locally any
closed subset of a hypersurface (see Section below). To obtain further information on
the small eigenvalues, we introduce additional assumptions. First, we assume Y, = Ujvzl Y,
to be a union of embedded submanifolds of dimensions d; := dim (Y, ;). At points y € Y, the
first non-vanishing jet of the curvature j;2R* € S"*TY ® A’T;Y may be thought of as an
element of the product with the (r — 2)th symmetric power. We say that the curvature RF
vanishes non-degenerately along Y, if the following implication holds

(1.8) i (JiPRY) =0,Vs <r—2 = veT,Y,

IThe reason for this normalization, besides a simplification of resulting formulas, is the significance of Ty as
the degree of nonholonomy of a relevant sR distribution (see Proposition @)
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where ¢* above denotes the s-fold contraction of the symmetric part of j; 2RL. In Remark
@ below we note the following less invariant definition of the non-degeneracy condition
above in local coordinates: it is equivalent to assuming that the leading order part RO in
the Taylor expansion of the curvature at y € Y, locally defines the same locus Y, = Y =
{ Yy e Y]ord (RO) =r— 2} as . In Remark |§| we also note that our non-degeneracy COIldl—
tion on the curvature is less restrlctlve than the assumption of Y, being a 'magnetic well’
for the curvature RE that appears in earlier works [19].

Now set d*™* := max {dj}j.vzl and let NY,; == TY5 C TY denote the normal bundle of
each Y, ;. Note that there is a natural density on each NY, ; coming from the metric. Denote
bY X[e1,e] the characteristic function for [c, cz]. In Section we show that under the non-
degeneracy hypothesis , the Schwartz kernel of the model Laplacian on the tangent space
Xier,eo] (Ay) (0,0) = O (|[v|™), v € NY,,,, is rapidly decaying, and thus integrable, in the
normal directions.

Our next result is on the asymptotics for the Weyl counting function N [clkz/ " eok?/ 7"} for
the number of eigenvalues of Ay in the given interval.

Theorem 2. Let (L, h") = (Y, ¢™), (F,hF) = (Y, ¢9™) be Hermitian line and vector bundles

on a compact Riemannian manifold with unitary connections VL, VI . Assuming Y, C 'Y (1.4
to be a union of embedded submanifolds along which the curvature vanishes non-degenerately
(1.8), the counting function satisfies the asymptotics

max

(1.9) N [clk'z/r, Cka/T] ~ kT Z / Xier,ea] (Ay) (v,v),  as k — oo.
d;=dmaez NYr,j

If further Y, is a finite set of points (or d*** = 0), then the smallest eigenvalue of the Bochner
Laplacian has a complete asymptotz’c eTpPansio

(1.10) Ao (k) = K"

Z)\l 0 (K QN“)/?")] , VYN eNy, ask— oco.
=0

Next, we consider the case when (Y, hTY) is a complex Hermitian manifold. The line and

vector bundles (L, h*), (F, k") are then assumed to be holomorphic. Taking V*, V¥ to be the
Chern connections, one also has the associated Kodaira Laplacian

00 :Q%(YV;FR L) - QY (Y;FeLY), 0<q¢<m,
acting on tensor power&ﬂ. The first eigenvalue of the above is typically 0 with ker ] =
H1 (X T F® Lk) being cohomological and corresponding to holomorphic sections. The Bergman

kernel TI{ (y,y') is the Schwartz kernel of the orthogonal projector IT{ : Q%4 (Y;F ® Lk) —
ker (J{. Its value on the diagonal is given

(1.11) I (y,y) = Z|sj ), Ni=dimH (X;F o LY,

in terms of an orthonormal basis {sj} 1 of He (X; F ® L*), and thus controls pointwise norms
of sections in ker O] in the spirit of (1.6). To obtain the asymptotics of IT{ (y,y), we specialize
to the case of Riemann surface (n—1 = 2). Furthermore, in addition to vanishing at finite order

2The same result holds for the mth eigenvalue \,, (k) for any fixed m € Ny.
3Twisting by an additional bundle F' is fairly standard in complex geometry, for instance one is often required
to choose F' to be the canonical bundle (see Proposition [14] below).
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(1.3)), the curvature is assumed to be semipositive: RL (w,w) > 0, for all w € TH°Y. Under
these assumptions one has H* (X T F® Lk) = 0 for k sufficiently large, with the asymptotics of
the Bergman kernel I := II? being given by the following.

Theorem 3. Let Y be a compact Riemann surface and (L, h*) — Y a semipositive line bundle
whose curvature RY vanishes to finite order at any point. Let (F,h'") — 'Y be another Hermitian
holomorphic vector bundle. Then the Bergman kernel 11, == TI{ has the pointwise asymptotic
expansion on diagonal

N
(1.12) I (y,y) = k™ [Z ¢ (y) k=% | + 0 (k~Nv) YN e N,
j=0

Here ¢; are sections of End(F'), with the leading term co (y) > 0 being given in terms of the
Bergman kernel of the model Kodaira Laplacian on the tangent space at y (A.9).

Note that at points where R* is positive one has 7, = 2 and the above expansion recovers the
usual Bergman kernel expansion at these points. The presence of fractional exponents, at points
where the curvature vanishes, given in terms of the order of vanishing, represents a new feature.
It would be desirable to have a more explicit formula for the leading term ¢y at vanishing points
for the curvature. The final example computes the leading term explicitly in the case of
semipositive line bundles obtained from branched coverings. Finally, we note that unlike ([1.6])
the Bergman kernel expansion does not exhibit any concentration phenomenon.

1.2. Background and commentary. The result of Theorem [I] was shown by Montgomery
[31] in the case when Y is a Riemann surface and R vanishes to first order (r = 3) along
a curve. The case of non-vanishing curvature (r = 2), and a special case of the expansion
for r > 2, can be found in the work of Helffer-Mohamed [19]. The problem has since
been explored in several further cases. All such previous works however are more restrictive in
dimension, the curvature R* or the geometry of the manifold and bundles. Our Theorem 1| is
the most general leading asymptotic for the first Bochner eigenvalue. The only assumption is
the finite order of vanishing of the curvature R and corresponds to Hérmander’s condition on
the unit circle of L.

The proof here uses the relation of the Bochner Laplacian with the sub-Riemannian (sR)
Laplacian on the unit circle bundle of L, this is a manifestation of the semiclassical /microlocal
correspondence in this context. Asymptotic bounds on the smallest eigenvalue can be ob-
tained by replacing Guillemin-Uribe’s use of the Melin inequality on the unit circle [I8] by the
subelliptic estimate of Rothschild-Stein [33]. The leading asymptotic however requires un-
derstanding the sharp constant in the subelliptic estimate. Here we instead exploit a pointwise
heat kernel expansion for the sR Laplacian |4, 24] on the circle bundle, this is also consistent
with our method for the other announcements.

The first part of Theorem [2]is similarly the semiclassical analog of Weyl’s law for hypoelliptic
operators of Hormander-type. The main difficulty here is the non-uniform nature of the relevant
heat kernel expansion which does not immediately yield heat trace asymptotics. Prior results
on hypoelliptic Weyl law’s include the one by Métivier [30] and the eigenvalue estimates of
Fefferman-Phong [17].

The leading asymptotic of the Bergman kernel for positive line bundles on a compact complex
manifold was first proved in [38] and later improved to a full expansion in [I1], 9] as a conse-
quence of the Boutet de Monvel-Sjostrand parametrix [9]. Our geometric method here is closer
to [12], 27] and we refer to [26] for a detailed account of this technique and its applications. The
problem of the expansion for semipositive line bundles is well-known and largely unresolved,
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see [20, Prob. 4.8] or [13] for the analogous problem for weakly pseudoconvex domains. Our
final Theorem |3|is the first instance where the expansion has been proved at vanishing points
of the curvature for surfaces, and this is yet unresolved in higher dimensions. A key step in our
proof of Theorem , although one among several, is Corollary |15( below. This gives an O (kQ/ 7")
spectral gap for the Kodaira Laplacian on tensor powers by combining Theorem (1| with the
method of [25]. Donnelly has earlier shown in [16] that the corresponding does not hold in
higher dimensions as a counterexample to Siu’s eigenvalue conjecture [36] (see Remark [16| be-
low). Despite the counterexample, the problem of generalizing Theorem [3|to higher dimensions
remains open, perhaps by circumventing the use of Corollary Previously, [6] proved an
asymptotic estimate for the Bergman kernel of semipositive line bundles. In [5] the expansion
is proved on the positive part, and away from the augmented base locus, assuming the line
bundle to be ample. In [21I] the expansion is proved on the positive part when one twists by
the canonical bundle (i.e. F' = Ky). The analogous problem of the boundary expansion for the
Bergman kernel of weakly pseudoconvex domains in C? has also been recently solved by the
second author in [22], refining earlier estimates on Bergman kernels from [28], 32].

The analysis of holomorphic sections and the Bergman kernel for positive line bundles has sev-
eral applications, particularly to the Tian-Yau-Donaldson program in Kéhler geometry, Berezin-
Toeplitz quantization, holomorphic torsion and its relation to Arakelov geometry, random holo-
morphic sections and the quantum Hall effect (see [26] for these references). Our Theorem
opens the way to extending these applications of Bergman kernels to the case of semipositive
line bundles, which we plan to explore in a sequel to this article.

1.3. Organization of the article. The paper is organized as follows. In Section [2] we begin
with some standard preliminaries on sub-Riemannian geometry and the sR Laplacian. In
particular gives a proof of the on-diagonal expansion for the sR heat kernel. In Section
we specialize to the case of sR structures on unit circle bundles. Here Section proves
Theorem [1| based on an analogous heat kernel expansion for the Bochner Laplacian on tensor
powers Theorem [§] Next Section and Section [3.3| prove the Weyl law and expansion of the
first eigenvalue of Theorem [2| respectively. In Section [4] we come to the case of the Kodaira
Laplacian on tensors powers of semipositive line bundles on a Riemann surface. Here we prove
the Bergman kernel expansion Theorem [3]in Section [4.1]

2. SUB-RIEMANNIAN GEOMETRY

Sub-Riemannian (sR) geometry is the study of (metric-)distributions in smooth manifolds.
More precisely, let X™ be an n-dimensional, compact, oriented differentiable manifold X. Let
E™ C X be a rank m subbundle of the tangent bundle which is assumed to be bracket gen-
erating: sections of E generate all sections of T'X under the Lie bracket. The subbundle FE is
further equipped with a metric g”. We refer to the triple (X, E, g¥) as a sub-Riemannian (sR)
structure. Riemannian geometry corresponds to £ = T'X.

