THE GAUSS-BONNET-CHERN THEOREM: A PROBABILISTIC PERSPECTIVE

LIVIU I. NICOLAESCU AND NIKHIL SAVALE

ABSTRACT. We prove that the Euler form of a metric connection on a real oriented vector bundle £/
over a compact oriented manifold M can be identified, as a current, with the expectation of the random
current defined by the zero-locus of a certain random section of the bundle. We also explain how to
reconstruct probabilistically the metric and the connection on E from the statistics of random sections
of E.
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1. INTRODUCTION

1.1. The Gauss-Bonnet-Chern theorem. We begin by recalling the classical Gauss-Bonnet-Chern
theorem [7, 24, 32]. Suppose that E — M is a real oriented vector bundle of even rank r = 2h
over the smooth, compact oriented manifold M of dimension m. Fix a metric (—, —)z on F and a
connection V¥ compatible with the metric. We denote by F'¥ the curvature of the connection V¥ on
E. The Euler form of (E, V) is the closed form

1

(2m)"

e(E,VE) = Pf(—FF) € Q"(M), r=2h, (1.1)
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where Pf denotes the Pfaffian construction, [3, 22, 24]. For the applications we have in mind it is
important to have an explicit local description Pf (—FE )

If we fix a local, positively oriented orthonormal frame ey, ..., e, of E defined on some open set
© C M, then the curvature F'¥ is represented by a skew-symmetric 7 X r matrix

FP = (Fl)1<ap<r, Fap € Q%(0).

«

If we denote by S, the group of permutations of {1,...,r = 2h}, then (see [24, §8.1.4])

1
Pf(-FF) = AT Y €(o)Flg, N AFL e Q*(0), (1.2)

O02h—102h
O'EST

where €(0) denotes the signature of the permutation o € §,.
Suppose additionally that we have local coordinates (z',...,2™) on O. For 1 < ay,as < r and
1 < j1,J2 < m we set

FE = FE. (0,1,0,5)- (1.3)

araz|jijz 112
Denote by 8! the subset of 8, consisting of permutations (o7, . . ., 09;,) such that
01 <09, 03 <04, ..., Ogp—1 < O9}.
We deduce from (1.2) that
1
E _ E E
Pf(iF )(axl’ o Our ) TR Z E(O-SO)FUNQ\%QCQ o 'Fazh—wzh\wzh—l%h' (1.4)
©,0€S]

We denote by € (M) the space of k-dimensional currents on M, i.e., the topological dual of the
space ¥ (M) of smooth k-forms on M. By definition, we have a pairing

<_7 _> : Qk(M) X Qk(M) - R, (7770) = <77?C>'

The orientation of M defines a natural Poincaré duality map
Q" FM) 3w Wl € Q(M), (nw!) = / nAw, ¥neQF(M).
M

Given w € Q™ k(M) we will refer to wf € Qi (M) as the current determined by the form w. By
duality we obtain a boundary map

d: Qp(M) = Qu_1 (M), (n,dC) := (dn,C), VC € Qu(M), n e Q*1(M).

A current C'is called closed if 9C' = 0.

A generic section u of F is transversal to the zero section, u h 0, and its zero locus is a smooth
submanifold Z,, C M of dimension m — r equipped with a natural orientation. The integration along
this oriented submanifold defines a closed current [Z,,] € Q,,,—.(M).

The Gauss-Bonnet-Chern theorem states that, for a generic section u, the (m — r)-dimensional
closed currents [Z,,] and the Poincaré dual e(E, V)T are homologous, i.e.,

Vue C®(E): uh0=[Z,) —e(E,VF) € 00 _r_1(M). (1.5)

In view of DeRham’s theorem [11, §22, Thm. 17’], this is equivalent with the statement

Yu € C(E), um0:><n,[Zu}):/ A e(E,VE), Wne (M), dp=0.  (1.6)
M
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Remark 1.1. There exist more refined versions of (1.5) which explicitly describe locally integrable
forms T' = T(u, V) such that we have the equality of currents

[Zu] — e(BE,VF) = dT(u, VF).
For details we refer to [3, 18, 22]. O

1.2. Overview of the paper. The first goal of this paper is to provide a probabilistic proof and a
refinement of (1.6). Let us first observe that if w, v are two generic smooth sections of F, then the
corresponding currents are homologous, i.e.,

[Zul = [Z0] € OUn—r1r(M) <= (0, [Zu]) = (n,[Z0]), V0 € Q" (M), dn=0.

This shows that if uy, . .., u, are generic sections of E/ and p1, ..., p, are positive weights such that
p1+ -+ + pp = 1, then the average

P1[Zuy |+ + Pl Zu,]

is a closed current homologous to each of the currents [Z,, .
More generally, if P is a probability measure on C°°(FE) such that P-almost surely a section u
intersects the zero section transversally, then the expected current

Ep((Z4)) = / (Z,) P(du)

is a current homologous to the current defined by the zero locus of any generic section uy, i.e.,

/ (0, [Zu]) P(dus) = (0, [Zuo)), ¥ € Q™7 (M), dn=0. (1.7)

An ensemble of sections of E is a pair (U, P), where U C C*°(E) is a finite dimensional space and
P is a probability measure on U. The first main result of this paper shows that there exists a large
supply of ensembles (U, P) such that

e asection u € U is P-almost surely transversal to the zero section, and

e there exist a metric (—, —) g and a connection V¥, compatible with (—, —) such that the
expected current Ep([Z,]) is equal to the current determined by the Euler form e(E, V),
ie.,

(0. Ep((Za))) = /U (0, [Zu]) P(du) = /MnA e(E,VF), vy e amr(M).

We will refer to an ensemble (U, P) with the above properties as adapted to the metric (—, —)g
and the connection V¥ . In the sequel, we will refer to a pair consisting of a metric on a vector bundle
and a connection compatible with it as a (metric,connection)-pair. The first step in our program is to
produce a large supply of examples of (metric,connection)-pairs for which we can explicitly construct
adapted ensembles (U, P).

Fix a finite dimensional real vector space U equipped with a Euclidean inner product (—, —)y.
We form the trivial real vector bundle

QM:UXM—>M

Assume that £ — M is an oriented subbundle of rank r of U ;,;. The metric (—, —)yy on U induces
a metric (—, —)g on E. For each € M we denote by P, the orthogonal projection U — E,. The
trivial connection d on U ;; induces a connection VE = Pdon E. We will call special a (metric,
connection)-pair ( (-, —)g, VP ) constructed as above, via an embedding of F in a trivial vector
bundle equipped with a trivial metric and the trivial connection.
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Any u € U defines a section SZ of E given by
SE(x) = Pyu, Va € M.
We thus get a linear map S¥ : U — C®(E), u — SE, whose range is the finite dimensional space
U:={SE weU} cox®E).

The metric on U induces a Gaussian probability measure on U’; see (3.1). Its pushforward by S¥ is
a Gaussian probability measure gy on UcCc> (E).

Theorem 2.1(i) shows that, y¢r-almost surely, a section o € U intersects transversally the zero
section of E. We denote by [Z;] the current of integration defined by zero locus of .

The key integral formula (2.1) in Theorem 2.1 shows that the expectation of the random current
[Z4)] is equal to the current determined by e(E, V), i.e.,

(1, Bry (Za]) ) = /ﬁ<n, Za)w (das) = /MnAew,vE), Ve nT(M).  (18)

In other words, the ensemble (U, ~y) is adapted to the special pair ( (—, —) g, V).

Remark 1.2. In [18, Thm. IV.1.22] Harvey and Lawson have explained how to associate to each

section u € C'°°(F), and any connection V on E compatible with (—, —) g, a locally integrable form
T'(u, V) of degree (2 — 1) on M such that we have the equality of currents
[Zy] — e(E, V) =dT(u, V). (1.9)

The above equality is a generalization of the Poincaré-Lelong formula in complex analysis and it
clearly implies (1.5).

Let ﬁ Yu» (= —)E and VE be as in (1.8). Averaging (1.9) over u € U with respect to the
measure gy we deduce from (1.8) that

/(7 AT (u, V)vy (du) = /,3—( (Zy] — e(E, V) )vy(du) = e(E,VF) — e(E, V).
In particular, when V = V¥ we have

/A dT (u, VE) vy (du) = 0. (1.10)
U

Conversely, the equality (1.10) implies (1.8). One could then be tempted to prove (1.8) by proving a
stronger version of (1.10), namely

/A T(u, VE)yy (du) = 0. (1.11)
U

The transgression form T'(u, V) is described explicitly in [18, Eq. (IV.1.27)], but the complexity of
this description has discouraged us from attempting to verify the validity of (1.11). We have instead
opted on a different approach based on the double-fibration trick frequently used in integral geometry.

O

Obviously, the equality (1.8) implies (1.6) for special (metric, connection)-pairs on E. Since the
Euler form is gauge invariant, we see that (1.8) is valid if we replace the special connection V¥ with a
connection that is gauge equivalent to it. Here the gauge group is the group of orientation preserving,
metric preserving automorphisms of . On the other hand, we have the following result.

