BERGMAN-SZEGO KERNEL ASYMPTOTICS IN WEAKLY
PSEUDOCONVEX FINITE TYPE CASES

CHIN-YU HSTAO AND NIKHIL SAVALE

ABSTRACT. We construct a pointwise Boutet de Monvel-Sjostrand parametrix for the Szegd
kernel of a weakly pseudoconvex three dimensional CR manifold of finite type assuming the
range of its tangential CR operator to be closed; thereby extending the earlier analysis of Christ
[10, 11]. This particularly extends Fefferman’s boundary asymptotics of the Bergman kernel
[16] to weakly pseudoconvex domains in C?, in agreement with D’Angelo’s example [13]. Finally
our results generalize a three dimensional CR embedding theorem of Lempert [28].

1. INTRODUCTION

Cauchy Riemann (CR) manifolds are natural analogues of complex manifolds in odd dimen-
sions. Their structure being modeled on that of a real-hypersurface inside a complex manifold,
the natural question of when an abstract CR manifold can be embedded as such into complex
space CV has been long studied. In dimensions at least five a classical embedding theorem
for strongly pseudo-convex CR manifolds was proved by Boutet de Monvel [5]; thereby leaving
unresolved the cases of three dimensional manifolds and weakly pseudoconvex manifolds. In
dimension three the problem is well known to be more subtle as there are examples of non-
embeddable strongly pseudo-convex manifolds [38| [I]. However stronger conditions implying
three dimensional embeddability are known; Kohn |26, 27] showed that embeddability of a
strongly pseudoconvex CR manifold is equivalent its tangential Cauchy-Riemann operator 0,
having closed range. Thereafter Lempert [28] (see also Epstein [15]) showed embeddability of
a strongly pseudoconvex CR manifold assuming the existence of transversal CR circle action.
In the weakly pseudoconvex case fewer results are known; Christ [L0, [II] (see also Kohn [26])
showed embeddability of a weakly pseudoconvex CR three manifold of finite type assuming the
range of its tangential Cauchy-Riemann operator 9, to be closed.

A closely related problem is to study the behavior of the Szegé kernel, the Schwartz kernel of
the projector from smooth functions onto CR functions. When the manifold is the boundary of
a strictly pseudoconvex domain the singularity of the Szegd kernel was described by Boutet de
Monvel and Sjdstrand in [6], the Szegd projector is in this case is a Fourier integral operator with
complex phase. Combined with the results of |5, 17, 26] 27] this description extends to strongly
pseudo-convex manifolds whose tangential CR operator 0, has closed range; and in particular
those of dimension at least five. In particular this description can be used to derive Fefferman’s
boundary asymptotics of the Bergman kernel [16] of a strongly pseudoconvex domain. The
weakly pseudoconvex case analog of the problem has been studied by several authors before,
with prior results including pointwise bounds on the kernels [10, 30, 32, 35] besides special cases
of the asymptotics [13] 3].

In the present article we obtain a similar description for the pointwise Szegd kernel of weakly
pseudoconvex CR three manifolds of finite type whose tangential CR operator 9, has closed
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range. Further we prove the boundary asymptotic expansion for the Bergman kernel for weakly
pseudoconvex finite type domains in C2. Our results thereby extend the aforementioned analysis
of Christ, the boundary Bergman kernel asymptotics of Fefferman and the embedding result of
Lempert.

Let us now state our results more precisely. Let (X,T'°X) be a compact CR manifold
of dimension three. Thus T%°X C T¢X is a complex subbundle of dimension one satisfy-
ing TWWX NT™MX =0, T%'X = T'OX. Denote by HX = Re (T"°X & T*' X) the Levi-
distribution and J its induced integrable almost complex structure. The Levi form is defined
as

L e (HX"** @ (T,X/H,X)
(1.1) ZL(U,V)=[UV] e T,X/H,X

for U,V € C* (HX). Given a locally defined vector field T € C*° (T'X) transversal to HX the
Levi form can be thought of as a skew-symmetric bi-linear form on HX. We say that the point
x is weakly/strongly pseudoconvex iff the corresponding bi-linear form £ (., J.) is positive
semi-definite /definite for some choice of orientation for T. The manifold is weakly /strongly
pseudoconvex if each point z € X is weakly/strongly pseudoconvex. The CR manifold is
said to be of finite type if the Levi-distribution HX is bracket generating: C>° (HX) generates
C> (T X ) under the Lie bracket. More precisely, the type of a point z € X is the smallest integer
7 (x) such that HX, ) = TX, where HXj, j = 1,... are inductively defined by HX; .= HX and
HX; =HX+[HX,;,HX], Vj > 1. The function = — r (x) is in general only an upper semi-
continuous function. The finite type hypothesis is then equivalent to r := max,cx r () < 0.
Note that the type of a strongly pseudoconvex point x is r (x) = 2. For points of higher type
it shall be useful to analogously define the r (z) — 2 jet of the Levi-form at x

jeY e (HX")®™ @ (T,X/H,X) by
(1.2) (j L) (Un,...,U,,) = [adp,ady, ...ady, U] € T,X/H, X

for U e C*(HX),j=1,...,r.
Next let Jj : Q0% (X) — Q0**1 (X) denote the tangential CR operator and choose a smooth
volume form p on X. The Szegé kernel II (x,2’) is by definition the Schwartz kernel of the L2
projection I : L? (X)) — ker (9y). To describe our parametrix for II, first recall the well known
symbol class ST (2 x Ry), m € R, p,d € (0,1}, Q C R?, of Hormander [20]: these are smooth
functions a (z,t) satisfying the estimates 9f0%a = O (t™=**+lel) v (k, o) € Ng x Nj, as t — oo,
uniformly on compact subsets of Q2. Further denote by the notation S§* (Q2 x R;) the special case
when p = 1. We now introduce the subspace of classical symbols S7%; (2 x R;) C S5* (2 x Ry)
as those a (z,t) for which there exist functions a; € S (R?), j =0,1,2,.. ., satisfying
N

(1.3) a(z,t) —tm [Zt%j (t%)] €SPV (QxR,), VN €N,
=0

Our first theorem is now the following.

Theorem 1. Let X be a compact weakly pseudoconver three dimensional CR manifold of finite
type for which the range of the tangential CR operator 0, is closed. At any point ' € X of
type v = r (x'), there exists a set of coordinates (xy1,xo,x3) centered at x’' and a classical symbol

a€ Sy y (R2 X Rt), with ag > 0, such that the pointwise Szeqd kernel at x' satisfies

Z1,T2

(1.4) I (z,2) = /000 dt e"™a (z;t) + C™ (X).
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We note again that the point 2’ € X above is fixed and thus our 'pointwise parametrix’ is a
distribution on the manifold X rather than the product. More can be said about the amplitude
in (1.4): each coefficient a; € S(R?) in its symbolic expansion (1.3) is a linear combination
of functions of the form x{'z3%a; ., a1 + g < 2jr, with the functions a;, € S (R?) further

depending only on the first jet of the Levi-form j"='~2.% at 2’ and the indices j, o. Furthermore

at a strongly pseudoconvex point 2’ we may take each a;, = e_(x%”%) to be a Gaussian.
Following this Theorem [I] is seen to recover the pointwise version of the Boutet de Monvel-
Sjostrand parametrix at strongly pseudoconvex points (see Remark below). At points of
higher type however the functions a;, are no longer Gaussians.

An important classical case arises when the CR manifold X = 9D is the boundary of a do-
main, i.e. arelatively compact open subset D C C2. The analogous Bergman kernel IIp (2, 2’) is
the Schwartz kernel of the projector IIp : L? (D) — ker (9) onto the L?-holomorphic functions
in the interior. One is then interested in the on-diagonal behavior of the Bergman kernel as
one approaches the boundary in terms of a boundary defining function p € C*° (C?), satisfying
D = {p < 0}, dp|yp # 0. This is given as below.

Theorem 2. Let D C C? be a domain with boundary X = 0D being smooth, weakly pseu-
doconvex of finite type. For any point ©' € X = 0D on the boundary, of type r = r(x'), the
Bergman kernel satisfies the asymptotz’cs

N

Ip(z,2) = Z

jO(P

as z — ' for some set of reals a;, b; wu‘h ag > 0.

)2+2 . J+Zb )7 log (— )+0<(—p)N’3’”>, VN € N,

Our description of Szegé kernel Theorem [I] becomes more concrete in the case when the CR
manifold X is circle invariant. In this case one obtains an on diagonal expansion II,, (z,x),
m — oo, for the mth Fourier mode of the Szeg6 kernel, we refer to Theorem [2I]in Section
below for the precise statement. The asymptotics of these higher Fourier modes of the Szegd
kernel allows one to construct a sufficient number of CR peak functions. These can be used to
prove the following embedding theorem.

Theorem 3. Let X be a compact weakly pseudoconvex three dimensional CR manifold of finite
type admitting a transversal, CR circle action. Then it has an equivariant CR embedding into
some CN |, N € N.

The Szegd kernel parametrix of Boutet de Monvel-Sjostrand [6] has had a broad impact
in complex analysis and geometry, we refer to [22] for a detailed account of this technique
and its applications. Particularly this recovered the prior results of Fefferman [16] on the full
boundary asymptotics for the Bergman kernel of a strongly pseudoconvex domain, which in
turn refined its leading asymptotics by Hormander [18]. The weakly pseudoconvex analog of
the problem has also been considered by several authors before. Prior results have included
pointwise upper [10, B0, B2, B5] and lower [7] bounds on the Bergman and Szegd kernels in
low dimensions, besides particular special cases of the asymptotics for complex ovals [13],
h-extendible/semiregular domains [3] and certain toric domains [24]. In higher dimensional
weakly pseudoconvex cases the analogous bounds as well as the asymptotics of Theorem [1| and
Theorem [2| are wide open, some known results in higher dimensions include weak estimates on
the Bergman kernel [37] along with estimates on the Bergman metric [33] and distance [14].

In the presence of a transversal circle action a weakly pseudoconvex CR manifold is the unit
circle bundle of a semi-positive holomorphic orbifold line bundle over a complex orbifold. When
the action is free and the manifold strongly pseudoconvex, the Szegd kernel expansion Theorem
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21orresponds to the Bergman kernel expansion of positive line bundles and was first obtained
in [8, [40]. This was recently generalized to the Bergman kernel expansion of semipositive line
bundles over a Riemann surface in [3I]. The first author had earlier in |23] given a proof of
the Szeg6 kernel expansion of a circle invariant weakly pseudoconvex CR manifold, although
only on its strictly pseudoconvex part. For general non-free actions on strongly-pseudoconvex
manifolds, the Szegs kernel expansion corresponds to the Bergman kernel expansion of positive
orbifold line bundles and was first proved in [12], [29] Sec. 5.4].

As mentioned, the embeddability of strongly pseudoconvex CR manifolds equipped with a
transversal CR circle action was shown in [28] and thus generalized by our last Theorem [3| In
the weakly pseudoconvex case, [11] showed embeddability of a CR three manifold of finite type
assuming the range of its tangential Cauchy-Riemann operator 0, to be closed.

The paper is organized as follows. In Section [2| we begin with some preliminaries in CR
geometry including a construction of almost analytic coordinates adapted to the CR structure
in In Section [3] we construct an appropriate symbol calculus in and construct the
pointwise Szegd parametrix to prove Theorem [T} In Section [d] we consider the Bergman kernel
of a weakly pseudoconvex domain in C? and prove Theorem 2| In Section [5| we turn to the circle
invariant case and prove Theorem 21| In the final section Section [6] we prove our embedding
theorem Theorem [l

2. CR PRELIMINARIES

Let (X,T"°X) be a compact CR manifold of dimension three. Thus T'°X C TcX is a
complex subbundle of dimension one satisfying 71X N T%X = (), T X = T1L0X. Let
HX = Re (T'"°X @ T%'X) be the Levi-distribution. This carries an almost complex structure
J:HX - HX

Jw+v) =i(v—1), VYveT"X,
satisfying J? = —1 and the integrability condition

[Jv,u] + [v, Ju] € C* (HX)
(2.1) [Jv, Ju] — [v,u] = J ([Jv,u] + [v, Ju])
Vu,v € C*° (HX). The antisymmetric Levi-form defined via (1.1)) consequently satisfies .Z (Ju,v) =

Z (u, Jv). The last contraction £ (., J.) is equivalently thought of as a Hermitian form on
T'0X and denoted by the same notation via

(2.2) L (u,0) = B [u,m] e (TX/HX)®C,

u,v € THWX. The point z € X is strongly/weakly pseudoconvex if the Levi form above is
positive definite/semi-definite at x for some choice of local orientation for TX/HX. Next one
defines the flag of subspacesHM, , C HM,, C ..., at x € X inductively via

HM, , = HM,
HM;iy, =HM, +[HM,,,HM,], j>1
The point z is said to be of finite type if HM, ), = TX for some r (z) € N, the minimum
such integer being the type of the point x. The weight vector at the point x is defined to be

w (x) == (1,1,r (x)). The CR structure is of finite type if each point is of finite type. Note that
the type of a strongly pseudoconvex point x € X is r (z) = 2 by definition.
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The set of horizontal paths of Sobolev regularity one connecting the two points x, 2’ € X is
denoted by

(2.3) Qp (z,2") ={y e H ([0,1]; X) |y (0) =z, v (1) =2, ¥ (t) € HX, ) a.e.}.