The obvious length function I (v) = fol |7| dt may be defined on the set of horizontal paths
of Sobolev regularity one connecting the two points zg, 7 € X as

Qp (zo, 1) = {y € H' ([0,1]; X) |7 (0) = 2o, v (1) = 21, ¥ (t) € By ae.}.
This also defines the sub-Riemannian distance function via

(2.1) d¥ (zg, 1) = inf  1(y).

YEQE(x0,21)
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The Chow—Rashevskii theorem shows that this distance is finite, or that there exists a horizontal
path connecting any two points on X, giving the manifold the structure of a metric space

(X, d").
The canonical flag of the distribution E at any point z € X is defined by
(2.2) E (.Z‘) C F; (l’) C...Cg ET(:B) (1’) =TX
——

={0} =E

where E;11 = E; + [E},E;], 0 < j < r(xz) — 1 denotes the span of the jth brackets. The
number r (z) is called the step or degree of nonholonomy of the distribution at = and in general
depends on the point x € X. Furthermore, the ranks of the subspaces E; () might also might
depend on z € X and £} need not define a locally trivial vector bundles. The growth vector,
weight vectors and Hausdorff dimension of the distribution at x € X are defined via

(2.3) m? () = (mOE, mP m¥ . omPE ), with mf (z) =dim E; (x),

=0 =m =n
(2.4) w” (z) = (wy (2),...,w} (2)) = <1,...,1, 2,...2 ..., r...r )
—_— = S——
m{E times m‘gfmiE times mffmf_l times
25) Q) =) (mf @) —mF, (@) =3 w’ (@).
j=1 j=1

A point x € X is called regular if mf ’s are locally constant functions near = or each distribution
E; is alocally trivial vector bundle near x. Mitchell’s measure theorem shows that @) (x) agrees
with the Hausdorff dimension of (X , dE) as a metric space at a regular point z € X. We call
the distribution E equiregular if each point x € X is regular. Hence in the equiregular case
each E; is a subbundle of TX with r (), m} (z) and @ () all being constants independent, of
x.

An important notion is that of a privileged coordinate system at x. To define this, fix
a set of local orthonormal frame of vector fields Uy, Us,...U,, for E near x. The E—order
ordg . (f) of a function f € C*>(X) at a point x € X is the maximum integer s € Ny for
which 377" | s; = s implies that (U7" ... Uy f) (z) = 0. Similarly the E—order ordg, (P) of a
differential operator P at the point z € X is the maximum integer for which ordg, (Pf) >
ordg , (P) 4+ ordg, (f) holds for each function f € C*(X). One then has the obvious re-
lation ordg, (PQ) > ordg, (P) + ordg, (Q) for any pair of differential operators P, Q. A
set of coordinates (z,...,2,) near a point « € X is said to be privileged if each z; has
E-order wf (x) at . A privileged coordinate system always exists near any point |3, pg.
36]. Furthermore, the coordinate system may be chosen such that each % equals the value
of some bracket monomial in the generating vector fields at x. The E—order of the mono-
mial 2% in privileged coordinates is clearly w.a, while the defining vector fields U; all have
E—order —1. A basic vector field is one of the form x%0,, for some j and has E—order

1 [A]J(q) with each vector

field U ;Q) being a sum of basic vector fields of F-order g. If one defines the rescaling/dilation

w.a —w;. We may then use a Taylor expansion to write U; = )

dex = ("1 2y, ..., " x,) in privileged coordinates, the vector fields U ;Q) are those appearing in
the corresponding expansion (d.), Uj = > 2 iU ](q) for the defining vector fields. A differen-

tial operator P on R™ is said to be E—homogeneous of ordg (P) iff (5.), P = e4e(P) P, Tt is
clear that the product of two such homogeneous differential operators P;, P, is homogeneous of
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ordg (P P;) = ordg (Py) + ordg (P,). The nilpotentization of the sR structure at an arbitrary
z € X is the sR manifold given via X = R",E = R Ul(_l), ., US| with the metric §F
corresponding to the identification U ](_1) — (U;),. The nilpotentization /i of a smooth measure

©) under the privileged coordinate expansion

i at x is also defined as the leading part i = [
(62), p = 9@ [Z;io /l(q)] These nilpotentizations can be shown to be independent of the
choice of privileged coordinates up to sR isometry [3, Ch. 5].

2.1. sR Laplacian. Here we define the sub-Riemannian (sR) Laplacian and state its basic
properties. It shall be useful to define it as acting on sections of an auxiliary complex Hermitian
vector bundle of rank [ with connection (F v ) . To define this first define the sR-gradient

V9" Fs e C° (X; E® F) of a section s € C* (X; F) by the equation
(2.6) hET <V9E’F3,v ® s’) =h" (Vs ), YWweC®(X;E),s €C®(X;F),

where hPF = g¥ @ h¥. Next, one defines the divergence or adjoint of this gradient. In the
sR context, the lack of canonical volume form presents a difficulty in doing so, hence we shall

choose an auxiliary non-vanishing volume form p. The divergence (VQE’F ) we C™(X;F) of
o

a section w € C* (X; E® F) is now defined to be the formal adjoint satisfying

(2.7) /<<V9E’F>Zw, s> = — / <w, VgE’Fs> p, VseC®(X;F).

The sR-Laplacian acting on sections of F' is then defined by the composition

(2.8) Aye g, = <v9E7F>* o VI"F L 0% (X, F) — C% (X, F).

m
In terms of a local orthonormal frame {U; };n=1 for £/, we have the expression

(2.9) ANCIICES i [_ <V5j)2 s + (VgEUJ.)Z ngs]

with (VgEUj> being the divergence of the vector field U; with respect to p. Changing the
I

volume form p changes the sR Laplacian by a conjugate, up to a term of order zero.

The sR Laplacian Age ), is non-negative and self-adjoint with respect to the obvious inner
product (s,s'y = [ ¥ (s,s') p, s,8' € C> (X; F). Its principal symbol is easily computed to
be the Hamiltonian

(2.10) 0 =0 (Agrpy) (2,6) = H® (2,6) = €[5 € O (T"X)
while its sub-principal symbol is zero. The characteristic variety
1) Sa,, = {6 e T'Xlo (A p,) (2.6) = 0} = {(5,€)] €], = 0} = B*

is the annihilator of E. From the local expression and the bracket generating condition
on [, the Laplacian Az p,, is seen to be a sum of squares operator of Hérmander type [20].
It is then known to be hypoelliptic and satisfies the following optimal sub-elliptic estimate [33]
with a gain of % derivatives

(2.12) sl 3 < C [(Agepups, os) + |l@s|3.], Vs € C®(X;F)

for all p,¢ € C*(X), with ¢ = 1 on spt (¢), and where r := sup,cy 7 (z) is the maximum
step size of the distribution.
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Thus on a compact manifold the sR Laplacian has a compact resolvent, a discrete spectrum
of non-negative eigenvalues approaching infinity and a well-defined heat operator e BB rn,

2.1.1.  sR heat kernel. We shall now describe the asymptotics of the heat kernel e BB Fn,
One first begins with the finite propagation speed for the sR wave equation [29]: the Schwartz

kernel K; (z,y) of the half-wave operator VBB Fu g supported
(2.13) spt K C {(z,y) |d” (z,y) < [t]}

in a |¢| size neighborhood of the diagonal measured with respect to the sR distance (2.1]). From
this one obtains a localization for the heat kernel. To state it, fix a Riemannian metric g7~
and a privileged coordinate ball BgTX (z), centered at a point x, of radius g, depending on z.
Let Uy,...,U, be a local orthonormal frame for E on this ball. Let x € C ([—1,1];]0,1])

with x =1 on [—%, %} Define the modified measure and vector fields on R" via

ﬁ—ﬂ+x<—d9 (x’x/)> (n— i),

Oz

Ox

~ (—1) ds (x,2") (—1)
in terms of the nilpotentization at x given by these privileged coordinates. These modified
vector fields can be seen to be bracket generating for p sufficiently small. The connection on F
can be written V¥ = d+ A, in terms of an orthonormal trivialization for F' over the ball, where
Ae! <BgTX ();u (l)), A (0) =0, is a one form valued in the Lie algebra u (1) of the unitary

group. A modified sR metric g¥ on R” is now defined by requiring the vector fields (2.14) to
be orthonormal. While a modified connection on the trivial vector bundle of rank rk (£') on R"

is defined as V¥ = d+ x (%) A. A formula similar to (2.9)) now gives an sR Laplacian on

R™ via
m 2 *
A = F GF 17 = F
A pps =3 [— (VE) s+ (V7 Uj)ﬂvﬁjs} .
j=1
Being semi-bounded from below, it is essentially self-adjoint and has a well-defined heat kernel
on R"™ using functional calculus. Furthermore from the bracket generation of (2.14)), it is of
Hormander type and satisfies a local sub-elliptic estimate (2.12). Next, an application of finite
propagation speed for the wave operator (2.13)) gives localization for the heat kernel for the sR
Laplacian. Namely, there exist constants p; ,, C; depending on x such that

—tA / —2nr—1 —dE(w’x,)Q
(2.15) e Tofru (x,2") < Ct e
2
_ 2
(2.16) e PP P (x,2') — e BB (x,2') < Cxe_flét

for d¥ (x,2') < o1, and t < 1.
We now have the following on diagonal expansion for the sR heat kernel.

Theorem 4. There exist smooth sections A; € C™ (X; End (F))such that

1
1Q()/2

Ve € X, N € N. The leading term Ay = [e_A@Eﬂ] (0,0) is a multiple of the identity and given

m
i terms of the scalar heat kernel on the nilpotent approximation at x.