Proposition 1.3. Any (metric, connection)-pair (o,V) on an oriented vector bundle E — M is
gauge equivalent to a special pair.
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Proof. The proof is carried out in two steps.

1. The pullback of a special (metric, connection)-pair is a special (metric connection)-pair. Suppose
that (o, V) is a special (metric, connection)-pair on the subbundle £ — M of the trivial bundle U .

If X is a smooth manifold and ® : X — M is a smooth map, then we get a vector bundle ¢*F
over X equipped with the metric ®*o and the compatible connection ®*V. The bundle ®*F is a
subbundle of the trivial vector bundle

(I)*QM - QX

equipped with the trivial metric. Then ®* o is the induced metric on ®* F as a subbundle of the metric
bundle U 5 and $*V is the connection induced via orthogonal projection from the trivial connection
onUx.
2. Consider the Grassmannian Gr;" (U) of r-dimensional oriented subspaces of U. Denote by
T-(U) — Gr(U) the associated tautologial oriented vector bundle. A metric » on U induces
a metric o, and a compatible connection V" on T,.(U). The pair (o, V") is special.

In [23, Thm. 1, 2] Narasimhan and Ramanan have shown that for any smooth, real oriented vector
bundle £ — M and any (metric, connection)-pair (o, V) on M there exists a finite dimensional
Euclidean space (U, h) and a smooth map ® : M — Gr, (U) such that

E=3"T,(U), o =0y, (1.12)

and the connection V is gauge equivalent to ®*V". We will refer to such maps as Narasimhan-
Ramanan maps. O

Putting together all of the above we obtain the first main result of this paper.

Theorem 1.4. Suppose that E — M is a smooth real oriented vector bundle of rank r = 2h over a
smooth compact oriented manifold M of dimension m. For any metric o on E and any connection
V on E compatible with o there exists a finite dimensional subspace U C C>®(FE) and a Gaussian
measure vy on U such that, ~v-almost surely, a section 4 € U is transversal to the zero section and
the expectation of the random zero-locus-cycle

Usa— [Zy) € Qr(M)

is equal to the current determined by the Euler form of V. O

Clearly the above result implies the classical Gauss-Bonnet-Chern theorem, but it has a glaring
@sthetic flaw since it gives no idea on the nature of the ensemble (ﬁ ,Yrr). Its relationship to the
geometry of (E, 0, V) is hidden in the details of the proofs of [23, Thm. 1,2]. Those proofs show
that to produce such an ensemble we need to make several noncanonical choices: a choice of a gluing
cocycle for E and a choice of a collection of locally defined so(n)-valued 1-forms describing V. The
dependence of ([AI ,~Yrr) on these choices is nebulous.

The second goal of the paper is to address this issue. To formulate our second main result we need
to describe an alternate way of producing special (metric, connection)-pairs.

Suppose that U — C°°(FE) is a finite dimensional space of sections of E large enough so that it
satisfies the ampleness condition

span{u(w); u € U} =FE,, Ve M. (1.13)
In particular, for every & € M, the evaluation map

evy:U — Ep, ur—evgpu:=u(x)
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is onto, so that its dual ev}, : EX — U™ is one-to-one. Thus, the dual bundle E* is naturally a
subbundle of U},.

If we fix an inner product (—, —)gy on U, then we can identify U with U* and we can view E
as a subbundle of the trivial bundle U ;,. Fixing a Euclidean metric on U is equivalent with fixing
a nondegenerate Gaussian probability measure v¢; on U'; see Subsection 3.1. This discussion shows
that to any nondegenerate Gaussian probability measure on an ample subspace U C C*°(FE) we can
cannonically associate a special (metric, connection)-pair on F.

Definition 1.5. A sample subspace of C*°(E) is a pair (U, ), where U C C'*°(E) is an ample finite
dimensional subspace and + is a nondegenerate Gaussian measure on U. The space U is called the
support of the sample space. O

Thus, to any sample subspace (U, ) of C°°(F) we can associate a special (metric, connection)-
pair on E. Theorem 2.1 shows that the expectation of the random current defined by the zero-locus
of a random u € U is equal to the current determined by the Euler form of the associated special
(metric, connection)-pair.

In Theorem 3.1 we show that any (metric, connection)-pair (a9, V°) on E can be approximated in
a rather explicit fashion by special (metric,connection)-pairs associated to sample subspaces canoni-
cally and explicitly determined by (o, V°).

More precisely, in Theorem 3.1 we produce explicitly a family of sample spaces (U, 7. )e>0 With
associated special (metric,connection)-pairs (o -, V¢) satisfying the following properties.

€1 <€2:>U51 DUSQ, (1.14a)
|J U< is dense in C>(E), (1.14b)
e>0
lloe — aollco =0o(1), ase — 0 (1.14c)
[V = VO p1p + ||F® — FOllco = o(1) ase — 0, Vp e (1,00) (1.14d)

where L'P denotes the Sobolev space of distributions with first order derivatives in LP while F*®
denotes the curvature of V. R

For each ¢, the sample space U produces a smooth map ¥, : M — Gr," (U.). If V¢ denotes the
canonical connection of the tautological vector bundle over Gr;" (U.), then

UEVE = Ve,

Theorem 3.1 shows that q;;ﬁf is very close to V° for ¢ small. From this perspective we can view
Theorem 3.1 as providing a probabilitic construction of approximate Narasimhan-Ramanan maps;
see (1.12).

Let us observe that Theorem 3.1 also implies the Gauss-Bonnet-Chern theorem for the pair (o, V°),
but without appealing to the results of Narasimhan and Ramanan [23]. Indeed, (1.8) implies that for
any € > 0 and any € Q"7 "(M) we have

|t zdnetdw) = [ gnes.v) = B(ZuueU.) = e(E. 7).
e M
We let ¢ — 0 and we conclude from (1.14d) that,

lim [ (n, [Zu]m(du):/ nAe(E,V°), ¥ne Q" " (M). (1.15)
e—0 U. M
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On the other hand, (1.7) shows that for any generic section ug of F, any closed form n € Q™" (M)
and any € > 0 we have

0 Zu)) = [ [Zud)lcw)

€

As we have mentioned earlier, the spaces U, can be constructed explicitly. We were led to these
spaces guided by probabilistic ideas, but they can be given a purely analytic description. In either
interpretation, these spaces depend on two additional choices.

The first choice is a Riemann metric g on M. Form the covariant Laplacian Ag = (V?)*V0 :
C>®(E) — C*°(E). It has a discrete spectrum

spec(Ag) = A < g <+

Let (¥},,),>1 be a complete orthonormal family of L?(E) consisting of eigensections of Ay,
AoV, = AW,

Our first candidate for the approximating family U is defined by

U, := span{ U, A < g2 }

As metric o on U, we use the L?(E)-inner product rescaled by the factor ¢™. The family (U ).~
satisfied (1.14a) and (1.14b) and with a little work it can be shown that is also satisfies (1.14c). How-
ever, proving that this family of sample spaces also satisfies (1.14d) is fraught with many technical
difficulties. To avoid them we need to tweak this approach.

Let x : R — [0,00) be the characteristic function of the interval [—1,1]. Observe that U, can
alternatively be defined as the range of the smoothing operator x(v/Ag). We now make our second
choice and we fix a compactly supported, smooth, even function w : R — [0, 00) such that w(0) > 0.
Intuitively, we think of w as a smooth approximation for 5y. For any ¢ > 0 we have a smoothing
operator

W. :=w(ey/Ao) : LX(E) — L*(E).
The operator Wy is symmetric, nonnegative definite and has finite dimensional range U . := Range Wx.
Clearly the family (U, ).~ satisfies (1.14a) and (1.14b). In particular, this shows that U, is ample if
¢ is sufficiently small.

The space U, is also a W,-invariant subspace of L? (E) and the restriction of W, to U is invertible
because w(0) # 0. The Gaussian measure . is then defined by

1 1 -1
du) = 7€_§(Ws uu)o du y
Ve (du) det 27 W, [dulo
where (—, —)o denotes the L?-inner product on U and |du|o denotes the associated Lebesgue mea-

sure. In Theorem 3.1 we prove that the family of sample spaces (U.,~.) defined in this fashion
satisfy all the properties (1.14a)-(1.14d).

The sample space (U.,~:) as defined above has a simple probabilistic interpretation. A random
section u. € U, is a random linear superposition

ue =Y X;U,, (1.16)

where the coefficients X, are independent normal random variables with mean 0 and variances

var(X;) = w(ev ).
The correlation kernel of the random section u. coincides with the Schwartz kernel of W;, and
the connection of F determined by the Gaussian ensemble (U,,~y.) is a special case of the L-W
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connection in [13, Prop. 1.1.1]. We provide probabilistic descriptions of this connection and its
curvature in Subsection 3.2. These descriptions play a key role in the proof of Theorem 3.1.