Fixing a metric ¢”% on the Levi distribution HX, one define the obvious the obvious length

functional [ (vy) = fol |¥] dt on the above path space Qy. By a classical theorem of Chow-
Rashevsky the horizontal path space is non-empty when the CR structure is of finite
type; allowing the definition of a distance function
(2.4) d? (z,2") = inf I1(v).
vEQy (x,z)

The weight w (f) of a function f at the point z is defined to be the maximum integer
s € Ny for which a + b = s implies that (u®0’f) (z) = 0; where u,v form a local frame for
HX near x. Similarly the weight w (P) of a differential operator P at the point z € X is
the maximum integer for which w (Pf) > w (P) + w (f) holds for each function f € C* (X).
It is known that there exists a set of coordinates (xy,z2,x3) centered near a point z € X
for which 8%1, 8%2 forms a basis for HM, of the canonical flag and moreover each coordinate
function (x1, 9, x3) has weight w (z) := (1,1,r (z)) respectively; such a coordinate system is
called privileged. In privileged coordinates near x the weight of a monomial z%, o € Ny, is thus
oy + ag + ras. The weight w (f) of an arbitrary function f € C*(X) is then the minimum
weight of the monomials appearing in its Taylor series in these coordinates. The weight w (V)
of a vector field V = Z?Zl [0z, is seen to be w (V) = min{w (f1) — Lw (f2) — L, w (f3) —r}.
The distance function and volume (with respect to an arbitrary volume form ) of a radius e
ball centered at the origin in such coordinates are known to satisfy

C (‘LEl’ + ’CL’Q| -+ |.1,’3|1/7”(m)) < dH (.T, 0) < Cl (‘331’ + ’.1’2| + |x3|1/r(;r))
Ot < (B (0;¢)) < O 2 € (0,1).

Given a coordinate chart U as above, denote by S7} (U) the space of smooth functions p (z) on
U\ {0} satisfying the estimates

1

(2.5) 0°p] < Cy [d (2,0)] ™" 1 (B (0;d" (x,0))) "

r # 0Va € N3. It was shown in [10, Sec.12], cf. [35] that the restriction to U of the Szegé
kernel lies in the class

(2.6) I (z,0) € S, (U)
defined above.

2.1. Construction of coordinates. In [I1], Prop. 3.2| it was shown that the privileged coor-
dinate system near x maybe further chosen so that

X =C|Z]
1

where p (21, x2) is a homogeneous real polynomial of degree /weight r (x), and R = Z;’:l i (7) Oy,
a real vector field of weight w (R) > 0. Furthermore, the pseudoconvexity of X gives Ap =
(92, +92) p > 0. In this subsection we shall further show how to remove the remainder term
R via almost analytic extension. We first have the following.
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Lemma 4. There ezists a locally defined complex vector field T such that T, = 0., and [T, Z]
vanishes to infinite order at x.

Proof. The desired equation for the components of 7' = Z§:1 t;j (7) Oy, is seen to be one of the
form

(8351 + Z&m) tj = — (6$2p — Z@xlp) 83;375]‘ + (503T (8@ — zaxl)p + T’/’j — Rtj —+ O (|JZ|OO) s

Jj = 1,2,3. As the component functions p, r; have degree at least two and one respectively;
the degree k£ homogeneous part on the left hand side above involves the Taylor coefficients of

t; for %, |a] = k — 1, while those on the right hand side involve those for z%,|a| < k — 1.
We may hence solve the above recursively for the Taylor coefficients of ¢;, beginning with
(t1,t2,t3) = (0,0,1) + O (|z]), and apply Borel’s construction. O

Next we complexify the open neighborhood of # € U C R? on which the above coordinates
are defined to an open set U® C C? such that U NR® = U. Denote by z; = z; + iy;,
j = 1,2,3, the corresponding complex coordinates. For a function f € C(C?), we write
f ~ 0 if it vanishes to infinite order along the real plane: |f(z)] = O (|Imz|™). A function
f € C(C?), is said to be almost analytic iff d;,f ~ 0, j = 1,2,3. A complex vector field
L= Z?Zl [a]@z]. + bjagj] is said to be almost analytic iff Lf is almost analytic and Lf ~ 0 for
all almost analytic f € C2°(C?). This is seen to be equivalent to a; being almost analytic and
bj ~ 0 for j = 1,2,3. For two complex vector fields we write L; ~ Lo iff L; — Ly is almost
analytic. We choose almost analytic extensions T, Z of T, Z respectively. We now have the
next lemma.

Lemma 5. There exist almost analytic complex coordinates w; = z; + 230 (|2|), 7 =1,2,3, on
U such that T — 0, vanishes to infinite order at x.

Proof. Firstly we have T ~ 2321 tj (2) 0., for some almost analytic functions t;, j = 1,2, 3,
satisfying (t1,t2,t3) = (0,0,1) + O (]z|). Next we find an almost analytic function w; (z)
satisfying 25:1 t;0.,w1 = O (|2|™) or equivalently

(28) ngwl = — [tlazlwl —+ t2822w1 + <t3 — 1) 823101] -+ O (’Z|OO) .

The degree k homogeneous part on the left hand side above involves the Taylor coefficients of w;
for z%, |a| = k, while those on the right hand side involve those for 2%, |a| < k. We may hence
again solve the above recursively for the Taylor coefficients of w;, beginning with wy (z) = 21 +
O (|z[2), and apply Borel’s construction. Since solving the equation 1) involves integration in
23, the higher order terms in the Taylor expansion w; (z) = 21 +230 (|z|) can be further taken to
be multiples of z3. In similar vein, we find almost an analytic functions wy (2) = 29 + 230 (]2]),
ws (2) = 23 (1 4+ O(|z])) satisfying Zj:1 t;0.,wa = O (|2|™) and ijl tj0., w3 = 1+ O (|2]7)
respectively. Thus (wq,wq, w3) is the required coordinate system. 0]

We may now prove our main result of this subsection.

Theorem 6. There exist almost analytic complex coordinates Z; = p; +iq;, j = 1,2,3 and an
almost analytic function o (21, Z2) (of the first two new coordinates) on U such that

(1) % = 5+ O (o), j = 1,2, 2 = 2+ %0 (|2]) + O (1217,

(2) Z = 5(05 +i0z,) — § (95,0 4 102,0) 0z, and T = 9z, + O (|2|™) for

(3) ¢ (21,22) = o (21,22) + O (|z|r+1) with g a homogeneous polynomial with real coeffi-
cients satisfying (821 + 832) <g00|q:0> > 0.
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Proof. Firstly we have by definition Z ~ 23:1 a;jOy;, for some almost analytic functions aj,
j = 1,2, 3 satisfying
1
a1<0):§’ a2(0):_ )
1 A -

as 25 (aw2p - Zaunp) + 0 (|U)| )
and p being an almost analytic extension of p. Furthermore, from the preceding Lemma [4]
Lemma [5| we have [T, Z} = [8103,2} + O (Jw|™) and may assume that a;, 7 = 1,2,3, are
independent of ws. Next as in (2.8) we find almost analytic functions w; (wy,ws) = w; +
O (Jw|™), 7 = 1,2, such that

1 0
10y, W1 + A0y, W1 — B = O (Jw]™)

Setting Z5 = ws, we have then thus far achieved Z = 2 (0a, + 10g,) + as (W1, W2) Oy + O (|0]).
It is then easy to find ¢ (04, wW,) satisfying ag = —35 (0@, + 10s,0) + O (|0]™) by a further
application of the Borel construction giving Z = 1 (O, + 10g,) — £ (03,0 + 103, ) Oy + Z,, for
some almost analytic vector field Z,, = O (|w|™).

Finally to remove this infinite order error term one applies the scattering trick of Nelson [36,
Ch. 3]|. Choose an almost analytic function x € C° (UC), equal to one near zero, and set

i , .
5 (D + 10a,0) Oy + (1 = X) Zoo-
It is clear that the almost analytic flows of Z, Z; starting at UC exit UC in uniformly finite

time, outside which they are equal. Thus the limiting almost analytic map

(2.9) 7, = % (O, +10g,) —

(2.10) W = lim /% 0 ¢~/
t—o0
exists with the limit achieved in finite time. One then calculates
d -~ N N2 - N
(e Boe) iy = () (2= 20) (7)) iy = O (Jaf)
(2.11) and thus 2, == W*w; = w; + O (Jw|™).

This finally gives
7 =W.7,

= % (851 + 1652) - % (82190 + 2622 90) 823

near zero from (2.9)), (2.10)), (2.11)) proving the second part of the theorem. The last part follows
by a Taylor expansion and the corresponding subharmonicity of p (x1, x2) (2.7). O

We remark that although Nelson’s method may also be used to linearize the almost analytic
vector field Z in some almost analytic coordinates, the resulting coordinates thereby will not
satisfy the first property of the above Theorem [6] which shall be used later.

Before putting the above coordinates to use in the next section, we shall also need the
construction of almost analytic continuations of functions in the class S} defined in (2.5).
These shall be defined on the region

(2.12) Rsv = {(2,y) € Ux R*|[y| <& |af*,|ys| < & as||al}
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for any d > 0.

Lemma 7. (Almost analytic continuations in SP) For each 0 > 0 there exists almost analytic
extension map € : S (U) — C (Rsy \ {0}) satisfying

gf|R = f7
0:Ef = O (|[Imz|™) uniformly on Rsy and
(2.13) Lf € C®(U) = LEf € C*(Rsy)

for each f € S} and vector field L with almost analytic extension L.

Proof. The map £ is defined by the usual Borel-Hérmander construction. Namely with y €
C2 (R) and equal to one near zero, set

(2.14) ) @) =3 10 (@) (A o)

al

07

Note that on the given region Ry (2.12) each successive term above satisfies the estimate

(ii_?af(a) (x) = O <|y|(|a|7rm)/2>. For a suitable sequence constants A\, — oo sufficiently fast,

the series above is then seen to be C* convergent, and hence defining a smooth function, on
compact subsets of Rsp \ {0}. The first property in then follows immediately from the
above definition. The second property, follows easily on differentiating the definition (2.14)
and applying the estimates on the region Rsy. Finally for the last property, note that
g = LEf — ELf is an almost analytic continuation of zero in the sense glg = 0 and O0zg =
O (JImz|™) uniformly on Rsp. It furthermore satisfies estimates similar to by definition.
The Taylor expansion of g in the y-variable is seen to be

(iy)" —rm
g(@.) = Y e g (@) +0 (g ),
lal<n 0

giving g = O (|Imz|™) and g € C* (Rsy). Since Lf € C*° (U) is smooth and ELf € C* (Rs )
by construction, the result follows. 0

3. SZEGO PARAMETRIX

In this section we shall prove our main Theorem [Il Tt shall first be useful to define a requisite
symbol calculus below.

3.1. Symbol spaces and calculus. Below we denote by x = (&, z3) local coordinates on R?,
with 2 = (21, z2) denoting the local coordinates on R2.
A smooth function f (z,9) € C* (R? x R?) is said to lie in the class f € S (R? x R?) if for

each (&,B) € N there exists N <&, B) € N such that

(1+ 2] + gV ()

3.1 0200 f (#,9)| < Cnas :
. DS Oxas = G g

Y (&,9, N) € R? x R? x N. We note that for f € S (R? x R?) the functions
(3.2) F9), f (@) €S (R

are Schwartz for fixed y and Z respectively.
We now introduce some symbol spaces.
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Definition 8. Let r € N, » > 2. A function a (z,y,t) € C* (]ng x R;) is said to lie in the
symbol class gT, m € R, if for each («, 8,7) € NJ there exists N («, 3,7) € N such that

. )N(a,ﬁﬁ)

R

L~ |5 1
(3'3) ’agafaza(L Y, t)l < CN,QBW <t>m_7+?(|a|+|5|)+a3+ﬁ3 <

tr

(14 [tra

V(z,y,t,N) e R}, x R, x N.

We further set
(3.4) ST = @ (tws) (tys)” ST, ¥ (m,k) € R x Ny,
" p+p' <k ’

The subset 5{”01 C S of classical symbols is those a (, y, t) for which there exist a;,,y (£, 7)) €

S(R? x R?), j,p,p € NO, such that

/ 1, lA N+1)= N+1
55 aln -3 Y Y ) aj (113,79) € ST

J=0 p+p'<j
VN € Ny. We also set
3 7k . / A
S;Cl = @ (tacg)?’ (tyS)P S?CI-
p+p' <k
The following inclusions are clear
ath’k C S’T_l’k

s Smk 0, Smk cs"” i
&,035?’“, aws;“’f C s;”““

Sk G >

r

Y
amok — &mk+1
ST) C ST7 + ,
Gmk — &m' ik
(3.6) ST C ST, m<m/,
T K

with similar inclusions applying for S’TCIT

Next we set
m,k,—oo m—* K+
Sl — ﬂ]GNOS

T

ST = Uy STH .
Following a standard Borel construction, one has asymptotic summation: for any a; €
am—Lik+j . A
ST " j=0,1,..., there exists a € ST such that

T T

N
(3.7) a— (Z a]-) € Sz%;wﬂ)’HNH, VN €N,
j=1 "

with a similar property being true for the classical symbols S

Lo Moreover the symbol a 1)

&,
above is unique modulo S7"F~>

T
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We now define the quantizations of the symbols in

Definition 9. An operator G : C° (R?) — C~>° (R?) is said to be in the class G € f)Tfl if its
distribution kernel satisfies '

(3.8) Glay)=gh= [ dte™ g ()
0
for some g € STCIT + 57,

It is an easy exercise that for G € L7, m < —1 — k, the kernel G (.,y) € C* for fixed y. We

next have a reduction lemma showing that the show that the amplitude g in the quantization
above (3.8) maybe chosen independent of x3 or ys.

