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Einleitung und Zusammenfassung
der Ergebnisse

Die Theorie der Partitionen ist ein faszinierendes Beispiel fiir das Zusammenspiel zwis-
chen analytischen Methoden und Zahlentheorie. Ein schwierige, aber nichtsdestotrotz
grundlegende Frage ist, wie viele Partitionen eine ganze Zahl zulasst. Genauer gesagt,
wie oft kann man eine ganze positive Zahl inaquivalent in kleinere Summanden zerlegen?
Hardy und Ramanujan fanden auf diese Frage eine asymptotische Antwort. Dies bedeutet,
sie konnten diese Anzahl fiir groe Zahlen angeben [13]. Die von ihnen benutzte ”Hardy-
Ramanujan”- Methode, oder auch tiblicherweise Kreismethode genannt, konnte von Hans
Rademacher weiter verfeinert werden, so dass es ihm moglich war auch fiir endliche Zahlen
eine exakte Antwort auf die Frage zu geben [17]. Das Zusammenspiel zwischen arithmetis-
chen und analytischen Methoden erfolgt durch die Definition einer - sogenannten - erzeu-
genden Funktion. Dabei nimmt man eine Folge von Zahlen, die z.B. ein arithmetisches
Problem kodiert und definiert aus diesen Koeffizienten eine Fourier Reihe, also eine kom-
plexe Funktion. Viele dieser erzeugenden Funktionen sind holomorph. Dies ermoglicht die
Analyse solcher Funktionen mit Sétzen aus der Funktionentheorie, wie Cauchys Theorem.
Dariiber hinaus zeigen viele dieser erzeugenden Funktionen ein interessantes Transforma-
tionsverhalten unter Mobiustransformationen. Dies vereinfacht die Analyse dieser Klasse
von Funktionen, bzw. ermoglicht viele Aussagen erst. Dieses Transformationsverhalten
nennt man Modularitat. Diese Modularitat ermoglicht in vielen Fallen die Berechnung
der Koeffizienten einer Fourier Reihe, was bei bestimmten erzeugenden Funktionen gle-
ichbedeutend ist mit der Berechnung arithmetischer Informationen. Diese Eigenschaft
ist entscheidend zur Berechnung von p(n), der Anzahl méglicher Partitionen einer ganzen
nicht negativen Zahl n. Ramanujan entdeckte, dass p(n) interessante Kongruenzen erfiillt.
Er vermutete, dass fiir jedes n € Ny folgende Gleichungen gelten [19]:

p(bn+4) =0 (mod 5),
p(Tn+5) =0 (mod 7),
p(1ln+6) =0 (mod 11).

Er konnte die ersten beiden Gleichungen sogar beweisen, in dem er zeigte, dass die erzeu-
gende Funktion dieser Werte das 5H-fache einer Fourier Reihe ist, die nur ganzzahlige
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Koeffizienten hat. Die Kongruenzen sollten aber auch eine kombinatorische Erklarung
haben. Das heifit, dass man einer méglichen Partition eine Zahl zuordnen konnen sollte,
genannt der Rank (der von Dyson definiert wurde [10]), so dass die Anzahl der Partitionen
mit Rank modulo 5 (resp. 7,11) immer gleich gro sind. Das sollte also eine Aufteilung
in gleichmachtige Gruppen ermoglichen und damit die - so genannten - Ramanujankon-
gruenzen auf kombinatorische Weise erkldren [5]. Die Definition des Ranks konnte die
ersten beiden Ramanujankongruenzen erklaren, aber keine Erklarung fiir die letzte der
drei Kongruenzen liefern. Daher vermutete Dyson [10], dass es noch eine andere - soge-
nannte - Partitionsstatistik gibt, die auch diese Kongruenz erklart und sogar alle bis dahin
observierten Kongruenzen fiir p(n). In Analogie zum Rank nannte er diese Funktion den
Crank. Es stellte sich jedoch heraus, dass die Konstruktion dieser Funktion schwierig ist
und erst 40 Jahre spater konnte eine Definition gegeben werden, die das Problem loste
[3]. In der folgenden Diplomarbeit wollen wir die Fourier Koeffizienten einer unendlichen
Familie von ”Crank” erzeugenden Funktionen bestimmen und daraus bestimmte Ungle-
ichungen zwischen bestimmten Crank-Funktionen! beweisen. Um dorthin zu gelangen
geben wir zunachst eine kurze Einfiihrung in die Theorie der Modulformen und in Theo-
rie der Partitionen. Die Beweise der Hauptaussagen erfolgen in Kapitel 4.

Es folgt eine kurze Zusammenfassung der Aussagen, die im Rahmen dieser Diplomarbeit
bewiesen wurden. Um die Kreismethode anwenden zu konnen, ist es notig ein bestimmtes
Transformationsgesetz fiir die erzeugende Funktion des Cranks zu beweisen.

Proposition 0.1. Sei C(z;q) die erzeugende Funktion des Cranks. Sei ¢; := e%(h/%),
wobei b’ eine Losung der Kongruenzgleichung hh' = —1 (mod k) ist. Dann gilt:
Fiir ¢ | k£ haben wir

ma
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Die Funktion C(a,b, c; q) ist definiert wie folgt:

i f:(—l)me "Z“q"‘“’;*”m i R i S =
Q(q)oo 1_6 27ia 27ia _b *

m=0 Cq m=1 1_€cq ¢

Die wy, x sind definiert in (2.5).

'Das sind Funktionen, die aus der erzeugenden Funktion des Cranks gebildet werden.
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Mit der Kreismethode und dem Transformationsgesetz ist es nun moglich folgendes
Theorem zu beweisen:

Theorem 0.2. Sei C’(e%; Q) =1+>2", A (%,n) q". Seien 0 < a < ¢ koprime Zahlen,
c und n positive Zahlen, wobei ¢ ungerade ist. Dann haben wir
g 4 N V24n =1\ 83 -sin (X
A(n) = \/_Z Z Bjer(—n,0) k sinh /240 N V3 - sin (%2)
\/2471 — 6k V24n — 1

1§k§\/7
clk

\/2 | (240 —1)

Z Dj707k< n m]ckr

sinh + 0 (n%).
gt vk V3k
ctk
>0
6; c,k, 7‘>O
1€{+ -}
Die chk(n,m) sind definiert in (4.5), die Djcx(n,m) in (4.6), die &%, . in (4.9) und

die mjc gy 0 (4.10). Das Theorem ermoglicht nun die Berechnung der asymptotischen

Werte von M (a,c;m), wobei M (a, ¢;n) die Anzahl der Partitionen einer Zahl n mit Crank
kongruent zu a modulo ¢ ist.

Theorem 0.3. Sei 0 < a < ¢ mit ¢ einer ungeraden Zahl. Dann haben wir:

", (T)

M(a,c;n) =
( ) c\/24n—1;

12 iy 44/3i Jck . T
—1—2 ZCC J Z sinh (6—k\/24n — 1)
j=1

V24n — 1
84/3sin (& D;. n,m 20 24n — 1
n \/—SID(C) Z j,,k( ]ckr‘) sinh \/ ackr( )z

V2dn =1 4 Vk 3 k
50
1€{+ -}

+ O(n€)7

wobei Ag(n) die Kloostermannsumme ist, die in der exakten Formel Radermach-
ers fiir p(n) aufkommt. Nun sind wir in der Lage die Hauptaussage der Diplomarbeit
zu beweisen. Grob gesprochen sagt dieses Theorem aus, dass die Crank-Differenzen
M(a,c,n)— M(b,c,n), wenn ¢ gro} genug ist, nur noch von den Residuenklassen modulo
c abhéngen. Exakt bedeutet das:

Theorem 0.4. Sei 0 <a<b< ‘3;—1 und sei ¢ > 11 eine ungerade ganze Zahl, dann haben
fiirn > Ngp, wobei Noyp . eine explizite Konstante ist, die folgende Ungleichung:

M(a,c;n) — M(b,¢;n) > 0.
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Aus diesem Theorem ldsst sich auch eine Aussage treffen fiir ¢ < 13. Fir ¢ < 13
ist der Hauptterm, also der Term der fiir groe n den entscheidenden Beitrag fiir die
Fourier Koeffizienten liefert, ein anderer als fiir ¢ > 13. In dem Fall ¢ < 13 osszilliert
der Hauptterm stark und damit wechselt das Vorzeichen der entscheiden Grofien je nach
Wahl von a,b und somit ergeben sich andere Ungleichungen als im Fall ¢ > 13. Die
verschiedenen Moglichkeiten sind zusammen gefasst im folgenden Theorem.