(2.17) [e_tAgEﬂF,u]u (x,x) = [Ao (2) + A1 ()t + ...+ Ay () N + O (V)]
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Proof. By 1. it suffices to demonstrate the expansion for the localized heat kernel e 8 (0,0)
at the point z. Next, the heat kernel of the rescaled sR-Laplacian

(2.18) Aoy, =€ (8:), Dge p,
under the privileged coordinate dilation satisfies

(2.19) e BB (2,7)) = Q@ 1A p p (0., 0.2") .

Rearranging and setting x = 2/ = 0, t = 1; gives
€_Q(I)6_A2E,F,u (0’ 0) _ 6_52AgE,F,,u (O, O)

and it suffices to compute the expansion of the left-hand side above as the dilation ¢ — 0. To
this end, first note that the rescaled Laplacian has an expansion under the privileged coordinate
dilation

(2.20) Aop = (Zg EFM) L eNTIRM wy,

Here each A(;g P is an e-independent second-order differential operator on R™ of homogeneous

E—order j — 2. While each R™ is an e-dependent second-order differential operator on R" of
E-order at least N — 1. The coefficient functions of A;@ Fp A€ polynomials of degree at most

j +2r. While those of R™) are uniformly C*°-bounded in . The first term is a scalar operator
given in terms of the nilpotent approximation at x

A (0 T~ (-1 2
(2.21) A, =D = (U]( ))
j=1
This expansion (2.20) along with the subelliptic estimate (2.12)) now gives

Af —z o AQ 2 oo @) (e |Imz]_2)
gE . F.u gE Fp Hlsoc—)HS+1/T72 s

loc

Vs € R. More generally, we let I; == {p = (po,p1,--.)|Pa € N,D>_ pa = j} denote the set of
partitions of the integer j and define

(2.22) c=> (A, - )

pEIj

18 (A9 _Z>—1]
EFN EF,u .

Then by repeated applications of the subelliptic estimate we have

N
N -1 .
<2'23> (AZE,F,M - Z) - Zgjcj = Ong HHs+N<1/r 2) < +1 |Imz|_2Nw"_2> ,

J=0

- M
Vs € R. A similar expansion as ([2.20|) for (AZE ot 1) <A§E Fp z), M € N, also gives
(2.24)

A Mo N+1 2Nwp,—2
3 3 J - n—
(Bsrpt1) (Ao, ) § :g Ciar =0 owapromerr (N4 [z )

loc 7 10c

—2Nw,—2\ . .
where C% ,, = OHS s <€N+1 [Tmz| " ), j=0,...,N, with

loc loc

S = (AEF“+1>7 (A(g}m Z>1.
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For M > 0 sufficiently large, Sobolev’s inequality gives an expansion for the corresponding
Schwartz kernels of in C° (R" x R"). The heat kernel expansion now follows by plugging
the resolvent expansion into the Helffer-Sjostrand formula (see [15, Ch. 8, eq. 8.3] for this
formula and the notion of an analytic continuation used therein). Finally, to see that the

expansion only involves even powers of €, or that (2.17) has no half-integer powers of t, note
J

under the rescaling

that the operators A;@ Fu in the expansion ([2.20)) change sign by (—1)

6_1. Thus the Schwartz kernel for C% (2.22) then changes sign by (—=1)’ under this change of
variables giving C? (0,0) = 0 for j odd. O

The above proof similarly gives an expansion for functions of the Laplacian
1
(2.25) I (tAgE,F,H)]# (v,x) = @ [Af (2) + AT () t+ ...+ AL () Y + O (tY)]

Vo € S(R). As usual, the same proof gives a point-wise, near-off diagonal expansion for the

heat kernel and its derivatives: i.e. an asymptotic expansion for [gp (tAgE’ Fv“)}u (6t%x, 5t%x’ ),
as t — 0, on the chosen privileged coordinate ball in the C*°-norm on the product. This is
only a matter of different substitutions in and in the Helffer-Sjostrand formula for ¢ in
(2.24)).

However both the above and the expansion Theorem [ hold only pointwise along the diagonal.
In particular, the leading order ) (x) is in general a function of the point x on the diagonal.
This hence does not immediately give heat trace or spectral function asymptotics for the sR
Laplacian as the expansion might not be uniform or integrable in z. In the equiregular case,
where @ () = @ is constant, a uniform set of privileged coordinates, privileged at each point
in a neighborhood of z, may be chosen in the proof. This gives the uniformity of the expansion
in 2 and one obtains the asymptotics for the Weyl counting function N (\), for the number of
eigenvalues of A e p, below .

Theorem 5. For an equireqular sR manifold case there is a heat trace expansion
tre P rn = —— lag + art + ...+ ant” + O (t")],

VN € N, with leading term given by ag = fX [efAéEvﬂ] (0,0) . Thus the Weyl counting
1

function satisfies

Q/2 0 A
V- [ ] o

The above two theorems are by now well known [4] 24], 80, 37|, with the investigation of
the small time heat kernel asymptotics having begun in [7]. The above proof is based on the
analytic localization technique [8] combined with the use of sR geometric privileged coordinate
dilations.

3. BOCHNER LAPLACIAN ON TENSOR POWERS

A natural place where sub-Riemannian structures arise is on unit circle bundles. To be
precise, let us consider (X VB, gF ) a corank 1 sR structure on an n-dimensional manifold X.
We assume that there is a free S! action on X with respect to which the sR structure is
invariant and transversal: the generator e € C™ (T'X) of the action and E are transversal
at each point. The quotient ¥ := X/S' is then a manifold with a Riemannian metric g7¥
induced from ¢”. Equivalently, the natural projection 7 : X — Y is a principal S* bundle with
connection given by the horizontal distribution E. Let L == X x, S’ — Y be the Hermitian



BOCHNER LAPLACIAN AND SEMIPOSITIVE BERGMAN KERNEL 11

line bundle associated to the standard one-dimensional representation p of S* with induced
connection V¥ and curvature RY. Since the distribution is of corank 1, the growth vector at

z is simply a function of the step r (z) and given by m” (z) = <O,n —1,n—1,...,n— 1,n>
r(:t)f\lrtimes

(2.3). Equivalently, the canonical flag (2.2)) is given by

B 1<ji<r(z) -1
Ej(x)_{TX; j=r@) |

Also, note that the weight vector at z is w (z) = (1, 1,...,1,r (x)), while the Hausdorff
—_——

n—1 times
dimension is given by Q (z) =n — 1+ r (z). On account of the S! invariance, each of m® (x),
r(z) and @ (x) descend to functions on the base manifold Y. The degree of nonholonomy r ()
at  is now characterized in terms of the order of vanishing of the curvature RY as below.

Proposition 6. The degree of nonholonomy of an S invariant sR structure
(3.1) r(z) — 2 = ord (R") := min {l\jfr(x) (R*) #0}
is given in terms of the order of vanishing of the curvature R* on the base.

Proof. In terms of local coordinates on Y and a local orthonormal section 1 for L, we may write
VE =d+ia"; a¥ € Q' (Y), while E = ker [df + a*| with 6 being the induced coordinate on
each fiber of X. The proposition now follows on noting [U;, U;] = (daL)ij J9 = R];0y for the
local generating vector fields U; = 0,, — afag, 1 <5 <n—1. Repeated brackets among the
U;’s are then given in terms of derivatives of the curvature R”. U

Thus we see that the bracket generating condition is equivalent to the curvature R having
a finite order of vanishing at each point of Y.

3.0.2. Structure of Y,. As noted before, the function y — r, (1.2)) is upper semi-continuous
and gives a decomposition of the manifold Y = Jj_,Y}; YV = {y € Y|r, = j} with each
Yo, = U?,:O Y; being open. We next address the local structure of Y;, the locus of highest
vanishing order for the curvature.

Proposition 7. The subset Y, CY is locally any closed subset of a hypersurface.

Proof. First, express the curvature RV = RZ»LjdyZ- A dy; in some coordinates centered at y € ;.
By definition, Y, is described by equations of the following type near y

(3.2) ORE=0, Vi,j=12....n—1,acNy" || <r—3, while
(3.3) 85‘°RL #0, for someip,jo=1,2,...,n—1, ap € NO7! |ag| =7 — 2.

10J0
The second equation 1} implies that one of the functions 5’;‘RZ-L]-, |a| = r — 3, has a non-zero
differential and cuts out a hypersurface.
Conversely, let S C {0} x IBS;’;?WW1 C RZ;;QM%A be any closed subset of the n — 2 dimen-
sional ball, sitting inside the hypersurface {y; = 0} in n—1 dimensions. By an application of the

Whitney extension theorem, there exists a smooth function f (ya,...,y,—1) € C™ (RZ;?“,ynfl)
such that S = {0} x {fy, =... = fy,_, = 0}. The closed two form

n—1

1
Rt =d [_fdyl + 5?/%(@2] = (Y1 + [fy,) dyndyz + Z fy; dyrdy;

=3



BOCHNER LAPLACIAN AND SEMIPOSITIVE BERGMAN KERNEL 12

is the curvature of some connection on the trivial line bundle over the ball. This curva-

ture form satisfies r = 3 with Y3 = {y1 +fp=fp= = fy = O}. The local structure
of Y3 near the origin is now the same as S under the diffeomorphism (y1,92...,%n-1) —
(y1+fy2ay2>"'7yn—l)- U

3.1. Smallest eigenvalue. The unit circle bundle of L being X, the pullback C = n*L — X
is canonically trivial via the identification 7*L > (x,1) — 27!l € C. Pick an auxiliary complex
Hermitian vector bundle with connection (F hE Y ) on Y and we denote by the same notation
its pullback to X. Pulling back sections then gives the identification

(3.4) C®(X; F) = & C™ (Y F @ LF).

Each summand on the right-hand side above corresponds to an eigenspace of V" with eigenvalue
—ik. While horizontal differentiation d” on the left corresponds to differentiation with respect
to the tensor product connection V" on the right-hand side above. Pick an invariant density
px on X inducing a density py on Y. This now defines the sR Laplacian Ak g, acting on
sections of F. By invariance the sR Laplacian commutes [AQE’ Fxo e} = 0 with the generator
of the circle action and hence preserves the decomposition . It acts via

(3.5) Age gy = Orezdr

on each component where A, is the Bochner Laplacian on the tensor powers F ® L*, with
adjoint being taken with respect to uy.

Next, we show that the heat kernel expansion for the sR Laplacian Theorem [ gives a
corresponding heat kernel expansion for the Bochner Laplacian.