Lemma 10. For any g € 5’2”5 there exist g1, gs € S?Z independent of xs,ys respectively such
that g = g = g5 .
Proof. By a Fourier transform, it is easy to see that
G =g for
91 (&, 33,9,t) = [e""Ps g]

Here the above notation follows [2I], Sec. 7.6] wherein the partial ys, ¢ Fourier transform F,, ;
of €%%s g is given

y3=x3

i&ta _ —1 iTn3
etsg = F € TP Ty g

by multiplication by the exponential of the dual variables 73, 7 respectively. From [2I, Thm.
7.6.5] and 1} it is then easy to see that g; € ST%" (). In particular we have g, € S7> for

g€ S;OO.
i Sk . . ) . ..
Next for g € Sy} we plug in its classical expansion 1} into 1) By writing ty; =
trs 4+t (y3 — x3) and repeated integration by parts using 0,3 %) = i (25 — y3) €™ 7%) we

. A 1
obtain g; n € STﬁ, N € Ny, independent of y3 such that g1 —g; v € 51 (N RN+ , VN € Nj.

By asymptotic summation we find g1 ~ g11+> Ny (1811 — g1.8) € S”Tj , independent of y3,

m,k,—o0

which satisfies g — g1 € ST C S’I"o. From this and the first part of the proof the Lemma

follows. The construction of go is similar. 0

Following the above we shall define the principal symbol in [A/Tckl via

o1 (G) = gooo (2,7) € S(R?* x R?),
¢ e ETS’ as the leading term in the symbolic expansion (' The following symbol exact

T
sequence is then clear

k+1

Am—21 A ~
0— LY ™" = L 2 S(R? x R?) — 0.

The class fffj (U) is clearly closed under adjoints. The symbol of the adjoint is furthermore

easily computed
(3.9) oL (G") (2, 9) = o1 (G) (4, 2).

» . tmk
We next have the composition of operators in LT’CI.
L
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2
m'—2 k4K

Proposition 11. For any G € L™ He L one has the composition GoH € LT

11;

Furthermore the leading symbol of the composztzon 15 given by

(3.10) 01 (G o H) (2,7) = / divoy, (G) () op, (H) (3,) .

1l

Proof. Write G = g, H = h¥ in terms of their z3,y3 independent quantizations respectively.
From Fourier inversion it is easy to check that

(GoH)(x,y) = /dt eM@=vs) (g o h) (x,y,t)  for
(901 @.9.0) = [ ding (,0,0.0) b (3.5, 30.1)
=t /dt M=) iy g (xxg t‘%,t) h (t—%@, J, yg,t>

upon a change of variables trii = 0. The d integral is seen to be convergent on account of ,
which also gives the necessary symbolic estimates for g o h. To obtain the symbolic expansion,
we plug 3, y3 independent symbolic expansions for g, h respectively into the above to obtain a
symbolic expansion for the composed symbol go h along with the formula for the leading
part. ]

Finally we show that our algebra of operators is a module over the usual algebra of pseudo-
differential operators.

Proposition 12. Let G € Emk and let P € \Ifgfl be a classical pseudodifferential operator on
U of order k. Then, PG € Lm+m K with leading symbol

(3.11) or, (PG) (Z,9) =0 (P)(0,0;0,1) 0 (G) (2,79) -
Proof. First write the kernels
1 ,
P o) = g [ dee® 5 (a.)
(2m)

G (u,y) = / A5 (s, s )

’ ~AmLk . . . . . . . .
PESY, g€ Szn’d using an us independent quantization for G. Then Fourier inversion gives

the composition to be

(PoG)(x,y) = / dt eV (2, y.1)

(Qi) /dudge” @) (q; . t) (@9, ys,1)

Again the above amplitude satisfies necessary symbolic estimates on account of (3.2)).

(3.12) q(z,y,t) =

To obtain the symbolic expansion, a change of variables v = t%ﬁ,f) = t_%é first gives
-1, Nz ~
o (bt Fgt) = [ dadée T (i ) g (1)
(3.13) = /d@dﬁei@_ﬁ)ﬁp (t T as, 7, >g (t

‘}\)—l

@ t %?)7?/3775) .
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Next we plug in the symbolic expansion for g as well as

p (fii,xg,t%ﬁ, t> ~ t* [Po (0,23,0,1) + ij/rpj (2, 23,7) | ,

J=1

obtained from the classical symbolic expansion for p, into (3.12)), (3.13). A further Taylor
expansion in a3 for po (0,23,0,1) ~ 337%™/ (tas)’ (92,p0) (0,0,0,1) and each p; plugged into
the above completes the proof. O

Finally we need some mapping properties of operators in f)’fckl To introduce the functional

spaces first define
ST (R?) c ST (R? x R?)

(3.14) ml (R?) C Sm1 (R® x R?)

as the subspace of x3, y-independent elements in [§ Note that the above are included
ST (R?) C ST (R* x Ry)

(3.15) A’gf; (R*) c Sf}fcl (R* x Ry)

in the Hormander symbol classes from the introduction.
We next define the space of partial ¢-Fourier transforms of the classes (3.14)) below

SH(R?) = {p eS (R |p= /dtem?’a (t,2), a e ST (RZ)}
(3.16) Sta (R?) = {p eSS (R |p= /dtem?’a (t,2), a € Sﬁ”’d (Rz)} :

It is an easy exercise using Fourier transforms to see that elements of S% (R?) (3.16) above are
smooth outside the origin. While the space S} (U) consists of restrictions to U of elements in
the space ST (R?) defined above. Tt is further easy to see the inclusion

(3.17) Sg(R*) cCc* (R, m<-1-a.
We now have the following.

m+m'—

. , 2
Proposition 13. For G € LTfl (R®) and p € S7 (R3) we have Gp € Sy " (R3). A similar
property holds for Sit , (R?).

Proof. Again using a y3 independent quantization for GG, the Fourier transform expression p =
[ dte"2q (¢, &) and Fourier inversion gives

Go () = [ e (goa) (a1
goa)@.t) = [9(e.g)alt)di
Next we plugin the symbolic expansion for g into the above and use repeated integration by

parts using ;e3¢ = jx3e'*3t to obtain xs-independence of the amplitude modulo C*°. Plugging
in a classical expansion for p € S}, (R?) gives a similar expansion for g o a. O
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3.2. Local Bergman kernels. In this section we shall define certain local Bergman kernels
using the coordinates introduced in Sec. 2.1} Furthermore these shall be shown to lie in the
symbol classes introduced in the previous section.

First with the notation as in Theorem @ one sets V =UCN{qg=0} C Rg. With x (p1,p2) €
C> (R?) of sufficiently small support and equal to one near zero, the function

(3.18) @ (P1,p2) = @ol,—o + X (¥ = ¥0)l,—0
—_——
=1

is well defined on R2. This equals the restriction of ¢ to V near the origin, and hence we use
the same notation. Next set

(3.19) 7= 5 O+ i) — 5 (O + 10, 0) 0
and define
9y 000 (R?) = O (R?)
(3.20) o = % (0, +i0,,) u + %t (0,0 + i) u| dz
with dzZ = dp; — tdpy. Define the Kodaira Laplacian via
(3.21) O, == 00,
acting on Q%Y . We denote by
(3.22) By : L? (R2) — ker (O;)

the local Bergman projector onto the kernel of (J; and B, (p,p’) it Schwartz kernel.
Replacing ¢ with its leading polynomial g in (3.19), (3.20)), (3.21) one analogously defines

_ 1 1
(3.23) N = {5 (Op, +10p,) u+ §t (Op, 00 + 0y, 0) u} dz

(3.24) 09 = (9))" 9}

as well as a corresponding Bergman projection BY with kernel BY (p,p’).
Theorem 14. One has BY (p,p'), B: (p,p) € 5’1%
(3.25) B (p,p') =t
(3.26) B (p,p) =t

for some by(p,p') € S (R? x R?).

Proof. Being symmetric and bounded below, the Kodaira Laplacians (3.21)), (3.24) are essen-
tially self-adjoint. Furthermore under the rescaling/dilation 0,-1/~ (p,p’) = (t_%ﬁ, t_%j)’) these
are seen to satisfy

D? = t72/r (5t71/r)* Dg = D?
(3.27) =t (0mryr), 0y =00 + 7V R,
where

E=a(p,t)0) +b(p,t) 0]+ c(p,t)
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is a self-adjoint operator with the coefficients a (p,t), b(p,t) and ¢ (p,t) being uniformly (in ¢)
C*° bounded.
Next, as in [31) Sec. 4.1], see also Prop. [23| below, we have

(3.28) Spec (O07) c {0} U [cltz/””, o)
(3.29) Spec (0;) € {0} U [e1t?" — ¢3,00) .

We remark the fact that ¢ here is complex valued makes no difference to the above formulas
(3-28)), (3.29) so far as the leading part ¢y is real and sub-harmonic. This is because the higher
order Taylor coefficients of ¢ appear at lower order O (¢t ( -1/ ”) after rescaling in - Hence
for any y € C2° (—cq,¢1) with x = 1 near 0, the Bergman kernels equal

BO (A A/) =X ( 2/7"|:|0) (A A/) t2/rX (D?) (tl/rp’ tl/rp/)

By (p,p') = x (t72"0,) (b, #') = /" x (Bp) (17w, tV"D)
for t > 0. By standard elliptic arguments, the Schwartz kernels of 8;‘8;‘,')( (09, 8;"6]‘}/)( (),
a,a’ € N2, are rapidly decaying off-diagonal. Regarding their on-diagonal behavior, the growth

of x (%) (p,p), x (Cl) (p,p) as p — oo is controlled by the growth of the coefficient functions
of the operators (3.27)), which in turn have polynomial growth. This gives (3.25)) with

bo (,7') = x (O0Y) (&,9) € S (R* x R?)
A2
(3.30) B, (p,p) € 57
To show the classical expansion for the above one may use a full expansion of the operator

[J; (3.27) as in Section [5| below. We shall however give a different proof consistent with the rest
of this section. To this end, first begin with ¢ = ¢y + ¢y from (3.18)), where

(3.31) o1 (p) =0 (Ip|"™),

©1(p) € C5°(R?,C). Next define the operator with distributional kernel
B, :L*(R?) — L*(R?)

(3.32) B, (p,p) = e 1@ BY (p, p) el @)

It is clear that the above d,B; = 0, 0,B;, = 0 lies in the kernels of 1 , . This gives
BtBt = Bt and

(3.33) BB, = By,

where Bt* is the adjoint of Bt. Let R; := Bt — Bj whose Schwartz kernel is computed to be
(3.34) R, (p,p) = e te1(d )BU (p, ) etr1 (@) _ o1 (p )BO (p, ) e~ ter ()

Since (5 +t (5@0) A) ("1 B;) = 0, we have

(3.35) B,B, = B,.

From and (3.35), we get (I — R;)B; = Bf and hence

(3.36) (I — RM)B, = (I+Rt+R2 .-+ RN"HYB* VN eN.

From the first part (3.30)), (3.31)), and a Taylor expansion, it is easy to see that R, € S
and

Jcl

&(2—7)
(3.37) Rj e 87

1
T

° VjeN,
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by an argument similar to Prop. . From the above, (3.30), (3.36), (3.37) and B; € S .0 the
theorem follows. O

ja}

SIS

Following the above we now prove one of our main theorems Theorem

Proof of Theorem[]. Choose B as in (3.22) and x € C° (]R;%,) a cutoff equal to one near zero.
Define the operator

T
— [ ate®s ) B, (p,p) x (t%m '
2 Jo

B:Cx (RY) — 0= (R?)
(3.38) B =

Clearly B e [E’Sl by definition and Theorem It follows from Theorem (14| that Schwartz

kernel of the above B (p,p’) is smooth away from p = 0 and satisfies estimates similar to
(2.5) in p. Next let B (z,p') denote the almost analytic continuation of the Schwartz kernel
B (p,p’) in the p-variable given by Lemma [7/} Now consider the coordinates (zi,xs,z3) on a
neighborhood U centered at the point 2’ € X, along with (pq, po, p3) being (the real parts of)
the corresponding almost analytic coordinates given by @ Letting x1, x2 € C (U) be such
that x;1 = 1 on spt (x2) and x = 1 near zero we set

(3.39) B (x,2") = x1 (2) (B

y,y'=0

)XQ(.Z'/> e (™™ (X x X).

