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ABSTRACT. In earlier work [32] the authors proved the Bergman kernel expansion for semi-
positive line bundles over a Riemann surface whose curvature vanishes to atmost finite order
at each point. Here we explore the related results and consequences of the expansion in the
semipositive case including: Tian’s approximation theorem for induced Fubini-Study metrics,
leading order asymptotics and composition for Toeplitz operators, asymptotics of zeroes for
random sections and the asymptotics of holomorphic torsion.
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1. INTRODUCTION

Geometric quantization is a procedure to relate classical observables (smooth functions) on
a phase space (a symplectic manifold) to quantum observables (bounded linear operators) on
the corresponding quantum space (sections of a line bundle). In the case when the line bundle
in question is positive, and consequently the underlying manifold Kéahler, a well known quan-
tization recipe is that of Berezin-Toeplitz [B, 28], 34]. Showing the validity of the quantization
prodecure involves proving that it has the right properties in the semiclassical limit. Key to
the proof is the analysis of the semiclassical limit of the Bergman kernel [14] [16] 30, 29, 38].
In earlier work [32] the authors proved the Bergman kernel expansion in the case when the
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underlying line bundle is only semipositive, with curvature vanishing at finite order at each
point, on a Riemann surface. It is the purpose of this article to explore the corresponding
applications of the expansion therein to results in geometric quantization in the semi-positive
case. These include the Tian’s approximation theorem for induced Fubini-Study metrics, lead-
ing order asymptotics and composition for Toeplitz operators, asymptotics of zeroes for random
sections and the asymptotics of holomorphic torsion.

We now state our results more precisely. Let Y2 be a compact Riemannian surface equipped
with an integrable complex structure J and Hermitian metric h”Y. Consider holomorphic,
Hermitian line and vector bundles (L, hL), (F R ) on Y and let V¥, V¥ be the corresponding

Chern connections. Denote by RF = (VL)2 € Q0% (Y;iR) the corresponding curvature of the
line bundle. The order of vanishing of RY at a point y € Y is now defined

(1.1) ry — 2 =ord, (R") == min {I|J' (A*T*Y) 32 jiR" #0}, r,>2,

where j'RY denotes the Ith jet of the curvature. We shall assume that this order of vanishing
is finite at any point of the manifold i.e.

1.2 = < 00.
(1.2) r = maxry, < oo
The function y + r, being upper semi-continuous then gives a decomposition of the manifold
YV =Ui,Y; Y; = {y €Y, =j} with each Yc; == [ J},_, Y} being open. Furthermore, the
curvature is assumed to be semipositive: RF (w,w) > 0, for all w € T*0Y.

Associated to the above one has the Kodaira Laplacian

00 QY (Vi FRLF) - Q™ (YV;FeLY), 0<¢<1,

acting on tensor powers. The kernel of the Kodaira Laplacian ker 0] = HY (X F® Lk) is
cohomological and corresponds to holomorphic sections. The Bergman kernel II{ (y,v') is the
Schwartz kernel of the orthogonal projector II7 : Q%4 (Y; F® Lk) — kerOJ]. Its value on the
diagonal is
Ny
I (y,y) = Z |s; ()%, N} =dimH? (X;F ® Lk) ,

J=1

for an orthonormal basis {s; }jvz’gl of H? (X; F @ L¥). Under these assumptions one has H' (X; F @ L¥) =
0 for £ > 0. We now first recall our theorem from [32] on the asymptotics of the Bergman
kernel 11, == Hg.

Theorem 1.1 (|32, Theorem 3|). Let Y be a compact Riemann surface and (L,h") — Y a
semipositive line bundle whose curvature RY vanishes to finite order at any point. Let (F,ht") —
Y be another Hermitian holomorphic vector bundle. Then the Bergman kernel 11 := 11} has
the pointwise asymptotic expansion on diagonal

N
(1.3) I (y,y) = k™ [Z ¢ (y) k=% | + 0 (k~Nv) . YN e N,
j=0

Here c; are sections of End(F'), with the leading term co (y) = o8 i’ REIY (0,0) > 0 being
giwen in terms of the Bergman kernel of the model Kodaira Laplacian on the tangent space at

y (A.8).
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To explain our first consequence of the above, note that the cohomology H°(Y; F @ L*) is
endowed with an L? product induced by A, h* and k. This induces a Fubini-Study metric
wpg on the projective space P [HO (Y; F® Lk)*] The Kodaira map is now defined

O, Y = P [HO (Y;F®Lk)*} ,
(1.4) P (y) ={sec H (Y;F® L") |s(y) =0}.
It is well known that the map is holomorphlc. We now have the semi-positive version of Tian’s
approximation theorem.

Theorem 1.2. Let Y be a compact Riemann surface and (L,h%), (F,h¥) be holomorphic
Hermitian line bundles on'Y such that (L,h') is semi-positive and its curvature vanishes at
most at finite order. Then the Fubini-Study forms induced by the Kodaira map (1.4]) converge
uniformly on'Y to the curvature R* of the line bundle with speed k='/3

1
‘ =0 (k7%

* ¢ L
T PWFs — - R
k 21 o)

as k — oo.

For the next application we consider the Toeplitz quantization of functions on Y, or more
generally sections of F'. The Toeplitz operator T operator corresponding to a section f €

C*> (Y;End (F)) is defined via
Tii: C*(Y;F®LY) —» C®(Y; F® LF)
(1.5) Ty = I [T,
where f denotes the operator of pointwise composition by f. Each Toeplitz operator above
further maps H° (Y; F® Lk) to itself. A generalized Toeplitz operator, see below, acting

on H° (Y; F ® L*) is defined as one having an asymptotic expansion in k= with coefficients
being the Toeplitz operators (1.5 as above. Our next result is now as follows.

Theorem 1.3. Let (L,h%) and (F,h*) be Hermitian holomorphic line bundles on a compact
Riemann surface Y and assume that (L, hY) is semi-positive line bundle and its curvature R*
vanishes to finite order at any point. Given f,g € C* (Y; End(F)), the Toeplitz operators ([5.1))
satisfy

(1.6) tim [Ty = /] = sup LU )“'” 7
u€Fy\0
(1.7) TﬁkTg,k = ngvk + OL2—>L2 (k‘_l/r) .

Moreover, the space of generalized Toeplitz operators supported on the subset Yo where the
curvature is positive form an algebra under operator addition and composition.

For our next result, we consider the asymptotics of zeroes of random sections associated to
tensor powers. To state the result first note that the natural L? metric on H° (Y; F® Lk) gives
rise to a probability density u; on the sphere

SH(Y;F® L") ={se H (Y;Fo L") ||s| =1},
of finite dimension y (Y; F® L’“) — 1 (2.15). We now define the product probability space
(Q,p) = (32, SH® (YV; F ® LF) 112 pk ). To a random sequence of sections s = (sy,), oy € €

given by this probability density, we then associate the random sequence of zero divisors Z;, =
{sk = 0} and view it as a random sequence of currents of integration in the space €, (V) of
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currents of bidimension (0,0). Note that we can introduce a large class of probability measures
as in [4] on the space of holomorphic sections for which our results still hold.
We now have the following.

Theorem 1.4. Let (L,h%) and (F,hY) be Hermitian holomorphic line bundles on a compact
Riemann surface Y and assume that (L, hY) is semi-positive line bundle and its curvature R*
vanishes to finite order at any point. Then for p-almost all s = (si),cy € €2, the sequence of
currents !
;7

converges weakly to the semi-positive curvature form.

1
A _RL
2T

Our final result concerns the asymptotics of holomorphic torsion. Below 7% := R* (w,w) in
terms of an orthonormal section w of T*0Y".

Theorem 1.5. Let (L, h%) and (F,h") be Hermitian holomorphic line bundles on a compact
Riemann surface Y and assume that (L, h*) is semi-positive line bundle and its curvature R”
vanishes to finite order at any point. The holomorphic torsion satisfies the asymptotics

In Ty == —%g;(c)):—klnk/y [g] —k;/y [gln (%)} +o(k)

All of our results above are well known in the case when the line bundle L is positive. In the
positive case, the leading term of the Bergman kernel expansion Theorem [I.1] was first shown
in [37] and thereafter improved to a full expansion in [14] 38| as a consequence of the Boutet de
Monvel-Sjostrand parametrix [13] for the Szeg6 kernel of a strongly pseudoconvex CR manifold.
Subsequently a different geometric method for the expansion was developed in |16l 29] inspired
by the analytic localization method of [7]. The application of the Bergman kernel to induced
Fubini-Study metrics Theorem is also found in [37] in the positive case. The construction
of the full Toeplitz algebra, along with the properties of Toeplitz operators , was first done
in [I1] as an application of the the Boutet de Monvel-Guillemin calculus of Toeplitz operators
[12]. The equidistribution result for random sections in the positive case was first done in [36],
and [I8, [19] also gave the speed of convergence of the zero-divisors. Finally, the asymptotics of
holomorphic torsion for positive line bundles is due to Bismut-Vasserot [§].