Note that for any given & we have w(ev/\,,) = 0 if n is sufficiently large so that the sum (1.16)
consists of finitely many terms. If w = 1 in a neighborhood of 0, then as ¢ — 0 the above random
linear superposition formally converges to a random series

> XU,

where the coefficients X are independent standard normal random variables. This is very similar to
the classical scalar white noise. In fact, as explained in [16], the above series converges in the sense
of distributions to a generalized Gaussian random process called white noise. For this reason we will
refer to the e — 0 limit as the white-noise limit. Thus, the differential geometry of (E, o, V') is
determined by the white-noise approximation regime defined by the family of random sections u.,
€ > 0. Observe also that the equality (1.15) has the following nice consequence.

Corollary 1.6.

lim B([Z,.]) —e(E, V"), O
1.3. Related work. The results in this paper take place on real manifolds and real vector bundles
and deal with two themes: the distribution of zeros of random sections and the connections between
the statistics of such suctions and the geometry of the bundle.

These problems have been investigated for some time in the holomorphic context where the inher-
ent rigidity allows for more precise conclusions. Chapter 5 of the monograph [21] by X. Ma and G.
Marinescu contains a very nice exposition of these developments. We mention below a few of them.

In [31], Schiffman and Zelditch have investigated random holomorphic sections of L", n > 1,
where L is an ample hermitian holomorphic line bundle L over a compact Kihler manifold M. Our
Corollary 1.6 has the same flavor as [31, Thm. 1.1] ; see also [21, Thm.5.3.3.].

The large n limit is conceptually similar to the white noise limit we employ in this paper although
the technical details are quite different. G. Tian [35] and W.-D. Ruan [30] have shown how to use the
ensemble of holomorphic sections of L™, n > 1, to produce C'°°-approximations of the curvature of
L. D. Catlin [6] and S. Zelditch [39] gave alternate proofs of this fact where the probabilistic features
are easier to glean. Our proof of Theorem 3.1 is similar in spirit to theirs.

In the last few years there has been a flurry of work, e.g., [8, 9, 10, 12], concerning the statistics of
the zero sets of random holomorphic sections of L™ in the case when M is noncompact/singular.

In Theorem 3.1 we produce only C°-approximations of the curvature of the vector bundle. How-
ever, in the special case when £ = T'M, o is a Riemannian metric on M and VY is the associ-
ated Levi-Civita connection, then the results in [2, 28] imply that (1.14¢) can be refined to a C*°-
convergence of o to the Riemann metric .

In [26] the first author has investigated critical sets of random functions on a compact Riemann
manifold. The critical points of a functions are zeros of rather special sections of the cotangent bun-
dles, namely zeros of exact 1-forms. In [26, Thm.1.7] it was shown that the geometry of a Riemann
manifold is determined by the statistics of the differentials of random functions on it. This is similar
in flavor with Theorem 3.1 in the present paper. However [26, Thm. 1.7] does not follow from the
apparently more general Theorem 3.1 in this paper.

Finally, we want to mention that in [27] the first author generalized Theorem 2.1 to arbitrary Gauss-
ian ensembles of random sections, that is, arbitrary Gaussian measures on C'°°(E), not necessarily
supported on finite dimensional sample spaces.
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1.4. Organization of the paper. The main body of the paper consists of two sections. In Section
2 we prove our main integral formula Theorem 2.1 which states that if (U, ) is a sample space of
C*°(E), then the expectation of the zero-locus-current of a random section w € U is equal to the
current determined by the Euler form of the special connection on £ induced by this sample space.
The proof relies on the ubiquitous double-fibration trick. We evaluate the various intervening integrals
using the theory of orthogonal invariants like in Weyl’s proof of his tube formula [38].

Section 3 contains the proof of our reconstruction result, Theorem 3.1. It boils down to a detailed
understanding of the Schwartz kernel of the smoothing operator w(gy/Ag).

We approach this problem using the wave kernel technique pioneered by L. Héormander [19]. The
fact that our operators are not scalar makes the identification of various terms in the asymptotic
expansion of this kernel more challenging. We achieve this by gradually reducing the computation of
these terms to the special case involving the heat kernel. The estimate (1.14d) is trickier and follows
using a method reminiscent to the one employed by K. Uhlenbeck in [36].

Acknowledgments. We want to thank the anonymous referee for the helpful comments and critique.

2. A FINITE DIMENSIONAL INTEGRAL FORMULA

2.1. The setup. Suppose that M is a compact oriented smooth manifold of dimension m and £ — R
is a real, oriented vector bundle of even rank r = 2h. We fix a finite dimensional space U C C*°(E),

dimU = N.
Any € M defines a linear evaluation map
evy:U — Ez, U3 u— u(x).

We assume that U satisfies the ampleness condition (1.13). The dual map ev}, : Ef — U™ is an
injection and the family (ev},)zecas describes an inclusion of E* as a subbundle of the trivial vector

bundle U},
We fix an Euclidean metric (—, —)y on U. It induces a metric (—, —)y+ on U™. The inclusion
ev' . E* > Uy,
induces a metric (—, —) g+ on the bundle £* and, by duality, a metric (—, —)g on E.

The evaluation map ev,, : U — E,, can be identified with the orthogonal projection. To emphasize
this aspect, we will use the alternate notation P = P, := ev,. We alsoset Q = Q=1 — P,.
If we choose an orthonormal basis (U);<x<n of U, then we can describe the projection Py, in

the concrete form
N

Pou =) (u, Tp)u¥y(z).
k=1
Let us point a confusing fact. A fixed vector u € U can be viewed as a constant section of the trivial
bundle U, and also, by definition, as a section of E. As such it is given by the smooth map

SE.-M U, SE(x)=evyu= Pyu.

We denote by K the subbundle of U ;, defined by the kernels of the above projections, K := ker P.
Note that
E=K* FoK=U, =Ux M.
If we denote by d the trivial connection on U ,;, then we obtain a connection on V¥ on E compatible
with the metric (—, —) g,
VE .= PdP.
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We denote by F'Z the curvature of the connection VZ on E and by e(E, V¥) the associated Euler
form defined as in (1.1)

1
(2m)"
If a section w € U is transversal to the zero section, w M 0, then its zero set

Zy={xeM; ulz)=0}
is a compact submanifold of M of codimension r. We denote by 7'z, M its normal bundle in M,
Ty M :=TM|z,|TZ,.

e(E,VFP) = Pf(—FF) e Q" (M), r=2h.

Given any connection V on E we obtain a linear map
Veu: (TM)|z, — E|z,
which vanishes along T'Z,, and thus induces a bundle morphism
ay : Tz, M — E|z,

that is independent of the choice of V. We will refer to a,, as the ajunction morphism.

The transversality w 0 is equivalent to the fact that a,, is a bundle isomorphism. The orientation
on E induces via the adjunction morphism an orientation in the normal bundle (7'M )|z, and thus an
orientation on Z,, uniquely determined by the requirement

orientation T'M |z, = orientation (Z,,) A orientation (12, M).
Let us point out that since Z,, has even codimension we have
orientation (Z,,) A orientation (T'z, M) = orientation (77, M) A orientation (Z,,).

We denote by [Z,,] € Q— (M) the integration current defind by the submanifold Z,, equipped with
the above orientation.

Theorem 2.1. Let E — M be a real oriented, smooth vector bundle of rank r = 2h over the
compact oriented smooth manifold M. Fix a subspace U C C*(E) of dimension dimU = N < o0
satisfying the ampleness condition (1.13). Fix an Euclidean inner product (—, —)y on U and denote
by v the Gaussian measure on U determined by this inner product,

1 lul?

e 2 du.
(2m)

yu(du) :=

vz

Then the following hold.

(1) A section uw € U almost surely intersects transversally the zero section of E and thus we
obtain a random current

U>su— [Zy] € Uy (M).
(ii) The expectation of this random current is the current determined by the Euler form e(E,V¥)
E,y ([Z4]) = e(E, VF)T.

More precisely,

/ (1, [Zu))dyes (du) =
U

)t /M n ANPE(—FF), VneQm " (M). (2.1)

The proof of the the integral formula (2.1) is based on Gelfand’s double fibration trick, [1, 15]. Its
formulation relies on two versions of the coarea formula. We describe these versions below.
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2.2. The coarea formula. Suppose that X, Y are oriented smooth manifolds of dimensions
dimX =N >n=dimY.

Asume further that that we are given a smooth map 7 : X — Y. For any regular value y € Y of 7 the
fiber X, := 7~ 1(y) is a smooth submanifold of X of codimension n and its conormal bundle T)*(UX

is naturally isomorphic with 7*7*Y [y, and thus it has a natural orientation. We orient X, using the
fiber-first convention, i.e.,

orientation (X) = orientation (X, ) A orientation Ty X.

Suppose that wy € Q"(Y) is a volume form on Y, i.e., a nowhere vanishing top-degree form on Y.
Fix a smooth function py : Y — R and a form 1 € QN ~"(X) such that

—oo</ N < 00
X

Y

for any regular value y of 7. Sard’s theorem implies that y is a regular value of 7 for almostally € Y.
The first version of the coarea formula states that the function

Y>y— nelR
Xy

is Lebesgue measurable and

/(/ n) py(y)wyz/ nAT (pywy), n € Q(X). (2.2)
vy \JXx, X

For the second version of the coarea formula we choose a top degree form a € QY (X). Ifyp € Y
is a regular value of , then there is an induced Gelfand-Leray residue form

«

€ QV(X,,).