Theorem 0.5. Sei 0 < a <b< 5=, Firn > Nabc, wobet Nabc eine explizite Konstante
1st, haben wir:

1. Die Crank-Differenzen erfillen folgende Ungleichung M (a, 5, 5n+d)—M (b, 5, 5n+d)

<0 wenn (a,b,d) € {(0,b,1),(0,2,2),(1,2,2),(1,2,3)},
>0 wenn (a,b,d) € {(0,b,0),(1,2,1),(0,1,3)}.

2. Die Crank-Differenzen erfillen folgende Ungleichung M (a,7,7n+d)—M (b, 7, Tn+d)

<0 wenn (a,b,d) € {
(1,2,2),(1,2,4),

>0 wenn (a,b,d) €{
(1,2,1),(1,2,6),

—~

0,1,1),(0,1,6),(0,2,1),(0,2,2),(0,3,1),(0,3,6),
1,3,3),(1,3,4),(2,3,3),(2,3,6) }
0,1,0),(0,1,3),(0,1,4),(0,2,0),(0,2,3), (0,3,0),
1,3,1),(2,3,2)}.

3. Die Crank-Differenzen erfiillen folgende Ungleichung M (a,9,3n+d)—M (b, 9, 3n+d)

(<0 wenn (a,b,d) € {(0,1,1),(0,1,6),(0,1,8),(0,2,1),(0,2,2),(0,2,6)},
(0,3,1),(0,3,3),(0,3,6),(0,4,1),(0,4,6), (0,4, 8)
(1,2,2),(1,2,4),(1,2,7),(1,3,2),(1,3,3),(1,3 4)

(1,3, 5),(1,3,7),(1,4,4),(1,4 7),(2,3,1),(2,3,3)
(2,3,5),(2,3,7),(2,3,8),(2,4,5), (2,4, )7(3 4,0)
(3 4,4),(3,4,6),(3,4,8)},

>0 wenn (a,b,d) € {(0,1,0), 0,1,2),(0,1,3),(0,1,4),(0,1,5),(0,1,7),

(0,2,0),(0,2,3),(0,2,4),(0,2,5),(0,2,7),(0,2,8),
(0,3,0),(0,3,4),(0,3,7),(0,4,0),(0,4,2), (0,4, 3),
(0,4,4),(0,4,5),(0,4,7),(1,2,1),(1,2,5),(1,2,8),
(1,3,0),(1,3,1),(1,3,6),(1,3,8),(1,4,1),(2,3,0),
(2,3,2),(2,3,4),(2,3,6),(2,4,2),(3,4,1), (3,4, 2),
(3,4,3),(3,4,5),(3,4,7)}.




4. Die Crank-Differenzen erfillen folgende Ungleichung M (a, 11, 11n+d)—M (b, 11, 11n+
d)
(<0 wenn (a,b,d) € {(0,1,1),(0,1,7),(0,1,8),
(0,2,9),(0,3,1),(0,3,8),(0,3,9),(0,4,1),
(0,4,8),(0,5,1),(0,5,9), (1,2,2),(1,2,4),
( (2,3,5),(2,3,8),(2,4,8)
(

~—~

0,1,9
0,4,7
1,3,3
3,4,4
}
0,2,3),(0,2,5),(0,3,4),
(1,2,1),
1,3,10),
1,5,8
(2,5,

~—
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)
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(1,4,4),(2,3,3),(2,3, 5, 2,3,8),(2,4,8), ,
(3,4,7),(3,4,10), (3,5,10), (4,5,5),(4,5,9
>0 wenn(abd)e{(ObO)(O ,3),(0,1,4),
(0,3,10),(0,4,3),(045),(0 ,3),(0,5,4),
1,2,7),(1,2,8),(1,3,1),(1,3,7)
1,4,5),(1,4,9),(1,5,1),(1,5,7)
,(2,3,10), (2 4,2),(2,4,9),
( ,3),(3,5,8),

A~ ~—

: :
,(1,4,5) (1,5,8),
(2,3,4) 2),(2,5,4),
(3,4,5) )

,(3,4,5),(3,4,9), (3, (4,5,4), (4,5,7),
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Chapter 1

Introduction

The theory of partitions is an intriguing example for the interplay between number
theory and analytic methods. A complicated but nevertheless basic question is: how many
partitions does a non-negative integer have. Hardy and Ramanujan found an asymptotic
answer to this question [13] using the so-called Circle Method and Hans Rademacher
refined the method of Ramanujan and Hardy to give an exact answer [17]. The connec-
tion between the analytic and arithmetic methods comes from building up a generating
function that admits certain transformation properties when changing the argument of
the function. This behavior under linear fractional transformations is called modular-
ity and admits a deep analysis of the coefficients of the generating function that might
have arithmetical information. Ramanujan found that the partition function fulfills some
interesting congruence conditions and gave explanations for his observation by some in-
teresting g-series identities [19]. In fact, there is also a combinatorical explanation for the
Ramanujan congruence. In 1947, Dyson conjectured that that these observed properties
could be explained by the existence of a function on the set of possible partitions - the
so-called rank - which groups the partitions into equally sized congruence classes of rank
values [10]. But nevertheless the rank could not explain all mentioned congruences. That
was the reason that Dyson conjectured that there is another partition statistic that ex-
plain all of the congruences. He called this statistic the crank. It turned out to be difficult
to find this partition statistic. Forty years after the conjecture the crank was constructed
and it was shown that it explains all Ramanujan congruences simultaneously [3]. In this
thesis we want to show certain inequalities of certain functions coming from the crank
generating function by computing the asymptotic values of the Fourier coefficients of an
infinite family of crank generating functions and by carefully bounding the corresponding
error terms occurring in the Circle Method. We will use the theory of modular forms
and the transformation rules of certain half-integral weight modular forms to deduce a
transformation formula for the crank generating function. In Chapter 2, we will intro-
duce the concept of modularity and explain why it is helpful for arithmetical problems.
In Chapter 3, we introduce partitions, and partition statistics. In Chapter 4 we compute



the asymptotics of the Fourier coefficients of the crank generating function and especially
of the so-called Crank differences. With that we can prove the following main theorem:

Theorem 1.1. Let M(a,c;n) be the number of partitions of n with crank equal to a
modulo c. Let 0 < a < b < % and let ¢ > 11 be an odd integer, then for n > Ny,
where Ny 15 an explicit constant, we have the inequality:

M(a,c;n) > M(b,c;n).

We outline the tour we have to take to prove this theorem. Firstly, we establish with
classical results of modular forms of half-integral weight a transformation formula for
the crank generating function. This allows one to detect the asymptotics of the Fourier
coefficients of this function by using the Circle Method. From this we can compute the
asymptotic value of M (a, ¢;n) and from that we can prove the main theorem by bounding
the error in the circle method explicitly. This theorem is analogous to the main result in
[6], where a similar inequality was shown for the rank.



Chapter 2

Theory of modular forms

In the following chapter we want to give some basic definitions around the theory of
modular forms and present some transformation formulas which we need to prove our
transformation rule for the crank generating function.

2.1 Basic definitions

Let H := {7 € C|Im(7) > 0} be the upper half-plane and SLy(Z) be the full modular
group consisting of 2 x 2 matrices with integer entries and determinant equal to 1. The
indezr of a subgroup I' is the number of cosets of I' in SLy(Z). For N € N, we further
define:

To(4N) = { (i Z) € SLy(Z)

A (weakly) holomorphic modular form is a holomorphic function on the upper half-plane
H that transforms in certain way under the action of the modular group or some subgroup
of the modular group with finite index. It is holomorphic (meromorphic) at the cusps
of the modular curve. By this curve we mean the quotient of the upper half-plane with
the corresponding transformation group. One could postulate that it transforms again to
itself, but this condition is too restrictive to obtain interesting general results, so one allows
certain correction factors that make the space of all such forms into a finite dimensional
C-vector space. Before starting with the formal definitions we want to define certain slash
operators. Therefore we need some notation. For d an odd integer we define (g) to be
the usual Jacobi symbol. For d a negative odd integer, we define

¢c=0 (mod 4N)}.