In the semi-positive case our results are mostly new. The Bergman kernel expansion Theorem
1.1) was shown by the authors in their earlier work [32]. The corresponding problem for the
Szegd kernel of a weakly pseudoconvex CR manifold in dimension three was solved by the second
author in [24]. The expansion proved in [32, Theorem 3| is however only pointwise along the
diagonal. In order to obtain the approximation for Fubini-Study metrics Theorem [1.2|one needs
to prove uniform estimates on the Bergman kernel and its derivatives. The composition for
Toeplitz operators supported on the subset where the curvature is positive in Theorem was
shown earlier by the first author in [23, Theorem 1.4] under the assumption of a small spectral
gap for the Kodaira Laplacian. A more general result, than the equidistribution for zeroes of
a random holomorphic section of a semipositive line bundle, was obtained in [I8, Sec. 4] using
L? estimates for the d-equation of a modified positive metric.

The paper is organized as follows. In Section [2| we begin with some standard preliminaries.
These include the relevant spectral gap properties for the Bochner and Kodaira Laplacians
in subsections and respectively. In subsection [3| we recall the proof of the pointwise
Bergman kernel expansion from [32]. In subsection we further derive uniform estimates
on semipositive Bergman kernels that are necessary for the applications in this article. In

as k — oo.
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subsection [4] we use the uniform Bergman kernel estimates to prove the semipositive version
of Tian’s theorem Theorem In Section |5| we prove the analogous expansion for the kernel
of a Toeplitz operator and the corresponding theorem Theorem on Toeplitz quantization.
In subsection [6] we prove the equidistribution result Theorem for random sections. In the
final Section [7] we prove the asymptotic result for holomorphic torsion Theorem The final
appendix Section [A] describes facts on model Laplacians and Bergman kernels that are used
throughout the article.

2. PRELIMINARIES

Here we begin with some preliminary notions. Let Y be a compact Riemann surface. It is
equipped with an integrable complex structure J and Hermitian metric A”Y on its complex
tangent space. Also denote by 7Y the associated Riemannian metric on TY. Next let (L, ht),
(F,hf") be an auxiliary pair of Hermitian, holomorphic bundles where L is of rank one. We
denote by V¥, V¥ the corresponding Chern connections and R*, R their corresponding cur-
vatures. The order of vanishing r, of the curvature R" at a point y € Y is now defined as in
. And we assume that the curvature R* vanishes at finite order at any point of Y i.e.

(2.1) ri=maxry < 0.

The curvature R of VI is a (1,1) form which is further assumed to be semi-positive
iR" (v,Jv) >0, Vv €TY or equivalently
(2.2) RY (w,w) >0, YweTHY.

We note that semipositivity implies that the order of vanishing r, — 2 € 2N of the curvature
R at any point y is even. Semipositivity and finite order of vanishing imply that there are
points where the curvature is positive (the set where the curvature is positive is in fact an open
dense set). Hence
deg I = / a(L)= [ ZRE >0,
v y 2T
so that L is ample.

2.1.  sR and Bochner Laplacians. Associated to the above data one has the Bochner
Laplacian on tensor powers defined by

(2.3) A= (VFE) R 0 (Vi F @ LY) - O (ViF @ L),

for each k£ € N, with the adjoint above being taken with respect to the corresponding metrics
and the Riemannian volume form.

Each Bochner Laplacian above is the Fourier mode of a sub-Riemannian (sR) Laplacian
on the unit circle bundle of L. To elaborate, denote by X = S'L — Y the unit circle bundle of
the line bundle L. Further let £ :== HX C TX be the horizontal distribution induced by V.
The distribution carries the metric g¥ = 7*¢™Y pulled back from the base. We also denote by
the same notation the pullback of (F hE VE ) from Y to X. The finite order of vanishing for
the curvature R” in is equivalent to the bracket generating condition for the distribution
E: the Lie brackets in C*° (E) generates all vector fields C* (T'X) [32, Prop. 6]. As such the
triple (X JECTX, " ) is a sub-Riemannian (sR) manifold. Furthermore the maximum order
of vanishing for the curvature r is then the degree of non-holonomy of the distribution F/|
i.e. the number of brackets required to generate the missing vertical direction. A volume form
on X is defined via pux = pgrv Ae* with pgry denoting the Riemannian volume form on Y and
e* being the dual one form to the generating e € C*° (T'X) of the circle action on X.
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The subRiemannian Laplacian on X

Agp,, CF (X5 F) = C™ (X F)
(2.4) Age g = (VIOF) 0wt
nx

being the composition of the sR gradient defined via
VIO L C® (X E) » C®(X;EQF),
(2.5) hEE (V"E’Fs,v ® s’) =h" (Vs ),

for all v € C*(X;E),s € C*(X;F), where hP¥ = ¢F @ h!'| with its adjoint taken with
respect to ux. Under the bracket generating condition, the sR Laplacian satisfies the sharp
subelliptic estimate of Rothschild and Stein with a gain of % derivatives

(26) ||¢S||§{1/T S C [<A9E,F,/LS087SOS> + ||(P5||22] ) \V/S € COO (Xa F)

for all ¢, € C (X), with ¢ = 1 on the support spt (¢), and where r is again given by
and corresponds to the maximum step size of the distribution F.

Next, the unit circle bundle of L being X, the pullback C = 7*L. — X is canonically trivial via
the identification 7*L > (z,l) — 2~ 'l € C. Pulling back sections then gives the identification

(2.7) C®(X;F) = ®pezC™ (Y, F @ Lk) .

Each summand on the right hand side above corresponds to an eigenspace of V£ with eigenvalue
—ik. While horizontal differentiation d on the left corresponds to differentiation with respect
to the tensor product connection VX" on the right hand side above. Pick an invariant density
px on X inducing a density gy on Y. This now defines the sR Laplacian A e . acting on
sections of F. By invariance the sR Laplacian commutes [AgE’ Fluxs e} = 0 with the generator
of the circle action and hence preserves the decomposition . It acts via

(2.8) Age g = Orezli

on each component where Ay is the Bochner Laplacian on the tensor powers F'® L*, with
adjoint being taken with respect to pi,rv.

Using the description of the Bochner Laplacian as the Fourier mode of the sR Laplacian
, in [32], Thm. 1] a general leading asymptotic result for the first positive eigenvalues was
proved. Here we recall a simple argument for its lower bound.

Proposition 2.1. There exist constants c1,ce > 0, such that one has Spec (Ay) C [clkz/’" — Ca, oo)
for each k.

Proof. The subelliptic estimate (2.6) on the circle bundle is

2
[037s]| < NsliZn < € [Age s, s) + sliZa] , Vs € C= (X ).

Letting s = 7*s’ be the pullback of an orthonormal eigenfunction s" of A, with eigenvalue A on
the base gives k2" < C' (A + 1) as required. O
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2.2.  Kodaira Laplacian and its spectral gap. Related to the Bochner Laplacian ([2.3)
is the Kodaira Laplacian on tensor powers. Namely, with (QO’* (X; F® Lk) ;6k) denoting the

Dolbeault complex the Kodaira Laplace and Dirac operators acting on Q%* (X T F® Lk) are
defined

1 o
(2.9) Oy = 5 (D) = u8; + 030

(2.10) Dy =2 (0, +3}) .

Clearly, Dy, interchanges while O, preserves Q%1. We denote Di* = Dj|q00,1 and Dg/ ' =
Og|go.01- The Clifford multiplication endomorphism ¢ : TY — End (A%*) is defined via ¢ (v) ==
V2 (W' A —ig1), v € TY, and extended to the entire exterior algebra A*TY via c(1) =
1, ¢(v1 Awg) == c(v1) ¢ (vg), for orthonormal vy,ve € TY.

Denote by V7V, VT the Levi-Civita and Chern connections on the real and holomorphic
tangent spaces as well as by VT the induced connection on the anti-holomorphic tangent

space. Denote by © the real (1,1) form defined by contraction of the complex structure with
the metric © (.,.) = ¢g7¥ (J.,.). This is clearly closed d© = 0 (or Y is Kiihler) and the complex
structure is parallel VI¥.J = 0 or VIV = V1Y ¢ 7Y

With the induced tensor product connection on A°* ® F @ L* being denoted via VA" ®F ®LF
the Kodaira Dirac operator is now given by the formula

0,* k
Dk :COVA ool .

Next we denote by R the curvature of V" and by & the scalar curvature of g7¥. Define the
following endomorphisms of A%*

w (R") = R" (w, w) wig
w (R") = R" (w, w) wiy
w (K) == KWig
= RY (w, )
(2.11) 7t = RF (w,w)

in terms of an orthonormal section w of T"%Y". The Lichnerowicz formula for the above Dirac
operator (|29] Thm 1.4.7) simplifies for a Riemann surface and is given by

(2.12)

20 = Df = (VAW SFOL ) gAVEFeLlt g o (RE) — 4] + [2w (RF) — 7] + %w ().

We now have the following.

Proposition 2.2. Let Y be a compact Riemann surface, (L, h%) — Y a semi-positive line bun-
dle whose curvature R vanishes to finite order at any point. Let (F,h'") —'Y be a Hermitian
holomorphic vector bundle. Then there exist constants ci,co > 0, such that

| Dis|* > (erk®" = ca) ||s]|”
forall s € Q" (Y; F @ LF).
Proof. Writing s = |s|w € Q% (Y; F ® L*) in terms of a local orthonormal section @ gives

(2.13) {[2w (R") — 7] 5,5) = R" (w, w) s> >0
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from (2.2), (2.11)). This gives
1Des||* = (Dis, s)

= ([(wrerert) oAt erelt g [w (RY) — 1]

+ [2w (RF) = 7] + %w (/{)} s, s>

*
> <(VA0’ ®F®Lk) vA” ®F®Lks, 3> — ¢ H5H2
> (clkz/r - 02) Is]?

from Proposition 2.1 (2.12) and (2.13). O

We now derive as a corollary a spectral gap property for Kodaira Dirac/Laplace operators
Dy, Ui corresponding to Proposition [2.1]

Corollary 2.3. Under the hypotheses of Proposition there exist constants cy,co > 0, such
that Spec (Oy,) C {0}U[c1k*™ — ¢y, 00) for each k. Moreover, ker Dy = 0 and H* (Y; F @ L*) =
0 for k sufficiently large.