Theorem 8. The heat kernel of the Bochner Laplacian Ay has the following pointwise expansion
on the diagonal

Jo(n=1)/r [Z;V:O as; (y; ) k=27 + O (k,f(NH)/r)] . yev,
O (k—oo) 3 Y c Ygrfl

with leading coefficient ag (y;t) = e~'2v (0,0) being the heat kernel of the model operator (A.3))
on the tangent space.

(3.6) e BN (yy) = {

Proof. The Fourier decomposition for the Laplacians (3.5]), gives the corresponding relation

(3.7) e A% (Y1,2) = {/ do 67TA‘QE’F’“X (lyn lyzeie) e_ike} ly, ® ZZQ

between the heat kernels with [, [,, denoting two unit elements in the fibers of L above y1, y»
respectively. We again note that the kernels are computed with respect to the densities iy, py
chosen before. The above relation together with (2.15)) first gives

(3.8) e_iﬁ%A’“ (y1,92) = cE,Nk’N, VN € N,

when d (y1,y2) > ¢ > 0.

Choosing a coordinate system centered at a point y € Y and a local orthonormal section 1
of L gives an induced coordinate system on the unit circle bundle near x. It is easy to see that
this induced coordinate system is privileged at each point on the fiber above y.

Next, using with 7' = €%t and y; = y» belonging to this coordinate chart, one has

e A% (Y1,91) = {/ do.o eiEQtAgE,F’ux (1 (y1),1 (1) ei559,> 6““559/}
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where 6. denotes the privileged coordinate dilation as before. Now setting y; = ey = 9.y, the
equations ([2.19), (2.20]) in the proof of Theorem E 4| give an expansion for the integrand above

2N+1

(3.9) ¢ 8 (4, by) = / ds.0/e 00 &= Zam V.05 1) ¥ 4 o R (1,6 t)]

uniformly in ¢ < 1 and y € Bg(0), VR > 0. A slight difference above being that the co-
efficients a; (y,0';t) above are computed with respect to the model nilpotent sR Laplacian

A, = Aggyvjrszg A.5|) on the product S} x R"~! rather than (2.21)) on Euclidean space. In par-

ticular, the leading term is aq (y, €';t) = e~thy (y,0;y,0"). Now set ¢ = k=+ and ry (y) =1— T(T—y)
to obtain

N
e—ﬁAk <k—%y’ k—%y> _ /dékl/rele—ikn(y)el kQ(y)/r [Z (; (y7 9’;t) —2j5/r +0 (k 2N+1)/r>]
=0

(n=1)/r N Ay —2j/r —(eN+1)/r)] .
(3.10) — k [ijo az; (y;t) k + O (k )] ; yey,
O (k=); yeYe

following a stationary phase expansion in . Finally, setting y = y; = y in proves the
theorem.

Above we again note that the remainders are uniform for y € Bg (0),VR > 0. The first
coeflicient is given by the model Laplacian on the tangent space A, := Aggyvjrfg RL Via

o lyit) = [ e e S (00,0 = e fy,y)
by (A.7). While the general coefficient has the form

1o )
ay (y:1) = — / 07 ()3 (v.y) d=dz

(3.11) 5= (A [H N, (A, = 2) 1]

p€I2j
as in - for some set of second-order differential operators A;, j =1,2,..., (see also (i3.9)
below). Above p denotes an almost analytic continuation of p € S (R) satisfying p (z) = e~ %,
xz > 0. U

We now show how the heat kernel expansion immediately proves our first Theorem [I]

Proof of Theorem[1. We first give a short argument for asymptotic bounds on the smallest
eigenvalue

(3.12) CLkY" —Cy < Mo (k) < C1+o0(1)]E

The upper bound follows easily from a min-max argument. Namely by the min-max principle
for self-adjoint operators applied to the model operator A, on the tangent space at y € Y, there
exists 1) € C®° (R" 1), ||¢|| = 1 such that <Ay@5,1ﬂ> < Ao (Ay)+e, for each € > 0. Furthermore,

the model operator arises as the leading term (8,-1/-), Ay = k%" [A, + O (k7'/")] under the

rescaling 6,1,y := k~'/"y in geodesic coordinates centered at y (cf. also subsection below).
From the min-max principle for A, one then obtains

Xo (K -
o) < ko2t (M ) < 2o (A) +o (1)
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for ok = k(=D/7(§,_1,,)" 1. The upper bound now follows. For the lower bound, we
combine the trick of Guillemin-Uribe with the Rothschild-Stein subelliptic estimate on
the circle bundle to obtain
Cullay™s|| < Cullslie < [(Bye s, ) +lIsla]
Vs € C®(X; F). Letting s = m*¢% be the pullback of the orthonormal elgenfunctlon VE of Ay
gives C1h%" < (Ao (k) +1) as requlred To obtain the leading asymptotic (1.5) in Theorem |1} I
however one needs to show C; =Cin ( . This requires a closer look at the Rothschlld Stein
subelliptic estimate and in partlcular identifying the sharp constant therein.

We instead take an alternate route via the heat kernel, this is also consistent with our proofs
of the other two theorems in the introduction. First for any 0 < t; < t9, y € Y, and R > 0, one
has the following estimate at leading order using

) 1 (S d () E (k)
k2/r < (t —¢ ) In 1 —f2 A, 1 1
2 1 IBR(O)d <]<; ry> e /T (k y, k ry)
L Jip) e (y,y) + O (B717)
= n
(ta —t1) fBR(O) dye=28v (y,y) + O (k_l/T)
1 S50 AYET2 (v, Y) )
3.13 = In | =2 +0 (kY7
(313) (t2 — t1) S e (v, y) ( )

This already gives an upper bound on the first eigenvalue. To identify the constant (1.7)) one
takes the limit as ¢; — ¢ to obtain

Ao (k) < fBR(O) dy [Aye_tlAy} (y,y)
kAT fBR(O) dye="1%v (y,y)

Vt, > 0. Using Proposition [19| of Section , this gives limsup,,_, ., ’\k%—(/’? < Ao (Ay) +e,Ve >0,
y € Y,, and hence

O (K,

. Ao (k) _ .
<
(3.14) hgl_)soljp T ylél}% o (Ay).

For the lower bound on A (k), first note that as in (2.25) one may prove an on diagonal
expansion

<kz/rAk) (y,y) = kD7 [af (2) 4+ af (2) K7+ 4 af (2) kN 4 O (k-]
Vo € S (R), and where the coefficient af has the form (3.11) with p replaced with an analytic

continuation of ¢. Next note that each of the terms C3; (3.11)) is holomorphic in z for Rez <
C = inf ey, Ao (A,). This gives ¢ (k% Ak) (y,y) = O (k‘N VN € N, uniformly in y € Y, for

p € CF (—o00,C). Thus
Ao (k) 1 N
(3.15) and hence inf Ao (A,) < liminf Ao (k>

yey, koo  k2/T
From (B.14), (B-15) we have (L5).
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Ag (k)

The estimate on the eigenfunction 1} then follows from |77/J§ (y )| <ewlre O (y,y) on

using ) and ({ . 0

3.2. Weyl law. In this subsection and the next, we shall prove Theorem [2[ assuming Y, =
U i1 Y to be a union of embedded submanifolds, of dimensions d; := dim (Y,.;), along which

the curvature RY vanishes non-degenerately . Before proceedlng, the following remark on
our non-degeneracy hypothesis is in order.

Remark 9. (Non-degeneracy hypothesis) The non-degeneracy hypothesis ([1.8)) can be described
more explicitly in local coordinates. Namely, if we choose a coordinate system

Y1, -5 Yd;3 Ydj+1y - - -5 Yn—1
~~ o >

=y’ :‘;’

/

near y € Y, ; in which Y, ; = {y” = 0} is given by the vanishing of the last n — 1 — d; of these
coordinates, then the curvature can be Taylor expanded as

(3.16) -y Z Ry (") dypdyy +O (( ”)H) .

|a|=r—2p,q=1
N

J/

_RL
The non-degeneracy condition (|1.8)) is now seen to be equivalent to the implication
(3.17) (O°R{) (y) =0, V|B]| <r—2 <= y"=0.

That is, the (r — 2)-order vanishing locus Y, = Y,? := {y € Ylord, (R}) = r — 2} is locally the
same for the curvature R* and its leading part Rf. An example of a curvature that is not
non-degenerate in this sense is R = (y? +y3) dyrdy,. Here r = 4, the leading part of the
curvature is RY = y2dy,dy,, while {0} =Y, # Y = {y; = 0}.

A more restrictive condition, that is common in the literature and satisfied in the Montgomery
case [31], is that the curvature RL defines a 'magnetic well’ at Y, [19]. This assumes the existence
of positive constants C4,Cy > 0 for which the curvature satisfies

(3.18) Cid (y,Y,) " < [RE ()| < Cod? (3, V), Wy €Y,

with d9 denoting the Riemannian distance above. It is easy to see that the above is
stronger than and implies our non-degeneracy hypothesis . Examples of curvatures in
dimension two that are non-degenerate without defining a magnetic well are Rt =
y1y2dy1dy, (normal crossing), y1y2 (Y1 + y2) dyrdys, y1y2 (yi — y3) dyidy, (multiple crossings),
y1 (y2 — y?) dy1dys (tangential crossing), y; (y3 — y3) dy,dys (cuspidal vanishing) and y; ( AL 4 y%) dy1dys
(Af singularity). While in higher dimension a general class of examples is given by curvatures
of the form RY = fdf Ayidy, € Q2 (R"1), for f =yo.. . Yn_19 (Yo, - -, Yn_1), With g being any
homogeneous polynomial. The vanishing set Y3 for these curvatures includes {0} x V'[g] for
the variety V [¢g] .= {g = 0} C RZ‘2 corresponding to the arbitrary homogeneous polynomial

2y Yn
g. While the highest order vanishing locus Y, = {0} is the origin for the above.