T*wy

It is locally constructed as follows. Fix a point py € X,, and local coordinates (z!, ... ,z™V) on X in
a neighborhood U of pg and coordinates (y!,...,4™) on Y in a neighborhood V of 319 = 7(pg) such
that, in these coordinates, the smooth map 7 is linear and described by the functions

yi(z) =2V vi=1,...,n.
In the coordinates (y*) the volume form wy has the form
wy = a(y)dy' A~ Ady",
where a € C*°(V/) is a nowhere vanishing function. Now choose a form 3 € Q¥~="(U) such that
6/\61(:161\[7"+1,...,xN)d$N*”+1 A ANdeN = a.

Ther restriction of 5 to Xy, NY is an (N — n)-form on X, N U that is independent of all the choices
and it is the Gelfand-Leray residue W*‘Z}Y .
The second version of the coarea formula that we will need takes the form

/a:/</ - >wy. (2.3)
X v \/Jx, Twy

For an explanation of why the more traditional coarea formula, [14, Thm. 3.2.11] or [20, Thm.
5.3.9], implies (2.2) and (2.3) we refer to [25, Cor. 2.11].
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2.3. The double fibration trick. Consider the incidence set
X:={(u,x) €U x M; u(z)=0}.
It comes equipped with two natural projections
U x5 M,
mi(u,x) =z, 7_(u,x) =u, V(z,u) e X.
For any subset A C M and B C U we set
X i=7n7'(A), Xp:=7x_'(B).

Lemma 2.2. (a) The incidence set X has a natural structure of smooth manifold diffeomorphic to the
total space of the vector bundle K — M.
(b) If u # 0 is a regular value of w_, then u M 0.

Proof. (a) Note that
(r,u) € X<=Pru =ev,u = 0<=u = K,.
This proves the first claim.

(b) Suppose that ug € U \ 0 is a regular value of 5. We will show that for any &y € M such that
uo(xo) = 0, the adjunction map a,,, defines an isomorphisn

(T2, M)z — Eay-

Fix a small open coordinate neighborhood O C M of &y in M with locall coordinates (z!,. .., z™).
We assume that via these coordinates O is identified with a ball B C R™ centered at 0 and @ is
identified with the center of the ball, z*(x¢), Vi = 1,...,m.
Both bundles ' and K are trivializable over B. We can therefore find smooth maps
e,...,ey:0->U
such that the following hold.
For any « € O the collection {e,(x)}1<q<n is an orthonormal basis of U. 2.4)
span{ ei(x), 1<i< r} = F,,Vx € 0. (2.5)
span{ eq(z), r<a< N} = Kg,Vx € 0. (2.6)
VEe;(xg) =0, Yi=1,...,r, 2.7
We will use the following conventions frequently encountered in integral geometry.
e We will use the Latin letters a, b, ¢ to denote indices in the range 1, ..., N.
e We will use the Latin letters 4, j, k, £ to denote indices in the range 1, ...,r = rank (E).
o We will use the Greek letters «, 3, to denote indices in the range r + 1, ..., N.
The map

RN x B3 (t,z) — <Zt“ea(x),x> eUx0

is a diffeomorphism. The set DCg C Uy can be identified with the set
{(# .. N2t 2™) eRY xR™ 2 € B, =0, Vj<r}. (2.8)
~——

T

‘We write ‘
t:=(t")1<i<r, 7= {tY)r<a<n, t:=(t,7). (2.9)
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Thus the pair (7, ) defines local coordinates on X . In these coordinates the pair (ug, o) is identi-
fied with a pair (79, 0) € RV =" x R™,

o= (5, . 7).
Moreover, the map 7_ is given by
(ry2) = 7_(1,2) = Zt“ea(m) eU. (2.10)
(03
We set
u®(z) := (uo, eq() )U, Va=1,...,N,
so that

Uy = Zu“(:c)ea(x), Vx € B. (2.11)

Above, we think of ug as a constant section of the trivial bundle U ;. The functions u®(z) are the
coordinates of this section in the moving frame (e, (x)). Note that

Se () = Poug = Y _u'(x)ei(x). (2.12)

The fiber X, = 7~ (uy) is described in the coordinates (7, z) by the equalities
u'(z) =0, t*=u(z), V1<i<r, Ya>r

Remark 2.3. Denote by () the natural orthogonal projection () : U,; — K = ker P. From the
above equalities and (2.6) we deduce that the section

Quy: M — K, = Quuy, (2.13)
induces a homeomorphism from Z,,, to the fiber X, . This homeomorphism would be a diffeomor-
phism if Z,,, were cut out transversally by the the equations u’(z) = 0,1 < i < r. O

The differential of 7_ at (79,0) € X, is

dr_|r0 = Z dt“eq|r=r, + Z 75 deq|z=0-
(07 «

Since uy is a regular value of 7_, the differential dm_ at any point in X, is surjective. In particular,
the induced linear map

Pdr_|n0 =Y 16 Pdeq(x)|a=o : TogM — En,
must be surjective. From (2.12) we ded:ce that
VESEO = Pd (Z u'(x)e;(x) ) = Z du‘e; + Z u' Pde;
At xy we have u’(zo) = 0 and we conclude that
(VESEO ) ao = Z du'e;.
i

On the other hand, we deduce from (2.11) that

0=d (Z ua(x)ea(x)) = Pd (Z u“(x)ea($)> =0
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= E du'e; + E u'Pde; = — E u“Pde,.
i % a
Atz we have u'(zg) = 0, u®(zo) = 7§ and we deduce

(VESE zo = D dufe; = = 78 Pdea(x)|e=o = —Pdr_|7.

This proves that the adjunction map
Auglzg = (VESE ) |ao = —Pdr_|r0 : TugM — Eg, (2.14)

is surjective. Since

Y dule; = —Pdr_|50
[

we deduce that near x( the zero set Z,, is cut out transversally by the equations u’(z) = 0, i =
1,...,7r. O

Observe that it suffices to prove (2.1) only for forms 7 supported in some coordinate neighborhood
O of some point £y € M. We continue to use the notations and the conventions introduced in the
proof of Lemma 2.2. We have a double fibration

U & X)jo =5 0.
Assume that the volume form
wo =dzt Ao Adz™ € Q™(0)

defines the given orientation of M. Clearly, the equality (2.1) is linear in 7 so it suffices to prove it in
the special case when

n= fadz"™ A Ada™, far € CR(0).
We fix an orientation on U and consider the volume form

I u?
wU:pUdVUa PU = ﬂe 2,

27)2

where dVi; denotes the Euclidean volume form on U determined by the given orientation.
The orientation on U defines an orientation on the trivial bundle U ;,. Coupled with the orientation
on F it induces an orientation on the vector bundle K uniquely determined by the requirements

orientation (U ;) = orientation (E) A orientation (K) = orientation (K) A orientation (E).

Finally, the orientation on K induces an orientation on the total space X via the fiber-first convention.
We will refer to this orientation as the natural orientation on X.

For any regular value ug of 7_, the fiber X(;,  caries an orientation given by the fiber-first conven-
tion applied to the fibration 7_ : X — U.

Lemma 2.4. The natural orientation of X|¢ has the property that for any regular value wo of 7_, the
natural diffeomorphism

Quy : Zuo — DC;O

defined in Remark 2.3 has degree (—1)N™ and thus changes the orientation by the factor (—1)N™.
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Proof. The fiber X, is the image of Z,, via the section ¥ = Qug of X — M. The map V identifies
the normal bundle Tz, M of Zy,, in M with the normal bundle 7).~ W(M) of X, in ¥(M).
uo

The equality (2.14) shows that the restriction of dw_ to T).— W(0O) can be identified up to a sign
uQ

with the opposite of the adjunction map. This sign is not important for orientations purposes since
the bundles involved have even rank. Now observe that at (ug, o) € X we have

orientation (X) = orientation (K,) A orientation W (M)

= orientation (K, ) A orientation (Z, ) A orientation (Eg,)
= (—1)M™orientation (Zy,) A orientation (Eg, ) A orientation (K, ).
On the other hand

orientation (X) = orientation (X, ) A orientation U

= orientation (X, ) A orientation (Ez,) A orientation (Kg,).