Proof. From Proposition [2.2], it is clear that
(2.14) Spec (0,,) C [clk%" — 2,00)

for some ¢1, ¢ > 0 giving the second part of the corollary. Moreover, the eigenspaces of D3 |01
with non-zero eigenvalue being isomorphic by Mckean-Singer, the first part also follows. U

Since L is ample, we know also by the Kodaira-Serre vanishing theorem that H* (Y; F® L’“)
vanishes for k sufficiently large. If F is also a line bundle this follows from the well known fact
that for a line bundle F on Y we have H' (Y; E) = 0 whenever deg F > 2g — 2. It is however
interesting to have a direct analytic proof. Of course, the vanishing theorem for a semi-positive
line bundle works only in dimension one, see Remark below.

The vanishing H* (Y; F® Lk) = 0 for k sufficiently large gives

dim HY (Y;F®Lk) zx(Y;F®Lk)
= / ch (F & L") Td(Y)
Y

(2.15) _ [rk(F)/Ycl (L)] +/Yc1 (F)+1—g,

by Riemann-Roch, with x (Y; F® Lk), ch (F ® Lk), Td (Y'), g denoting the holomorphic Euler
characteristic, Chern character, Todd genus and genus of Y respectively.

Remark 2.4. The argument for Proposition[2.2|breaks down in higher dimensions since there are
more components to [2w (R*) — 77] in the Lichnerowicz formula which semi-positivity
is insufficient to control. Indeed, there is a known counterexample to the existence of a spectral
gap for semi-positive line bundles in higher dimensions due to Donnelly [20].

3. BERGMAN KERNEL EXPANSION

In this section we now first recall the expansion for the Bergman kernel proved in [32 Sec
4.1]. First recall that the Bergman kernel is the Schwartz kernel Il (y;,y2) of the projector
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onto the nullspace of [y

(3.1) My O (V3 F @ LF) — ket (Ol g (yponn) ) -
with respect to the L? inner product given by the metrics g7, A" and h”. Alternately, if
$1, 82, .., Sy, denotes an orthonormal basis of eigensections of H° (X T F® Lk) then
Ng
(3.2) i (y1,92) = D s (1n) @55 (y2)"
j=1

We wish to describe the asymptotics of Il along the diagonal in Y x Y.
Consider p € Y, and fix orthonormal bases {ey, e (= Jeq)}, {l}, {fj};k:(f) for 7Y, L, , F
respectively and let {w = \/iﬁ (e1 — ieg) } be the corresponding orthonormal frame for 7. yLOY.

Using the exponential map from this basis obtain a geodesic coordinate system on a geodesic
ball By, (p). Further parallel transport these bases along geodesic rays using the connections

VTLOY, VL, VT to obtain orthonormal frames for 'Y, L, F on By, (p). In this frame and
coordinate system, the connection on the tensor product again has the expression

yATeFsLt _ g + A" +af + ka®

1
0,x* 0,x*
a = / dp (py" R (o))

0
1

aj = / dp (py" R}, (py))
0

(3.3) af = /0 dp (py*Rjy, (py))

in terms of the curvatures of the respective connections. We now define a modified frame
{é1,¢é2} on R? which agrees with {e;,es} on B, (p) and with {0,,,0,,} outside By, (p). Also
define the modified metric 7Y and almost complex structure J on R? to be standard in this
frame and hence agreeing with ¢”*, J on B, (p). The Christoffel symbol of the corresponding
modified induced connection on A%*now satisfies

a" =0 outside Bs, (p) -

With r, —2 € 2N; being the order of vanishing of the curvature R as before, we may Taylor
expand the curvature as

(3.4) RF = Z Rpgay dypdy, +O (y")  with
|a|=r—2
_RE

(3.5) iRy (e1,e) >0
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Further we may define the modified connections V¥, V¥ via

@F:d—l—x(M) al’
20

1
Vi=d+ /dppyk< L)jk(py) dyj,  where
0

(3.6) Rl =y (%) R+ [1 —x (%) RE.

as well as the corresponding tensor product connection @AO’*Q{F ®L* which agrees with VAT eFeLt
on B, (p). Clearly the curvature of the modified connection V* is given by R"(3.6) and is semi-

positive by (3.5). Equation (3.6) also gives RY = R§ + O (¢'»~!) and that the (r, — 2)-th
derivative/jet of R” is non-vanishing at all points on R? for

(3.7) 0<o<c|li"*R"(y)|.

Here c is a uniform constant depending on the C"~2 norm of R*. We now define the modified
Kodaira Dirac operator on R? by the similar formula
(3.8) Dy =co @AO’*@)F@LK,

agreeing with Dy on B, (p). This has a similar Lichnerowicz formula

(3.9) D} = 20 1= (VAW OFSL ) A EEL g [y (RE) - 7]

~ 1
(3.10) + [2w (RF) - %F} + 5w (7)
the adjoint being taken with respect to the metric g"Y and corresponding volume form. Also
the endomorphisms le ,7F 7L and w (&) are the obvious modifications of (2.11)) defined using
the curvatures of V¥, V¥ and §7¥ respectively. The above (3.9)) again agrees with O, on B, (p)

while the endomorphisms R¥, 7, w (&) all vanish outside B, (p). Being semi-bounded below
(3.9) is essentially self-adjoint. A similar argument as Corollary gives a spectral gap

(3.11) Spec (Oy) C {0} U [k — ¢, 00) .

Thus for £ > 0, the resolvent (Ek — z)_l is well-defined in a neighborhood of the origin
in the complex plane. On account on the local elliptic estimate, the projector II, from
L* (R%AY* @ F, ® LY¥) onto ker (Iﬁk) then has a smooth Schwartz kernel with respect to
the Riemannian volume of g7 .

We are now ready to prove the Bergman kernel expansion Theorem [I.1 the procedure is
similar to [16].

Proof of Theorem[I_1] First choose ¢ € S (R;) even satisfying ¢ € C. (—£,2) and ¢ (0) = 1.

202
For ¢ > 0, set ¢1 (5) = 1[c,00) (5) ¢ (5). On account of the spectral gap Corollary , and as ¢

decays at infinity, we have
(3.12) IDR1 (Di)ll ez = O (k)
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for a € N. Combining the above with semiclassical Sobolev and elliptic estimates gives
(3.13) l¢ (D) — |ty xyy = O (F7),
for all I € No. Next we may write ¢ (Dy) = 5= [ €4P*¢ (€) d€ via Fourier inversion. Since
Dy = Dy, on B, (p) and ¢ € C, (—%’, g), we may use a finite propagation argument to conclude
2 (Dy) (+9) = ¢ (D) (,0).
By similar estimates as for Dy we now have a localization of the Bergman kernel
i (., y) =0 (kfoo) , on B,(p)°
(3.14) I (,y) — O (.,0) = O (™), on By,(p).

It thus suffices to consider the Bergman kernel of the model Kodaira Laplacian (3.9)) on R2.
Next with the rescaling/dilation 6,1,y = (k‘_l/’”yl, .. .,k:_l/’"yn_l), the rescaled Kodaira
Laplacian

(315) 0= k=2 (5;971/7«)* |jk:
satisfies

Ijk / 2/r 1/ry 17.1)7
(3.16) o\ apy | W d) =Ko () (ykM R

for o € S(R). Using a Taylor expansion via (3.6]), (3.8)) the rescaled Dirac operator has an

expansion

N
(3.17) [ = <Z kj/TyDj> + ka(NJrl)/ryENJrl’ VN.
j=0
Here each
(3.18) ;= ajipg () 0y, 0y, + bjip (y) Oy, + ¢; (y)
is a (k-independent) self-adjoint, second-order differential operator while each
(3.19) Ej= Yy [afy, (i k) 0y,0,, + 6%, (yi k) 0y, + ¢ (3 )]
|o|=N+1

is a k-dependent self-adjoint, second-order differential operator on R? . Furthermore the func-
tions appearing in (3.18) are polynomials with degrees satisfying

deg a; = j, deg b; < j+r, —1l,degc; < j+2r, —2
deg b; — (j — 1) =deg ¢; — 7 = 0 (mod 2)
and whose coefficients involve
a; : < j — 2 derivatives of R™Y
b; : < j — 2 derivatives of RY, R
< j +r — 2 derivatives of R”
¢; + < j — 2 derivatives of RY, RA™
< j +r — 2 derivatives of R*
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while the Coefﬁments as & (Wi k), ¢ (y; k) of (3.19) are uniformly (in k) C* bounded.
Using (3.3), (A.4), (A. 8; and (A 9i the leading term of (3.17)) is computed
(320) Lo = DgTy’j;y*ZRL’JTY

in terms of the the model Kodaira Laplacian on the tangent space TY (A.8§]).
In light of the spectral gap (3.11]), the equation (3.16)) specializes to