(ﬁ) ifd < 0and e > 0,

c [
<C_i) o _<ITCII> ifd <Oandc < 0.
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We further define
1 ifd=1 (mod 4),
g4 1=
T )i ifd=3 (mod4).

A Dirichlet character modulo 4N is a function x : (Z/4NZ)* — C* such that

x(zy) = x(z)x(y)-

Let f be a complex-valued function on the upper half-plane, A\ be any integer and define

—2X—1 1 b
F)ga A = (5) e (o +d)y N f (Z:[d) VA = (i Z) € To(4N). (2.1)

We take the principal branch of the square root. For charcters x modulo 4N we can now
give the definition of a half-integral weight modular form.

Definition 2.1 (Modular form of half-integral weight). A (weakly) modular form of half-
integral weight \ + % with Nebentypus x is a function f : H — C with the following
properties:

1. f is holomorphic on the upper half-plane.
2. f|/\+%A = x(d)f for all A € I'4(4N).
3. fis (meromorphic) holomorphic at the cusps.
If in addition f vanishes at all the cusps, then we say that f is a cusp form.

Next we want to define a modular form of integral weight. Therefore let g be a
complex-valued function on the upper half-plane, let k£ be any integer and define

g(P)RA = (cr + d) g (Z:j_;) WA = (‘CL Z) € SLa(Z). (2.2)

Now we can give the following definition

Definition 2.2 (Modular form of integral weight). A (weakly) holomorphic modular form
g with multiplier € : Z* — C is a function ¢ : H — C with the following properties:

1. ¢ is holomorphic on the upper half-plane.

2. g|lrA=c¢€(a,b,c,d)g for all A € SLy(Z), where |e(a,b,c,d)| =1 is called a multiplier
system.

3. g is (meromorphic) holomorphic at the cusps.
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If in addition g vanishes at all the cusps, then we say that ¢ is a cusp form.

Remark 2.3. It is possible to also allow (in condition 2 of both definitions) transforma-
tions coming from other finite index subgroups of the modular group or I'g(4N). That
means that condition 2 is only fulfilled for elements of a subgroup and not for all elements
of the modular group (resp. I'((4N)). For every subgroup with finite index we have f
f(r+m) = f(r) for some m € N, because for every group I' with [SLy(Z) : T'] < oo we
have some (é ”f) € I'. So it is possible to expand f in a Fourier series:

o0 o0
2minT n . omiT
f(r) = E ape m = E anqm, q:=e7.

It is also possible to expand every half-integral weight modular form in a Fourier series.

The space of all modular forms of a fixed weight is denoted by M, where k is even,
since for k£ odd all modular forms vanish identically, due to the transformation rule for
modular forms. Strictly speaking this is only true for certain finite index subgroups and
the full modular group. The space of all cusp forms is denoted by Sj. From the Fourier
expansions (also called g¢-series) at every cusp of the transformation group it is easy to
see, if a weakly holomorphic modular form g(7) is modular or even a cusp form. In order
to be modular the Fourier coefficients of g(7) have to vanish for negative n and to be a
cusp form the extra condition ay = 0 should hold at every cusp. Note that SLy(Z) has
only one cusp. Similar definitions can be made for the half-integral case.

Theorem 2.4. Let MA+§ (To(4N), x) be the vector space of weight A + % modular forms.
Then we have:

dimg M, 1 ([o(4N), x) < o0
PROOF. See [16] Theorem 1.56. The right hand side of the equation is finite. O

The importance of this theorem can not be stressed enough. Let d be the dimension of
a certain space of modular forms. If there are d + 1 modular forms which are elements of
this space, then we know that there are linear relations between these functions, because
of the vector space structure. That also implies relations among their Fourier coefficients
which might be highly non-trivial by direct computations. Next we want to present
some examples of modular forms to demonstrate the interplay of arithmetic functions
and modular forms. Very important examples are the Eisenstein series:

Example 2.5 (Eisenstein series). First of all, we define series and show that we can gain
arithmetic information from their Fourier coefficients.
Let k > 2 be an integer, 7 € H and

1 1
Gr(T) =5 Z o T

m,ne’
(m.n)#(0,0)
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We call Gy, the Eisenstein series of weight k. The following theorem explains the signifi-
cance of these series.

Theorem 2.6. Let q := e2™". Then we have the following facts:

(i) The FEisenstein series converge absolutely on the upper half-plane and are there an-
alytic functions.

(i1) The Eisenstein series are modular forms.
(i1i) We have:

% =Y o) (2:3)

where By, are the Bernoulli numbers, oy_1(n) is the divisor function.
(iv) For k =2 we define

Go(T) = Bym? — Z 47’0y (n)q"
n=1

. Then the so-called Fisenstein series of weight 2 obeys the following equation:

ar +b\ 9 ,
Go (c¢+d> = (c7 + d)*Go(1) — mic(er + d).

PROOF. See [9] (Chapter 1, Proposition 5 and Proposition 6). O

Thus, the Fourier coefficients of the Eisenstein series encode the divisor functions for
different weight, giving an example of a modular form having arithmetic information
coming from the Fourier expansion at a cusp.

Example 2.7 (discriminant function). We introduce the discriminant function, which is
related to Dedekind’s n-function. Define g := 2™ and

oo

n(r) =gz [](1-¢")

n=1

A(r) =q [J(1 = ¢)* = n(r)*.

We show that this is a cusp form of weight 12 on the full modular group, giving a hint
that the function n(7) is a modular form of weight %, with a certain multiplier system
that is a 24-th root of unity.
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Lemma 2.8. The discriminant function A (7) is a cusp form of weight 12 on the full
modular group.

PRrOOF. From the product expansion it is clear that A (7) # 0. So we can look at the
logarithmic derivative of the function and it is possible to deduce [9]:

1 d
%EIOgA (T) = E2 (T)

From the transformation rule of Fj it is possible to see that (Alj2A)(7) = C(N)A(7).
Evaluating the constant C'(A) on the generators of Sly(Z) shows that the constant is equal
to one and this is sufficient because C' : SLy(Z) — C* is a homomorphism. By the
dimension formula we see that A(7) is a linear combination of Gg(7)? and Gy(7)3. Tt is
obvious that the g-expansion of the function A(7) starts with ¢ and hence is a cusp form.
This finishes the proof. O

Example 2.9 (Jacobi ¥-function). The Jacobi theta function is defined in the following
way:
D7) = > g v uts),
verZ+1

Here 7 € H and u € C. We say that 7 is the modular variable and w is the elliptic variable.
Such a function obeys a modular transformation property and an elliptic transformation
property. Functions of this type are called Jacobi forms (there are more restrictions, but
that is not important here), which were introduced in [11]. One easy observation will be
important later on.

Lemma 2.10. Let B be a positive integer: Then the Jacobi theta function obeys the
following equation:

9 (u+ Br;7) = (—1)Be mB2mibuy (4, 1)
ProoOF. The proof is done by induction. For B = 1 we see by the definition of 9} that
O (u+7;7) = —e ™TEY (u;T)

Now assuming that the formula is true for B we can proceed by firstly using the formula
for B:

Y(u+ (B+1)1;7)=9(u+7+ Br;7) = (—l)Be_”BQT_%iB(“”)ﬁ (u+7;7).
We now use the formula for B = 1 to obtain
9 (U + (B + 1)7_, 7_) :<_1)B+1€—7riB27'—27riB(T+u)—ﬂ'i‘r—?ﬂ'iqu(u; 7_)

:<_ 1)B+1€—7ri(B+1)2—27ri(B+1)ﬁ(u; 0)

by completing the square. Thus, the formula is true for B + 1 and so by induction for
every B € N. O
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2.2 Transformation formulas for n» and v

One key step in the proof of Theorem 1.1 is to deduce the transformation law for the
crank generating function under the action of the modular group. One way is to show
that the crank generating function is proportional to the quotient of the square of the
n-function and Jacobi’s ¥-function. Therefore we need the transformation laws of these
two functions to deduce the transformation properties of the crank. We skip the proof of
the transformation formula for 7 and refer to [15] and [4] for the details. We introduce
the needed quantities to state the transformation rule. Therefore define

g3

X(h, k) =i 3w, fe e (), (2.4)

Here K’ is a solution to hh' = —1 (mod k) and
whi := exp (mis (h, k)), (2.5)
where the Dedekind sums s(h, k) are explicitly given by
_ PV ( (P
wr= 3 (D)((F))
1 (mod k)
In the above, the saw tooth function is defined by
v—|z] -3 ifzeR\Z,
((z)) = _
0 if v €Z.