The first coarea formula (2.2) coupled with Lemma 2.4 imply that

L (] a)ewavo =2 [ ([ n)swave = o3 [ stynsin

v \Jz, U \Jxg x§
/(/ 77> pUdVU—/ Tt wy AT, (2.15)
U w xt

(0]

Hence

Recalling that 7T__~_1(.CE) = K., Vx € O, we deduce from (2.15) and the second coarea formula (2.3)

that
* /\ *
L(Lopwoi= [([ 22
U “ O » LW

This is Gelfand’s double fibration trick. To prove (2.1) we need to show that
T =——nAPf(—-F") = —F7) A 0. 2.17
(/ T o wo (Qﬂ)h” ( ) (2n)" ( ) An on (2.17)

2.4. Proof of (2.17). Suppose that (e,(0) )1<a<N is a positively oriented basis of U and ( e;(0) )1<i<r
is a positively oriented basis of E,. We set

Yap(T) 1= (ea(O), ep(x) )U, Vl<a,b<N.
The N x N matrix Y (z) = (yqp(x)) is orthogonal and Y (0) = 1. Moreover

2) = ya(x)es(0), €a(0) = yap(x)ey(z), Va. (2.18)
b b

We deduce

Pxea(O) = Z yai(l') z Z yaz ybz (O)
Hence

VPe;(x) = Pud Y ysj(x)es Z dyp;(z) Pey(0 Z Ybi () dyp;(x)e;(x).
b
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Thus, in the local orthonormal frame (e;(z) ) the connection V¥ is described by the matrix-valued
1-form

I'= (Tij(@)i<ig<p, Tij( Zybz ) A dyp; ().

The curvature of V¥ is F¥ = dI' + T' AT. Note that
Z dyb’L /\ dybj( )

At @, the constraint (2.7) on the frame e;(z) implies that VEej\mO =0, V4. Thus

0 = I';(x0) Zybl (0)dye; (0) = _ bidyn;(0) = dyi;(0), Vi, j. (2.19)
b

Hence
FE|aco =dl'= ( ZJ)1<ZJ<P7

Fij = Zdybi( ) A dyp;i (0 Zdygz ) Adyg;(0) € A°T5 M
b

On the other hand, the N x N Maurer-Cartan matrix Y ~!(z)dY () is skew-symmetric for any z. At
x = 0 we have Y'(0) = 1 and we deduce

We conclude that

Flgy = dl = (Fyh<ijer, Fij =Y dyig(0) A dy;s(0). (2:20)

Define
Yo : U = R | ya(u) = (u7ea(0))Ua 1<a<N.
The Euclidean volume form on U is then

dVy =dy1 A--- ANdyn.

Recall that (7, 2!, ..., 2™) are coordinates on DC+ see (2.8) and (2.9). Using (2.10) we deduce that
Ya(m_(m, 2t . 2™)) =y, (Ztaea(x)) :Zta(ea( eal Ztayaa
« «
We set

ga( ) ga T, (L’ Ztayaa

) =Y fu(@)ea(0)

so that

and
7 dVy =d& N - NdE.

We view this as a form on the space RV " x O with coordinates (7, z). We have
dfa = Z dt&yaa + Z tadyaa (l’)
« «

Observe that at (79, 0) we have
yab(O) = Oap, t*= 7—0047
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SO
d&a(0) 1= dlpmo = Y 00dt™ +> " 76dy2(0).
Hence
d&i(0) =) 6'dyin(0), dég=dt’ + ) 75 dysa(0),
so that
* |
T wy = ~e 2 d& A---dEn.
(2m)2

Now observe that

dgy A déy = (A A dEY) N e dyia, (0) + £,
dr i

=:Q(70)
where £ incorporates all the other terms that have degrees < N — r in the dt® variables, and
Q(To) S ATT;OM.

Since the terms collected in £ have degrees > 7 in the variables (z?,. .., 2™) we deduce

déi A -+ -dén AT = faudr AQ(1o0) Ada"TEA - A da™.

Denote by Q(79)1,... - the coefficient of dz! A --- A dz" in the decomposition of Q(79) with respect
to the basis { dz? A - A da?™ }1<jy <. j<m of AT M. If we set

1 |72
Vi (dr) = ——ye” 2 dr € QN (Kq,),
(2m) s
then we deduce that
Trwy A TN 1
= A Q ) 221
ol A dam (%)g’m fr(o)Q(10)1,...r (2:21)
Hence
Trwy AT S (o)
= - Q dr). 2.22
/Kmo dz' A---Ndx™ o (2m)2 Jk,, (7)1, (dr) 222

In the sequel we will denote by e the inner product in the space K, Our choice of local frames

amounts to a metric isomorphism K, = RV -7,
Foreveryi=1,...,rand 7 € K4, we set
dyir+1(0)
O, = : €Ty M ® Ky, wi(r)=>;07:= Ztadym(O) € T, M.
dyin(0) «
Let us point out that the (N — ) x r matrix with columns @1, ..., ®, describes the differential at x

of the Gauss map
M > x +— E, € Gr,(U) = the Grassmannian of r-planes in U.

We have
Q1) =wi(T) A Awp(T).
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Forevery j =1,...,mand 7 € Ky, we set
0 ir
21 (0)
Dij 1= 0py 1 @ = : € Kay, wij(1) = (®ijy )y = @i 07 € R.
9y,
323(0)

We denote by A(7) the  x r matrix with entries
A(T)ij = wij(7), 1<4,j <

Then .
wi(T) = wy(r)da?, Vi=1,...,r, Q7)1 = det A(7).
j=1
We set
Q= / det A(7)yg (dr). (2.23)
Kz
Using (2.22) we deduce
™ wy ATk To)—
[ i =, @24
Ka (2m)2

To compute the Gaussian average (2.23) we use the theory of orthogonal invariants [37] as in Weyl’s
proof of his tube formula [17, §4.4], [24, §9.3.3], [38].
Let us first observe that for 1 < ¢; # 49 < rand 1 < j; < jo < m we have

OYir o OY; OYiia OY;
(I)iljl b (I)i2j2 - (I)ile b (I)i2j1 = Z ( axl;la 8;;3 - a;;: a;j?
(6%

= (Z dYiyo N d@/m) (01, Oz )-

Using (2.20) and the notation (1.3) we deduce

fi2|j1j2 =Dy j, @ Diyjp — Piyjp @ Piyjy, VI <iiq i <1, 1< 71,52 <. (2.25)

For any collection of vectors u;; € Kz,, 1 <1,j < rand any 7 € K, we define the r X r matrix

A(T,u5) = (uij ° T)lgz‘,jgr’

and we consider the average

p(ugij) = / det A(T, w;j) vk (dT).
Kz
The average j¢(u;;) is a polynomial in the variables u;; € Ky, 1 <4, j, < r, and it is invariant with
respect to the action of the group O(N — r) of orthogonal transformations of K,. Note that when
u;; = ®;; we have
pu(Pij) = Q.

We recall that » = 2h and we denote by 8, = Soy, the group of permutations of {1,2,...,2h}. As

in [24, §9.3.3] we define
h
QU,W(uij) = H(U<P2j—10’2j—1 i u<.02j02j)7 Q= Q(ulj) = Z 6(090)@0550(“’1'1')'
j=1 0,pESy

Lemma 9.3.9 in [24] shows that there exists a constant Z such that

wluig) = ZQ(uij), Y.
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To find the constant Z we choose the variables u;; € K, judiciously. More precisely, we set

% . BN(O)a =7,
U5 = )
0, i # 0.
In this case
A(T,uj;) = Diag(t",...,t"), det A(r,u;;) = [tV]*",
—_———
2h
2h 1 2 h
* N 2h — 5
ol uy; :/ t 'yK(dT):/s e 2zds=||(2j—-1)=(
)= 17 . 11
On the other hand,
" L o=,
Q 7<P( 1]) {0’ U#‘Pa
and we deduce that Q( uj; ) = (2h)!. Thus
C2h-1) 1 1

Denote by 8! the set of permutations ¢ of {1,2,...,2h} such that

Y1 < P2, Y3 <P4,...

Using (2.25) we deduce as in the proof of [24, Eq. (9.3.11)] that

y P2h—1 < P2p.

h
h E
Q(Ps5) =2 Z H 6<0‘S0)F@2j—1§02]'|0—2j—10-2j.

o8l j=1
Thus
1

_ E
M((I)ij) ! H €(U¢)F¢2j71@2j“72j710'2j

o,p€S) j=1

N, = pu(®i5) = PE(=FF)(9,1,...

Using (2.24) and (2.27) we conclude that

/ Twy AT dz' Ao ANdx™ = fu (o)
Kaqg dzl A - Adx™ (277)%
- Pf(-FF) An
(2m)h '

This proves (2.17).

(1.4)

=" Pf

(—FF)(0,1,- -

78567')-

76z'r)-

19

(2.26)

(2.27)
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3. THE WHITE NOISE LIMIT

3.1. Gaussian measures. Recall [5] that a centered Gaussian measure on a finite dimensional real
vector space U is a probability measure v on U such that for any linear functional ¢ € U™ =
Hom(U, R) the pushforward {4+ is Gaussian measure on R

52
e 2wdf, v>0.

1
5#7 - 71} T \/ﬁ
Above, when v = 0, we define -, to the Dirac delta-measure concentrated at 0.

A centered Gaussian measure v on U is completely determined by its covariance form C' = C,
which is the symmetric, nonnegative definite bilinear form

C:U"xU" =R, C&,&)=E,(& &),

where £1,& € U™ are viewed as random variables on (U, ). The Gaussian measure -y is called
nondegenerate if its covariance form is nondegenerate. If this is the case, the bilinear form defines an
Euclidean inner product on U™ and, by duality, an inner product on U.