(3.21) Iy (v, y) = kY702 (y kY™, gkt )

as a relation between the Bergman kernels of [J;, [J. Next, the expansion (3.17) along with
local elliptic estimates gives

(=2 = (g—2) " = Ops —ms+ (k:_l/ry |Imz|72)

for each s € R. More generally, we let I; .= {p = (po,p1,--.) [Pa € N, D> pa = j}denote the set
of partitions of the integer j and define

(3.22) C:=> (=) " [ [, (= — o) ']] -

pEIj

Then by repeated applications of the local elliptic estimate using (3.17)) we have

(3.23) (z — (Z k J/rycz> e e (kf(NJrl)/ry ’ImZ’—QNTy—Q) ’

for each N € N, s € R. A similar expansion as (3.17) for the operator (I + 1) (& — 2),
M € N, also gives

(3'24> (E, + 1)_M Z k™ J/Tycz = Hs _>H9+2+2M (kf(NJrl)/ry ]Imz|_2NTy_2)

for operators C ,, = OHISOC_>HISOJ£2+2M (k_(N“)/Ty \Imz\_mer), j=0,...,N, with

—1
2 A (0 0)
i = (30, +1) " (A9, )
For M > 0 sufficiently large, Sobolev’s inequality gives an expansion for the corresponding

Schwartz kernels in (3.24) in C! (K), for all | € Ny and compact subset K C R? x R%. Next,
plugging the above resolvent expansion into the Helffer-Sjostrand formula [I7), eq. 8.3] as before

gives
N
— —J/ry P
> ke
7=0 CU(EK)

for all I, N € Ny and for some (k-independent) C7 € C* (K), j = 0,1,..., with leading term

-0 (kf(N+1)/ry)

Co = o) = ¢ <DgTyvj;yszL7JTY> . As ¢ was chosen supported near 0, the spectral gap
property (3.11)) gives

(3.25) = O (k=)

CH(K)

N
_ Z k—J/Tij
7=0

@ ry—
for some C; € C*(K), j = 0,1,..., with leading term Cy = I 9" “REITY The expansion
is now a consequence of - - and - Finally, in order to ShOW that there are

no odd powers of k9/™, one again notes that the operators B] 8) change sign by (—1)’
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under §_;z == —x. Thus the integral expression (3.22)) corresponding to C? (0,0) changes sign

by (—l)j under this change of variables and must vanish for j odd. O

Next we show that a pointwise expansion on the diagonal also exists for derivatives of the
Bergman kernel. In what follows we denote by j's/j'"'s € S!'T*Y ® E the component of the
[-th jet of a section s € C* (F) of a Hermitian vector bundle E that lies in the kernel of the
natural surjection J! (E) — J'=1(E).

Theorem 3.1. For each | € Ny, the [-th jet of the on-diagonal Bergman kernel has a pointwise
expansion

(3.26) 5[ (y, )] /5" [ (g, )] = K0/ + 0 (k=N

2j/ry
> W)

Jj=0

for all N € N, in j'End (F) /j""*End (F) = S'T*Y ® End (F), with the leading term

Ty Ty—2 T TY Ty—2 T
co (y) = ' [ R (0,0)] /0 [ R (0,0)]

being given in terms of the l-th jet of the Bergman kernel of the Kodaira Laplacian (A.8]) on
the tangent space at y.

Proof. The proof is a modification of the previous. First note that a similar localization
(3.27) I (y,y) = Ik (y,y) = O (k)

to (3.14) is valid in C', for all I € Ny, and for y in a uniform neighborhood of y. Next
differentiating (3.21)) with y = ¢/’ gives

(3.28) 0Tl (y,y) = KEHDrge® (ykre ykH )
for all € NZ. Finally, the expansion (3.25) being valid in C', for all [ € Ny, may be differen-
tiated and plugged into the above with y = 0 to give the theorem. U

Remark 3.2. The expansion (1.3]) is the same as the positive case on Y5 (points where r, = 2)
and furthermore uniform in any C’-topology on compact subsets of Y; cf. [29, Theorem 4.1.1].
In particular the first two coefficients for y € Y5 are given by

1 L

= T RS (0,0
o () (0,0)= -7

ca(y) = ETL [k — Aln7h +477] .
The derivative expansion on Y3 is also known to satisfy ¢co = ¢ = ... = Cls) = 0 (i.e. begins
2
at the same leading order k [29, Theorem 4.1.1|) with the leading term given by
1. 1,
N (y) = %JITL/%JI it

3.1. Uniform estimates on the Bergman kernel. The expansions for the Bergman kernel
Theorem [I.1 and its derivatives Theorem [3.1] are not uniform in the point on the diagonal. For
applications in the later sections we need to give uniform estimates on the Bergman kernel.
Below we set C,, = infjpv 119" R (0,0) for each 0 # RV € S"72V* @ A2V*, r > 2.
Furthermore, the Bergman kernel 1% 78”7 (0, 0) of the model operator is extended
(continuously) by zero from Y, to Y.
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Lemma 3.3. The Bergman kernel satisfies

(3.29)
inf 11995 R (0,0)| [L+ 0 (1] R < T (9.) < |sup T8 B (0,0)| (140 (1)]

with the o (1) terms being uniform iny € Y.

Proof. Note that Theorem already shows that there exists constants Cy, Cy, Cs . .. such that

(3.30) Ty (y,y) > Cr, s (|57 2R k)™ — ¢,

for all y € Y, with
N -1
(3.31) ey = (|7 B W) = O)papugy -+ (1)

being a (y-dependent) constant given in terms of the norm of the first non-vanishing jet. The
norm of this jet affects the choice of ¢ needed for ; which in turn affects the C°>°-norms
of the coefficients of (3.19)) via . We first show that this estimate extends to a small
(|j"y’2RL (y)}— dependent) size neighborhood of y. To this end, for any € > 0 there exists a

uniform constant c¢. depending only on ¢ and”RL | o such that

(3.32) TR ()] = (1 =) [ TR ()],

for ally € Bcg‘jry,zRL’ (y) .

We begin by rewriting the model Kodaira Laplacian [, |D near y in terms of geodesic
coordinates centered at y. In the region

(3.33) y € B%,jry,g RL| (y) N {co (|i°R" (y)| k) > L2/ pontY v’ REJEY (0, 0)}

a rescaling of OJ;, by 0-1/2, now centered at y, shows

- gg’Y7j)9RL7JyTY )

TY

— k|j°R" (y)| TV Y’Ijgiﬁwl’* 0,0) + O 1
- ‘] (y>‘ ( ) >+ |j7‘y72RL(y)’71< )

r TY ;Ty=2pL ;TY
(3.34) > BrTios BRI (0,0) + O|]’7‘y—2RL(y)|7l (1)

as in (3.30). The first line above follows as in the Bergman kernel expansion Theorem [1.1]

along with its leading coefficient. The last line follows from (3.33)) together with (3.32). Now,
in the region

Y € B, |jr-2ps) () 1 {C1 (7 RE () /1°RE (y)| B)**

T 0 2., (1)



SEMI-POSITIVE QUANTIZATION 15

a rescaling of Oy, by 0,-1/s centered at y similarly shows

e (y,y) = K% [14+ O (kR¥/723) | o S REAEEAT (0, 0)
—'I_ O’jry—QRL(y)‘—l (1)

\/ /Jy
_ 23 [1 +0 (k2/r 2/3)} ‘]leL/ ORL|2/3 9y W Y (0’0)
(335) +0 |jry—2RL(y)‘71 (1)
(3.36) >(1-e¢) A0 | R (0,0)+ 0O i 2R (y)| (1)

Next, in the region

y€ B, |jry_2RL| (y) N {02 ({ngL (y)/i'R" (y)‘ k)
> R R (0,0) = max [ Co (|0RE ()| K) €y (|5 RS (v) /1°RE ()] )] }

1/2

a rescaling of Oy, by 0,-1/4 centered at y shows

I (y.y) = K72 [L0 (R/72) I SR IY (0,0) 40 a0 (1)

L
i RY /iy R TY

_ 12 [1+0 (k2/r—1/2)] ‘ijL/ 1RL|1/2 9 " B RE R (0,0) + O| "2 RE(y)| (1)
(3.37) = (1—e) K¥/mI1 " FRIY (0,0) + Olyru-2regy (D
Continuing in this fashion, we are finally left with the region
1€ B 00 [ R 0
> max [Co (UORL (y)] k).....Co s (‘j?‘y—?)RL (y) /5" 4R" (y |k; 2/ ry— 1)] } '
In this region we have
57 TERE (y) /57 TP RE ()] = (1 =) |57 2 RE (y)] + O (k72 h)

following (3.32)) with the remainder being uniform. A rescaling by d,-1/», then giving a similar
estimate in this region, we have finally arrived at

I (3,y) = (1= ) KT8 0 (0,0) 4.0, s (1)

for ally € B, ro—2re| (Y (y).
Finally a compactness argument finds a finite set of points {yj} _, such that the correspond-

ing BCE v ‘ (y;)’s cover Y. This gives a uniform constant ¢; . > 0 such that

M ) > (1 &) [ ng 17980 0,0)] e,

yeYy

for all y € Y | € > 0 proving the lower bound (3.29). The argument for the upper bound is
similar. 0
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We now prove a second lemma giving a uniform estimate on the derivatives of the Bergman
kernel. Again below, the model Bergman kernel T19% " 7" /3R 7" (0,0) and its relevant ratio

‘ [leQfYJyIRL/jSRL,J)TY} (07 O)’

TY ;1pL/;0RL JTY
19y * o9y BR™ /3y RY,Jy (070)

are extended (continuously) by zero from {y|jlR"/j9R* # 0} to Y.