Theorem 2.11. For z € C with Re(z) > 0 we have

h+iz \ﬁ B+t
=/—-x(h,h k z
77( k: ) ZX(? ) )7]( k: )

where we take the principal branch of the square root. Moreover, n is a modular form of
weight % with multiplier system.

Next we want to give an important definition that makes notation much easier.

Definition 2.12. The ¢-Pochhammer symbol is given for n € N U {oo} by:

|
—

n

(@)n == (a,q)n == || (1 —aq’)

i

Il
o

Now we can also state the transformation formula for the Jacobi J-function. For
completeness, we give the following theorem ([21] Prop 1.3 and [8]);
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Theorem 2.13. Define x := €*™ and q := e®>™ where w € C and 7 € H. Let h,k be
coprime integer with h' like above. Then ¥ satisfies:

1.

2.

Y w+1;7) = = (w; 7).
Hw+7;7) = —e ™72 (w; T),

Up to a multiplicative constant, w — ¥ (w;T) is the unique holomorphic function
satisfying (1), (2).

C(—w;T) = =9 (w; 7).

The zeros of ¥ are the points w = nt + m, with m,n € Z. These are all simple
zeros.

P
0 (2 —1) = —iv/=ire™ I(ws ),
(Jacobi triple product identity) d(w;T) = —2 sin(mu)qé(Q)m(OCQ)m(x_l@OO'

If Re(z) > 0, then ¥ (w; 242) = X?’\/gejkfﬁ (%7 h'z%) .




Chapter 3

Partitions

3.1 Basic definitions

In the next section we define partitions and we state the Rademacher formula.

Definition 3.1 (Partitions). A partition of an non-negative integer n is a finite series of
non-increasing positive integers \; with ¢ € {1,...,k}, such that Zle A; = n. Obviously,
such a partition is not unique.

Example 3.2. It is easy to see that the number 3 has three different partitions, which
are 3,2+ 1land 1+ 1+ 1.

After this example we want to ask for the number of partitions of every positive integer.
We are hence interested in the following definition.

Definition 3.3 (Partition function). Let n be a non-negative integer and (\;),_; , a
partition of n. Then we let p(n) denote the number of partitions of n. By convention,

p(0) := 1.

From Example 3.2, we can see that we have p(3) = 3. It is easy to see that p(n) is
strictly increasing and that p(n) increases rapidly. So it is interesting to see, if there is any
closed expression to deduce the value of p(n). To compute p(n) we define the partition
generating function by

P(q) ==Y p(n)q",

It is possible to show (using |g| < 1):
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So the generating function is almost a modular form and we may use the transformation
rule of 7(7) to get a transformation rule of the generating function. Before stating the
theorem, we give the following definition.

Definition 3.4. Let h, k be positive integers and wy, j, be the exponentials of Dedekind
sums defined in Chapter 2.2. We then call the following function

Ak(n) = Z whjke%ihn

0<h<k
(h,k)=1

a Kloostermann sum.
Now we can state the famous Rademacher expansion:

Theorem 3.5 (Rademacher). Let n be a positive integer. The following equality is true:

| g [sinh (52 (=)
p(n) E;Ak(n) kd_ n—ﬁ

21 j§i14kow]3 (ﬂxAZE?tTT).

(2n—1)i = k2
where I () is the Bessel function of order 3.

Remark 3.6. The Rademacher formula is astonishing since the left hand side of the
equation is an arithmetical function while the right hand side is an analytic expression
containing 7, square root, Kloostermann sums and Bessel function. However, the impor-
tance of the proof does not only rely on the fact that it is one of the biggest achievements
in analytic number theory and forms a link between analytic and arithmetic expressions.
The theorem is also important because it explains one of the most important techniques
in analytic number theory, namely the Circle Method. The Circle Method is a way to
obtain statements about Fourier coefficients that encode a generating function which also
encodes arithmetical information and will be used later on. We skip the proof of the
Rademacher formula and refer for more details to [15] and [4].
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3.2 Congruences of p(n), Crank, Rank

The partition function has an interesting congruence property that was observed by Ra-
manujan [18]. He calculated many values of p(n) and saw that there are certain patterns
if the values are sorted in the appropriate ways. More precisely, he noticed:

Theorem 3.7 (Ramanujan). For every n € Ny we have

p(bn+4) =0 (mod b5),
p(Tn+5) =0 (mod 7),
p(1ln+6) =0 (mod 11).

The first proof of this statement excludes the results for the modulus 11. Ramanujan
used some complicated manipulations to show that the generating function for p(5n + 4)
(resp. p(7Tn + b)) is a g-series with integer coefficients times 5 (resp. 7) [19]. This tells
us that the reduction modulo 5 (resp. 7) is zero. However this yields no combinatorial
proof. In order to obtain a combinatorial proof, Dyson [10] conjectured that there is a
certain partition statistic, a function that gives a value to every partition, explaining the
Ramanujan congruences. Unfortunately, the so-called rank which was conjectured to be
the right function could not explain the congruences for the modulus 11. That was the
reason Dyson conjectured that there should be yet another statistic, which he called the
crank, that simultaneously explains the Ramanujan congruences for all moduli 5,7 and
11. We now give the combinatorial definitions of the crank and rank before we investigate
their generating functions. Before continuing we fix notation. We mean by \; the largest
part of a partition, o(A) the number of ones in a partition and by p(\) the number of
parts larger than o(\).

Definition 3.8. The rank of a partition A = (X\;)icq1,..k} is defined as:
rank A := \; — k.

As an example, we show how the rank explains the Ramanujan congruence for the
modulus 5 in the case of partitions of 4.

Partition Rank Rank mod 5
4 4—-1=3 3
3+1 3—2=1 1
242 0 0
14142 -1 4
1+414+1+1 -3 2

We denote the number of partitions of a number n with rank m by N(m,n) and the
number of partitions of a number n with rank congruent to @ modulo ¢ by N(a,c,n).
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With this numbers we can define the rank generating function as
R(x;q) == Z Z N(m,n)q"z™.
meZ n>0

Next we define the crank.

A if o(A\) =0,
w(A) —o(A) if o(A) #0.

As an example, we show how the crank explains the Ramanujan congruence for the
modulus 11 in the case of partitions of 6.

crank \ := {

Partition Crank Crank mod 11
6 6 6
5+ 1 1-1=0 0
442 4 4
343 3 3
4+1+1 1-2=-1 10
3+2+1 2—1=1 1
24+2+1+4+1 0—-2=-2 9
24+1+14+141 0—4=-4 7
1+14+1+14+1+1 0—-6=-6 5
24242 2 2
3+1+4+1+1 0—-3=-3 8

We denote the number of partitions of a number n with crank m by M (m,n) and the
number of partitions of a number n with crank congruent to a modulo ¢ by M (a,c,n).
We define further the crank generating function by summing over all possible partitions
and over all possible cranks. To do so, we have to redefine the following crank values of
the partition of 1 and the empty partition. We hence set:

M(=1,1) = M(0,0) = M(1,1) =1, M(0,1) = =1, M(m,1) =0 Vm,|m| > 2.