By a standard Tauberian argument, the first part of Theorem [2] on the asymptotics of the
Weyl counting function now follows from the following heat trace expansion.
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Theorem 10. Assume thatY, = Ujvzl Y, ; is a union of embedded submanifolds, of dimensions

d; = dim (Y, ), along which the curvature R* vanishes non-degenerately (1.8). For any f €
C>(Y), the heat trace of the Bochner Laplacian satisfies the asymptotics

t A N M
—arfe| E E (dj=25)/r s (5
(3.19) tr [fe / ] =1 { —0 ' [/NY , % (%)

53

+0 (k(dj—QM—l)/r)}

VM € N, t < 1. Moreover, the leading terms above are given by
(32()) a;,0 (f7 t) = f|YTj eitAy (Ua U) , VE Nylfﬁja
i terms of the pullback to the normal bundle of f|YTj.

Proof. By Theorem |8 it suffices to consider f supported in a sufficiently small neighborhood of
a given point y € Y, ;. We then again choose a coordinate system near y in which Y ; is given
by the vanishing of the last n — 1 — d; of the coordinates and in which the curvature has the

Taylor expansion (3.16). We may further assume the coordinate vector fields {8yj }?;11 to be
orthonormal at y. The model operator (A.4]) on the tangent space

n . 2
Ay = - Z Z (ayp + %yq (y")* qu,a) )

|a|=r—2p,q=1

is given in terms of this leading part of the curvature. Below it shall also be useful to define
the model semiclassical k-Bochner Laplacian

n k N 2
(3.21) Ampd=— 3" ) (ayp +Z7yq (y") qu,a) . Yk >0,
|a|=r—2 p,qg=1

corresponding to the leading part of the curvature in (3.16)).

Next from (3.10)) one has

N
eiﬁAk (55y755y) _ k(n—l)/r [Z (a; (&fkl/ry,t) k—2j/r +0 (k,—(QN—l-l)/r)] 7

=0
(3.22) with  aq (€k1/ry;t) _ Ay (5k1/ry7€kl/ry) ’

uniformly for k" > ¢ and y € By (0). Furthermore, substituting ¢t = 5+~ in (3.9) we obtain

N
_LA A —ikeT 0! ]. ;
(323) e w2tk (5€y’58y) =2- (n—1) /dele ke”0 ;azj (y,G/’ W) 52.7
€2N+1 , 1
+WR2N+1 (%9 ; W) ;
1 — L A
(324) ap (y, 01; W) =e /T S (Y7 0; Y, 6/)

uniformly for ¥ € N, k%" < ¢ and y € B; (0). The leading term above is identified with the

heat kernel
__1_Amod —ike" 6’ —1
o2 Ay (y,y) — /dQ'e ke”6 ao (y,@’; ngQ/T) )
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of the model k-Bochner Laplacian (3.21]) for k := ke”. One next chooses

y = <O>'"7O;ydj+17"'7ynfl>a ‘y”’ :17
—_— —,—.—

4 7

of the given form so that ord, (ROL) <r—2by 1) Then

(3.25) AT (y,y) = e (K7y,KTy) = O (k).

follows by a stationary phase type argument as in Theorem [§f A similar argument applied
to the subsequent terms in (3.24), which are given by convolution integrals with the leading
part, shows that [ dQ e~ ike"?" as; (y, 0’ Egk;zﬁ) = O (k=>), V4. In particular, the terms of 1’
(3.24) are integrable in e for fixed k. Thus (3.22), (3.24), (3.25) and a Taylor expansion for f
near y = 0 combine to give (3.19). O

3.3. Expansion for the smallest eigenvalue. In this subsection we prove the second part
of Theorem [2| on the expansion for the first eigenvalue )¢ (k), assuming non-degeneracy
and when Y, is a finite set of points. The same argument as below, with a minor modification,
also gives an expansion for the mth eigenvalue A, (k) for any fixed m € Ny.

Before proceeding, we note a short argument showing that a weaker version of the second
part of Theorem [2] is immediate from its first part (L.9). Namely, when Y; is a finite set
of points (or d;*** = 0), the number of eigenvalues for the Bochner Laplacian N [cle/ " eok?! ’"],
for ¢; < C < ¢g, has a limit as k — oo by . Furthermore, by Theorem 10| the functional
traces tr (k#Ak), ¢ € C (1, o), involving the eigenvalues in this interval, have expansions
in powers of k=/"
HAj(k)e[clk%,ch?/r] (
be written in terms of the functional traces and hence have expansions in powers of k~1/". By
an application of analytic perturbation theory for polynomial roots |23 Ch. 2.2|, the smallest
eigenvalue \q (k) has an expansion in powers of k~/M" where M € N is the multiplicity of one
of the roots of py (N).

The above argument is however insufficient to obtain an expansion in powers of k~*/". Below
we instead show that )y (k) is an eigenvalue of a family of self-adjoint matrices A;1/», of fixed
rank, whose entries admit expansions in k~%/". One may then apply analytic perturbation
theory for self-adjoint matrices. This requires working at the level of eigenfunctions and our
technique again partly borrows from [8, Ch. 9.

We first need some terminology. Let o < min {%, %@'gTy} be smaller than half the injectivity
radius 7,7y of (Y, gTy). Choose a geodesic coordinate system on a ball By, (y) centered at

y € Y,. Below it shall also be useful to choose ¢ small enough so that the balls { By, (y)}erT
;inlk ) of L, F over By, (y) that are parallel with
respect to VI, VI respectively along geodesics starting at the origin. The Bochner Laplacian

*
can be written in this local frame and coordinates as A, = (VF®Lk) VEFOLY where

. Thus for k sufficiently large Ao (k) is a root of the polynomial p,-1/» (A) ==
A —A;(k)) of a fixed degree in A. The coeflicients of this polynomial can

are disjoint. Choose local trivializations 1, {s;}

VIO —d 4 af + ka®
1
ay = / dp (py’RL, (px))
0

(3.26) al = /O dp (py' Ry, (p)) ,
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With y € C([-1,1];[0,1]) with x = 1 on [—1,1], we define the modified connections on

272
R 1 via
vF —d+x(M>a
20

1
Vi=d+ / dp py* <RL>. (py) | dyj,  where
\O ]k J

5 || Ly W] »z
3.27 Rl = R = )| R}
( ) X <2Q - X 20) | 0
Further, we choose a modified metric g7 which is Euclidean outside By, (y) and agrees with

g™ on B, (y). This defines the modified Bochner Laplacian Ay = <@F®Lk>* vEeLt agreeing
with Ay, = A on the geodesic ball B, ().

A dilation as before is now defined via 0 -1/»y = (k‘l/”yl, ey k:_l/ryn_l) and we consider
the rescaled Bochner Laplacian
(3.28) A =k (8pu), Ay

Using a Taylor expansion and (3.27)), the rescaled Bochner Laplacian has an expansion

N
(3.29) A = (}:kﬂv¥>+k NHD/"Enyy, VN
5=0
(3.30) where each A; = a;ypq (y) 0y,0,, + bjp (y) 0y, + ¢; (y)
is a k-independent, self-adjoint, second-order differential operator while each
(33]‘> Ej = Z ya [a?;pq (y7 k) 8ypayq + b?;p ( ) ayp + C (ya k)]
|a|=N+1

is a k-dependent self-adjoint, second-order differential operator on R*~! . Furthermore the
functions appearing in (3.30)) are polynomials with degrees satisfying

dega; =7, degb;<j+r—1, degec; <j+2r—2
(3.32) degb; —(j—1)=degc;—j=0 (mod 2)
and whose coefficients involve
a; : atmost j — 2 derivatives of RTY
(3.33)  bj,c;: atmost j — 2 derivatives of R", R™Y and atmost j + r — 2 derivatives of R”

The coefficients a,,, (y; k), %, (y; k), ¢ (y; k) of (3.31)) are moreover uniformly C* bounded in
k. The leading term of (4.19)) is computed

(3.34) AO = Ay = AgZ"therRé

in terms of the model Bochner Laplacian on the tangent space TY (|A.3]). We shall see below

that these operators (3.30) are the same as those appearing in ([3.11).
Next, in our chosen coordinates and trivialization, the curvature R’ again has a Taylor

expansion as in (3.16)) with the non-degeneracy condition (1.8) being equivalent to (3.17). If
334

Y, is further a finite set of points then the model operator (3.34) at y € Y, has a discrete
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spectrum, EssSpec (A,) = 0, by Proposition in Section |A . We then set Ao, < A1, to be
the two smallest eigenvalues of A, and Ej, = ker [A, — \g,] the smallest eigenspace. Any

normalized ¢ € Ey, defines a quasimode

~ 2 ~
Uk (¥) =X <%) B2 (BYTy) € 0 (Vs F @ LF),  satisfying

:k(n—l)/Qréz_l/rJ)

HJkH =1+o0(1)
(3.35) Aty =k Xo yr, + Opz (k7)) .

And we define Ej )y to be the span of the quasimodes corresponding to an orthonormal basis of
Eo, . Finally set A\g == min,cy, Aoy, ¥r == {y ey, |)\0y = )\0} C Y, and \; := min {A1y|y €y, }U
{Noyly € Y, \ Y.} > Ag. Further set E, = Dyey, Ey, C C® (V;F® L*) and Ef to be its L?
orthogonal complement.

We now have the following proposition.

Proposition 11. There exist ¢ > 0, kg € N such that

(3.37) (A, 0) 2 5 (o 2) K

S Ckl/T

for each k > ko and ¢ € Ey, ¢ € C™ (Y;F ® Lk) N EOl of unit L*-norm.
Proof. The first equation (3.36)) follows easily from construction (3.35)).