Lemma 3.4. The [-th jet of the Bergman kernel satisfies

B N AT
|7 [ (g, 9)]| < K721+ 0(1)] |sup

S0 AR (0 0) | (,)

with the o (1) term being uniform iny € Y.

Proof. The proof follows a similar argument as the previous lemma. Given ¢ > 0 we find a
uniform ¢, such that (3.32)) holds for each y € Y and y € Bcs‘jry,Q RE| (y). Then rewrite the

model Kodaira Laplacian Oy, (3.9) near y in terms of geodesic coordinates centered at y. Again,
let the constants Cy, Cq, Cy ... be such that (3.30]) holds. In the region

Y € B, |jr2p| (y) N {Co (|i°R" (y)| k) > p2/raronY Y REITY (0,0)}

J

a rescaling of Oy, by 0-1/2, now centered at y, shows

o k o L
9 Hk (y’y) o % (a T (y)) + Oljry*2RL(y)|71 (1>
following remark [3.2] as r, = 2. Dividing the above by (3.34) gives

0° T (v, )| _ 077" (v)] -1
< -1 (k
O (y,y) = 75(y) sy )
‘ [T R BRI (o, 0>)

195 " dyRE JigRE,JTY (0,0)

S;kﬁav3 Sup
yey

T Orv2pi | (57

Next, in the region

Y € B, |jr-2ps) (9) 0 {C1 (7 RE () /1°R" (y)| K) "

Ty —2

> R R (0,0) 2 Co (|0R" (1) B) }
a rescaling of (Jj, by 0,-1/s centered at y similarly shows

aaHk <y7y> _ k(2+|a|)/3 [1 + O (k2/r—2/3)] [aaﬂgfyzjleL/ngL’JfY} (07())

(1+]al)/3
+ O!jw—QRL(w\’l (k )
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as in Theorem [3.1] Dividing this by (3.36) gives
‘ [aangfydleL/j?RL,JyTY] (0, O)‘
[HQyTYJleL/ijL,JyTY] (0 0)

lal-1/3)

|0°IL, (y,y)]
I (y,y)

< KRB (1 4e)

+ O|j7~y—2RL(y)’—l (
‘ [j|a|ngzyvj;RL/j3RL,J5Y] (0, 0)\
Hggy,jéRL/jSRL,JyTY (O’ O)

(k(lal=0/3)

< Kl (14 ¢) |sup
yey

+0

|77 2 RE@)|

Continuing in this fashion as before eventually gives

N '|a|Hg5Y,j;RL/12RL,J$Y] 0.0 ‘
|0“I (y,y)] < Klal/3 H] (0,0)

Hk (y) y) (1 + 5) 22‘5 HggY,jéRL/jSRL,JgY (0, O)
+ O|jry*2RL(y)’_l (kualil)/?))

forally e Y,y e Bce|fy*2RL| (y), for all & € N2. By compactness one again finds a uniform

1. such that

N ol gEYJ;RL/ngL,JyTY] )
Ol s 42 oy ool .

0 (y,y)  — yey T I REIRE I (0, 0) -
for all y € Y, proving the lemma. U

4. INDUCED FUBINI-STUDY METRICS

A theorem of Tian [37], with improvements in [14], 38| (see also [29, S 5.1.2, S 5.1.4]), asserts
that the induced Fubini-Study metrics by Kodaira embeddings given by kth tensor powers of a
positive line bundle converge to the curvature of the bundle as k goes to infinity. In this Section
we will give a generalization for semi-positive line bundles on compact Riemann surfaces.

Let us review first Tian’s theorem. Let (Y, J,g7Y) be a compact Hermitian manifold,
(L, k%), (F, h"") be holomorphic Hermitian line bundles such that (L, h*) is positive. We endow
HO(Y; F ® L¥) with the L? product induced by g7, h% and h¥. This induces a Fubini-Study
metric wrg on the projective space P [HO (Y; F® Lk)*} and a Fubini-Study metric hpg on
O1)—-P[H(V;F® Lk)*} (see |29, S 5.1]). Since (L, h') is positive the Kodaira embedding
theorem shows that the Kodaira maps ¢ : Y — P [H 0 (Y; F® Lk)*} (see ) are embeddings
for k > 0. Moreover, the Kodaira map induces a canonical isomorphism 0y : F® L¥ — ®1O(1)
and we have (see e.g. [29, (5.1.15)])

(4.1) (Oihrs)(y) = Mly,u) " H = (), y €Y.
This implies immediately (see e.g. [29, (5.1.50)])

L RF—LéﬁlnHk (y,y) .

1
4.2 — 3 — —
(4.2) KRS 27 2k 2k

k
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Applying now the Bergman kernel expansion in the positive case one obtains Tian’s theorem,
which asserts that we have

1 .
(4.3) ECI)ZCUFS — 2LRL =0 (k™"), k— oo, in any C*-topology.

T
Let us also consider the convergence of the induced Fubini-Study metric ©;hps to the initial

metric h”. For this purpose we fix a metric hl on L with positive curvature. We can then
express ht = e ?hl, Othps = e~ ?%(h§)* @ hY' | where ¢, o, € C>°(Y) are the global potentials
of the metrics h and ©}hps with respect to hl and (hi)k @ ht". Note that

REM) = R 4 9dp, RIESOMrs) — pRIM) 4 RERT) 4 99,

and %R(L»@Z’ms) = ®;wps. Then 1} can be written as

1 1
(4.4) zonly) —ely) = T Inll(y.y). ye Y.
We obtain by (|1.3) that

1 _
(4.5) ‘Egok—gooo(y) =O0(k'Ink), k— oo,

that is, the normalized potentials of the Fubini-Study metric converge uniformly on Y to the
potential of the initial metric h* with speed k! In k. Moreover,

(4.6)

1 _
Dy — Oy 00 —

=0(k™),

_ -1
‘k: co(Y) coyy O(k™), k= oo,

and we get the same bound O(k:*l) for higher derivatives, obtaining again 1. Note that if

TY (4.3) and .

g' " is the metric associated to w = %RL, then we have a bound O(k™?) in

We return now to our situation and consider that Y is a compact Riemann surface and
(L, h%), (F, h*) be holomorphic Hermitian line bundles on Y such that (L, hl) is semi-positive
and its curvature vanishes at finite order. An immediate consequence of Lemma is that the
base locus

BI(FoLF) ={yeY|s(y)=0,s€ H (Y;F® L")} =0
is empty for £ > 0. This shows that the subspace
={seH'(Y;F®L")|s(y)=0} Cc H(Y;F® L"),
is a hyperplane for each y € Y. One may identify the Grassmanian G (dk —1; H° (Y; F® Lk)),
dy = dimH° (Y; F ® L*), with the projective space P [H? (Y; F ® Lk)*} by sending a non-zero
dual element in H° (Y; F® Lk)* to its kernel. This now gives a well-defined Kodaira map
Y 5P (ViF @ LY)],
(4.7) Py (y) ={s e H* (V;F@ LF)|s(y) =0}.
It is well known that the map is holomorphlc.

Theorem 4.1. Let Y be a compact Riemann surface and (L,h*), (F,h™) be holomorphic
Hermitian line bundles on'Y such that (L, h') is semi-positive and its curvature vanishes at most
at finite order. Then the normalized potentials of the Fubini-Study metric converge uniformly
on'Y to the potential of the initial metric h with speed k= Ink as in (4.5). Moreover,

(4.8) =O0(k™*?), k — oo,

1-
00 —
2 Pk

Opr, —

Y

‘k co(Y)

oY)
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and
1 _
4.9 —90py, — 90 =0(k™'?), k
( ) 2 Pk 2 oY) ( )7 — 00,
especially
| .
(4.10) —Diwps — —RY =0 (K73) | k= oo,

k 2T
uniformly on Y. On compact sets of Ya the estimates (4.3]) and (4.6)) hold.

Proof. The proof follows from (4.2)), (4.4) and the uniform estimate of Lemma on the
derivatives of the Bergman kernel. U

As we noted before, the bundle L satisfying the hypotheses of Theorem is ample, so
for £k > 0 the Kodaira map is an embedding and the induced Fubini-Study forms %(I);;QJFS
are indeed metrics on Y. Due to the possible degeneration of the curvature R” the rate of
convergence in (4.10)) is slower than in the positive case .

One can easily prove a generalization of Theorem for vector bundles (F, h!") of arbitrary
rank (see |29, S 5.1.4] for the case of a positive bundle (L, h%)). We have then Kodaira maps
®p:Y -G (k(F);H (Y, F® Lk)*) into the Grassmanian of rk (F')-dimensional linear spaces
of H° (Y;F ® L":)>k and we introduce the Fubini-Study metric on the Grassmannian as the
curvature of the determinant bundle of the dual of the tautological bundle (cf. [29, (5.1.6)]).
Then by following the proof of [29, Theorem 5.1.17] and using Lemma we obtain

1 1
(4.11) - Piwrs =k (F) %RL =0 (k7%), k — o0,

uniformly on Y.