Hence the crank generating function is

C(x;q) = Z Z M(m,n)q"z™.

meZ n>0

This is the important technique that allows to translate arithmetical and combinatorial
problems into the world of analytic methods, because this function admits certain trans-
formations if we make Mobius transformations on the variable ¢q. To see this behavior,
we show that this function has another representation that is useful for the analytic ma-
chinery.
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3.3 Generating functions of partitions statistics

It is more useful to work with the generating functions of the crank and the rank than
with the combinatorial definitions. Next we show:

Theorem 3.10 (Andrews-Garvan). The generating function of the crank has the following
two variable g-series expansion [3], [12]:
n(n+1)

l—o~(=D)"g 2
ZZMnmx q" = (q)ooz e (3.1)

meZ n=0 ne”

PRroOF. Firstly, we define N, (m,n) to be the coefficients of the generating function

N mon_ (Do
2 2 Nl = oy

7)o

2

m,n)z"g" = (@) _ 1-q (659
2 D Nl ma " = s = o (0

(2;q)j-1(z¢7 ) oo

In the second step we used the Fine identity (see [2], p. 7). Now using techniques of [2]
it is possible to relate the first summand to the partitions with no 1 and the exponent
of x counting the largest part A\; and for j > 0 the second summand generates partitions
with o(A) = j and with the exponent of x equal to u(A) — o(A). To complete the proof,
we have to show the following identity:

(Q)oo _ 1—2 Z (_1)nqn(n2+1)
(@)oo (t7'q)00 (@)oo 21— 24"
This can be deduced directly from Lemma 3.1 of [14] using hypergeometric series. O]

For completeness, we now quote the analog of this result for the rank.

Theorem 3.11. The generating function of the rank has the following two variable q-
series expansion [10]
n(3n+1)
1— 1
=YY Nmang - Y S
(Q)oo 1 - $q

meZ n>0 nez
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Remark 3.12. It is impressive to see that the rank and crank generating function are
related. In the next chapter we will see that although they have the same shape and are
motivated by the same fact, it will become clear that in the world of modular forms they
are completely different objects.



Chapter 4

Asymptotic formula for crank
differences

4.1 Transformation of the crank generating function

In this section, we prove how the crank generating function transforms under the ac-
tion of SLy(Z). As noted above, we only need the transformation formulas of 7 and 9.
Throughout, let z € C with Re(z) > 0 and 0 < h < k with (h, k) = 1. Let z = ¢*™®
and ¢ = e~ *™*. Let I/ be a solution to the congruence hh’ = —1 (mod k) if k is odd and
let A’ be a solution to the congruence hh' = —1 (mod 2k) if k is even. Let 0 < | < ¢y,
be the unique solution to | = ak; (mod ¢;), where k; := (,CLC) and ¢, := ﬁ Finally let
0 < a < ¢ be coprime integers with ¢ odd.

Remark 4.1. Firstly, we want to explain why it is possible to deduce the transformation
properties of the crank generating functions with the transformation formulas of 77 and 4.
Therefore we use (3.1):

(4)%

(7¢) oo (T )0 (@)oo
The Jacobi theta function obeys the Jacobi triple product identity (see Theorem 2.13)

C(x;q) =

Hu;iz) = —2 sin(ﬂu)q%(q)oo(xq)oo(x_lq)oo,
and the Dedekind n-function can be expressed in the following way
n(i2) = 4%1(q)oc-

Plugging in the n? and the Jacobi tripel product identity we arrive at:

Y —2sin(mu)qzin?(iz)
2miu, 2z — ) 41
¢ (e € ) I(u; iz (1)
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From this we notice that it is sufficient to know the transformation properties of 1 and
9. Using these transformation formulas and properties of the Jacobi ¢ function to shift
arguments we obtain:

h+)

Proposition 4.2. We define ¢, := Pl Then the following is true:

(1) For ¢ | k we have

ma

C<62”j“.e%(h+iz)>_ isin (%) _
, -

1 . h
22 sin (“‘2 )
: /
x C (em:h ;e%(hur )> .
(2) For ¢ 1k we have
, F (T _q\akHAL 2 i
Gl ) i e

z2

where the function C(a, b, ¢; q) is defined as follows
00 mia  m(m+1)

1 Z(_l)me e q 2 +a i )™e e m(7721.+1) =
2(q)oo 1—6 2mia +§ 27ia mib

m=0 Cq m=1 1_€Cq ¢

PRrROOF. (1). Using Theorem 2.11 and Theorem 2.13, we obtain

C<e2ﬂiu.e%(h+iz)) :_QSin(ﬂu)iwhkeﬁ(h’fh)el2k(h+zz) n ( (h/ Z)) 6#
| ER T

where the wy,;, were defined in (2.5). We now assume that ¢ | k, define A := % € Z and
write u = 2. First of all we replace n* in the numerator by rewriting (4.1) such that it is
possible to identify the crank at two different positions in H x C:

¢ (e%i%?e%(hﬂ'ﬂ) B ’—Sm(w_ca) wh e 12 S <6th/;e%(h'+ )>
s1n(%)
ah/ .1 (pr 4 @
X 19(; 1k (h/ +lz)) (42>

The fraction of theta functions can be simplified by noting that the elliptic variable of the
numerator function can be seen as a shift of the elliptic variable of denominator function
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by A -7 where 7 is the modular variable defined as 7 :=
the quotient of ¥-functions:

D IW +4) D AW +E) o= A 1)+ )
)

#(W'+1). This allows to simplify

c 'k z

I +2) = E( ) I (0 + 1)
. 19<_i_i,%<h/ 7')) N ak _ﬁ(%(hl-‘rl))—‘,—L‘;k
- a. 1 / 7 ( 1)Ce ¢ z zc
19( zc’k(h _))

mia2kh! wa?k _27ra2k
= (—1)ak+16_ c2 e 2c2 € zc2 .

Inserting this expression into the equation (4.2) yields the transformation formula for the
case ¢ | k.

(2). The case ct k is more difficult, because in general we have “ ¢ Z. Again using the
transformation rules of ¥ and 7, we obtain:

wia  2mi (g 2sin(mu)i wi i (2 (R4 21))  awa?
C < 2 - 7 2 (th’LZ)) [ (h +7’Z) k - zc2 . 43
e e ek — W, €126 19(Z—a Iy 1))6 (4.3)

Since we defined [ to be the solution to the congruence condition | = ak; (mod ¢;) by
definition it is clear that B := &= “1”“ € Z. We may shift the theta function in the elliptic
variable by the modular variable multiplied by B, where the modular variable is given
above. We compute the shifted theta function using Lemma 2.10 and obtain

ﬁ(_ah +LT;T> :19(@4—5 <h'—|—1> ;T)
c c1 zc k z

_r1iB2r —9miBie 1a
— (_1)ak+le miB Te 271'sz€19 (_’7_) )

zC

This is equivalent to the following equation:

' miak)? L cakiNia [ —ah/
9 (ﬂ’7-> — ( 1)ak+l 2 e?wz(lcfl)zeﬁ( ah . LT;T) ‘

zc c c1

Inserting this expression for theta function into (4.3) yields:

2mi %, 27 (hyiz) ) l2
C (6 c,€ k Sm(m) ) - (h/+i) 2 2rilah’ wianlh’ n2 (’7’)
=2 S~ iwp, e 12k =lq, T te e ceq .
(—1)ak+i+1 1 ah )
Y Y + ET; T

[NIES

z

Now replacing the quotient - by the Crank generating function we get:

o C _ 2miah/ 4 2mil it
2mi %, 2% (h+iz) . 2 e c a e
¢ (e © €k sin(7) n (p1_y) T3 amilan _wiaZky 7
(_1)ak+l 23 ) : wah’ Tl
sin (=== + o7

(4.4)
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_27'riah/ 2ims . . .
We define z :=¢~ ¢ '« ', and use the exponential representation of the sine to deduce

C (6—W+2§flt ezm'T) m(mt1)
B TR N i
sin <—%h, + :—IIT) (q1) o0 ( R %> o A i
N ) LT
(@) Z 1 —zq

* mez

Inserting this expression into (4.4), we arrive at

. 12
J —1)ek i+ sin (T4 -1 —52 2milak’ _ miakin’
¢ (627”%36%(]&12)) S 1 & )iWh petsr (771 2) g P T T
22 ’
m(m+1)
2 (=D™q, *
1 — m
()eet™2 5, 1 — 24
. .2
(=) sin (%) Z(1me) 2 2milah! _ wia®kyh'
= T 1Wh €12 qq le a ce
z22
7r'Lah 221“1‘%

% 27 Z (—l)me ¢ qq
2miah/ m+5o— 281
meZ 1—e " ¢ a

1 ak+I1+1 gin (@ . —ZTZZ amilah! _ wia%kyh' le
= (=1) T ( < )zwh k67( l_z)ql e e ae O (ah/, —, q1> .
22 1
This completes the proof of the transformation formula. m