Since ZB = 0 we have Z (B

) € C* by Lemma (7| from which is it easy to check that
y,y'=0

Oy B is smooth .

Let IT: L?(X) — HY (X) == {u € L*(X)|0u = 0} denote the Szeg§ projection. Assuming
Oy has closed range it was shown in [I1, Prop. 4.1], [I0] that there exists a bounded linear
operator G : Range (8,) — L? (X) such that IT = I — G9,. Furthermore G is microlocal and it
maps G : Range (9,) NH* (X) — H+ (X), Vs € R. Tt now follows that IT is microlocal or that
the Szeg6 kernel is smooth away from the diagonal. Furthermore [I1B = B — GO,B = B + C*
and

(3.40) Bl = B* + C™.

Next, replace II(z,0) by II; () = x1(x)II(z,0), which has the same singularities near
z = 0, is compactly supported and satisfies similar bounds to (2.6). We almost analyti-
cally continue II; (z,0) in the z variable to define II; (z,0). We may further suppose that

IT, is compactly supported by construction. The restriction II; (p,0) = ﬁl) is well-defined
q=0

and we set IIy; (p1,p2) == [e 211, (p,0)dps. Since ZII, € C™ it follows that for the al-
most analytic extension ZII; is smooth from Lemma . From Theorem @ it follows that
(3 (02, +i0z,) — £ (9z,¢ +10z,) Oz, | 111 is smooth. Hence

= = 1 ) 1 . ~ oo
Ol 4 = {5 (am + Zapz) - §t (ap190 + Zapz@)} ;=0 (t )

in the Schwartz norm. From here it is clear that Btﬁl,t = f[Lt + O (t~*°) in the Schwartz norm.

Thus one has (éﬁl - ﬁl) (p,0) € C* and hence by almost analytic continuation

(3.41) (Bﬁl _ ﬁl) (z,0) € C.
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Next for each N € N define the operator with kernel
e = 5 — (=) ey @) (2) B @)
N (z,2') = ol B iy (x 1q (x p p(x),p (z
|al,|BI<N
where p(z) =p(z,0) =z + O (2?)
q(z) = q(x,0) =0 (z*)

(3.42)

y(z) =y (p(2,0),0) = O (%)
denote the coordinates coming from the change of variables Theorem [6] while the multiplication
factor | ‘ is the Jacobian for the change of variables with respect to the first. Following an

mtegratlon by parts argument using -, -, Prop. E, and Prop. . 13 which motivates
the construction of ((3.42] -, it is easy to see that

2-N
(3.43) (ByIl— 11y (2,0) € S,
VN € N. Furthermore writing (3.42) in the p, p’ coordinates gives
N N
Byni1— By € L
.2

(3.44) hence B, =B+ Z (Bx41 — By) € L;:SI

N=0

is well-defined by asymptotic summation. The last two equations (3.43)), (3.44) then give

(3.45) (BooII = 1I) (z,0) € C*°.
Next the Schwartz kernel of the u = 9@ dz adjoint B* of B is calculated to be
(3.46) B* (z,2') = 9@ 9@\, (') B (p (2') + iq (z') ,p (x))x1 (z) -

Following Theorem [6] a Taylor expansion, and writing in p,p’ coordinates, it is easy to see

L2
B* € Li’gl . Furthermore from the above and (3.42) it has the same principal symbol as B,

o (B*) =01 (Bs) hence
(3.47) R::Bm——B*eﬁ?;
Finally combining and ([3.45) we have
II(x,0) = [BooIl] (x,0) + C*
= (B + R)I1(z,0)
(3.48) = [B* + RII] (z,0) + C*  hence
(3.49) (I = RY¥)I] (2,0) = [1+ R+ R*+ ...+ R"""| B*(2,0)

VN € N. Following 3.47) we have R’ € L(2 2 ], J = 1,2,.... Hence by asymptotic

L2
summation 3P € Li’z such that

~A(2—N)1
(3.50) Py=P-[1+R+R+...+ RV e i V"
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VN € N. Since B* (z,0) € SH « by definition, we have

(3.51) 11 (2,0) = [PB] (2,0) + S,

‘V’N E N, from (2.6, (3.49), (3.50) and Prop. Choosing N 1arge gives I1 (z,0) € S’" « using
and Prop. [13| which Completes the proof on account of (3.14) and (| - O]

The next remark shows that our parametrix Theorem [1| recovers the Boutet de Monvel-
Sjostrand parametrix at strongly pseudoconvex points.

Remark 15. (Strongly pseudoconvex points) Here we show that our main Theorem [I| recovers
the Boutet de Monvel-Sjostrand description of the Szegé kernel at strongly pseudoconvex points
x' € X. As noted before, the type of a strongly pseudoconvex point is 7, = 2. The two degree 2
homogeneous polynomials in and Theorem [f|can be further taken to be p (1, z9) = 23 +a3,
wo (21, Z2) = 2} + Z5 respectively. Following these, the model Bergman kernel is computed to

be an exponential BY (p, p') = tby (tzp t2p>

B? (ﬁaﬁ/ — tbo (t%p,t%p/> — teftcbo(ﬁ,ﬁ,)

)

bo (p, ) = e~ @)

. 1 2 2 . .
(3.52) o (b,7) = 7 (p? + 5+ (P))" + ()" + 2p1py + 2paplhy + 2ipipas — 2@p1p’2>

[29, Sec. 4.1.6]. And hence
Bt (p’p/) — te_t[¢0(ﬁ7ﬁ/)+wl(ﬁ)_‘pl(ﬁ/)]
Next the local Bergman kernel B; (3.22)) is by modulo C¥ a finite a sum of terms of the
form
./~ N\ _ o\ k
B <BtB;f) or (BtB:) .
Applying the complex stationary phase formula of Melin-Sjostrand [34, Sec. 2|, the kernels of

the above take the form ay (p', p, t) e t'0) wwhere a € S&d (Rm’ X ]Rt) is a classical symbol

and ¢, = &5+ O (|(p,p’)|2) a phase function agreeing with at leading order. To get the
Boutet de Monvel-Sjostrand description however one needs to ensure that all phase functions
®, agree. To this end, one may replace B, (3.32) with the alternate approximation for the local
Bergman kernel B; given by

Bl (A A/) — 6t<I>1( 7p)BO (A ﬁ/)
qac"ﬁ
A A _ .
¢ == p1 + ip2. The proof of Thm. Theorem Theorem ! all carry through with B; replaced
by B}. The above further has the advantage of being self-adjoint

B} (p,p') = B} (#,p) and equals
Bl (A '\/) et[@o—f—@l]

in the strongly pseudoconvex case again using (3.52)). Furthermore, the composition of complex
Fourier integral operators and the complex stationary phase formula of Melin-Sjostrand [34],
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Sec. 2| in this case gives
L~ N2 .
(3.53) (Btl) — a(p, 1) e @)

with the same phase function ¢ for a € Sé’d (]R;’p, X ]Rt) a classical symbol. Following this
and repeating the argument for Theorem with B, replaced by Btl, the equations ,
.34 and [3.36] are seen to give a similar form as for the local Bergman kernel B; =
a(p,p,t)e P g ¢ Sl (]RfJ o X R;). Plugging this form for the local Bergman kernel into
the equations (3.39), (3.42), (3.46), (3.49) and within the proof of Theorem [I] and
another use of the Melin-Sjostrand formula gives

(3.54) 11 (.Z', 0) = / dta (}3, t) itrs—t®(p,0)
0

for some a € 5§, (R2 x R;) which is the pointwise version of the Boutet de Monvel-Sjdstrand
form for the parametrix at strongly pseudoconvex points.

We finally note that the reduction to the form (3.54) above is possible on account of the
explicit knowledge of the model Bergman kernel BY (3.52), related to Mehler’s formula for the
harmonic oscillator [1?, at a strongly pseudoconvex point. At points of higher type the model
kernel to contend with is less explicit, modeled on anharmonic oscillators, and one has to live
with the description (1.4)).

4. PSEUDOCONVEX DOMAINS

We now consider the special case when the CR manifold is the boundary of a domain D in
C2. Thus D C C? is a relatively compact open subset with smooth boundary X = dD. The
CR structure on the boundary is simply obtained by restriction 719X = TH°C? N T X of the
complex tangent space of C2.

We fix a Hermitian metric (-|-) on CTC? so that T°C? L T%!C?. The Hermitian metric
(+]-) on CT'C? induces by duality, Hermitian metrics (- |-) on @g<p4<2T**C?, where T*1C?
denote the bundles of (p,¢) forms. With dv being the induced volume form on C? let (-|-)p
and (-|-)c> be the inner products on Q%¢(D) and Q(C?) defined by

<f|h>D=/<frh>dv, f.h € Q09(D),
(4.1) D

(Flmes = [ (FImyde, £neahn(e),

Also denote by || - ||p and || - ||c= be the corresponding norms and by L? (D), L%Qq) (D) the
corresponding spaces of square integrable functions. Let p € C*(C? R) be a defining function
of X satisfying p=0on X, p <0on D and dp|, # 0. This maybe further chosen to satisfy
|ldp|]| =1 on X.

Let 9 : Q%(C?) — QO+1(C?) be the exterior differential operator and consider its formal
adjoint

5; Q%(C?) — O°(C?) satistying
(0f Ih)ez = (F|T5h)e, [ € CR(C), he (TP,

Also denote by 9* : Lf,, (D) — L*(D) the L* adjoint of 0, as an unbounded operator, with
respect to (-|-)p. The Bergman kernel of the domain is the distributional kernel IIp (z, 2’) €
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C~2°(D x D) of the orthogonal projection
Ip: L*(D) — Kerd C L*(D)

with respect to (-|-)p. The goal of this section is to establish an asymptotic expansion for
IIp (2, 2) as z — 2’ approaches a point on the boundary 2’ € X.

This shall use the relation of the Bergman kernel with the Szeg6 kernel of the boundary via
the Poisson operator [6, Sec. 3b]. To state this, let

Oy = 00; + 20 : C=(C?) = C™(C?)
denote the complex Laplace-Beltrami operator on functions and v the operator of restriction

to the boundary X. The Poisson operator is the solution operator to the Dirichlet problem on
D defined by

(4.2) P :C®(X) — C=(D)

(4.3) O;Pu=0, yPu=u, Yue C*X).

Its adjoint is defined to satisfy

(4.4) P*: C®(D) = C~>®(X)

(4.5) (Pulv)x = (u|Pv)p, ueC®D), velC®X)

The microlocal structure of P was described by Boutet de Monvel [4]. Firstly, from [4, pg.
29| the operators P, P* extend continuously

P: HY(X) — H*" (D),
P*: H°(D) — H*"2(X), Vs € R,
and in particular map smooth functions onto smooth ones. Furthermore, P*P : C*(X) —

C>(X) is an injective continuous operator and its inverse (P*P)~" is a classical elliptic pseu-
dodifferential operator of order one on X. Its principal symbol is given by

[22] where 7 (2~7%) denotes the principal symbol of the square root of the Laplace-Beltrami

operator. Next, there is a continuous operator
(4.7) G :H*(D) — H***(D), Vs € R, satisfying
(4.8) GO;+ Py=1 on C*(D).

It furthermore follows from the methods of [4] that the Schwartz kernel of G satisfies the
estimates

(4.9) 0205G (z,w)| < C|z — w| Pl =1l
Vz,w € D, o, 3 € N}, along the diagonal.
With

F/\ :T*O,qC2 N T*O,q+162
F/\’* IT*O’q+1C2 N T*O,qCZ’ vl € T*0’1C2,
denoting the wedge and contraction, adjoint with respect to (- |-), operators, one has
I=2(9p)"(0p)"" +2(0p)"™"(0p)", on QI(C?),

(4.10) Dy = 27v(0p)*(p)"OP on C>®(X).
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In using the above to describe the behavior of IIp near a boundary point 2’ € X one uses
the parametrix construction for the Szegé kernel II from Theorem Let (x1,29,x3) be the
local coordinates on an open set ' € U C X on the boundary as in the proof of Theorem
with B the operator therein. Since B is smoothing away the diagonal we may again
assume that B is properly supported on U. It is well-known that [, is elliptic outside its
characteristic variety 3 .= HX+ C T*X given by the annihilator of the Levi distribution HX.
The characteristic variety X carries an orientation given by J'dp, with J* denoting the dual
complex structure on 7*C?, and we denote by ¥~ its negatively oriented part. By construction
(13.38]) we have

WF(Bu) CY¥™ NT*U, YueC ().
Let U be an open set of C2 with U N D = U. We then have the next lemma.