5. TOEPLITZ OPERATORS

A generalization of the projector (3.1)) and Bergman kernel (3.2]) is given by the notion
of a Toeplitz operator. The Toeplitz operator T} operator corresponding to a section f €
C> (Y;End (F)) is defined via
(5.1) Ty : C*(YV;FLY) - C™ (Y FQLY), Tpp =11 fIL,
where f denotes the operator of pointwise composition by f. Each Toeplitz operator above
further maps H° (Y; F® Lk) to itself.

We now prove the expansion for the kernel of a Toeplitz operator generalizing Theorem [I.1]
For positive line bundles the analogous result was proved in [15, Theorem 2| for compact Kéhler

manifolds and F' = C and in [29, Lemma 7.2.4 and (7.4.6)|, [31, Lemma 4.6|, in the symplectic
case.

Theorem 5.1. Let Y be a compact Riemann surface, (L,h%) —Y a semi-positive line bundle
whose curvature R* vanishes to finite order at any point. Let (F,h') — Y be a Hermitian
holomorphic vector bundle. Then the kernel of the Toeplitz operator has an on diagonal
asymptotic expansion

N

Tri (y,y) = K/ [Z ¢; (f.y) k=20

J=0

+O (k2N/mv) | YN eN

where the coefficients c;(f,-) are sections of End(F) with leading term
o (f,y) =TI 7707(0,0) £ (y).
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Proof. Firstly from the definition ([5.1) and the localization/rescaling properties (3.14]), (3.21))

one has

Tmme/@TMmﬁﬂwMWW)
Y
:/ dy T (0.4/) £ () Tli (4. 0) + O (k™)
Be(y)
_ / dy/ k4/ryHEl (0’ y/kl/ry) f (y/) HD (y/kl/ry’ O) +0 (kfoo)
Ba(y)

(5.2) = / dy' K17 (0,y)) f (y'k~Y™) 1P (v, 0) + O (k=) .
k79 Be(y)

Next as in Section [A] ¢ (3)(.,0) € S(V) for ¢ € S(R) in the Schwartz class via a finite
propagation argument. Thus plugging (3.25)) and a Taylor expansion

f (y/k—l/ry) — Z 5 (y/)@x k—a/ryf(a) 0)+ O (k—(N—i-l)/ry)

|a|<N+1
into ([5.2)) above gives the result with the leading term again coming from ({3.20f). Finally and as
in the proof of Theorem , there are no odd powers of k=7/v as the corresponding coefficients
are given by odd integrals (the integrands change sign by (—1)7 under §_;z := —z) which are
ZE€ro. U

We now show that the Toeplitz operators ([5.1) can be composed up to highest order gen-
eralizing the results of [I1I] in the Ké&hler case and F' = C and [29, Theorems 7.4.1-2|, |31,
Theorems 1.1 and 4.19| in the symplectic case.

Theorem 5.2. Given f,g € C* (Y; End(F)), the Toeplitz operators ((5.1)) satisfy

(5.3) lim [Tyall = |l = sup LU
k—oo yeY |u’hF
u€Fy\0
(5.4) TyxTyr = Trop + Opaspe (K77).

Proof. The first part of is similar to the positive case. Firstly, || Trkl < ||f]|,, is clear
from the definition . For the lower bound, let us consider y € Y, where the curvature is
non-vanishing and u € Fy, |ul,r = 1. It follows from the proof of [29, Theorem 7.4.2] (see also
[2, Proposition 5.2, (5.40), Remark 5.7]) that

(5.5) I () (w)lar + Oy (k%) < || Tyl -
If | fll.. = | f (vo) (wo)|nr is attained at a point yy € Y3, it follows immediately from ({5.5) that
[flloc + O (K7%) < Tl

so one obtains the lower bound. Next let || f]|. = |f (vo) (uo)|nr be attained at yo € Y \ Y2, a
vanishing point of the curvature. As Y \ Y C Y is open and dense one may find for any ¢ > 0
a point y. € Y\ Yy and u. € F_, |uc|pr = 1, with || f]| . — € < |f () (ue)|pr. Combined with

(5.5)) this gives
1 flloo —+O- (k72) < || Tysll,  and
[flloe — & < Timinf [T
k—o0

Since ¢ > 0 is arbitrary, this implies || f||, < liminfy . || 77| proving the lower bound.
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Next, to prove the composition expansion ({5.4)) it suffices to prove a uniform kernel estimate
T xTon = Tronl )l = O (K7V7) . Wyey.

To this end we again compute in geodesic chart centered at y
TriTyr(.,0) = / dyrdys Uy (-, 91) f (y1) U (Y1, y2) 9 (y2) Tk (312, 0)
Y XY
= Op2 (k=) +/ dyl/ dyo Ty, (1) f (1) T (w1, 92) 9 (2) Tk (32, 0)
Be(y2) <(y)

= Oz (k™) + / dy; / dyo kO {17 (K7, kM royy)
Be(y2) < (y)
£ ) I (Ko, kY vys) g (y2) TP (K 7y, 0) )
— O (k) +/ dyl/ dyo kv {11 (K™ )
kl/TyBs(?ﬂ) kl/TyBS(y)
f (y1k?_1/ry) I~ (yb y2) g (?JQk_l/r‘”) 11 (y2, 0)}

= Op2 (K7™) + / dy, / dyo k™ {TI¥ (K™, yy)
k79 Be (y2) k'/7v Be(y)

I (y1,2) fog (?J2k_l/ry) 11" (y2, O)}
= Op2 (k_my) +/ dyl/ dys Ty, (1) T (y1, 92) £ (y2) T (2, 0)
Be(y2) < (v)
= Oj2 (k?_l/Ty) + ngJg

with all remamders bemg uniform in y € Y. Above we have again used the localization /rescaling

propertles . As well as the first order Taylor expansion f (y1 k") = f (y2k="/"™)+
Ofier Iy — yQ\ k 1 ") and the off-diagonal decay of 11 (., y2) € S (R?). O

Remark 5.3. Similar to the previous remark [3.2] we can recover the usual algebra properties
of Toeplitz operators when f, g are compactly supported on the set Y5 where the curvature
R is positive. In particular we define a generalized Toeplitz operator to be a sequence of
operators T}, : L*(Y,F ® L*) — L*(Y,F ® LF), k € N, such that there exist K € Y5,
h; € C* (K;End (F)), C; >0,j=0,1,2,... satisfying

N
(5.6) HTk -3 k*ﬂ'Thj,kH <Cyk N1 VYNeN.

J=0

Then this class is closed under composition and one may define a formal star product on
C (Ya) [[F71]], via

frrg=Y Ci(fig)k™ € Cx(Ya) [[k7']] where
j=0

TrroTyr~ Y Togak™,

J=0
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(cf. |11, 15, 31]). Furthermore
Tf,k: o} Tg,k = ng,k + OL2—>L2 (k’_l)

7
Ty, Tyn) = 7 Ltrarn + Op2yp2(k72)

for all f,g € C° (Ys; End (F)), with {-,-} being the Poisson bracket on the Kéhler manifold
(Vs iR).

Finally we address the asymptotics of the spectral measure of the Toeplitz operator (5.1)),
called Szegs-type limit formulas [12, 21]. The spectral measure of T}, is defined via

(5.7) upe(s)= Y d(s—X) €S (R,).
)\ESpec(Tfﬂk.)
We now have the following asymptotic formula.

Theorem 5.4. The spectral measure (5.7)) satisfies
k
5.8 ~ —f.R"

in the distributional sense as k — oo.
Proof. Since Spec (Trx) C [ = |l [Ifllo ] by (5.3), the equation (5.8) is equivalent to

wo@ = Y eW~g [ leonRh

)\GSpec(Tf‘k)

for all o € C=°(— ||fll.o = 1, I fll +1). We first prove that the trace of a Toeplitz operator
(5.1]) satisfies the asymptotics

k
. Trp ~ — L
(5.9) Ty /Y IR

To this end first note that the expansion of Theorem is uniform on compact subsets K C Y5
while [T (y,y)| = O (k) uniformly in y € Y as in Lemma [B.3] Furthermore, as in [32,
Proposition 7|, Y>3 is a closed subset of a hypersurface and has measure zero. Let K; C Y5,
J=1,2,..., be a sequence of compact subsets satisfying K; C K1, N2 Kf = Y>3. One may
then breakup the trace integral

1 1 1
—t1Typ = — / tr Ty (y,y) + — / tr Ty (v, )
k k Kj k Y\K;

=5 [ rreos (§) 0w Ky

from which 1} follows on knowing 5- [, fRY — = [, fRY, p (Y \ K;) — 0 as j — oo.
Following this one has
tr Ty, = tr Tpoy + Oy (K'7)
for all I € N from (2.15)), (5.4). A polynomial approximation of the compactly supported
function ¢ € C=(— || fll, — L, [[fll + 1) then gives

|
tr ¢ (Tf’k) = tr Tg&of,k +o0 (k)

oo fIR" +o(k)

:%Y

by (5.9) as required. O
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The analogous result for projective manifolds endowed with the restriction of the hyperplane
bundle was originally proved in [12, Theorem 13.13|, [21] and for arbitrary positive line bundles
in [6], see also [27]. In |23 Theorem 1.6] the asymptotics are proved for a semi-classical
spectral function of the Kodaira Laplacian on an arbitrary manifold.