Remark 4.3. It is interesting to see that the transformation formula is similar to the
rank case. The main and important difference is that we have no mock part and that
that the step function s does not appear (see [7]). This reveals the fact that the rank and
the crank generating functions look very similar but have completely different behavior
under the action of the modular group.
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4.2 Circle method and asymptotic formula

In this section we give an asymptotic formula for the coefficients of the crank generating
function. To state the theorem, we have to fix notation and define the following sum for
m,n € Z:
~ ma w mia?ky b/ mi /
Ba ok (TL, m) — (_1)ak+1 sin <_> Z Lh’ .eT T < — e%(ﬂh—i—mh )' (45)
. c sin (&)
h  (mod k)*

c

Here the sum runs over all primitive residue classes modulo k£ and this summation is
denoted by h (mod k)*. For the case ¢t k we define

Da,c,k (m7 n) = <_1)ak+l Z Wh,ke%(nh+mh/), (46)
h (mod k)*

where [ is defined above. Firstly, an important lemma (compare Lemma 3.2 in [7]) is
established that is needed to bound certain terms:

Lemma 4.4. Let n,m,k,D € Z with (D,k) =1, 0 < 01 < 09 < k. Then there are
constants C; and Cy such that:

(1) We have
Z wh7ke%(h”+h/m) < Cp-ged(24n+ 1, k;)% ke, (4.7)
h(modk)*
algDh’§o2
(2) We have
sin (52) Yy e e B R Gt hm) | < 0 ged(24n 4+ 1, k) PR3
ak : wah’ ¢ = 2" ’ '
(—1)er+t o (mod kyx SH (T)
01<Dh <og

(4.8)
The constants Cy and Cy are independent of a and k.

PROOF. In [2] part one is proven and part two follows from part one and the proof of
Lemma 3.2 in [7] after defining ¢ := c if k is odd and ¢ = 2¢ if k is even and checking that

wia?ky b’
_ma mpr . / ~ . . ..
e o sin! (%) only depends on A’ modulo ¢. To show this, we insert an explicit

representative of the equivalence class and show that all of the terms that do not depend
on h' cancel. This establishes Lemma 4.4. O
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In the following theorem, we investigate the main contributions to the Fourier coef-
ficients of the crank generating function using the circle method and the proven trans-
formation formula. In addition, we give a rough bound of the error term. To state the
theorem we need some notation. We define:

2
1 l 1 l 1 oo
—(—+T)—+—<—) + 2 if i =+
i 2 c 2 \c 24 )
ackr T l L . : 2 03 ' . o (49)
E+§(Z> —ﬂ—r<1—a) ifi = —,
and
m’ 1 (—a2k2 + 2lak, — akicy — 12 + leg — 2arkicy + 2le 7") (4.10)
a,c,k,r _20% 1 1 1¢1 1 1€1 1 5 .
1
m_ = (—an‘f + 2laky, — akyc; — 12 + 2c2r — 2lre; + 2ark ey + 2ley + 27 — akzlcl) )

a,c,k,r 26%

Then we have the following theorem.

Theorem 4.5. Let C <627rcm,q> =1+ Zf;lg(%,n) q". If 0 < a < ¢ are co-prime

integers, ¢ 1s odd and n is a positive integer, then we have

C

~ra 4/3i Baer(—n,0) . (7y/2dn =T\  8V3-sin (%)
A( ; ) \/WK;f smh( o >+ NI

clk

<D
1<k<vn

ctk
r>0

Do i(—n,mi \/25 (240 — 1)
a,c.k y a ek, r sinh a,c, 7‘
Vk V/3k

+ O (n).

i
6ack7‘>0

z€{+ }

ProOF. To prove our asymptotic formula for the crank coefficients we use the Hardy-
Ramanujan method(also called Circle Method): By Cauchy’s theorem we have for n > 0

27mia

i(en)- o [ S,

T qn—H

where C'is an arbitrary path inside the unit circle surrounding 0 counterclockwise. Choos-
. 27 . . 27 ; . .
ing a circle with radius e~ and as a parametrisation ¢ = e~ » T2 with 0 < ¢t < 1 gives

1

~/Q 2mia _ 27 : _ :

A(—;n) :/ C(e c e n+2mt> e2r—2mint .
c 0
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We define | .
W), = 0y =

s k ~ )
k(R + k) k(s + k)
where % 1 < B < 2 are adjacent Farey fractions in the Farey sequence of order N := [n'/2].
2
For more on Farey fractions see [4]. We know that
1 1
— <
k+k — N+1

(J=12).

Now we decompose the path of integration along Farey arcs —} , < ® < 9} ,, where

b =t-— E and 0 < h < k < N with (h, k) = 1. From this decomposition of the path we
can rewrite the integral along these arcs:

e
~/Q _ 2mihn ’ -a 27rz 2mnz
A (—;n) = Ze k C (627” (h+”)> e r do,
C _
h,k h.k

where z = % — k®i. We insert our transformation formula into the integral and obtain

ak+1

g a Ta _ wia?k1h!  2rihm
— — k
C,n = ¢sin E hk mh, e c

,&//
h,k 1 27z 27r1ah
X / z 2e k ( )+12sz ( c ’ql) dQ)

;20 1 .
o Ta _mia®h'ky | 2wih’la _ 2mihn
_ 47/ sin (—) E wh,k(_l)ak+le ccq + cep k
C

.k
ctk
,19//
h;k 1 27z _ 1 lC
% / 2Toe k (n 24)+12kzq 1C’ (ah’ —.c (h) dd
0, c1
=: 21 + 22.

To deduce the main contribution of ¥; we note that the principal part of C P ;ql)
in the ¢, variable in the limit z — 0 is 1 and from that it is possible to write

2miah’ 2mih’
C(e c ,q1>—1+2 E a(r,s)e & Mgy
r€N s (mod c)

where m, s takes values in Z and }__ (.4 @(r,s) = p(r) for r > 1. Only the constant
term will contribute to the main term while the other terms will contribute to the error,
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because for large n these terms are suppressed exponentially. So from that the X, part
can be written as:

Y1 =5+ 5.
Here

1"

ak+1 7'rz'a2k K i ﬁhk
1h _ 2mihn ’ _1 27z _ 1 ™
S .ZZSIH( > E hk 7rah e ¢ k / 27 2¢ & (n 24>+12kqu)
h,k -

!
ﬁh,k

clk

and

ak+1

o _wia?k1 k! omihn
= k
Sy : zsm( > g Wh s mh) < e
c|k

N

1"
ﬂh,k _ %J(n_i)_i_L 2min’ r
X 2 ze k 24) " T2kz E E a(r,s)e & Mreqidd.

!
0k

To bound the error term S it is helpful to recall some easy facts:

(i) z = % —1Pk;

(vil) Re(z1) = Re2d > &,
(viii) 0}, + 95 < 725

We split the integral in the following way (this is possible because %1, ky < N ):

Ohok RNTE) BeE=)
/ / ! / W“+/ . (4.11)
,19;% -1

FNTE RN TE) PCIERS)

Then S5 can be rewritten into three sums each sum corresponding to one of the three
integrations (4.11):
So = So1 + Sz + So3.
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For example

ak 1 .
+ 7"'20‘2161’11 _ 2mihn
c k

S91 = isin (7?@) Z Wh.k mh )
c|k

1
R S S

1
E(N+Fk)

q1dP.