TY
For (3.37), we first set x, ¢ = x (dgT("y)> ¥, with d9" " being the Riemannian distance, for

o= (e (-3 0)

each y € Y, and split

J/

—¢1 —1/12
Now since the 1 is compactly supported away from Y;, an argument similar to (3.12) gives
(3.38) (Aptha, b)) > [erk® 7D — o] [

for some constants ¢, ¢ > 0 depending only on p. Next since x,0, y € Y, has compact support
in B, (y), we may decompose

k™ (n=1)/2r (619_ l/r) wa = %9 + %f
~— ~—
erl‘[Ao—j\o] Eker[Ao—S\o]L
. . < 2 .
Clearly ¢} is orthogonal to ¢ and Agy; while (Dot ) = A ||¢f||” by definition. Fur-
thermore, x,% L Fy, by construction and hypothesis. Hence we may compute

(ot K260 ) = (g, (1= X) RO/, )
= (k0 (5.0, ) X [L= x ()] 0) = 0 (1) el
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for any normalized 1; € Ey,. This in turn gives H¢2H =o(1) [[x,¥], w;H =[1—o(D)]|Ixy¥ll

and hence
Dok (578, ) s K72 (570, ) = (ot ) + (Dot )
> N [[ug [P = A= o (D] vl
On account of the rescaling (3.28)), (3.29), (3.34) we then have

(3.39) (Bixyth xy®) = K7 M=o (D] Ixg¥ I
Finally, with x1 = >~ 3. X, we estimate

[v7e | = 0 pavFere | + 1 - p) | —x) Y|
= p||~daw + V| + (1= p) v + VI (=) v
= |V | + @ = 0) [T 1= ) vl -0 vl
> ok [\ =0 (] Il + (1= p) [k 07D = o] |1 = x) vl = O (V) 0]
> < (Ro+30) K o)

fork>>0byand . O

Following the above proposition, the min-max principle for eigenvalues gives

+

§ i L
3.40 Spec (Ag) C [Aok?™ — ckY" Ak 4 k"] U | = (Mo + A1) K27, 00 )
2

Iki:

Next, choose a € <5\0, %) And let T' = {|z| = a} and ¢ € C.(0,a), with ¢ = 1 near A,
define a circular contour in the complex plane and a cutoff function respectively. The resolvent
(Zr Ak — 2)71 then exists for z € I', £ > 0 and one may define via

1 1 - 1

the spectral projection onto the span of the Ag-eigenspaces with eigenvalue in the first interval

Ty, of (3.40). Finally, (3.36]) and (3.37) imply that
(3.41) Py By > B ::@{ker(Ak—)\):)\EZk}
is an isomorphism for k£ > 0. We now have the following.

Theorem 12. For any two quasimodes iy, J/’c € Ey (3.35), the inner product
N

(3.42) <1Zk, AkPOJ]{C> = k2T Z 5jkfj/r +0 (k(kN)/r)
=0

has an asymptotic expansion for some ¢; € R, 7 =0,1,....

Proof. For two quasimodes Jk, 1}2 localized at two different points of Y, one has <1Zk, AkPOQZ§€> =
O (k=°) following a similar off-diagonal decay for the kernel of ¢ (kz—l/rAk) as . We now
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consider two Jk, zz,’c € EO,y of the form (3.35)) localized at the same point y € Y,. In this case,
first a finite propagation argument as in (2.16)) gives

<1Zk;; Akpoiz;€> <1’/}“k7 Akcp (%Ak> 1;;6> +0 (k—oo) s while

I I ! n—1)/r T T,/
(343) o7l (k—/Ak) (y,9) = K" D (8) (KY7y, 17y

follows by a similar rescaling as in (2.19)). We now obtain an expansion for the right-hand side
above by a resolvent expansion for A similar to (2.23)). Namely, let

I; = {pz (po:p1s---) [pa €N,Dpa :j}

denote the set of partitions of the integer j and define

Ci=> (Do—2)"" [H A, (Do — z)1] .

pEIj

Then by repeated applications of the local elliptic estimate we have
N
—1 —i/r~z — r —2rN—-2
(3.44) (A=) =Y kG = 0y e <k (N+D/7 | [ ) ,
j=0

for each N € N, s € R. Plugging the above expansion into the Helffer-Sjostrand formula then
gives

loc loc

N
(3.45) Ap (D) — Z k—j/rcf — Ope oz (k= (VFD/T)
7=0

VN € N and for some k-independent C7 € L? (R""! x R*"), j = 0,1,.... A similar argument

as ([2.24), replacing (3.44) by the resolvent expansion for (A + 1) (A — 2)™", shows that the
last expansion above is valid in C! (R"~! x R"1), VI € N. Hence plugging (3.45)) into (3.43)
finally gives

N
@k, AkPoiE;> — KT (Z cjk;—j/r> — O (k= -D/m)

=0
VN € N, with ¢; == <1/~), Cf@/;’> as required. O
The proof of Theorem [2] now follows from the above and is summarized below.

Proof of Theorem[Z As noted before, the first part of the theorem regarding the Weyl law
follows from Theorem [10| by a Tauberian argument.

For the second part of the theorem regarding the expansion for Aq (k), note from (3.41)
that the low lying eigenvalues of A, are given by Spec (Ak|EO) = Spec (Ak|P0EO) for k£ > 0.
But since the matrix coefficients of Ag|p 5 were just shown to have an expansion in Theorem
the expansion for the smallest eigenvalue )\ (k) now follows by an application of standard
perturbation theory for self-adjoint matrices as in [23, Ch. 2.6]. O

Remark 13. (Spectrum and abnormals) Our Theorem (1| and Theorem [2| proved in this section
are generalizations of the results in [31]. This latter article seems to have been motivated by
describing a correspondence between the asymptotics of sR Laplace spectrum and the phe-
nomenon of singular or abnormal geodesies in sR geometry, and claims to have achieved this
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goal. However our generalization of its results here shows that this is not the case, as indeed
the concentration of the eigenfunction ultimately occurs on the locus Y, where the Hausdorff
dimension is maximized. And this in general has little if anything to do with abnormals. As a
reference for the first spectral study of abnormals in sR geometry we refer instead to the recent
article [34] of the second author.

4. KODAIRA LAPLACIAN ON TENSOR POWERS

In this final section, we shall prove the Bergman kernel expansion in Theorem [3] Thus we
now specialize to the case when Y is a complex Hermitian manifold with integrable complex
structure J. For the arguments of this section, we shall further need to restrict to the two
dimensional case, when Y is a Riemann surface (see Remark . The metric g”¥ is induced
from the Hermitian metric on the complex tangent space TcY = T1OY. Further (L, hY), (F, ht)
are chosen to be a Hermitian, holomorphic line and vector bundles respectively. We denote by
VE, V¥ the corresponding Chern connections. The curvature R* of V¥ is a (1,1) form which
is further assumed to be semipositive

(4.1) RY (w,w) >0, YweTYY.

We also assume as before that the curvature R* vanishes at finite order at any point of Y. We
note that semipositivity implies that the order of vanishing r, — 2 € 2N; of the curvature R”
at any point y is even. Semipositivity and finite order of vanishing imply that there are points
where the curvature is positive, the set where the curvature is positive is in fact an open dense
set. Hence deg L = [, 3= R" > 0, so that L is ample.

Denote by (QO’* (X T F® Lk) ; 5k) the Dolbeault complex and define the Kodaira Laplace and
Dirac operators acting on Q°* (X; F® Lk) via

1

(4.2) Ok =5 (Dy,)? = 8,0; + 00

(4.3) Dy =2 (0, + ;).

Clearly, Dy, interchanges while O, preserves Q%/1. We denote Di* = Dj|qo0,1 and Dg/ ' =
Og|go.01- The Clifford multiplication endomorphism ¢ : TY — End (A%*) is defined via ¢ (v) ==
V2 (W' A —iy1), v € TY, and extended multiplicatively to the entire exterior algebra A*TY .

Denote by VIV, V7" the Levi-Civita and Chern connections on the real and holomorphic
tangent spaces as well as by VZ'Y the induced connection on the anti-holomorphic tangent
space. Denote by © the real (1,1) form defined by contraction of the complex structure with
the metric © (.,.) = ¢7¥ (J.,.). This is clearly closed d© = 0, or Y is Kéhler, and the complex

structure is parallel VI¥.J = 0 or VIV = V1Y ¢ 7Y

With the induced tensor product connection on A% @ F @ L* being denoted via VA" ®F&L"
the Kodaira Dirac operator (4.3)) is now given by the formula
(4.4) Dy = co VA @FeLt,

Next, we denote by R the curvature of V" and by s the scalar curvature of g7¥. Define
the following endomorphisms of A%*

)
)

g

D) Wi, 7= RF (w

g

)
, W) Wi, t = RF (w,
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in terms of an orthonormal section w of T1%Y . The Lichnerowicz formula for the above Dirac
operator |26, Thm. 1.4.7] simplifies for a Riemann surface and is given by

(4.6)
200, = D? = (VAO’*@)F@LIC)* vATerelt 4 2w (R*) — 7] + [2w (R") = 7"] + %w (K).
We now have the following.

Proposition 14. Let Y be a compact Riemann surface, (L, h*) — Y a semipositive line bundle
whose curvature R vanishes to finite order at any point. Let (F,h") — Y be a Hermitian
holomorphic vector bundle. Then there exist constants ci,co > 0, such that

1Dis|* > (erk?" = cs) ||s[|”
for all s € Q¥ (Y; F @ L*).
Proof. Writing s = [s|@w € Q%! (Y; F @ L*) in terms of a local orthonormal section @ gives
(4.7) ([2w (R") — 7] 5,5) = R" (w, w) s|*> >0
from , . This gives
(D2s, s) = <[<VA0,*®F®Lk>* yAeFeLlt | 2w (RY) — 78] + [2w (RF) — 7] + lw (K)] s s>

2
*
> <(VA0’ ®F®Lk> VAD’ ®F®Lk8,5> — ¢ ||5H2
> (clk%" — ) I|s]|?

from Theorem [1 (4.6) and (4.7). O

We now derive as a corollary a spectral gap property for Kodaira Dirac and Laplace operators
Dy, Oy, corresponding to Theorem [1]

Corollary 15. Under the hypotheses of Proposition[I4 there exist constants c1,co > 0, such that
Spec (Og) C {0} U [e1k*" — ¢3,00) for each k. Moreover, ker Dy =0 and H' (Y; F ® L*) =0
for k sufficiently large.

Proof. From Proposition [I4] it is clear that

(4.8) Spec (O0;) C [cle/’" — 9,00)
for some ¢y, ¢ > 0 giving the second part of the corollary. Moreover, the eigenspaces of D7|0.01
with non-zero eigenvalue being isomorphic by Mckean-Singer, the first part also follows. U

The vanishing H* (Y; F® Lk) = 0 for k sufficiently large also gives
(49) dim H° (V;Fo L") =x(V;FeLY) =k [rk (F)/ c1 (L)] +/ e (F)+1—g,
Y Y

by Riemann-Roch, with y (Y; F ® L*), ch (F ® L*), Td (Y'), g denoting the holomorphic Euler
characteristic, Chern character, Todd genus and genus of Y respectively.