5.1. Branched coverings. We now consider Toeplitz operators and their composition in a
particular case of semipositive line bundles. Namely, those that arise from pullbacks along
branched coverings. Here f : Y — Y is a branched covering of a Riemann surface Yy with
branch points {yi,...,yn} C Y. The Hermitian holomorphic line bundle on Y is pulled back
(L,h*) = (f*Lo, f*h*) from one on Yy. If (Lo, h™) is assumed positive, then (L,h") is
semi-positive with curvature vanishing at the branch points. In particular, near a branch point
y € Y of local degree 5 one may find holomorphic geodesic coordinate such that the curvature

is given by RY = % (22)7"/271 Rj??y) +O (y"1). We set in the following Ry =: R]I:(Oy). The leading
term of ([1.3)) is given by the model Bergman kernel II®° (0, 0) of the operator

(5.10) [Jo = bb',  for
(5.11) b=-20.+a

bT = 285 + a,
(5.12) a= %z (22)"7*7! Ry,

We first compute this model Bergman kernel.

Lemma 5.5. The model Bergman kernel corresponding to the model operator (5.10) at a branch
point is given by

[<I>(z +¢’ Rr
e e¥e. (RO zz) where
2w

(22)*Ry  and

(5.13) I (z,2') =

(5.14) O (z) =

-1 o ) ; g—2r (at1) T 2(a+1) %
(5.15) ¢ (@) =Z—<g> ) F(( M))/(((M _ ))

18 given in terms of the incomplete gamma function.

Proof. From the formulas (5.12)), an orthonormal basis for ker ([y) is easily found to be

1/2
1 2(a+1)
So = —;RO T 2%e”?  aeNy,
2T (2(a+1)>
. o 1 —\7/2
with & = 2 (22)"* Ry.
From here the model Bergman kernel is computed
M (z,2') = Z Sa (2) 8a (2)
aeNyp
1 2(a+1) —a
(5.16) = — — R, (z2)" 2.

0
2r S (2<a+1>)

r
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To compute the above in a closed form, consider the series

[e%} yg%l_l
F(y) = |
a=0 I‘( : )
s—1 atl 4 00 atl 4
Yy s Yy s
= a + «a ’
2T 2T
—_——
Fo(y):=
for s = %. Differentiating the second term in the series gives F{, (y) = Fy () +>3°2 (e —1)

Which is an ODE that can be solved with the initial condition F{ (0) = 0 to give

00 QTﬂfl s—2 F(a+1) _F(a-i-l )]
Y Y
Fy(y) = o = e’ ; o s
2o S TE ey
(5.17) in terms of T (a, z) == / t*te~tdt, Re(z) >0,

the incomplete gamma function. Thus in particular we have computed F' (y) = Y16 <y5>
(5.15). Finally noting from ({5.16|) that

2
re 2Ry

HEIO (Z, Z’) _ 5
™

(L’S_IF (l,s) 7

2
for x = Rj 22, completes the proof. O

This gives the first term of the expansion

1 r 2
0(0) =T (0.0) = 5o R

at the vanishing/branch point y in this example.

6. RANDOM SECTIONS

In this section we generalize the results of [30] to the semi-positive case considered here. Let
us consider Hermitian holomorphic line bundles (L, h*) and (F,h") on a compact Riemann
surface Y. To state the result first note that the natural metric on H° (Y; F® Lk) arising from
g™, hfand h' gives rise to a probability density s, on the sphere

SH (Y;FeLY) ={se H (Y;F® L") ||s| =1},
of finite dimension y (Y; F® Lk) — 1 (2.15). We now define the product probability space
(Q,p) = (12, SH® (Y; F @ L*) | 112, ). To a random sequence of sections s = (s3),cy € €
given by this probability density, we then associate the random sequence of zero divisors Z,, =

{sx = 0} and view it as a random sequence of currents of integration in Qg (Y"). We now have
the following.

Theorem 6.1. Let (L,h%) and (F,hY) be Hermitian holomorphic line bundles on a compact
Riemann surface Y and assume that (L, hY) is semi-positive line bundle and its curvature R*
vanishes to finite order at any point. Then for p-almost all s = (s;),cy € €2, the sequence of
currents !
~Z,

1
A_RL
k% 2

a+171

y S
e
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converges weakly to the semi-positive curvature form.

Proof. The proof follows [29, Theorem 5.3.3] with some modifications which we point out below.
With &, denoting the Kodaira map (4.7)), we first have

(6.1) E[Zy] = @5 (wrs)
as in [29, Theorem 5.3.3]. For a given ¢ € Q% (Y), one has

1 i 1 1, _
<Ezsk - gRL,sO> = <Ezsk — @} (wrs) ,so> +0 (K7 [[¢llco)

following (4.10)) and it thus suffices to show Y? (s;) — 0, p-almost surely with

1 1
Y?® (Sk) = <EZS,c - E(I)Z; (WFS) ) (p>

being the given random variable. But (6.1]) gives
1 1

E[|Y? (Sk)ﬂ = EE [(Zs,, @)2] - EE (D) (wrs) 7<P>2]
=0 (k%)
as in [29, Theorem 5.3.3]. Thus [, du [> 5, [Y¥ (sk)ﬂ < oo proving the theorem. O

The above result may be alternatively obtained using L? estimates for the d-equation of a
modified positive metric as in [I8], S 4].

Example 6.2. (Random polynomials) The last theorem has an interesting specialization to
random polynomials. To this end, let Y = CP' = C2 \ {0} /C* with homogeneous coordinates
[wo : wy]. A semi-positive curvature form for each even r > 2, is given by

Wy ::%05111 (Jwol” + |un]")
(6.2)

_ar? Bl

2w A (1 o)’

which can be seen to have two vanishing points at the north/south poles of order r — 2. This
is the curvature form on the hyperplane line bundle L = O (1) for the metric with potential
¢ = In(|wo|" + |wi|"). An orthogonal basis for H° (X, L¥) is given by s, = 2%, 0 < a < k, in
terms of the affine coordinate z = wg/w; on the chart {w; # 0} and a C* invariant trivialization
of L. The normalization is now given by

dz NdZz, forz:%%(),
w1y

1 T2 |Z|2a+7'72

21 4 c (1 + |Z|T)k+2
1

e (4)

(o) = r e

given in terms of the Gamma function. We have now arrived at the following.

2
Isall™ =

with the binomial coefficient
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Corollary 6.3. For each even r > 2, let

pe () = ica (;;)Za

a=0

be a random polynomial of degree k with the coefficients c, being standard i.i.d. Gaussian
variables. The distribution of its roots converges in probability

1, 1 Elis
k Pk 2 4 (1 + ’Z’T)Q
The above theorem interpolates between the case of SU (2)/elliptic polynomials (r = 2) [10]

and the case of Kac polynomials (r = co) [22], 26], B5]. For recent results on the distribution of
zeroes of more general classes of random polynomials we refer to [3] 9l 25].

7. HOLOMORPHIC TORSION

In this section we give an asymptotic result for the holomorphic torsion of the semi-positive
line bundle L generalizing that of [§] (see also |29, S 5.5]). First recall that the holomorphic
torsion of L is defined in terms of the zeta function

(7.1) Ce (s) = O /000 dt t*tr [e_t'jzlc] , Re(s) > 1.

The above converges absolutely and defines a holomorphic function of s € C in this region. It
possesses a meromorphic extension to C with no pole at zero and the holomorphic torsion is

defined to be Ty == exp { -3¢}, (0)}.
Next, with 7%, w (R*) as in (2.11)) and ¢ > 0, set

(7.2) By (y) = LoL (1 B e—tTL)_l e_tw(RL); () > 0

5m 1 T (y) = 0.
Note that the above defines a smooth endomorphism R; (y) € C* (Y; End (A%*)). Further, let
A; € C* (Y;End (A”>*)) be such that

(7.3) P = Re(y) = D Ai(y) P =0 (V).

j=—1
We now have the following uniform small time asymptotic expansion for the heat kernel [29]
Theorem 5.5.9].

Proposition 7.1. There exist A ; € C (Y; End(A%*)), j = —1,0,1,. .., satisfying Ay j—A; =
O (k™1), such that for each t > 0

N
(7.4) Ele =P (y,y) = Y Ay )t —p [ =0 (VY

j=—1
uniformly iny € Y, k € N.
We now prove the the asymptotic result for holomorphic torsion. Below we denote by z Inx

the continuous extension of this function from Ry to R (i.e. taking the value zero at the
origin).
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Theorem 7.2. The holomorphic torsion satisfies the asymptotics

In 7y = _%g,;(()):—mnk/y{g} —k;/y{gln(%ﬂ +o(k)

as k — oo.
Proof. First define the rescaled zeta function (j (s) = ’13(;;) Jo - dets [e‘im}v} = k7'k5¢ (s)
satisfying
(7.5) G (0) = kG, (0) — (klnk) G (0).
With ay; = fY tr[Ag ;] dy, 7 = —1,0,..., and the analytic continuation of the zeta function
being given in terms of the heat trace, one has
(7.6) e (0) = ago — / dy tr[Ao],
Y

T
. (0) = / dttt {k’ltr [e’émi] —ap 4t — am}
0

J/

-~
=Jo dtt=1p)+0(%)

+/ dt t— 1k Lty [e—%mi}
T

(7.7) —ap AT T (1) arg
following ([7.4]).