Taking the absolute value of this it is possible to bound the term. Before doing that we

define
a(r):== Y la(r,s)],

s (mod ¢)

where the a(r) are exactly p(r) except from some constant term ambiguity. We proceed:

wh k _ 7T7la2k1 B! _ Qﬂ-;'chn + 2mimy s n!

|Sa1| < ZZ Z ‘ (—=1)*+ sin <7r_ca) ; me : P

r=1 c|lk s (mod c)

1
101 k(N+k) 2 1
X k~an3 o7 (n=31)+ 5 o7

1
T kE(NFEK)

_ 7ria2k1 n! _ 27ihn + 2mime s n'

< io: Z |Cl(7“, S)| ‘( 1)ak+1 sin (Wca> Z Sl;()%h)e c k Iz

1
L E(N+E)
X k~inzeX e 7"’/ dd
1

T k(NTE)

Using Lemma 4.4 (2) we may bound this by

O}j}j > ™ (24n — 1,k)2 n

(mod ¢)

= CZ |a(r>|e—m"2k e (24n — 1,k)7 < O Zk‘““s (24n — 1, k)
r=1
§C1Z/€1+€Zd2<clzdzz )1+5

dizin1  k<N/d

1.1 1
kiR

M\H
m\»—-

SIS

k<N d|k
d|24n—1
_1 — _1
< Cl E d 2 E k 1N€ < Can E d 2 < ang.
d|24n—1 k<N/d d|24n—1
d<N - d<N

where C1,Cy and C3 are constants. We conclude that So; = O(n®). Sy and Spz are
bounded in the same way and so we just consider Ss;. We can rewrite the integral in the
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following way

1 N+k-1 ,__1
E(N+Fk) Z k(e+1) (4 12)
1 N — _1 ' .
k(ky+k) l=k1+k ke

Plugging in this splitting of the integral we obtain the bound

S NESD r—wem
g _1 27 27rz 1
|SQQ| < E E E a(r, S) E / z quel%z+ (” 24)d(1)
1
r=0 c|k s (mod c) =k +k" K
Ta whk _7ria2k1h/ _ 2mihn 27TimT,sh/
( 1)ak+lsm< > g Te c ek e &k = A.
c sin (T4 )

We use the condition N < k + 1%1 < ¢ and so we can rearrange the summation from

N+k—1 N+k—1 .
iy i TO > r—n41, but we also have to rewrite the sum over h to count all the terms

that contribute:

N+E—-1
k(2+1) 1 27 +27rz(n_i>
E E E 7“ S E z 2q el2kz" k 24) P
r=0 clk s (mod c) I=N+1
ma whk _WiU“lehl _ 2mihn 27Timr,sh,
(— 1)ak+1s1n< ) Z — e c ek e Fk ) (4.13)
c sin (™)
N<k+ky<e

Now by the theory of Farey fractions we have

ki=—-h (modk), ky=h (modk), N—k<k <N,

for i = 1,2. This can be seen by [4], Theorem 5.4 where it is proven that adjacent Farey
fractions fulfill some unimodular relations that are equivalent to the above statement. We
see that it is possible to use Lemma 4.4(2) to bound contributions of (4.13) and with that
also Soo. This is done like in the S5, case by using the facts listed above and using the
same bounds. The only difference is that we need to be careful about the bound of the
sum over the different integrals. An easy calculation shows that the following bound can

be obtained:
N+k—1

Z / k(e+1) 2
(=N+1 kv/n
So all the terms can be bounded the same way. Thus, we obtain the same result:

Sgl = O(TLS); SQQ = O(TLE); 523 = O(TLE)
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So ¥ is equal to:

k-l—l 2k o s
Ta a _ mia®k1h’  2xihn hk 1 2wz 1 _m
7 sin ( > E hk c E / 2 2¢ k (n 24)+12kzd(1) _|_O(na)

ﬂah/ ,
_ﬂh,k

Next we want to analyze S;. Therefore we use a similar trick like (4.12) to split the

integral:
9 L _ 1_ 1
h,k kN k(k+kq) kN
_1 1

_ 1
kN KN k(k+hg)

and denote by Si1, S12, S13 the corresponding sums. It is possible to show that S5 and
Si3 contribute to the error term. We begin with Sj5. Similar to the analysis of the error
terms of Sy we write for the integral:

[

kN

k+k1 1

Z / k(£+1)

Plugging into S5 gives:

kt+ki1—1 .
gy k(“‘l) 1 27z 1 Sin (M) Wh.E 7ria2h/k1 onhn
Sio = 2T reRa TR (n _24)d(1) c ’ e
22 (o 2 i () -
clk {=N - h c

Now due to the condition El < N we have that ¢ < k —{—El —1 < N+ k — 1 which restricts
the summation over h. We can now bound S}, by summing over more integrals:

k+N—

\512| <Z Z / WH) 27;€z+222(” 24) dd
ok =N “Y—m
7ria2 / Thn
X [sin <H> (—1)ek+1 Z %e’ P = 0(nf),
c ; sin (#4%)

<k4+k;—1<N—k—1

using again Lemma 4.4 and the facts listed at the beginning of the proof. In the next
step we detect the main contributions from the second sum 5 in the Circle Method. We
rewrite X5 in such a way that it is easy to see if certain terms contribute to the main part
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using geometric series, which is possible because |q;| < 1:

m2+m l m +7n l
. m _ miah/ 2 +E m wiah! T2 T 2¢
C hl le . _ t (_1) € c 4 ( 1) € ¢ {4
@ ’ 6_17 c’ Q1 - 2((]1)00 2mwiah’ m“l‘ci - 2mwiah’ m_ci
m=0 1—e "¢ ¢ 1 m=1 1—e ¢ a 1
; o o m L Tl
_ 1 (_1)m Z - Truclh _ 271'7,7;(1h q12 (m+1)+2(:1 +rm+ o
2
(QI)OO m—0 —0
miah! | 2miarh’  B(mA1)— 5 4rm—It
— E (_1)m e ¢ + q; ! ).
m=1 r=0

From this expression and the following explanation it is possible to see that we can write

2
7r7,a2h k1 o2rik!la 7l2 2mim n!
RS R + 2¢ r s
e ccq ccy 12kz Ll C’ ah/ E E r S e q; (414)

r>rg s (mod c)

We next explain that m, s € Z and ry is possibly negative. The part with negative r
contributes to the main part. We rewrite (4.14) further by using 1/(¢1)ee = 1 + O(q1)
inside of C(ah’, %, ¢;q;). So, the main contribution of

) ey ?

12

wia®h’ k1 | 2wik/la s lc
- +
e ccq ccy 12kz q C (ah/’ 0_7 C; Q1)
1

comes from the following expression:

2
. —1
/3 Tia h k1 +27-mh la+ T 2 %(m—i—l)i%ﬂﬂ”mi% :F7riah/ :':27riah,r

ke e e 2Rz g1 (—1)"g, “ AeFTF T (4.15)

From this is possible to split the expression into the roots of unity and to the part that
depends on the variable z. The roots of unity look like:

(27rz'h’( a’kik lak 1P rl _kra m(m+1) 1 ak))
exp — + — — .

— — —+7rm + + —
k 2ccy ccp 203 cy ™ c 2 2¢y ™ 2c
Rewriting the expression in the second bracket, using the congruence condition | = ak;
(mod ¢), I> + [ is always even and rearranging the sum it is possible to show that the

2mwih/my
k

The interesting part happens for exp (%T), where T is defined in the following way:

contribution of the roots of unity looks like exp ( ) where m, 5 is a sequence in Z.

l2+1 2 zl (m+1) l
D 'r’m:Fr m(m :FCI.
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This part contributes to the circle method exactly if T" > 0 which is equivalent to —7T" < 0.
Firstly we treat the case with the plus sign in (4.15). By multiplying by (-1) and assuming
m > 0 it is possible to show

l2

1 [ l 1
T =———+42 2r— 1 —>—-1—-—+4+2+1>1>0.
2 12—1— rm + TCl—i-m(m—f- )+cl 12+ +

So, —T" > 0 and this gives for all r no contribution to the Circle Method. For m = 0
define r to be a solution to the following inequality:
I 1

) {
SRS ML)
c? 12+ rcl+cl

This is equivalent to 7" > 0 and so this contributes to the main part in the Circle Method.
Now choosing the minus sign in the equation (4.15) that becomes

2?1 l l

T——" — form—2t -
2 12+ rm T01+m(m+ ) .

Assuming that m > 2, it is possible to show that —7 > 3 > 0 and this gives no contribu-
tion. For m =1 we define f : [0,1] — R by

f(z):= —xZ—x(1—|—27“)—i+2+2r.