Lemma 16. The Schwartz kernel OPB (z,z) € C*® ((U X U) N (D x X))

Proof. From (§4.10), we have
2v(0p)"*(0p)"OPB = 0,B € C*.
Combining this with (9;0) P = 0, PyOP = P, we have
0=0;0PB

= 0;PyOPB

= 03Py (I —2(9p)"*(9p)") OPB + C™
(4.11) = 03P~ (2(9p)"(0p)"*) OPB + C™.
From (4.11)), we deduce that

1(9p) 03 P(2(9p)"(9p)"*)OPB € C.
It is known that |22 Propsition 4.2] that

Y(Op) 0P : CF(X, I°T*C?) — C®(X, I7*T*C?)

is elliptic near ¥X~, where I%?T*C? is the vector bundle over C? with fiber

19°T*C* = {(dp)(2) N g; g € T;>'C*}.
Since WF (Bu) C S~ NT*U, u € C~ (U), we get v(2(9p)"(0p)"*)OP Bu is smooth and hence

7(2(9p)"(9p)"*)OPB € C=

as required. l

In view of [22, Lemmas 4.1, 4.2], we see that P and (P*P)~!P* are smoothing away from
the diagonal. Hence, they maybe replaced by continuous properly supported operators

L:C®UND)— Cx(U),
P:C®U)— C(UND)
such that

o L—(P*P)"'P*=0 mod C™((U x U) N (X x D)),
(4.12) P-P=0 modCoo((UXU)m<EXX))'

We now set,
(4.13) A:=PBL:C>®(UND)— C®UnND).
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From Lemma [I6] we see that
(4.14) dA=0 mod C*((U x U)N (D x D)).

Since the boundary X is of finite type, it was proved by Kohn [25] that there is a pseudolocal
continuous operator

N : L*(M) — L ;) (M) N Dom &%,
N : C>*(D) — Q*(D),

such that

(4.15) Ilp =1—0"NO.

From and , we deduce that

(4.16) A=A mod C*((U x U) N (D x D)).

Next we take U small enough enough so that z = (x, p) form local coordinates of U.
The Bergman kernel IIp is then known to satisfy the bounds

" N / ’ —w.a—y—v' —r(z')—=2
(4.17) GO0 (2,0) , (0,0)] < Canr (Il + 1p/| () 777702,

VY (a,7,7) € Ng, similar to (2.5)) (see [32,35]). This gives corresponding estimates for the kernel
~Ip ((x, p), (0, ")) which satisfies dyyIlp = 0. Following these, we can repeat the procedure
in the proof of Theorem [I] to conclude

(418)  (Bwp)((2,0), (0, ') = 71p((2,0), (0, ") mod C*((U x U) N (X x D)),

as with eqn. (3.45).Next II, = PAIl, gives P*IIp, = P*PAllp and hence (P*P)~" P*IIp =
~Ip. This combines with (4.18) to give

(4.19) (AsIlp)(2,(0,0)) = p(z,(0,p)) mod C®((U x U)N (D x D))
for A. = PBOOL.
We now have the following proposition.

Lemma 17. One has
(2, 0, ) = (PQP)(,(0,p)) + C= (U x R,
> 142
Jor some properly supported Q) € L, ;.

Proof. Denote by

(4.20) A" C®(UND)— C=UND),

be the adjoint of A with respect to (-|-). From ({.16]), we have
(4.21) ATl = A* mod C=((U x U)N (D x D)).
Thus

(AscIlp)(z, (0, p))
(4.22) = (A"llp)(z, (0, 0)) + (A — A")IIp)(z, (0, 0))
= A*(2,(0,p) + (RIIp)(2(0,p)) mod C*((U x U)N (D x D)),
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for
R:=A,— A"
= PB.(P*P)"'P* — P(P*P)"'B*P* mod C®((U x U)N (D x D))
(4.23) — P(P*P)"! ((P*P)BOO(P*P)‘l - B*) P* mod C=((T x U) N (D x D)).

[\

From and ([£.22)), we get .
(I — R)Ip(z,(0,0)) = A*(2,(0,p)) mod C’OO((INJ xR,)N (D xR,))
(4.24)
((J—RN)HD) (2,(0, ) E<(1+R+R2+' : -+RN—1)A*) (2, (0,p)) mod C=((UxR,)N(DxR,)).

VN € N.
1 L (2— N1
From 1) and (3.11) one has E € Li’; and thus EV € L(de)"’N, VN € N. By Prop. ,

A2
Prop. and asymptotic summation 3Q) € Lljc; such that

Q- (PP (I +E+E+. - EV)B;) € L N
Thus for each [, AN; € N such that
PQP'~((I+ R+ R+ + RN-l)A*) (2, (0, p))
(4.25) =P [Q (PP ((I Y E4E 4.4 EN Y )} P e C'((UxR,)N (D xR,))
VN > N;. Finally from the kernel estimates , for each [ > 0, AN| € N such that
(4.26) (RNTIp)((2,0),(0,p)) € CY((U xR,) N (D x R,)).
VN > N/. From and the Lemma follows. O

Next let
Oy = 00; + 20 : C=(C?) = C™(C?)
denote the complex Laplace-Beltrami operator on functions and we denote ¢y the principle
symbol of 0. Repeating the proof of [22, Prop. 7.6] one has the following.

Lemma 18. There exists a smooth function ¢(z,y) € C((U x U) N (D x X)) such that
o(z,y) = o3 — s,

(4.27) B(z,y) = a3 = s — ipy) 02 (2, (0.0,1)) + O(lol")
qo(z, d,¢) vanishes to infinite order on p =0,

where Re \/—oa,(x,(0,0,1)) >0, 2 = (z, p).

For our next result we shall need an extension of the symbol spaces Definition Namely
one may similarly define the classes

(4.28) ST(C? xR x R,), ST (C* x R® x Ry), S”l (C* x R® x Ry)

m,k
cl
(4.29) ST (C* x C* x Ry), 57 (C* x C* x Ry), 87

‘K\»—-

(C*x C* x Ry)

,,‘,_.
,,‘,_.
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as functions depending on additional p or p, p’ variables. The additional variables appear in a
fashion similar to the x3,ys variables in the symbolic estimates and expansions. That is the

equations [3.3] (3.4) and (3.5) are replaced by

. )N(a,ﬁﬂ)

)

(s (1+ t%iﬂ‘ + |t
(4.30) |020540)0] a(x, y,t)| < Cnapy <t>m‘“’+?(‘al+lﬂ!)+a3+a4+ﬁg

(1+ ¢4

V(z,y,t,N) € R, x Ry x N.

(4.31) STF = @D (tas)? (tp)! (tys)” ST, V(m,k) € R x N,

p+q+p' <k

132 alrp =3 3 B ) 1) ) g (Hthg) € SN

J=0 p+q+p'<j '
in defining ST (C2 x R® x Ry), ST (C? x R x R), ST"* (C? x R® x Ry) respectively. And
similarly for the classes (4.29). ' '

We now have the following

Lemma 19. Let H = hl € I:Tckl be an operator in the class@ with distribution kernel

H(z,y) = h" (z,y) = / e'@s—ua)tp, (x,y,t)dt.
0

Then there exists a(z;y,t) € Srfj (C? x R® x Ry), with a(z,0;y,t) = h(z,y,t), such that

A(z,y) = / ERASELY (z,y,t)dt  with
0
(PH - A) ((Oap)ay) eC™ (Rp X U) .

Proof. Denote the Riemannian metric on TC?, induced from the Hermitian metric (-|-), by

4

9= Z gik(2)dr; @ dry, dry =dp

J,k=1

and let (gj,k(z))Kl] k<4 = = (¢"*(= ))1<j <, be the inverse metric on 7*C?. In the local coordinates
= (x, p) chosen one has o

3
— _1 4’4 3_2 4’j 82
(4.33) Oy = a**(z) QZa (2) + T (p) )+ first order , where
=1

2 0p? * opozx;

3

(4.34) T(p)=>_ aj’k(z)ﬁ.

jk=1

Furthermore, T'(0) — Ax is a first order operator on the boundary with
a4’4(x) =1,

(4.35) a*(z) =0, j=1,...,3.
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From the above (4.27)), (4.33)), (4.34) and (4.35) we now compute

Df |:/ el¢(z,y)tﬁ($’ Y, t)dt:| = / iz y)t |:§ \/—UAX (l’, (0, 0, 1))8,)5 + LB| dt
0 0
(4.36) mod C=((T7 x )N (D x X)), where
L = (tpby (z,y) + b2 (2,9)) 0, + Loy +tL1 4

for some smooth t—independent functions by, by and second/first order differential operators
Ly ., Ly, respectively in the (xq, 29, x3) variables. It is easy to check that the above maps

t B
N —
(42)' oy ST
Next setting
2p
hi(z,y,t) == h(x,y, Lh
1(2,9,1) = h(z,y,t) — o (00T
2 .
= h(.’]}',y,t) - P (LZ,x + tLl,:v) h e STﬁ

t\/—O'AX (x,(0,0,1))

and following (4.36]) one computes

my [/ ei‘ﬁ(z’y)thl(z,y,t)dt] E/ eEW (2,9, t)dt mod C®((U x U)N (D x X)),
0 0

1—k &m+2,k Am—i—?—%,k—i—l
7’16,0 Sl,Cl —I—Sl,cl 9 1Zk

Continuing in this way, we can find hy(z,y,t) € STCII such that

k+N

hni1 —hy € pN~ ksmk + S and

Oy [/ ei‘z’(z’y)thN(z,y,t)dt} E/ eEW (2 y, t)dt mod C®((U x U)N (D x X))
0 0

ry € pN ’“Ser“ + S’"+2 NN >

By asymptotic summation we can find a == hy + > v_; (hv41 — hy) € Ql o satisfying

mp / eEN (2, y, t)dt E/ eEW (z,y,t)dt  mod C®((U x U)N (D x X))
0 0

N J/
-~

oo Gpoog’in;;Qk‘_{_Sm-‘er —00
YA = H.

Finally we apply the Green’s operator G (4.7)) to both sides of the above equation to get

GOy (( /dw/ dtG ((0, p) , w) Wiy (w,y, t)dt .
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Writing w = (u1, us, us, p') and repeated integration by parts using e™s* = 19, e™s', and
gives the above
GO ((0,p) ,y) € C*° (R, x U)  and hence
[PH = A}((0,p),y) € C* (R, x U)
from (4.8)) as required. O

Similarly, as Lemma (18] we can find ®(z,w) € C®°((U x U) N (D x D)) such that ®(z,y) =
¢(2,y) and

@ (z,w) = ¢lz,y) — ip\/~0n, (4.(0,0,1) + O(p']),

qo(w, —d,®) vanishes to infinite order on p’ = 0.

(4.37)

A similar argument to Lemma [19] m then gives the following.

Lemma 20. Let H = ht € L1 o be an operator in the class@ with distribution kernel

H(z,y) = h" (z,y) = / e (2, y, 1) dt.
0
Then there exists a(z;w,t) € S'Tclf (C* x R3 x Ry), with o (x,0;y,0,t) = h(x,y,t), such that
A(z,w) = / Wy (2w, t)dt with
0

(PHP* = A) ((0,p),y) € C™ (R, x Ry)

Finally from the above we can prove one of our the main theorems Theorem [2| Setting
z=(0,p), w=(0,p) in[17 and the above 20| gives

5 ((0, p), (0,p)) =/ e 00 00D0((0,0, p)), (0,0, p); t)dt + C> (R,) .
0

for a € Sl (U x U x R, ). Plugging the classical symbolic expansion for « into the above and
using

(0, p). 0, p)) = ~2ipy/ ~04,(0,(0,0,1)) + O(|f*)

gives

Ip((0, p

Mz

21ag+2b p) 1o (=) +0 (=) 7).

j:

VN € N, proving Theorem

5. ST INVARIANT CASE

In this section we investigate the Szeg6 kernel parametrix in the circle invariant case obtaining
a more concrete version of our main theorem Theorem [l

Thus we now assume that X is equipped with a CR S'-action which is transversal; that is
the generator T of the S'action satisfies

(5.1) [T,C> (T"X)] c = (T"'X)
(5.2) CTNeT* "X eT"X =TX ®C.
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Denote by s, = |S;| cardinality of the stabilizer S, = {€ € S'|e”z = x} of the point z € X
with respect to the circle action. For a locally free circle action as above the function x — s,
is also upper semi-continuous with the compactness of X implying s == max,cx s, < oo. We

further set so = mingex s,, X;; = {z € X|s, = j, r, =i} to obtain a decomposition of the
manifold X = (J}7, ;_,Yi; where each X<; <; == UL, ;_, Yi; is open and X, <, C X is dense.

The m-th Fourier mode of the Szegd kernel I1,, (z,2'), m € Z, taken with respect to an S1-
invariant volume form g, is now a smooth function on the product. What corresponds to the
singularity in is its asymptotic behavior as m — oco. This is described below and is the
main theorem of this section.

Theorem 21. Let X be a compact pseudoconvex three dimensional CR manifold of finite type
admitting a transversal, CR circle action. The m-th Fourier mode of the Szeqd kernel has the
pointwise expansion on diagonal

N
(5.3) I, (z,2) = ¢m (Sz) [mQ/” Z ¢; (x)ym™4/" 0 (m_ZN/”) , VN eN,
=0

asm — 0o. Here each c; is a smooth function on X, with the leading term cy = [19 7221 (0,0) >
0 given in terms of certain model Bergman kernels on the Levi-distribution HX at x and the

phase factor ¢, (s,) = ;=" S Sl [m,

0; szfm.
We first begin with some requisite CR geometry in the circle invariant case.