Conversely, given an inner product o on U with norm | — |5, we have a Gaussian measure
_dimU _ \u\g
Yo =(02m)" 2 e 2 |dule, (3.1)

and o coincides with the inner product determined by .

The inner product o identifies U with U™ and the covariance form of an arbitrary Gaussian mea-
sure v on U can be identified with a symmetric nonnegative operator 7’ : U — U. The measure vy
is nondegenerate iff T, is invertible. In this case

1 1 —1 1
= 27wy, = <T2) . 3.2
7= /et 2T, dule ={17) o G2
Note that if 7 is a centered Gaussian measure on U with covariance form C, and L : U — V is

a linear map to another finite dimensional vector space V' then the pushforward L is a Gaussian
measure on V' with covariance form Cf,,, = L*C,. In particular, if 7 is as in (3.2), then

1
Y= (T'y2>#’}/a"

3.2. Probabilistic descriptions of special metrics and connection. Suppose that we are given a
smooth real vector bundle £ — M of rank r, and a sample space (U, ~¢;) of C*°(FE). The nonde-

generate Gaussian measure gy on U determines a metric (—, —)g7.
As we have seen, the metric (—, —)y on U induces a metric (—, —) on the bundle £ and by
duality, a metric on E*. We want to give a probabilistic description of the induced metric (—, —) g~

in a fiber £, of £*.
To simplify the presentation we introduce some notations and conventions.

(1) We will use the e-notation to denote the inner product in U or U*.

(i) We will use the Latin letters 4, j, k, £ to denote indices in the range 1,...,m = dim M.
(iii) We will use the Greek letters «, 3, v to denote indices in the range 1, ..., r = rank (E).
Let
(—, =) ErxEy —» R
denote the natural pairing. Fix an orthonormal basis V1, ..., Uy of U and denote by (U7 ) the dual
orthonormal basis of U*. Then ev}, : B — U™ is given by
N

evy(u®) = Z< u*, ¥y, (x) >‘I’Zv

n=1
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and
N

(uf, up)p = (eviui) o (eviup) = Y (ui, Un(w) )(us, Va(x)).

n=1

Thus the metric (—, —) g+ is described by the bilinear form C(x) on EJ; given by
N
Co=) V,(z)® Uy(z) € By ® B, = Hom(E}, ® Ej, R).
n=1

The bilinear form C';, has a probabilistic interpretation: it is the covariance form of the Gaussian
measure (evg )4y on Ey.
We have a metric duality isomorphism

D=D,:E,— E,, (v',Du)g:= (v, u).

Fix a point z and a small coordinate neighborhood O of ¢ with coordinates (z*) such that z*(xo) =
0. Suppose that (e“(x)) is a local frame of E* defined on O. Denote by (e, (x)) the dual moving
frame. We set

CP(z) == Cy(e%(z),€’(z)).
The matrix C(x) = (C*%(z)) is symmetric and positive definite. We denote by (C,s(z)) the inverse
matrix. If we write

De, =: Z Dgaeﬂ,
B

5= (e ea) = (.3 Dpee” ) =3 O Dso
B B

which shows that the duality isomorphism D is represented in these bases by the inverse of the matrix
C, Dgo(x) = Cpalx).
We want to compute the covariant derivatives

vE e (0) = Vg*iea(O).

then we deduce

We set

n

UO(z) = <eo‘(3:),\1»'n(:n)> €R, ¥n=1,...,N,

and we deduce
N N
eviet(r) = Y U (2)¥}, Oy (ev; ea(x)> =3 0,0 (2) T
n=1 n=1
We denote by P, the orthogonal projection U* — E. Then

VE e (z) = P.o; (eV; ea(az)> =D, <Z &\I/%(x)\lln(x))

=D, [ > 0 (x)V(x)es(z) | = D 005 (x)Vh(x)Cyp(x)e (x)
n,B n,B,7y

=3 [ Y 0w @) ¥ (0)Chs(e) | €(a).
il n B

::F‘}/li(a:)
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For every =,y € O, we denote by (x?) the coordinates of , by (3°) the coordinates of y, and we set

ey = Z‘I’ (y) € Ex ® By,
N (3.3)
CP(z,y) =Y (@), Un() ){e’(y), Tnly)).

One should think of Cy , as a covariance kernel defined by the random section u € U because it
captures the correlations between the values of u at « and y. We deduce that

> @)W (@) = 0,40 (2, y) oy

Hence

Vet Zw ), Z 0,0 (,9) oy Cryp () (3.4)

By duality we deduce
VEe,(a Z I (@) (35)

We denote by I';(x) the endomorphism of E,, given by
) = Z FOtlz
From (3.4) and the symmetry of the bilinear form C(z) we deduce that
Li(2) = 0, C (@, y)lamy - (C(2)") 7" = 0 C(@,y) o=y - C(2) " (3.6)
We set 4
= Z dz'T; = dpC (2, )|y C(2)
The operator valued 1-form —I" describes the connection V¥ in the local frame (e, (z)),
VP =d-T.
The curvature is then
FP=—dl +TAT == (0T — 0, Ti)da’ Ada? + [0y, Tjlda’ Ada’.  (3.7)

ij i<j
Concretely
axiraa,u = am’ Z Z axj ‘I’ff (x)\I’TBL(x)CWB (:C)
no B
= Z Z %0 Vo (@)U (2)Cop () + )+ Z 03 U3 ()0, 0 () o ()
Z Z D, W (z )awlcw( ).
We deduce

0yl —aizxac(xay)’z:y ()~ +aiay C(x,y)‘z:yC(x)_l

3.8)
+ <8ij(x,y)|w:y) 0, (C2)7h). (
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Suppose that £ came equipped with another metric a/o(—, —) and connection V° compatible with
this metric. Then
VE=VO+A=V"1> da' A A4,
where A is a globally defined operator valued 1-form, A € Q' (End(E)).
If we choose the local frame frame (e®(z)) on O to be orthonormal with respect to the metric o,
and V%e®|,—o = 0, then

N N
0 evyy e®(@)lomo = > _ 0i00( Un(0),€4(0)) Ty = ao( VIT,(0), e4(0)) Ty,
n=1 n=1
It follows that
ViE"e*(0) =Y | DD (V)% (0)¥(0)C,5(0,0) | €7(0), (3.9)
v n B
::Aili(O)
where
(VOU,,)%(x) = (e*(x), VW, (2)).
We deduce
Vie,(0) = =) A%, (0)da. (3.10)

We denote by (A;(x)) the endomorphism of E, given by the matrix (—Ag“i)lga,ygr-
We can rewrite this in an invariant way as follows. Consider the natural projections
MEMxMS M, pi(ey, o) =y,
and the bundle
EXE :=plE®p-E.

Then C'(x4,x_) is a global section of E X E. Its restriction to the diagonal can be identified with
the section C'(x) of the bundle £ ® E over M. We deduce

Az) = Z Ai(z)dz' = — Z V9,C(2,y)eey - Cz)7. (3.11)

Indeed, both sides of the above equality are globally defined End(FE)-valued 1-forms on M. It
therefore suffices to verify (3.11) at an arbitrary point g in some local coordinates near g and some
local trivialization of EZ. We have done this already in (3.10).

We denote by F° the curvature of V° and by F'® the curvature of VZ. Then

FO=Y " Flda' ndad, FP =" FFda' ndad,
1<j i<j
and
Ffj = Fj + V0 Aj — V0, Ai + [A;, Aj]. (3.12)
Observe that
V045 = — (V990 C(, 9)lamy + V5 V% O, )lamy ) -Cla) !
:;ﬁ?(x) (3.13a)
- ngc(% y)‘x:y : Vgi ( C(x)il )7
V9. (Clx)™t) = -C; 1 (V%C(z)) )t (3.13b)

T Tt T
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V2%.C(z) = V% C(2,y) ey + VgiC(x, Y)|o=y- (3.13¢)

3.3. Probabilistic reconstruction of the geometry of a vector bundle. Suppose that we are given
a smooth rank 7 real vector bundle £ — M over the smooth compact manifold M. We fix a metric
oo on E and a connection V° on E compatible with og. We want to construct a family of sample
spaces (U.,v.) C C°°(FE) with associated special (metric, connection)-pair (o, V¢) satisfying the
conditions (1.14a,1.14b,1.14d). We use a spectral geometry approach.

We fix a Riemann metric g on M with volume density |dV}|. We can form the covariant Laplacian

Ao = (V)'VY: C®(E) — C=(E).
This is a symmetric, nonnegative definite second order elliptic operator whose principal symbol is
scalar
o(Do)(x, &) = €21k, Yo e M, {€TyM.
Let
spec(Ag) = A1 <A <-e e
where in the above sequence each eigenvalue appears as many times as its multiplicity. We fix an
orthonormal eigenbasis (¥},),>1 of L?(E)
AoV, = AV, Vn.