Choosing T' = k'=2/", gives

e e 191] < o~ R ol 1

< Ot g te Tk ey s

9

on account of (2.14)), (7.4]). The integral on [T, 00) of the last expression is uniformly bounded

in k. By dominated convergence we have as k — oo,

512 (0) —>/Ydy04(y), where

oly) = / dt 1 {te [R, ()] — tr[A] " — tr[Ao]}

0

+ / h dtttr [Ry (y)]

T
(7.8) —tr[A_ )t 4+ TV (1) tr [Ay)] .
Finally, using one has
PR
t =
4o AT
AL L
) — — In(—
(7.9) ot =1 ()

with again the extension of the function zInz to the origin being given by continuity to be

zero as before. The proposition now follows from putting together ((7.5)), (7.6), (7.7), (7.8) and
) 0
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APPENDIX A. MODEL OPERATORS

Here we define certain model Bochner /Kodaira Laplacians and Dirac operators acting on a
vector space V. First the Bochner Laplacian is intrinsically associated to a triple (V, q", RV)
with metric ¢" and tensor 0 # RY € S"2V* @ A2V* r > 2. We say that tensor RV is
nondegenerate if

(A1) STEPVF@ ANV 3 (RY) =0,Vs<r—2 = T,Y 50 =0.

Above i* denotes the s-fold contraction of the symmetric part of RY.

For v; € V, v, € T,,V = V, contraction of the antisymmetric part (denoted by ¢) of RY
gives 1,, RV € S"72V* @ V*. The contraction may then be evaluated (LUQRV) (v1) at v, € V,
i.e. viewed as a homogeneous degree r — 1 polynomial function on V. The tensor RV now
determines a one form a®" € Q! (V) via

(A.2) aﬁv (vg) = —/0 dp (1, RY) (pv1) = —% (L, RY) (v1),

which we may view as a unitary connection VR = d +ia®" on a trivial Hermitian vector
bundle E of arbitrary rank over V. The curvature of this connection is clearly R" now viewed
as a homogeneous degree r — 2 polynomial function on V valued in A2V*. This now gives the
model Bochner Laplacian

(A.3) Ay gy = <vRV) VE . 0% (V) — C® (V; E).
An orthonormal basis {ey,es,...,¢e,}, determines components Ry, = R" (¢°*;¢,,¢e,) # 0,
a € Ng—l, |a| =7 — 2, as well as linear coordinates (y,...,y,) on V. The connection form in
these coordinates is given by afv = %yqyo‘qu,a. While the model Laplacian 1} is given

n . 2

? 0%

(A4) AgV7RV = — Z (ayp + ;yqy qu@) .

qg=1

As in (2.8)), the above may now be related to the (nilpotent) sR Laplacian on the the product
Sy x V given by

n . 2
~ 72 o
(A5) Agvﬁv = — Z (8yp + ;yqy Rp%aag) ,

q=1
and corresponding to the sR structure (S; x V., ker <d9 + aRV> gV, d9volgv> where the sR

metric corresponds to g" under the natural projection 7 : Sj x V' — V. Note that the above
differs from the usual nilpotent approximation of the sR Laplacian since it acts on the product

with S'. The heat kernels of (A.3), (A.5) are now related

(A.6) e IRV RY (y, ) = /ewe_tAg"»RV (y,0;9/,0) db.

Next, assume that the vector space V' of even dimension and additionally equipped with an
orthogonal endomorphism JV € O (V); (JV)2 = —1. This gives rise to a (linear) integrable
almost complex structure on V | a decomposition V ® C = V10 @ V%! into +i eigenspaces of
J and a Clifford multiplication endomorphism ¢ : V' — End (A*V%!). We further assume that
RV is a (1,1) form with respect to J (i.e. S*V* > RY (w,wy) = 0, for all wy,w, € V).
The (0,1) part of the connection form then gives a holomorphic structure on the trivial
Hermitian line bundle C with holomorphic derivative 9z = 0 + (iav)o’l. One may now define
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the Kodaira Dirac and Laplace operators, intrinsically associated to the tuple (V, g%, RV, JV),
via

(A7) Dyv v v =2 (dc + )

(A8) Oyv gy v ::% (Dyv v v)’

acting on C> (V; A*VO1). The above (A.3), are related by the Lichnerowicz formula
(A.9) Ogv v gv = Agv gv + ¢ (iR")

where ¢ (RY) = 37 _ Ry, i, _,c(e,) c(eg).

Being symmetric with respect to the standard Euclidean density and semi-bounded below,
both Ayv pv and O are essentially self-adjoint on L?. The domains of their unique self-adjoint
extensions are

Dom (Agvﬂv) = {1/1 S L2|AgV’RV'l/J S L2} ,
Dom (DgV7RV7JV> = {’(/J € L2|D9V7RV,JV7,D € Lz} ,
respectively. We shall need the following information regarding their spectrum.

Proposition A.1. For some ¢ > 0, one has Spec (Agvﬂv) C [c,00). For RV satisfying the
non-degeneracy condition 1' one has FEssSpec (Agv’Rv) = (. Finally, for dimV = 2 with
R (w, @) >0, for all w € V¥ semi-positive one has Spec (Oyv gv yv) C {0} U e, 00).

Proof. The proof is similar to those of Proposition 2.1 and Corollary Introduce the de-
formed Laplacian Ay = A,v zv obtained by rescaling the tensor RY. From (A.4) A, =
K" RN ,v gv BT are conjugate under the rescaling Z : C* (V; E) — C* (V; E), (Zu) (z) =
u (yk'/) implying

Spec (A;) = k*"Spec (Ayv gv)
(A.10) EssSpec (A},) = k¥"EssSpec (Agvva)

By an argument similar to Proposition one has Spec (Ag) C [cle/ T — cg,oo) for some
ci,co > 0 for RV # 0. From here Spec Agvﬂv) C [c,00) follows. Next, under the non-
degeneracy condition, the order of vanishing of the curvature homogeneous curvature RY (of
the homogeneous connection aRV) is seen to be maximal at the origin: ord, (RV) <r-—2
for y # 0. Following a similar sub-elliptic estimate (2.6) on V' x Sj as in Proposition , we
have

RO Jlul* < C [(Agu,u) + [lull7] . Vu e CZ (VB (0)),

holds on the complement of the unit ball centered at the origin. Combining the above with
Persson’s characterization of the essential spectrum (cf. [33], 1] Ch. 3)
EssSpec (Ag) = sup ”iﬂlfl (Agu,u) ,
R ul=
u€Ce® (V\BR(0))

we have EssSpec (Ay) C [clkz/(“l) — Co, oo) From here and using {D EssSpec (Agv’Rv) =
() follows.

The proof of the final part is similar following k%"Spec (ngﬁv’(]v) = Spec (ng’kRvJv) =
Spec (Ok) C {0} U [cle/’” — cg,oo) , O == Oyv ygv yv, by an argument similar to Corollary
2.3l 0
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Next, the heat e "2¢v.nV ¢ ™eV.rV.0V and wave eit\/Agv’Rv, VIV v v operators being
well-defined by functional calculus, a finite propagation type argument as in [32, eqs. 2.15,
2.16] gives ¢ (Ayv gv) (,0) € S(V), ¢ (Opv gv sv) (.,0) € S (V) are in the Schwartz class for
¢ € S(R). Further, when EssSpec (A,v gv) = 0 any eigenfunction of A v pv also lies in S (V).
Finally, on choosing ¢ supported close to the origin, the Schwartz kernel I1sV.2".7" (., 0) € S (V)
of the projector IIs".#".7" onto the kernel of L v gv ;v is also of Schwartz class.

We now state another proposition regarding the heat kernel of A v zpv. Below we denote
Ao (Agvﬂv) = inf Spec (Agv’Rv).

Proposition A.2. For each € > 0 there exist t, R > 0 such that the heat kernel

[o o dx [Agv gre™BaV.mV] (2, 2)
BR(O) g o S )\0 (A9V7Rv) + c
fBR(O) dre ""eV.RY (x,x)

Proof. Setting P = Av gv — Ao (Agvﬁv) it suffices to show

fBR(O) dx [Pe ] (z, ) _

<e
fBR(o) dx e P (x, x)
for some ¢, R > 0. With H[PS 2] denoting the spectral projector onto [0, z], we split the numerator

[ e @ = [ e [gpe ) @+ [ e[ Pt ).
Br(0) Br(0) Br(0)

From P > 0, H[04 ]Pe_tp < dee P and (1 — Hnga]) Pe P < ce™%t for all t > 1, we may
bound

oo 4z [Pe™"] (x, ) et ce SR
S dze™ (zx) = g g dve? (2, 2)

for all R,t > 1. Next, as 0 € Spec (P) there exists |[¢c]|;2 = 1, ||P¢c||;» < . It now follows
that

(A.11)

< % and hence

1 1
e RN
24 U B, (0)
<[ ([ e W) = [ den (o),
Br, (0) Br,.(0)

2
for some R. > 0, using (H[ﬁ%]) = H[’B’%] and Cauchy-Schwarz. This gives

2

/ﬁmﬁkﬂawaM

e—26t

/ dre ™ (x,2) > , t>1.
BRE(O) 2

Plugging this last inequality into (A.11]) gives

fBR (0 4% [PeP] (2, 2)

< 4 fz-:tRnfl
fB ydee P (z,2)  — e A

from which the theorem follows on choosing ¢ large. O
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