5.1. S! invariant CR geometry. Let HX = Re (T'°X ® T%'X) C TX be the real Levi
distribution. The volume form p is further assumed to be S! invariant. We let 27 °X be an
ST invariant Hermitian metric on 75X and denote by h”"'X the invariant Hermitian metric
on T%'X. This gives one h'* on TX ® C for which is an orthogonal decomposition with
|T| = 1. We also denote by ¢g’* the induced Riemannian metric on the real tangent space
and by (,) the corresponding C-bilinear form on TX ® C. It is easy to see that RT"'X may be
chosen so that the volume form p arises as the Riemannian volume of such an invariant metric.

Such a S'-invariant CR manifold is locally the unit circle bundle of a Hermitian, holomorphic
line bundle (L, k")

(5.4) X=5'LLY;

on a complex manifold Y, dim¢cY = 1. To describe the equivalence, choose a local hypersurface
Y C X through a given point x € X transversal to generator 7' th T'Y satistying 7,Y = (HX),.
The map TY — TX — TX/R[T] = HX is then an isomorphism inducing a integrable complex
structure on 7Y and a corresponding Hermitian metric KT on its complex tangent space

from RT""X. We choose S' x Y = X, — Y to be the trivial circle bundle with the map
v Xo = X; o (y,e”) = ye” being a local diffeomorphism between collar neighborhoods

L:(—1,5> Y 5 NY C X
Sy Sy
(5.5) Se = |5y

of the zero section of Xy and Y C X. The Levi-distribution then defines a horizontal distri-
bution on X, giving corresponding connections V¥ on X, and the associated Hermitian line
bundle L := C x Y — Y corresponding to the trivial representation of S'. By the integrability
condition the curvature of the corresponding connection is a (1,1) form on Y and hence the
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(0,1) part of the connection prescribes a holomorphic structure on L. It is now clear that X
it the unit circle bundle of L with ¢ being the required CR isomorphism by definition. We also
note that pseudoconvexity of the CR structure corresponds to semi-positivity of the curvature
R of VE.

We may also obtain a local coordinate expression for the CR structure. To this end, start
with a local orthonormal basis {ej,e; = Jei} of T,Y = (HX),. Using the exponential map
obtain a geodesic coordinate system on a geodesic ball By, (x) centered at x € Y . The point
x corresponding to point (y,1,) € (S'L), in the fiber above y, one may parallel transport 1,
along geodesic rays in Y to obtain a local orthonormal frame 1 for L. In such a parallel frame
the connection on the tensor product is of the following form

VAO,*®Lm :d+aA0,* +maL
1
0,% 0,%
al” = / dp (py’“R?k (px))
0

1
(5.6) aj = / dp (py* R}, (px))

0
in terms of the respective curvatures of V7'*X, V2 see [31, Sec. 4]. The connection one form
may further be written

al +iak = 0.0

(5.7) L Y mye)towr

r
r |a|=rs—2

in terms of a potential function and a Taylor expansion with the tensor RZ denoting the first

non-vanishing jet of the curvature at z. In some local coordinate system (0,y) € (—1 1) X

Sz Sz

Bo, (), sy == |Sz|, on an open set U C X the CR structure on X is then locally given by

TYX =C[0. +1i(0.) D],
(5.8) T =,

z = y; + iy2, by construction. A trivialization/coordinate system in which the CR looks as
above (5.8)) is referred to as a BRT trivialization |2, Thm II.1].

Following its local description as a unit circle bundle, several notions/formulas from complex
geometry carry over to the S'-invariant CR geometry of X. Firstly, the tangential CR operator
0Oy locally corresponds to Dolbeault differential O on Y under pullback 9, (7*w) = 70w,
w € Q% (Y) and similarly for their adjoints. An analog of the Chern connection then exists
on T%'X. This is the unique (S'-invariant) connection V7' compatible with (,) satisfying

V17X = £ and whose (0, 1)-component agrees with the tangential CR operator

VIPX =iyd,, UeT"X.

Locally, V%O’lx is just the pullback of the Chern connection V7" from Y. Complex conju-
gation then defines a connection V7% on (T'°X)". We denote by the same notation dual
connections on TH0X/T%' X and set VX == d@ VT "X @ V"X t0 be a connection on TX @ C
with d denoting the trivial connection on C [T'] under the decomposition (5.1)). The connection
VTX preserves the real tangent space TX C TX ® C and we denote by 7T its torsion. The
torsion 7 maps T'°X @ T0X into T'0X (respectively for T%'X), T"°X @ T%'X into C [T
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and vanishes on HX ® C[T]. Indeed its components involving the generator 7" are
T(T)=T(T,.)=0
(T (U V), T)y=iZ(UV), UVeT"X.

Next with VX being the Levi-Civita connection and P being the horizontal projection
onto HX, define a new connection on TX via VX = d @ PEXVTX with respect to the
decomposition TX = R @ HX. Locally; VX is the pullback of the Levi-Civita connection
VT from Y (5.4). The torsion THX of V#X thus has

THX (U, V)=iZ (UV)T, UV € HX,
as its only non-vanishing component. The difference S := VX — VZX maybe computed

(5.9) (SU)V,W)y=0(SO)V,W) = —% (T (U, V),W);

(5.10) (S(T)U, V) = %;sf (U.V),(S(U)V,T) = —(S(U)T, V) =0,
UV, W € T X, in terms of the torsion and Levi forms.
One next defines the Bismut connection VZ on TX via VZ .= VHX 4 §B;
(87 (1)U, V) =2 2 (UV)
(8P (U)V, W) =0,

UV,W € T'0X. Tts horizontal projection PHXV? locally agrees with the pullback of the
Bismut connection of Y [29, Def. 1.2.9]. The connection V? preserves the decomposition (5.1)
and hence induces a connection on T*°X | (T%' X)" and their exterior powers which we again
denote by V2. Finally set

(5.11) VA = VP (S () w, ),
w € THYX, |w| = 1. We now define the Clifford multiplication endomorphism
¢: (TX)" = End (A"T%1X)
c(v) = V2 (WA —ip1), Vo€ (HX),
c()w=tw, VYwe Aver/oddpily

Next, the Kohn-Dirac operator
(5.12) Dy = V2 (dy+ ;)

— o UBAYH

maybe written as the composition of Clifford multiplication with the horizontal component of
the Bismut connection

VO = gl o YBAY L 0 (X5 A) = O (X H'X @ A7)
(cf. [29, Thm 1.4.5]). We then have the following Lichnerowicz formula.
Theorem 22. The Kohn Laplacian (5.12)) satisfies

* * * ].
(5.13) o0, = D? = (vaA(” H) VEAH g\ Wi + L (w,) [2wig —1)iLy

J/

~~
AB7A0’*::

where 1rX == RT"X (w,w) for w € TYX, |w| = 1.
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Proof. On account of S* invariance, both sides of the formula commute with the generator L
. It then suffices to check their equality on sections that are locally of the form s (y,eia) =
so (y) €™ sy € Q% (Y), eigenspaces of L, on the unit circle bundle (5.4). Further one locally
has the correspondence

(5.14) O (X) = C®(Y; L™)

between sections on X that are m-eigenspaces of L and sections of L™ on Y for example.
Under this correspondence D,, VBA"H act by the Dolbeault-Dirac operators and Bismut
connection on tensor powers L™. The Lie derivative L acts by multiplication by m while the
curvature of L is identified with the Levi form by definition. The curvatures X, RT""X are
pulled back from the scalar and Chern curvatures on Y while the horizontal components of ©
agree with the components of the corresponding tensor on Y. With these identifications, the
Lichnerowicz formula (5.13)) is locally the same as [29, Thm 1.4.7]. O

The (horizontal) Bochner Laplacian appearing in (5.13)) can be written

2m
ok 0,* 2 . 0,x*
AP =R [_ (vﬁf ) s+ (divUy) Vit s
j=1
in terms of a real orthonormal basis {U; }3231 for HX. It is a sub-Riemannian Laplacian associ-
ated to the metric (bracket generating) distribution HX and the natural Riemannian volume

see [31L Sec. 2|. From the above expression it is clearly a hypoelliptic operator of Hérmander
type [19]. It satisfies a hypoelliptic estimate: 3C > 0 such that

(5.15) (AP )+l > O flull

Vu € Q% (X) (see [39]). Here r is the maximal type of a point on X. This is also referred to as
the step or degree of non-holonomy of the Levi distribution H X in sub-Riemannian geometry.

5.2. Spectral gap and closed range. In this subsection we show that the spectral gap
property for the Kohn Laplacian as well as the closedness of the range for g, in three dimensions
automatically follow in the circle invariant case.

First, each Q% (X) has an orthogonal decomposition (with respect to the chosen invariant
metric) into the Fourier modes for the S* action

(5.16) Q" (X) = DpezQ% (X)) where
Q09 (X) = {w € QI (X) |Lrw = imw} .
Indeed the orthogonal projection of any w € Q%% (X) onto its mth Fourier mode is given by

Py, Q% (X) = Q09 (X)
(5.17) (Phw) (z) = /51 dfw (z.e) e ™"

Since the S! action is assumed to be CR, we have [51,,T} = 0. Hence the tangential CR
operator preserves the Fourier modes (5.16) [Jy, P] = 0, 3, : Q%7(X) — Q%™ (X) . One
may then define the m-th equivariant Kohn-Rossi cohomology
. ker [0, : Q%7 (X) — QL7 (X)]
Hy,, (X) = 5 . 00d 0,q+1 '
Im [0, : O (X) = Q" (X)]
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Its adjoint J; with respect to the invariant metric further commutes [T, 8;] = 0 with the
generator. A similar commutation then applies to the Kohn Laplacian [T',[0;] = 0, thus giving
a decomposition

O = ©y=0,1 Bmez 0 ,,,
008 = Dblgoa = 7 (X) = Q07 (X).
The equivariant version of the Hodge theorem holds
(5.18) ker (ng) = Hy;,, (X)
[9, Thm 3.7].

The S'-invariant operator (0% := —T2+ [, is elliptic and self-adjoint with respect to (,), dx.
There is thus a complete orthonormal basis cpj-,m, j=0,1,....m € Z, of L? (X; A%%) consisting
of joint eigenvectors 0% ! =X o1 - Tyl =imei  with

0<m? <N, <M, <... "o,
Vm € Z. Thus, for each fixed m € Z the set {go?vm};io is then an orthonormal basis of

L7, (X;A%) = {w € L7, (X; A%) |Tw = imw} of eigenvectors for O} . Note that I} is an

unbounded operator on L7, (X; A%?) with domain Dom (CJ7 ) = {w G’Lfn (X;A%) |07 w e L2, (X;A%)}
Similarly one also has

Dom (517) = {W S L2 (X,AO’*) |5bw c L2 (X’AQ*)} :
Dom (5;;) = {w € L? (X;AO’*) |Ofw € L* (X;AO’*)},

as unbounded operators on LZ.
We now have the following spectral gap property for Dz,m'

Proposition 23. There exists a constants c¢1,co > 0 such that
(5.19) Spec (Op,,,) € {0} U [cl im[*" — ¢, oo)
(5.20) Spec (Op,) C [cl Im|?" = ¢, oo)

for each m € Z.

Proof. The Lichnerowicz formula (5.13)) when restricted for the restriction to the m-th Fourier
mode Q%! (X) gives

01 1 _
204, = ABA +§TX +.Z (w,w)m
. AB.AO
= AP a0 x)

in terms of an invariant orthonormal frame w € T'°X. Following the subelliptic estimate
(5.15) and pseudoconvexity gives

0,1 1 _
2>‘;1m = <2Dl%,m90j,m7 90j7m> = < [Aﬁ7A + §TX +Z (w7 w) m} Pjm; ij»m>

2 2
> 1 ||@jmll e — 2 l|@jml]

2/r Cs

= et |7 yoml|” = Ipsimll® = crm
for m > 0. Thus Spec (0;,,) C [eim®/™ — ¢3,00) for m > 0 proving the second part (5.20)).

Similarly one proves Spec (Dg’m) - [cl |m|2/r — Co, oo) for m < 0. The first part (5.19) follows
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on noting that the Dirac operator Dy, == D)| Q% (x) gives an isomorphism between the non-zero
eigenspaces of (1), and [0} for each m € Z. O

It follows immediately from - that H, ., L (X) =0 for m > 0. This gives
= dim Hy),, (X) = ¢ (s0) / Td, (T°X) e ™ N6
b's

:¢m(50)m[/)(d9Ae}+0(1)

following the index theorem of |9, Cor. 1.13|, where Td, (T"°X) denotes the tangential /invariant
Todd class of TV°X [9, Sec. 2.3] and Qﬁ =1,0(HX)=0.

As another application of Proposition [23/one has the estimate Spec™ (ng) - [cl |m|2/r — Co, oo)

for each m € Z on the positive spectrum of the Dirac operator. One then sees

HD%w” > ¢ |[|[Dywl|, VYwe Q% (X),

on its decomposition into Fourier modes. The last inequality is rewritten Hébéng > Hé*
Vw € 0% (X) and hence

(5.21) |Oyw]|| > e1 lw]|, Vw € Dom (8,) N Range (05),
which is equivalent to the closed range property for 9, (see [18] Sec. 1).