Now fix an even, smooth, compactly supported function w : R — [0, 00). Assume that w(0) # 0.
For each £ > 0 we have a smoothing selfadjoint operator

We=w(ev/Ay) : L*(E) — L*(E).
Define
U. := Range (W) = span{W¥,; w(e\/\,) #0} C CP(E).
Note that U is a finite dimensional invariant subspace of W;. The restriction of W, to U, is invertible

and selfadjoint with respect to the L2-inner product on U.. As such, it defines a nondegenerate
Gaussian measure -, on U, following the prescription (3.2)

1 1 -1
du) = ————e 2 We 0Wi2 |y >,
Ye(du) det 2. |du| 2
where (—, —)2 denotes the L2-inner product on U, and |du|;> denotes the associated Lebesgue

measure on U .. We set
k(w) = (/ w(t)tm_ldt> vol (8™ 1) (3.14)
0

We denote generically by L!"? the Sobolev spaces norms of LP-functions with first order derivatives
in LP.

Theorem 3.1. Denote by (o, V) the special (metric, connection)-pair determined on E by the
sample space (U.,~:) constructed as above. For each ¢ > 0 we denote by F* the curvature of V©.
Then for each p € (1, 00) there exists a positive constant K = K (p) such that the following hold

le™oe — r(w)aollgo + |V = VOl 1w + [[FF = FOllco < K(p)e ase ™\, 0.

Proof. Consider the covariance form C.(x,y) € C*°(E X E) determined as in Subsection 3.2 by the
inner product on U, defined by the Gaussian measure 7. If we identify E with E* using the metric
oo we can view C; as a section of Xl E*. As such, it coincides with the Schwartz kernel of W.

The next result contains the key estimates responsible for the conclusions in Theorem 3.1. We
defer its very technical proof to the next subsection.
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Lemma 3.2. Let p denote the injectivity radius of (M, g). Fix a point xy € M and normal coordi-
nates (x') on the open geodesic ball B,(x) centered at xo. Fix a trivialization of E over B,(xo)
obtained by V°-parallel transport along the geodesic rays starting at xo. Then the following hold.

(a) There exist constants K, ey > 0 such that

Ce(z, @) — K(w)e " g,| < Ke*™™, Ve <ep, Va € B,(wo). (3.15)
(b) For 1 <1 < m the limits
. 0 . 0
;13[1] €MV i Ce(2,Y) p=y, ;13[1) smvyi Ce(,Y) 2=y (3.16)

exist uniformly in x € B, 5(o) and the rate of convergence in C°( B, 5(wo) ) is O(e). Moreover
. 0
;g% "V, Ce(2,Y) p=y=2, = 0. (3.17)
(c) For 1 <1 # j < m the limits

5111}(1)6 inijg(:E,y)x:y, 35%5 vyivyjcs(l'ay)xzy 313%5 vxivyjcs(xay)x:y (3.18)

exist uniformly in x € B, 5(20) and the rate of convergence in C°( B, 5(xg) ) is O(e).
(d) For 1 <1 < m the limit

lim = (vgivgicg(x, Y)amy + V9LV Ce(a, y)x:y> (3.19)
e—>
exists uniformly in x € B, 5(x0) and the rate of convergence in CY(B,2(x0)) is O(e). 0

Assuming the validity of Lemma 3.2 we proceed as follows. Fix g € M and normal coordinates
in B, (o) centered at . For simplicity we write « instead of x(w). We deduce from (3.15) that

|emo. — koollc, = O(?) ase — 0.

In the sequel the Landau symbol O refers to the C°-norm on B, /2(330). Note also that (3.15) implies
that

C.(x) t=em (K]_l]le + 0(£?) ) (3.20)
If we write A° := V¢ — VY, then we deduce from (3.11) and (3.16) that
Af(SU) = _V2¢C€(137 y)xzy : Ca(x)_l = —€mV2¢Ca(95, y):z::y <I€_1]‘Em + 0(52)>

has a limit as ¢ — 0 uniform in x € B, 5(x¢). We set

Ai(z) = lim AS (). (3.21)
e—>
Moreover (3.17) implies
A;i(xg) = 0. (3.22)
We have
14 = A5l cogs, oy = OLE)- (3.23)

Using (3.12) we deduce that along B,(xo) and for i # j we have
£ 0 0 pe 0 pe € €
From (3.23) we deduce
| [47, A5] - [A;

, Ayl HCO(BW(M)) = 0(e). (3.24)
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To estimate V?, A5 (z) we use (3.13a) and we have
VY A5 (z) = —T5(2)Ce(x) ™ = VO, Cel@, y)amy - Vo (Ce(x) ™),
T5i(x) = V0.V Cel@, y)amy + Vo Vo, Cel(,y) 2y
The estimate (3.21) and Lemma 3.2(b) imply that
lim 775 (z) C: (z)~!
e—0

exists uniformly in € B, 5(x0) and the rate of convergence in C°( B, (x0) ) is O(). Using
(3.13b), (3.13c) and (3.21) we deduce that

iii% V0, Ce(2,Y)a—y - V% (Ce(z)™!) exists uniformly in 2 € B, /s(xo),

and the rate of convergence in C%( B, /5(o) ) is O(e). We conclude that

Fij(x) := ;1_1}(1) FZ‘?(:E) exists uniformly in z € Bp/g(m(]), (3.25)

and

HFZJ - Fz%“CO(BP/2(ZO)) - O(E)' (3.26)

Observe now that
V0, 45(2) = — (Y9, V0 Ce (& y)amy + V9, V0Ce(,y)my ) - Cla) ™!
- V&CE(%, Y)a=y - ng‘ ( C(x)_l )
Lemma 3.2(c) together with (3.21) imply that the limit
gi_rf(l) (v%vgics(xa Y)a=y + Vgivgics(% y)m=y) ' C($)_1

exists uniformly for # € B, 5(xo) and the rate of convergence in C°( B,5(x0) ) is O(e). Finally
(3.16) and (3.23) imply that

vaic~€(x7 Y)a=y - vgi ( C(x)il ) HCO(B/J/2(930)) =0(e).

Hence

lim V9 A¢(x) exists uniformly in z € B, 2(x0), (3.27)
e—0 ¢

and the rate of convergence in C%( B, /5() ) is O(e).
The connection V° defines a first order elliptic (Hodge) operator
5C: 0% (End(E) ) — 0* (End(E) ), 3 =d"" + (a%")

*

Since A°(z) converges uniformly on B, 5(z) as ¢ — 0, we deduce from (3.25) and (3.27) that
HA®(z) converges uniformly on B, 5(z) as € — 0.

Invoking elliptic LP-estimates we deduce that for any p € (1, 00) there exists a constant C' > 0
such that for any €1, €2 > 0 we have

A5t — A&”Ll,p(BpM(wo)) < C(HA& _ AEZHL?(B,,/Q(mo)) + ||FHA — 9—(A52||LP(BP/2(,EO))>.

The right-hand side of the above inequality goes to 0 as 1,9 — 0 so

el}gri)() HAEI — A% HLl’p(Bp/4(m0)) =0

This proves that as ¢ — 0 the 1-forms A°(z) converge in the L'?-norm on B,,4(x). Since these
forms converge uniformly to A on this ball we deduce that

lim |A° = All 21w (B, )4 (o)) = 0-
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Since M is compact we conclude that exists a globally defined End(F)-valued 1-form
Ae L'"(T*M ® End(E) )

such that B
lim ||14‘E — AHLI’P(M) = O, Vp S (1, OO)
e—0

Moreover the equality (3.17) shows that A(zg) = 0. Since the point &y was arbitrary we deduce
A = 0. In turn, this implies that ¢ = FO + V" A¢ converges in LP(M) to F°. From (3.25) we
deduce that this convergence is in fact uniform. This proves Theorem 3.1 assuming the validity of
Lemma 3.2. O

3.4. Proof of Lemma 3.2. We rely on the techniques pioneered by L. Hormander [19] to describe
asymptotic estimates for the Schwartz kernel of W, as ¢ — 0. We follow closely the presentation in
[33, XIL.2]. We allow w to be an arbitrary even Schwartz function w € S(R). We denote by C¥ the
Schwartz kernel of w(ev/Ag).

Fix a point ¢y € M and normal coordinates (z°) on B,(x(). We fix a local orthonormal frame
(en) of E over this ball which is V°-synchronous of x, i.e.,

Ve, (xy) =0, Va. (3.28)
We will describe another integral kernel K (z,y) € Hom(E, ® C, E, ® C), defined for z,y €
B,(x0), |x — y| sufficiently small, such that
C¥(z,y) = K (z,y) + O(™),
ie.,
IC2 (2,y) = K (@, y)llex = O(™) ase =0, ¥k, N € Zs,
where the C*-norm above refers to the C'*-norms of functions defined in a neighborhood of the

diagonal in M x M.
Fix a smooth a : R — R such that

a(t) = {0, It < 1,

1, |t >2.