Remark 16. Our proof of the last two results Proposition [14] and Corollary (15 follows |18, 25]
from the positive case. In the semipositive case however the proof only works on a Riemann
surface, since in higher dimensions there are more components to the [Qw (RL) — TL] term
in the Lichnerowicz formula which semipositivity is insufficient to control.

Indeed, Donnelly has shown a counterexample to the existence of a spectral gap for semi-
positive line bundles in higher dimensions [16]. In the same paper [16, Cor. 3.3], Donnelly
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has also observed that on a Riemann surface the Kodaira Laplacian satisfies an O (1) spectral
gap: Spec () C {0} U [c, ), for some ¢ > 0, by using its equivalence with the closed range
hypothesis for the Kohn Laplacian [, on the unit circle. It is however crucial for our proof of
the Bergman kernel expansion Theorem [3| that the size of the spectral gap is O (k2/ T), as in
Corollary [15] or that it is at least growing with .

4.1. Bergman kernel expansion. We now investigate the asymptotics of the Bergman kernel.
Recall that this is the Schwartz kernel Il (y1,y2) of the projector onto the kernel of (I, with

0
respect to the L? inner product given by the metrics ¢, h¥ and h%. Alternately, if {sj};vjl
denotes an orthonormal basis of eigensections of H° (X P ® Lk) then

Ng
(4.10) Iy (y1,92) = D55 (1) © 55 ()"
j=1
We wish to describe the asymptotics of Il (y, y) along the diagonal in Y x Y.

Next as in we fix a geodesic coordinate system centered at y € Y. By using parallel
transport of an orthonormal basis {w}, {l}, {fj};k:(IF) for )Y, L, , F with respect to vy
VE, V¥ respectively we obtain a local orthonormal trivialization for the corresponding bundles
over a geodesic ball By, (y). In this frame and coordinate system, the connection on the tensor
product VA" ®FOL" aoqin has a similar expression as (3.26)).

We now define a modified frame {w} on T"R? which agrees with {w} on B, (y) and with

{75 (0, + z@m)} outside By, (y). Also define the modified metric g7* and almost complex

structure J on R? to be standard in this frame and hence agreeing with ¢7, J on B, ().
The Christoffel symbol of the corresponding modified induced connection on A%*now satisfies
ar"" = 0 outside By, (y).

Further we may as before define the modified connections V¥, YV as well as the
corresponding tensor product connection VA" ®FEL" which agrees with VA" €F9L" on B (y).
Clearly the curvature of the modified connection V% is given by R- . This modified
curvature can also be seen to be semipositive and vanishing to order r, — 2 for o sufficiently
small. We now define the modified Kodaira Dirac operator on R? by the similar formula
Dy = co VAOFSLY aoreeing with Dy on B, (y) by . This has a similar Lichnerowicz

formula
(4.11)
D2 =90, = (@A°’*®F®L’“)* VAOTOFRLE |k [20.; (RL) _F ] [Qw (RF) F] + %w (7)
e ’

with the adjoint being taken with respect to the metric g7¥ and corresponding volume form.
Also the endomorphisms RF,7F, 7% and w () are the obvious modifications of defined
using the curvatures of V¥, VL and g7 respectively. The above again agrees with [, on
B, (y) while the endomorphisms R, 7', w (%) all vanish outside B, (y). Being semi-bounded
below is essentially self-adjoint. A similar argument as Corollary (15| gives a spectral gap

(4.12) Spec (ﬂk) c {0} U [clk%"y — 9,00) .

To repeat some parts of the argument, first note that by construction the localized Bochner
Laplacian in (4.11) is the rescaled model Laplacian Ay, = k*"ZA% " on the complement of a
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compact ball B, (y)°. Using the global subelliptic estimate for the model Laplacian (A.6]), one
obtains ¢y, ca > 0 such that

(4.13) (Aus.s) = (k" = ) |15

for each s € C° (B, (y)°) supported outside the ball. Combinig this with the local subelliptic
estimate on the compact ball B, (y) one obtains (4.13)) for each s € C°(R?) and hence for

all s in Dom <Ak> as an unbouded operator on L2. The spectral gap (4.12)) for 0, now again

follows by the Lichnerwicz formula as in the proof of [I5]

By elliptic regularity, the projector I, from L2 (]R2 A0 ®F,® L®k) onto ker (Dk) then has

a smooth Schwartz kernel with respect to the Rlemanman volume of g7¥.

We are now ready to prove the Bergman kernel expansion Theorem [3]

Proof of Theorem[3. First choose ¢ € S (R,) satisfying ¢ (0) = 1. For ¢ > 0, set ¢y (s) =
Lie.oo) (5) ¢ (5). On account of the spectral gap Corollary , and as ¢, decays at infinity, we
have

@ (Dk) — Hk = 1 (Dk) Wlth
(4.14) I0%e1 (Ol 22 = O (K7)
Va € N. Combining the above with semiclassical Sobolev and elliptic estimates gives

(4.15) |0 (Ok) = Wil gy wyy = O (),

VI € Ny. Next, we may write ¢ (0) = o= [, €7+ (€) d¢ via Fourier inversion. Since Oy = Jj,
on B, (y), we may use a finite propagation argument as in (2.16|) to conclude

0 (O (v,y) = ¢ (Ok) (¢/,0) + O (k)

for ¢/ € B@ (y). Next, since the operator O, also satisfies a spectral gap (4.12)), similar argu-
=0 (k). And

ments as above for the localized Kodaira Laplacian give HDkgol k) H 12 o
loc loc

there after local elliptic regularity gives ‘gp Dk — Hk) | ) = O (k=) similar to (4.15).
Cloc (Y XY

Thus we now have a localization of the Bergman kernel

Iy (,y) =0 (kfoo) , on B,(y)°
(4.16) M (., y) — T (,,0) = O (=), on B,(y).
It thus suffices to consider the Bergman kernel of the model Kodaira Laplacian (4.11)) on R2.
Next, with the dilation 6,1,y = (k_l/ryl, .. .,k‘l/’"yn_l) as in Section , the rescaled

Kodaira Laplacian

(417) L= k?_z/Ty (5k—1/7‘>* Oy,

satisfies

O
(4.18) v (#) () = K" (B) (k™ k™)
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for p € C2° (R) asin (3.43)). Using a Taylor expansion via (3.27)), the rescaled Kodaira Laplacian
again has an expansion

N
(4.19) 0 = <Z k—f/wm]) + k2NED/E N YN,
j=0
(4.20) where each [, = a0 (y) 0,0y, + bjip (¥) Oy, +¢; ()
is a k-independent self-adjoint, second-order differential operator while each
(4.21) Bi= >y [a5, (i k) 0,0y, + 5, (k) 0y, + ¢ (y; )]
|a|l=N+1

is a k-dependent self-adjoint, second-order differential operator on R? . Furthermore the func-
tions appearing in (4.20)) are again polynomials with degrees satisfying the same conditions in
(3-32) and (3.33)). While the coefficients af,, (y; k), %, (y; k) , ¢ (y; k) of %Lre uniformly
C* bounded in k. Using (3.27)), (A.4)), (A. 9|) and (A. 10 the leading term of (4.19) is computed

(4.22) Ho=0, =0 1y ryz

gt¥ j,Y “RLJTY

in terms of the model Kodaira Laplacian on the tangent space TY ({A.9).

Next, we obtain an expansion for the right-hand side of by a resolvent expansion for
[ as in (3.45). Namely, we let I; == {p = (po,p1,-..)|Pa €EN,D Do =j} denote the set of
partitions of the integer j and define

(4.23) C:=> (2= " [, [E,, (z —Eo) '] -

p€l;

Then by repeated applications of the local elliptic estimate using (4.19)) we have

420 ot = () =0y g (1O s )

for each N € N, s € R. Plugging the above into the Helffer-Sjostrand formula gives

N
(129 0(@) = LK = Oy s (1)

VI, N € Ny and for some k-independent C7 € C™ (R* x R?), j = 0,1,.... The leading term
cy = (DO) = go([] ) is glven in terms of the modal Kodaira Laplacian. Again a similar
argument as , replacing (4.24)) by the resolvent expansion for ([ +1)"" (z — [) ™", shows
that (4.25)) is vahd at the level of kernels in C! (R? x R?), VI E N Flnally choosmg ¢ supported,
and equal to one, near 0 gives from the spectral gap as well as ) and -
The leading term cq (y) = Cq(0,0) = Ty (0,0) := I (0, 0) is seen to be the model Bergman
kernel on the tangent space. See the argument in Section [A] at the bottom of page 29 for the
positivity ¢o (y) > 0. From this identification of ¢q (y) with the model kernel one sees that it has
a locally smooth extension co,, (3') for ¥’ near y, depending only on the type r, at y. However
such an extension might have nothing to do with the Bergman kernel at points ¢’ other than y.
Finally, to show that there are no odd powers of k~7/™, one again notes that the operators ;
1) change sign by (—1)’ under §_,x := —z. Thus the Schwartz kernel for C3 1} changes

sign by (—1)’ giving €z (0,0) = 0 for j odd. O

We end by giving an example where semipositive bundles arise and where the first term of
the Bergman kernel expansion ([1.12]) above can further be made explicit.



BOCHNER LAPLACIAN AND SEMIPOSITIVE BERGMAN KERNEL 27

Example 17. (Branched coverings) Consider f : Y — Yj a branched covering of a Riemann
surface Yy with branch points {yi,...,ynm} C Y. The Hermitian holomorphic line bundle on
Y is pulled back (L, hL) = (f*LO,f*hLO) from one on Y. If (LO, hLO) is assumed positive,

then (L, hL) is semipositive with curvature vanishing at the branch points. In particular, near

a branch point y € Y of local degree £ one may find holomorphic geodesic coordinate such

)
that the curvature is given by RE = 2 (2z)"/*7! Rf(oy) + 0O (|2["™"). The leading term of (1.12

1
is given by the model Bergman kernel IT1"° (0,0) of the operator [y = bbf, bf = 20; + a,

ks

a=1%z (22)"/*7 Rﬁ(oy). An orthonormal basis for ker ([p) is then seen to be
1/2
1 r Hern
Lo 2%e”?  aeNy, with

r

Sa (2) = T CTETIY <2(a+1)> [Rf(y)

Lo
D (2) = 1 (2z)"* R?(Oy).