5.3. Szegd kernel expansion. We now investigate the asymptotic expansion of the Szegd
kernel on diagonal. In the presence of a locally free circle action, its m-th Fourier component
of the Szeg6 kernel 11, (z,2') = % J 11, (1; x’e’e) e™9d is given as the Schwartz kernel of the
orthogonal projector

(5.22) Iy, =T, 0 P, : L? (X) — ker (O0,,) C L*(X).

It is also written in terms of orthonormal zero eigenfunctions {¢7", ..., ¢7 } = {¢?, € L* (X)X,
of O}, via

(5.23) Iy, (z,2") = Zwm o (2)

of ker (ngm). The singularity of the Szegd kernel Theorem [1| corresponds to the on-diagonal
asymptotics of the Fourier component II, ,,, (x,x) as m — oo in the circle invariant case and we
wish to describe it in this subsection.

We shall first localize the problem. We use the local description of X as the unit circle
bundle of X = S*’L 5 Y of a Hermitian holomorphic line bundle (L, V¥, h") over a complex
Hermitian manifold Y. Finally and as partly noted before under the identification one
has the mth Fourier component of the Kohn Laplacian

1
(5.24) Oy = O = 5Dfn

is locally given in terms of the Kodaira Laplacian on tensor powers C* (Y'; L™). We now define
a modify the frame {ej,es}, used in the expressions (5.6)), and define the frame {é;,é;} on

R? which agrees with {e1,es} on B, (y) and with {0,,,0,,} outside By, (x). Also define the

~TY

modified metric g7¥ and almost complex structure J on R? to be standard in this frame and

:()}
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hence agreeing with g™, J on B, (z). The Christoffel symbol of the corresponding modified
induced connection on A%* now satisfies

@ =0 outside By, ().

Being identified with the Levi form, the curvature R” is semi-positive by assumption with its
order of vanishing ord, (RL) =r, — 2 € 2Ny being given in terms of the type of the point x.
We may then Taylor expand the curvature

(5.25) R'= > Rhy“dydy,+O (y=~') with

|a|=rz—2
>y

_RL
(5.26) iRy (e1,e5) > 0.

Now define the modified connection on L via

1
VEi=d+ /dppyk< L)jk(py) dy;,  where
0

™~

=ak

<

(5.27) R =y (%) R+ {1 —x (%) RE.

which agrees with V2 on B, (y). Note that the curvature RL of VL above is also semi-positive by
definition. Furthermore one also has R* = Rf+0O (¢"+~") and that the (r, — 2)-th derivative/jet
of RY is non-vanishing at all points on R? for

(5.28) 0<o<cli™*R"(y)].

Here ¢ is a uniform constant on the manifold. We then define the modified Kodaira Dirac
operator on R? by the similar formula

(529) -Dm —co @AD,*@LM,

which agrees with D,, on B, (y). The above satisfies a similar Lichnerowicz formula for the
corresponding Kodaira Laplacian

~ ~ ~ * m\* ~ * m ~ 1
(5.30) of,, = D2 — (vAO’ ®L ) VAT SL™ | RL (w, ) [2wip — 1] + 7K twig

X . RT'X (

where w = \/Li (61 —iéy), T w, W), the adjoint being taken with respect to the metric

g™ and corresponding volume form. The above (5.30) again agrees with

(5.31) O =0, on B,(y)
while the endomorphism 7 vanishes outside B, (y). Being semi-bounded below (5.30)) is es-

sentially self-adjoint. A similar argument as Corollary 23] gives a spectral gap
(5.32) Spec (ﬂm) c {0} U [clm2/” — 0o, oo) )

Thus for m > 0, the resolvent (ﬁm — z)_l is well-defined in a neighborhood of the origin in
the complex plane. From local elliptic regularity, the Bergman projector

(5.33) By, L (R% L®™) — ker (O,,)

then has a smooth Schwartz kernel with respect to the Riemannian volume of 7.
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N
Now we choose a set of such BRT trivializations {Uj = (—Si,sl> X By, (x])} 1)
@i S j=1

centered at {z; € X}j.\f:1 with corresponding modified Laplacians {ﬂmj}jvzl and Bergman pro-
N N N
jectors {Bm,j} such that {UJQ = (—2: ,%) x B, (xj)}
j=1 @ 28a; ;
of unity {x; € C° (U]Q; [0, 1])}?7:1 subordinate to the the BRT cover, j = 1,..., N. Further
choose ¢; € C (Uj; [0, 1]) such that 1; =1 on spt (x;) and

(5.34) g, € CF (—l, 1) with /ade =1
0

Se; Sz

cover X. Choose a partition
1

in each such trivialization. We note that a finite propagation argument as in [29, Sec. 1.6| gives
(5.35) Xj Bt = XjBm,; mod O (m™>)

thus the right hand side above maybe assumed to be properly supported mod O (m~°).
Now define the approximate Szegé6 kernel via

(5.36) I, = (Z / dy'dl’ x; (y,0) €™ By, ; (y,y) e "™ (v, 0) o (9’))
=1

(5.37) Iy, == I, 0 Py,

We now have the following localization lemma.

Lemma 24. The approximate Szeqd kernel satisfies
(5.38) Iy — My = O (m™)

in the C'°° norm on the product X x X.

Proof. We first show that by direct computation that

(5.39) Iy = I, mod O (m™).

To this end, let f € C*(X) and ¢ = II,,,f. Then g € ker (Dl?’m) and thus g (yew) =
go (y) €™ with 0, jgo = 0 on each B, (z;) by (5.24), (5.31). With
(5.40) By jgo = go mod O (m™>) on B, (z;)

following from a finite propagation argument, we may calculate

Hb,mg = ng
_ Z / dy’d@’ Xi (:(:) eim@BmJ (y’ y/> e—imé/o_j (9/) 9o (y/) 6im9’
j=1
= Z X;j(x)g mod O (m_oo)
j=1

=g mod O (m_oo)
using (5.34), and showing (5.39).
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In similar vein, with P, f = g € C5? (X) satisfying g (ye) = go (y) €™’ on each B, (z;) as
before we calculate

1:Ib,7n|:|bf = 1:[m o Pm o Dbf
= ﬁm o |jb,mg

— Z / dy'dd’ x; (z) eimeémvj (y,9) e_imelaj 0" Em’jgo (v ™ mod O (m_oo)
-1
(541) =0 mod O (m ™)

using (5.24)), (5.31]) and another finite propagation argument.
Finally letting

Ny, :L2, (X) — Dom (003,,,)

; f € ker (DO ),
(5.42) Npf = { L e ker (00 )J_

denote the partial inverse of Dg’m we calculate
ﬁz,m - me‘[z;,m
= (NuOp Py + ) 105,
= Hbmf{z,m mod O (m™>)
=1l;,, modO (m_oo)

following (5.39)), (5.41) and proving the proposition on account of the self-adjointness of II, ,.
]

We note that the on-diagonal asymptotic expansion for the local Bergman kernel B,, (y,v)
follows in a similar fashion as Theorem A slight difference here is that B,, (y,y) is defined
with respect to a more general metric while the metric in Theorem [14] is flat. This however
makes little difference to the argument and gives the following (cf. [31, Thm. 3]).

Theorem 25. For any differential operator P of order I, the derivative of the local Bergman

kernel has the pointwise expansion on diagonal

(5.43) pHDm (y,9) m 0 /ry ZC (P,y)m =2i/my L O (m172N+1) :

VN € Ny. The leading term, for P =1, is given coq (1,y) = 119327 (0.0) > 0 in terms
of the Bergman kernel of the model Kodaira Laplacian on HX (see [31], Sec. A]).

Following this and the localization property of the Szegd kernel just proved now implies
Theorem 1] as below.

Proof of Theorem[21]. By the localization property (5.38)) it suffices to show the pointwise ex-
pansion of the approximate Szegd kernel (5.37). In showing the expansion at x € X, we
may further assume the BRT cover and partition of unity defining (5.37)) is chosen so that
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1, 7=1
Xj=19 . ] , near x. We then compute
0, 5>1

2
ﬁb,m = / do f[m (ZL‘, xeie) emo
0

se—l p20(141) ~ ' '
= Z / d0 1L, (z, xe™) e
2

]

1=0 Y 5,
Syx—1 2m
- 27lm Sx ~ . .
= E €' s / do1l,, (3:, xew) e'mo
1=0 0
sp—1 2m
.2nlm Sx ~ . .
= €' sa / do1l,, (a:, xe’e) e'mo
1=0 0

_ (l_ol €l> (/ df o (9)) B (y,y)

Sy—1 N
(5.44) = (Z eiQZicm> m?/"v [Z ¢; ()ym™2/" + 0 (m_(QNH)/Ty) , VN eN,

1=0 j=0

from (5.37), Theorem [25] to prove (5.3). O

As noted in [31, Rem. 24| the expansion for the local Bergman kernels By, (y,y) is the same
as the positive case on Xy (the strongly pseudoconvex points) and furthermore uniform in
any C'-topology on compact subsets of X, cf. [29, Theorem 4.1.1]. In particular the first two
coefficients for y € Y5 are given by

T — p 1
co (y) = T 277 (0,0) = —7*
2
1
(5.45) a(y) = 16_7TTL [k — Aln7'].
The derivative expansion on X is also known to satisfy ¢ =c¢; = ... = 0[1;1] =0 (i.e. begins

2
at the same leading order m).

In the next section we shall also need uniform estimates on the local Bergman kernels as
below.

Theorem 26. The local Bergman kernel satisfies the estimate
(5.46)

ipf 1A (o,o>] 1+ 0(1)]m*" < By (y.y) < [sup T2 (0,0) | 14 0 (1) m
z€Xr <s zeX

with the o (1) terms being uniform in x € X.
Furthermore, there exists constants Cy, | = 0,1,..., uniform iny € Y, such that for any
differential operator Py of order [, the derivative of the local Bergman kernel satisfies the estimate

(5.47) ’BBm (y7y)’ <m/PCBu, (y,y) .
Proof. Note that theorem Theorem [25| already shows

o 2/7y
(5.48) o (3,9) > Gy, (|57 2R m) ™™ — ¢,
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Vy € Y, with ¢, = ¢ (‘jry_zRL ’_ ) |]Ty 2pr(y

given in terms of the norm of the first non- vamshmg jet. The norm of this jet affects the
choice of ¢ needed for (5.28)); which in turn affects the C*°-norms of the coefficients of (| -
via @ We first show that this estimate extends to a small (| ~?R" (y)|- dependent) size
neighborhood of y. To this end, for any € > 0 there exists a uniform constant c. depending
only on & andHRLHCT such that

= (1) being a (y-dependent) constant

(5.49) JPRE(y)| > (1—¢)

R (y)],

Vy € BcE|j’“y—2RL| (y) :

We begin by rewriting the model Kodaira Laplacian [J,,, 1) near y in terms of geodesic
coordinates centered at y. In the region

y E B cry—2 L y m CO jORL m > mQ/TyHgy J y 2RL JTY 07 0
CE|.7 Y"°R ‘
a rescaling of O, by 0,,-1/2, now centered at y, shows

Hm (y7 y) = mHQy RL JTY (O O) + O| ?"y—QRL ’_1 (1)

T

TY Jy
= m|j°R" (y)| 11" o (0,0) + 01, -2s (1)

Ty

(5.50) 2 T (0,004 0o+ ()

as in (5.48)). Now, in the region

Y € B, yr-2ps) () 1 {C (I7RE () /5°RE ()| m)

TY Ty—QRL JTY(

> m2/m 1% 0,0) > Co (|5°R" (y)] m>}

a rescaling of J,, by 0,,-1/3 centered at y similarly shows

T (y,y) = m [1+ O (/7 =2) | T S (0,0)

+O Gy~ QRL ’_1 (1)

L
RL/50R TY

— m2/3 [1 +0 (mZ/r—2/3)} |] RL/ ORL‘Z/S 9 W sy (O)O)

(551) + O j"'?!72RL(y)’_l (1)

(5.52) > (1= e)m/ sl (0,0) 40y (1)
Next, in the region

y € Bce‘jry_2RL|( ) {02 (‘jzRL /]IRL( )| )1/2

Ty

> 2/ TR (0,0) 2 max [ Co (5°RE ()| m) L Ca (|7 RE (v) /3°R" ()| m) "] }
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a rescaling of [, by 0,,-1/4 centered at y shows

r— TY 2pL/;1pL 7TY
T () = m*/2 [14 0 (/= 2) 5 SRR (0,0) 4.0y (1)

2L, L
Iy B /iy B gy

V2 e e (0.00+0,
J

_ ml/? |:1 +0 (mz/r—1/2)] ‘]3RL/]y1RL’ ry_zRL(y)‘—l (1)
(5.53)

r TY ;"y~2pL jTY
> (1 _ 8) m2/TI9 v TRy (0,0) + O’jry*2RL(y)‘_1 (1)

Continuing in this fashion, we are finally left with the region

Ty —2
y € BCg‘jTy72RL’ (y) N {mQ/TyHggY7]yy RL,JEY (0’ O)