For x € B,(xo) and £ € R™ we denote by ||, the length of £ as an element of 7M. The
approximate kernel X% (x, y) has the form [33, Chap. XII, (2.2)]

K (2, y) = / 4o (1, ) 00 g (3.29)

where for any positive integer v we have

2v
6:(2,€) = a(l€lz)w(l&le)co(w,§) + a(l) D e'w! (elele )ej(w,€) + Ri(e,2,),  (3.30)
j=1
and, for every € > 0, the remainder R?(x, &) is a classical symbol of order < —v — 1 and the family
(R5(,€))z¢(0,1) is bounded in the space of such symbols.
Moreover, ¢y(z,§) = 1, , each of the terms ¢;(x, £) is independent of w, and it has an asymptotic
expansion as & — 0o
CJ(LU,f) ~ Z Cjk(x7§)a
k<lj/2]
where ¢ (x, £) is homogeneous of order k in €.
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Sublemma 3.3. Suppose that ¢ € S(R) and
¢: Bp(wo) x (R™\ 0) = End(Ey ® C), (z,) — c(x,£),

is a smooth function homogeneous of order k € 7,. We set

Leloe(@)] = [ a(€la)(elel)ee. ). (31)

)= [ el
|§|z:1
Then the following hold.

@) Ifk < —m —1, then
Lol c(@)] | = O([[9llco )-

(ii) If k = —m, then there exist temperate distributions
Tjm :8(R) =R, j=-1,0,2,...,

such that as € — O we have the asymptotic expansion

Lelg, c(@)] ~ é(x) | (loge)T1m(¢) + Y e/ Tjm(0)
j=0

Moreover,
Tfl,m(d)) = QS(O) .

(iii) If k > —m, then there exist temperate distributions
Tir:8(R) =R, j=0,1,...,

such that as € — 0 we have an asymptotic expansion
e .
L [d)a C(x)] ~ E_m_ké(x) Z EjTj,m((b)'
j=0

Moreover

Tox(p) = ( /0 h ¢(s)sk+m1ds) :

Proof. Part (i) is obvious because a(|{|;)c(z, ) in integrable in & over R™ if the order k of ¢ is
< —m. Assume that £ > —m. We set

é(x) := x,&)dE.
() /5|z 10( §)d¢
We have

= - clx a m—1
Leld e(a)] = /0 ( /|£ L ,tmd@) o(t)de(t) L.

_ < /O h ao(t)¢(5t)tk+m_1dt> o) = ek ( /0 ~ ao(s /5)¢(s)sk+m_1ds> o).

The last 1-dimensional integral has a complete asymptotic expansion as € — 0 described explicitly
in [4, Eq.(4.4.22)]. Sublemma 3.3 follows by unraveling the details of this asymptotic expansion. O
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Fix two multi-indices o, 3 € ZZ such that || + 3] < 2. Using (3.29) we deduce that

DLOIKE (,)|amy = (—1)PlilelH1Plgores / gz, €) + / (w, €)dg

where

q1(x,&) = 020) (q(x,g)ei(”“yvf)> g8 (agagei(mfy,é))
= Y Zap P00 g, y, E)dE,

0<v<a
and Z, g - are certain universal complex constants. Using (3.30) with v = m + 2 and Sublemma 3.3
we deduce that there exist universal temperate distributions

Sl5:8(R)=C, j=0,1,2,

m:y.

and endomorphisms A
K‘Zx’ﬂ(aj> : E$ — E£E7 j = 07 1727
depending smoothly on = but independent of w such that

2
emOTONKY (2, ) |omy = € 1TV IS J(w) K, 4(x) + O(?) | . (3.32)
Jj=0

Moreover, since co(x, &) = 1, we deduce

S2aw) = [ w(er e

(3.33)
K, 5(x) = (—1)/Plglel+ sl ( / 5“55) 1,
I€1=1
For any Schwartz function w € 8(R) and any A > 0 we set
wy(z) = w(Az).
Observe that wy (e1/Ag) = w(Aev/Ag) so that, for fixed A > 0, we have
K = K+ O(=).
Using this in (3.32) we deduce that for || + || < 2 and j = 0,1, 2 we have
S g(wy) = A"l B ST (). (3.34)
Sublemma 3.4. (a) Let || + || € {0,2}. If ¢ € S(R) is even, then
Sap(@) KL 5(x) =0, Vo € B,s(x). (3.35)
(b) If p € S(R) is even, then
lim e™V% K2 (2, y)|pmy=mo = 0. (3.36)

Proof. Denote by 8§, (R) the space of even Schwartz functions on R and by X, g the subspace of
of 84 (R) consisting of functions ¢ satisfying (3.35). Clearly X, g is a closed subspace of 8 so it
suffices to prove that X, g is dense in 8 (R) with respect to the natural locally convex topology of
S8(R). The family yx(s) = e~**s” spans a vector space dense in 8+ (R); see [34, Chap. 8, Lemma
2.3]. Thus, it suffices to show that vy € X, g for any A > 0. In view of the homogeneity condition
(3.34) we see that

Y € I)Caﬂ <~ Y\ € I)Caﬁ, YA > 0.
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For t > 0 we denote by H; the heat kernel, i.e., the Schwartz kernel of e *20. Note that H is the
the Schwartz kernel of v (ev/Ap).

The heat kernel Hy(z, y) has a rather well understood structure. We denote by d(x, y) the geodesic
distance between z,y € B, /5 (xo) with respect to the metric g on M. For z,y in a neighborhood of
the diagonal we have an asymptotic expansion as ¢ \, 0 (see [29, Thm. 7.15])

Ht('xa y) = ht(xv y) Z ty(“)l,(.%', y)7 IS ZZO: (337)
v=0

=:0¢(x,y)

where O (z,y) € Hom(E,, E,) and

m d(z,y)Q

hi(z,y) =t 2e” 4

The asymptotic expansion (3.37) is differentiable with respect to all the variables ¢, x, y. Hence
eMH > (z,y) ~ e~ 252”@ z,y), (3.38)

d(z,y)?
4e2

where u. := . When z = y we have u. = 0 and thus

eMH(z, ) 552”@ x,x)

This proves (3.35) in the case & = 5 = 0 for the test functlon 1 since the expansion in the right-hand
side above involves only even powers of €.
Differentiating (3.38) we deduce

"Vt 2 (2,y) ~ —(Oyiue)e Zsz”@ z,y) Zsz”vo ). (3.39)

To compute 5mV2j Vgi H_>(x,y) when z = y we will take into account that 0,:u. = 0 when z = y.
We deduce

oo
eV VY Ho (2,y) ey ~ 4—283]962 (2,9)?|amy 262”6,,(30,3:)
v=0

(3.40)
+252”v0 V3.0, (2, y)w=y

This proves that 5m+2V2j Vgi H_2(z,y),—, has an asymptotic expansion in even, nonnegative powers
of €. Arguing in a similar fashion we deduce that the kernels

5m+2v2j vgz H52 (l‘, y)xzyv 5m+2v2j ng H52 (337 y)x:y

also have asymptotic expansions in even, nonnegative powers of €. We conclude that v, € X, g if
laf + 8] = 2.
Let us observe that (3.39) implies

e™VY Hoz (2, ) |omy Z€2VVO 2 Y)p=y-

We deduce that
;1_% 5mvgiH52 (@, Y)|a=y = VgiGO(mv Y)la=y-
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From the transport equations [29, Eq.(7.17)] we deduce that, in normal coordinates at x(, and under
the synchronicity condition (3.28), we have

V2.00(. y) s=y=zy = 0.
This proves (3.36) for ¢ = ~; and thus for any even Schwartz function ¢. O

We can now complete the proof of Lemma 3.2. Using (3.32) and (3.33) with a = S = 0 and
Sublemma 3.4(a) we deduce that

eMC.(x,x) = r(w)lg, + O(e?),
where we recall that
(w) = ( / w(t)tm_ldt> vol (§™1).
0

For 1l < < m we set
o = (52‘1,. . ,62m) € ZTZHO,

where d;; is Kronecker’s delta. From (3.33) we deduce that

Ko o= —Kia, =i </|£|15j> 1g, =0.

EmvgiCE(x, y)x=y = Séi,O(w)Ktlli,O + O(e),

These estimates prove (3.16). The equality (3.17) follows from (3.36).
From (3.33) we deduce that for 1 < i £ j <m

K3i+aj,o(37) = —Kgi,aj (z) =1 </§|—1 &fj) lg, =0,
and invoking (3.35) we conclude that

€mV2iV2j Ce(@,Y)a=y = ngﬁaj,o(w)Kii-s-aj,o(x) +O(e),

Thus

VOV O,y )omy = 52,0, (W) K2, o, (1) + O,
6mv2i vgj CE (1:7 y)x=y = Sg,ar‘raj (w)KaaH-aj (SU) + 0(5) .
These estimates prove (3.18). Note that Sublemma 3.4 implies that

e™ (ngvgz@ (, Y)a=y + Vgivgi Ce(m, y)ac:y )

— 2 (sgm,om)zcgai,o(x) + 80, o (W) K 50, (x))

+(30,0(0) K3 02) + 2, 0, () K2, o, (2)) + O(e).
The equalities (3.33) imply that
Sgai,o(w)Kgai,O (x) + ‘S’gi,ai (w)Kgl,Oc, (x) = 0

This proves (3.19) and completes the proof of Lemma 3.2. O
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