Since s, (0) = 0 for @ > 1, the model Bergman kernel at the origin is now computed

SN

Co (y) =1l (07 0) = HDO (O’ O) = |30 (O)’2 - %ﬁ [RJL”E)Z/)]

at the vanishing or branch point y.

APPENDIX A. MODEL OPERATORS

Here we define certain model Bochner, Kodaira Laplacians and Dirac operators acting on
a vector space V. The Bochner Laplacian is intrinsically associated to a triple (V, q", RV)
consisting of a metric ¢" and a non-vanishing tensor 0 # RY € S"2V* @ A2V*, r > 2. While
the Kodaira Laplacian depends on an additional complex structure JV on V. Throughout the
article, the vector space V = T,Y is the tangent space of the manifold, with g" = gyTY the
Riemannian metric, J = J, the complex structure and R = j* 2R} the first non-vanishing
jet of the auxiliary curvature R* at a point y € Y.

We say that the tensor RV is nondegenerate if the following is satisfied

(A1) STVFQANV i (RY)=0,Vs<r—2 = T,Y 2v=0.

Above i® denotes the s-fold contraction of the symmetric part of RY.

For v, € V, vy € T,,,V =V, contraction of the antisymmetric part, denoted by ¢, of RV gives
Ly RY € S72V* @ V*. The contraction may then be evaluated (1, R") (v]) at v == v{" ® v
for v; € V and hence viewed as a homogeneous degree r — 1 polynomial function on V. The
tensor RV now determines a one form o € Q' (V) via

1
(A2) o (0= [ dp () (o)) = 1 (aRY) ().
which we may view as a unitary connection V2 = d 4 ia®" on a trivial Hermitian vector
bundle £ of arbitrary rank over V. The curvature of this connection is clearly RV now viewed
as a homogeneous degree r — 2 polynomial function on V valued in A2V*. One now defines the
model Bochner Laplacian, intrinsically associated to the tuple (V, g%, RY), via

(A.3) Ao = Ay gy = (vRV)* VR 0% (VL E) = O (V; E).
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depending on the pair (¢", RV). An orthonormal basis {ey, €5, ..., e,}, determines components
Rpgo = RV (% e,,e,), « € Ng7', |a] = r — 2, as well as linear coordinates (yi,...,y,) on
V. The connection form in these coordinates is given by afv = :{yqyaRp%a. While the model

Laplacian (A.3)) is given
n . 2
¢ (0%
(a) 2= =3 (8 + 2 )

q=1
As in (3.5)), the above may now be related to the nilpotent sR Laplacian on the product S§ x V'
given by
n . 2
~ ~ 72 o
(A.5) Ay = AgV7RV = — Z (8yp + ;yqy qu@@g) ,

q=1
and corresponding to the sR structure (S(} x V., ker <d0 + aRV> gV, d@volgv> where the sR

metric corresponds to g" under the natural projection 7 : Sj x V' — V. Note that the above
differs from the usual nilpotent approximation of the sR Laplacian since it acts on the product
with S'. Following [33} Part III, Sec. 16], the above satisfies a subelliptic estimate: there exists
C > 0 such that

(A.6) Is|2. < C [<Aos,s> + |ysy|§2] L VseC(SEx V).
As (3.7), the heat kernels of (A.3), (A.5) are now related
(A7) e (y,y) = / e~ et (y, 01y, 0) df.

Next, assume that the vector space V is of even dimension and additionally is equipped with
an orthogonal endomorphism JV € O (V); (J V)2 = —1. This gives rise to a linear integrable
almost complex structure on V , a decomposition V @ C = V10 @ V%! into 4 eigenspaces of J
and a Clifford multiplication endomorphism ¢ : V' — End (A*V%1). We further assume that RY
is a (1,1) form with respect to J that is S¥V* 3 RY (w1, ws) = 0, Ywy, wy € V0. The (0,1)
part of the connection form (A.2) - ) then gives a holomorphlc structure on the trivial Hermitian
line bundle C with holomorphic derivative dc = 0 + ( ) One may now define the model
Kodaira Dirac and Laplace operators, intrinsically associated to the tuple (V, g", RV, J V), via

(A.8) Dy = Dyv pv v =V2 (dc + )
1 2
(A.9) Uo = Ugv v gv 325 (DgV,RV,JV)
acting on C° (V; A*V%1). The above (A.3)), (A.9) are related by the Lichnerowicz formula
(AlO) D() = AQ +c (Rv)
where ¢ (RY) = > peq B 2i . Yi, s (ep) c(eg). We may choose a complex orthonormal

basis {w;}."

This gives complex coordinates on V' in which (A.9) may be written as

of V¥ that diagonalizes the tensor RV: RY (w;, w;) = &;;R;5; Ri; € S™2V*.

J]’

dimV/2
(A.11) Z b; bT +2(0.,a; + 0z,a;) Wyig,

1
where  b; = —20.; + a;, b} =20z +a;, for a;= rR %4,
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with each Rj; (2), 1 < j < dimV//2, being a real homogeneous function of order r — 2.

Being symmetric with respect to the standard Euclidean density and semi-bounded below,
both Ay and [y are essentially self-adjoint on L?. We shall need the following information
regarding their spectrum.

Proposition 18. There exists ¢ > 0 such that Spec(Ag) C [c,0). For RV satisfying the non-
degeneracy condition (A.1) one has EssSpec(Ag) = 0. While for dimV = 2 with RV (w,w) > 0
semipositive one has Spec(y) C {0} U [¢, 00) .

Proof. The proof of the first part is similar to that of (3.12)). Introduce the deformed Laplacian
Ay == Ay v obtained by rescaling the tensor RV. From (A.4) Ay = K "ZN %" are
conjugate under the rescaling % : C> (V; E) — C= (V; E), (Zu) (z) = u (yk"/") implying

Spec (Ag) = k*"Spec (Ay)
(A.12) EssSpec (A;) = k*"EssSpec (Ag)

By an argument similar to , one has Spec (A) C [clkzz/’” — Co, oo) for some ¢y, co > 0 for
RY # 0. From here Spec (Ag) C [¢, 00) follows. Next, under the non-degeneracy condition, the
order of vanishing of the homogeneous curvature R" (of the homogeneous connection a®” )
is seen to be maximal at the origin: ord, (Rv) < r—2for y # 0. Following a similar sub-elliptic

estimate (2.12)) on V x S as in (3.12), we have
RO |lul* < C [(Agu,u) + [ull72] . Yu e CZ(V\ Bi(0)),

holds on the complement of the unit ball centered at the origin. Combining the above with
Persson’s characterization of the essential spectrum [I, Ch. 3|
EssSpec (Ag) = sup inf (Apu,uy,
R

flull=1
ueCe®(V\BR(0))

we have EssSpec (Ag) C [c1k% "~ — ¢5,00). From here and using (A.12), EssSpec (Ag) = @
follows.

For the final part, similarly set Oy, := O,v xgv v and note that k2/"Spec () = Spec () C
{0} U [c1k*" — ¢5,00) by an argument similar to Corollary . O

Next, the heat e 20, ¢~ and wave V20 ¢itVDo gperators being well-defined by func-
tional calculus, a finite propagation type argument as in gives ¢ (Ag) (.,0) € S(V),
¢ (o) (,0) € S(V) are of Schwartz class for ¢ € S (R). When EssSpec (Ag) = () any eigen-
function of Ay also lies in & (V). Finally, under the hypothesis of the Schwartz kernel
Iy (.,0) € S (V) of the projector Iy = I17° onto the kernel of [Jy is also seen to be of Schwartz
class, on choosing ¢ supported close to the origin.

The constant ay = Il (0,0) is also the leading term in the boundary expansion Ilp (z, z) ~

ag (— p)_2_% for the Bergman kernel of a weakly pseudoconvex finite type domain D = {p < 0} C
C? as z — 2’ € 9D a point on its boundary [22, Thm. 2|. Here r = r (z') is the typer of the point

on the boundary. In this case, [10, Thm. 2| proved the lower bound Il (2, 2) > ¢ (—p)727% for
some ¢ > 0. Thus ag > 0.

We now state another proposition regarding the heat kernel of Ag. Below we denote A\g (Ag) =
inf Spec (Ay) .
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Proposition 19. For each € > 0 there exist t, R > 0 such that the integral of the heat kernel
satisfies

Jo0 4% [Boe™ ] (2, 2)

fBR(o) dx e Ao (z, 1)
Proof. Setting P := Ay — A\g (Ag) it suffices to show
S50 @@ [Pe™F] (z,2) -

fBR(O) dre P (x,z) —

S )\0 (A(]) +é

for some ¢, R > 0. With H[Pg 2] denoting the spectral projector onto [0, x], we split the numerator

dz [Pe™""] (z,2) = da [y 4 Pe"] (2, dz —TI 4) Pe™] (2, 2) .
/BRm P ) / MoaePe] )+/ [(1 = oaq) Pe™"] (z,2)

Br(0) Br(0)

From P > 0, H[’B’%}Pe_tp < 4ee " and (1 — H[PB,4€}) Pe P < ce™3t VWt > 1, we may bound

S 4 [Pe"] (2, 2) et o
fBR(O) drett (z,x) — fBR(O) dz e (z,x)

VR,t > 1. Next, as 0 € Spec (P) there exists ||t).||;2 = 1, ||Pt:||;2 < e. It now follows that
‘ wa - H[%}Qgﬂb&‘

11
_:__+/ dxwe(a:)|2§/ da
24 g B, (0)

<[ @ ( [t o)1 <y,x>) — [ el (o).
Br, (0) Br,.(0)

2
for some R. > 0, using (H[sze]) = H[P&Qs] and Cauchy-Schwartz. This gives

(A.13)

< % and hence

2

/ dyILfs o0 (2,y) = (y)

e—Qé‘t

/ dre ™ (x,2) > , t>1.
BRE(O) 2

Plugging this last inequality into (A.13]) gives

fBRE(O) dx [Pe ] (z,2)
fBR ©) dx e tP (z, x)

€

< 4e + ce*‘“R?*1
from which the theorem follows on choosing ¢ large. 0
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