> max [Co (|7°R* ()| m) ..., Crys (|77 R" (y) /57 R" (y)] m)Q/(Wl)} } :
In this region we have
772 RE (y) [ RE ()] 2 (1= 2) [ 2 RE (y)] + O (2w )

following (5.49) with the remainder being uniform. A rescaling by J,,-1/», then giving a similar
estimate in this region, we have finally arrived at

r TY ;"y~2pL jTY
I (y.y) > (L= &) m? I8 (0,0) 40, g ()

‘v’y € BCE|jTy—QRL| (y)
Finally a compactness argument finds a finite set of points {y; }jvzl such that the correspond-

ing B jryjszL‘ (yj)’s cover Y. This gives a uniform constant ¢; . > 0 such that

Mo (y,y) = (1—¢) | inf T80 570507 (0,0) | m?!” — e
yEYy
Yy € Y , e > 0 proving the lower bound of (5.46]). The argument for the upper bound is similar.
The proof of the uniform estimate on the derivative (5.47)) is similar. Given ¢ > 0 we find
a uniform c. such that ([5.49)) holds for each y € Y and y € Bcs|jw*2RL| (y). Then rewrite the

model Kodaira Laplacian [, (5.30) near y in terms of geodesic coordinates centered at y. In
the region

y € Bcg|j’"y*2RL‘ (y) N {CO (‘jORL ()’)‘ m) > mQ/TyHggyvj;y*2RL7JgY (O, 0)}
a rescaling of O, by 0,,-1/2, now centered at y, shows
o o m o L L

following (5.45)) as r, = 2. Diving the above by (5.50]) gives

|0°TL,, (y,y)| _ 07" (y)] .
My = @) v (™)

’ [j|awng5w;RL/jsz5Y] (0, o)‘

195 ¥ dyREJigRE, JTY (0,0)

O+ )
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Next, in the region
. . 2/3
sozre ) 0 {C1 (|3 RE (v) /3 RE (3)| m)

Z m2/ryHg§Y7j;y72RL’J?TY (0, 0) Z CO (}jORL <y)| m)}

yeB

Ce

a rescaling of J,, by 0,,-1/3 centered at y similarly shows

9°IL,, (y,y) = m(2+al)/3 [1 L0 (mz/rfz/s)} [aal—‘[gfy,j)}RL/ijL,JyTY} (0,0)

1+ (e 3
+OjTy 5 [(y)rl (m( )/ )
Dividing this by (5.52)) gives

’ [aangf Yoy RE/3)REJE Y] (0, 0)’
[HQ)TYJ}RL/]'?RL,JyTY] (0 0)

(mlle=0/3)

|0°IL, (y,y)|
I (y,y)

<ml3 (1 +¢)

+0

|jmv=2RE(y)|
) [jla\ﬂggydéRL/jBRLvay] (0, o)‘

199 dyRE/igRE, JTY (0,0)

(mla=0/3)

<mlo3 (1 +4¢) [sup
yey

+0

|irv=?RE@y)|

Continuing in this fashion as before eventually gives

[[joims sy 157557 (0,0)

0°1L,,, (y, )| lal/3
Mo (yy) =" He) S o g 777 (0.0)
+O|jry—2RL(y)|*1 (m(\al—l)/3)

VyeY,ye Bcg‘jryszL’ (y), Va € N3. By compactness one again finds a uniform ¢; . such that

\ [j'a‘HggyvjéRL/Jé’RLvJEY] (0, 0)‘

0°ILn (y, )| lal/3
Ty (1+e) e AR R (00) | T
Vy € Y, proving the lemma. O

6. EQUIVARIANT CR EMBEDDING

In this section we construct the CR embedding for X required to prove Theorem [3| Firstly,
setting m = p. (s!) € (s!) .No in (5.18), (5.23)), (5.46) and (5.44) the base locus

(6.1) Bl, (X) = {z e X[s(z) =0,Vs € H) () (X)} =0
is empty for p > 0. Thus the subspace
(6.2) Op0 = {s € Hypy(X)|s(z) =0} C Hy, ) (X)

is a hyperplane for each z € X. Identifying the Grassmanian G (dp.(sl) — 1;H£p_(s,) (X)),

dp.(s!) = dim HO

bp (s (X), with the projective space P [HU

bp.(s)) (X)*} by sending a non-zero
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element of 1}, ) (X) to its kernel, gives a well-defined Kodaira map

(6.3) D, : X = P[Hy, ) (X)]

for p > 0.
In terms of the basis {wp'(S!), ol (f ')} of ker( b (s! ) Hy, (X)), with ;= 0,
J=1,...,dps), and corresponding dual basis of H () (X)* the map is written
(8! (s! ,
(6.4) @, () = (7 (@), 0h 0 (@) € Clee

and is seen to be CR.
We now define the augmented Kodaira map

U, :X - CV,
Uy, = (9,,0,,...,07),

E. & p+1 )-k (p+1)-k
) = 3&{’,.. w v g, | TS k<,
(6.5) N :=d, s + Z (dpk + dipsyr)
k=1

which is again CR. We shall now show that the above augmented map is an embedding for
p > 0. We first show that it is an immersion, whereby it suffices to show that its first
component @, defines an immersion; the augmented components of are required to
separate further points.

Theorem 27. The Kodaira map ®, (6.3) is an immersion for p > 0.

Proof. We work in a BRT trivialization (5.8)), (5.8) near z € X. We choose x € C° ((—¢,¢); [0, 1])
,x=1on (=5,%5),00(0) € C= (% 2—”) [ 600 (0)df =1 and set

s’ s

w = yox (m'/"y) o (0) ™’

Ug = Y1X (ml/”y) o (0) eimd

uz = x (m'"y) (mh) oy (mh) €™ and
(6.6) vj = Il puj, j=1,2,3,

with m = p. (s!) and = = (y, 0) being BRT coordinates.
The equations 01l (., x) =0, 0711, (-, x) = 0 written in the BRT chart give

1
Oy oy (2, 2) =m T—y’2 Z REy™ 1 + 0 ()| W,y (2, 7)
i r la|=ry—2
1
(6.7) Oy np (2, 2) =m _r_yll Z REy™ 1 + 0 (™) | Wy (2, 7)
i r la|=ry—2
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from (5.8), (5.7). Further note that

I, puj (2) = /d$' oy (2, 2 )uy ()

- /d;z:’ I (2, @) uy ()

(6.9) — s, [ o'l (& 2) 0 (@) mod O (™)

from (5.38). We now estimate the derivative of the CR functions (6.6). Below ¢;; (|57 ~2L]),
1 <1,j < 3, continuous positive functions of the norms of the jet of the Levi form. We then
have

_ 1 2 « Tz
Oy, 1 =s$m/dy’d9 g@é) | _Z QRﬁy’ +O (y=) | x

I, (2/,2) x (m*"=y') o () €™ + O (m™>)

1 2
=5, du'do | = (/. RL o 9] —1/rz, tra+1
s / Yo | = (v) ||—Zz oy | O (mT Ty | X

_1/r,cx/7 0) X (y/) o (9) eimé)

:sx/d@/dG Ly > R +0 (mT ey | x

Ty

M (

3

|a|=rys—2

[Hngjjr172:f’JHX (x;7 O) + O (mfl/rz)} % (y/) o (9) eime

(6.9) > 2oy (|57 72L]) + O (m™V7)

using and (6.8).
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And similarly,

_ 1 o r
Dy U7 = sxm/dy'dQ Eyiyg Z Ry | +O (y™=) | x

|a|=rz—2

IL,,, (2/,0) x (m"™y/) o (8) ™ + O (m™)

:sx/dy/dﬁ riyiyé Z RL o + (m—l/rxy/rw—&-l) %
| z |a|=rs—2 ]
ﬁm (m 1/Ty$ O) zm@
:Sx/dy,dg rlyiyé L /a) —l/rgc /rx-&-l) %
i v loe|= m—2 ]
[HQHX jrr =2 JHX ( 1/7‘1 0_(0) eime
— Sx/dy/de |:O (y/rgg-l-l) ( —l/Tx)] Zm9

(6.10) < ey (|5772L]) + O, (m™Y™)

using a Taylor expansion 19 7™ *Z7"% (4 0} = g4y, IT; 4y, 5 Ty = 197722775 (0 0)
on spt (). Finally we compute

OgU1 = 5, / dy'dOTL,,, (', ) 9/, x (ml/”y') o (0)e™?
— s5,m!7l/rs /dy'd@m_Q/”f[m (m=Yrva! 0) yix (v) o (0) ™
= sxml‘l/”/dy df [H"HX’ LT (2f,0) + O (m_l/”)] yix () o (0) €™
< miVregdeyy (|57 72L)) + O, (m ).

We have similar estimates on derivatives of v

By, 05 < €200, (|57 2RE]) + O, (m~Y7)
Oyyva > € 2oy (|72 RE|) 4+ O, (m™Y/™)

(6.11) Dgvs < m'Vrectegy (|72L]) + O, (m ).

for two further constants co; (|j”y_2RL|), 0 C' (‘jTy—QRL‘) (Ury—?RLD depending only on the

norm of jet of the Levi tensor at x.
Finally, and in similar vein, we estimate the derivative of v

Opvs = M / dzd@f[b,m (2,0) x (ml/”y) (mb) o (mb)

/dzd@ [HQHX IeLITE () 0) + O (m_l/”)} X (y) 8o (9)

(6.12) > %css (|57 RY|) + Op (m™)
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and

Oy, U3 =M / dzdf1,,, (2,0) x (ml/”y) (mb) oo (mb)

1
:m/dzdé’ Eyg Z REy | + 0 (y™) | x

|oo|=rz—2

Iy (2,0) x (ml/” z) (mh) o (mh)
= /dzd9 (O (m’lml/”y”’l)] Iy, (m’l/ryz, 0) x (z) 8o (0)

613 < ety (|72 RE) + O, (m ).

and similarly ford,,vs. Following these estimates there exists C' (| j’”y*QRLD such that the dif-
ferential of @ — (v, v2, v3), and thus of ®,, m = p. (s!), is invertible at x for e < C (|j™"2R"|)
and p > C (|j7v"2R*|). Thus for some C; (|j"v~2R"|) the differential of ®, is invertible on a

Cy (|7 ~2R"|) ball centered at x for p > Cy (|j"v~2R*|); which completes the proof following
a compactness argument. 0

Next to show the Kodaira map is injective, one needs the following definition.

Definition 28. The peak function S? € ng_(sl) (X) at o € X is the unit norm element of
the orthogonal complement to &, C Hy, ) (X) 1}

Clearly, if the orthonormal basis {wl, o ,wdp‘(s!)} of ker (Dl?,p.(s!) = Hl?,p.(s!) (X) is chosen

so that 1; (z9) =0, 1 < j < d, (s — 1, one has S? =1y, . From (5.23) one then has
2
|52 (w0)|” = Iy (st (0, 7o)

1
6.14 S? (z) =
(6.14) o (@) Iy p.(s1) (0, Z0)

Theorem 29. The augmented Kodaira map ¥, (6.3)) is injective for p > 0.

Iy . sty (2, 20) SP (xq) -

Proof. We assume to the contrary that there are two sequences of points x;j, xf)j , =1,2,..,
such that p; — oo as j — oo and

1 2
T, 7 Tp,
1 2 :
(6.15) Uy, (xpj> =V, <xpj> , Vi
By compactness we may further suppose x}gj — !, xzj — 2% as j — o0.
Case i: Suppose e?z! # 22, Ve € S', i.e. the limit points do not lie on the same S' orbit.
The equation (6.15)) in particular implies ®,, (xéj) =, (xzj) by definition 1) Thus (6.14

implies

2
Hb,pj.(s!) <[L'lej,1’]17j> Hb,pj.(s!) (‘TIQ?]'?'QZIZ?J‘) = ‘Hb,pj.(s!) (illejJ,.’Ezj)‘ :
The left hand side above is uniformly bounded below by cpj/r on account of (5.36[), (5.38]),
1} While the right hand side can be seen to be O (pj_oo) on choosing the S! orbits of the
BRT charts containing x', z? in defining (5.36) to be disjoint.
Case ii: Suppose e?x! = 22 for some ¢ € S1. We now again consider a BRT chart (5.8)

of the form U = ( —=, i) X Bs, (x') containing the point z'. As before this is obtained as
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the unit circle bundle S'L — Y over a hypersurface Y C X containing the point z!'. For each

2} € Y the unique points satisfying z, € S*. [%19]-] , vy € St [xgj} .

~ 1
j we denote by [xpj], [:vpj

The inclusion further defines a local holomorphic map ®, : ¥ — P [ng'(s!) (X)*] satisfying

®,, ([wlb =, ([xgj}), j =1,2,.... Via the Noetherian property for analytic sets as in

Pj

29, Sec. 5.1] this gives |z, | = |27 | or xp = ez} € Sty for j > 0. Thus z, , 2 lie on
the same orbit and with k = s;1 = 5,2 we have

J J

k(1) _ gk (.2
\Ilp <xpj> o \I]p (xpj)
I I
k0 (1 k1 (1 ip kO g k0 (1 i(p+1).kO gk (1
(05 5). 81 (3)) (e () v (1))

It now follows that 6 € 27 implying x, =, and contradicting 1} O

We note that following the closed range property for 0, of our embedding theorem
Theorem |3 aside from the equivariance, can be obtained from the main theorem of [I1].
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