12
Calculating the maximum and computing the values of the function we see that on the
boundary the function is negative, i.e., f(1) = —1—12 < 0. Thus this contributes to the

main part in the Circle Method. So there are two contributions coming from each of the
two terms of C(al/, i—f, ¢;q1). The first one comes from the first sum, if m = 0, and this
contributes with

2
. ) =1 l
) _7T1(L2hl]€1 Qwih'lu_ﬂih/a+ s 202 +2c -

2mih/ar o
56 ccq + ccq c 12kz q 1 1 E ei%qlcl’

>0

5F >0
+ 241 L ibuti
where o, ., . = 22 T 31 (r+1/2)_-. The second contribution comes from the second

sum, if m = 1, and this contributes with

-2
*Triajch/kl+27rciél/la+7r“cl/a+127;€Z ﬁ‘i’m‘i’l omih! ar T(l_é)
e 1 1 ql E e c ql s
>0
8 e k>0
- 2 23 _ 1 L i
where 0, ;. = 22 21 (1 Cl) + 5.~ Thus we have for the leading order of Xy the

following expression:

19//
Ta 2mi i hk 1 2 1 27 <4
2 Sin (—) E (—]_)ak—H E Wh ke%(inh+m;,c,k,rh/) 27 2¢ 7I:Z (niﬂ)+7£6;,c,k,rd¢'
C ’ _!
)T h h,k
ctk
ie{—,+}
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Now it is possible to rewrite the sum over £ into the sum where the k’s have the same values

for ¢; and I and thus the 6, ., . are constant in each class and the condition 4}, . > 0

is independent of k in each class. Moreover it is clear as ¢; and [ are finite numbers and

for arbitrary large r there do not exist any solutions to d; ., > 0, so that there are only

finitely many solution to the inequality. That means it is possible to split the sum over r

into positive §° _, . which by the above argument is a finite sum and into negative &’ ., .,

where the part with negative 53767,97,” contributes to the error. By symmetrizing the integral

and now using Lemma 4.4 (1) it is possible to bound all the terms exactly the same way
we did for Xy:

S, = 2sin (l“) S ()Y e 1)
C b
h

k,r
ctk
i
§a,c,k,r>0

ie{—,+}

X /kN z_%e%TZ("fi)Jr%é;cvkvrd(I)+O(n5).
“EN

Another way to argue is to plug in the expansion (4.14) directly and split the sum over
r into positive and non-positive powers. Then by our analysis above we see that the
coefficients of the expansion do not depend on a and k, because the roots of unity are all
expressions in [/c¢;. So we can bound all the terms with k& by using Lemma 4.4 and as
the b(r, s) grow exactly like the partition function with r and so smaller than exp(—5;>)
the product of theses two quantities can also be bounded by a constant. So at the end
we have

kN 21z

Y9 = 25sin <E> Z DmC,k(—n,mi’C’k’r)/ e () T ek 4 + O(nf)
k,r

c 1
c);k N
6Z,c,k,r>0
i€{+, -}
(4.16)
and by the analysis before
5
£, =0 Buei(—n,0) / vm3e % (7 a) Y EE 4O + O(nf). (4.17)
1
clk kN

To finish the proof we have to evaluate integrals of the following form:
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We introduce the circle through the complex conjugated points k/n4i/N which is tangent
to the imaginary axis at 0 and denote this circle by r. Writing a complex number on the

circle by z = x + iy we have as a circle equation 2? + 3% = ax with a = k + - On the

smaller arc that is the arc going from the two complex conjugated points through Zero we
clearly have Re(z) < £, Re(2™') < k and 2 > o > 1. From evaluating the integral on

the smaller arc we get that the integral is bounded by O(n’%)l. So it possible to change
the path of integration to the larger arc because we have no singularities enclosed by the
larger arc anymore. So by Cauchys Theorem we obtain:

Iy = /2_562;(’3(”_214)%)(12 + O(n_é).
r

Transforming the circle to a straight line by s = 27”” gives:

o (2mt\Y? 1 [t
J—— (1) 1 / shetds 40 (7)),
k k 27 Sy

100

where vy € R and § = 3725(2471 — 1). By the Hankel integral formula [7] we get
Iy = —4\/§ sinh —2t(24n ) u +0 (n’%) .
k(24n — 1) 3 k

Now at the end we have

. Ta ; kN1 2wz, 1\, 2m
Yo+ 21 = 2sin (—) E Da,c,k (—n, mflckr) / 2 2¢e k (n )+kz5ackrdq)
& o _
ctk

i
6ackr>0

i€{+,—}

jg % 1 TZ T
1Y Buan (n.0) [ SO e 1 o)

1
clk EN

finishing the proof of Theorem 4.5 after inserting the expressions for Ij ;. [

Now let M(a,c;n) be the number of partitions of n with crank equal to a modulo c.
From the Theorem 4.5 it is now easy to give asymptotics for the functions M(a, c;n):

lwe will make this statement more precise in the next section, see (4.24)
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Corollary 4.6. Let 0 < a < ¢ with ¢ and odd integer. Then we have:

(5

M(a,c;n) = sz

—aj 4\/_Z ]ck: .
+E;gc ( Z sinh (-v/24n — 1)

v 24n —

+ 8\/§Sin (%) Z D]'»CJ‘C( n, mgckr) sinh 25;ckr(24n - 1) E
Van—1 4~ NG 3 k

ctk

5 >0
J.c .k,
ic{+,—}

+ O(n%).
PrOOF. The proof follows easily from the following identity:

ZMacn Zp n)q" + - ZC “aC( (4.18)

Plugging in the coefficients for C(¢/; q), the Rademacher formula and comparing termwise
in the g-expansion shows the corollary. To prove (4.18) we notice that for the right hand
side of (4.18) the following holds

00 c—1
P GO T B 3 MG
n= i= i

(mod ¢) n>0 meZ

%ZZM(WH) S g

n>0 meZ j (mod ¢)

where the first term on the left hand side of the first equation corresponds to the case
J = 0 on the right hand side. Using the orthogonality of the roots of unity

Z (i — 0 r#0 (mod c),
i (e d) © le r=0 (modec),
we obtain

00 c—1
%ZP(%)CI”L%ZCJ‘”C( La=>, Y, M@mn)q"
n=0 j=1

n>0 meZ
~ m=a (mod c)

= M(a,c;n)q",

n>0

and this finishes the proof of (4.18). O
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4.3 Inequalities of crank differences

Now we can prove our Theorem 1.1 by bounding all the error terms that occur in the
circle method explicitly. To aid the reader, we repeat the statement.

Theorem 4.7. Let M(j,c;n) be the number of partitions of n with crank congruent to
7 modulo c. Let 0 < a < b < % and let ¢ > 11 be an odd integer, then we have for
n > Ngpe, where Ny 15 an explicit constant, the inequality:

M(a,c;n) > M(b,c;n).

We use Theorem 4.5, with a change of variables that does not effect the theorem. For
completeness we repeat the needed quantities. If ¢ 1 k we redefine 0 < [ < ¢ to be the
unique solution to the congruence | = jk (mod ¢) and let h, k be coprime integers. Define
h' by hh' = —1(mod k) if k is odd and by hh' = —1 (mod 2k) if k is even. Let wyy be
the multiplier occurring in the transformation law of the partition function p(n) which
satisfies |wp x| = 1, see (2.5). We make a technical assumption throughout the proof, that
¢ is prime. The bounds for ¢ non-prime would differ slightly, but for simplicity we restrict
to that case. Moreover, we have, for n, m € Z, the following sums of Kloosterman type

~ . ] rii2n! i
Breatnm) = (-1psetsin () 30 S et
€7 1 (mod kS (%)
if c|k, and |
Dj,c,k(n,m) = (—1)jk+l Z Wh ke - e%(nhﬂnh’)_
h  (mod k)*

Here the sums run through all primitive residue classes modulo k. Moreover, for ¢ 1 k, let

; _{ ~Gr)irs () g =

Jekr T 2 o
L3 -F-r(-) i

and
%(—j2k2+21jk—jkc—l2—|—lc—2j7"kc+2lcr) if 1 =+,
Mjepr =\ 5 (—52k? + 25k — jke — 12 + 2c%r if i = —.

—2lre + 2jrke + 2le + 2¢* — jke)

Note that due to the redefinition the quantities have changed. So now we can give the
Proof of Theorem 4.7.

Proor. Firstly, we define

pi(a,b,c) i= (Cos (2”’0@ ) ~ cos (Qf’j )) |
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It is possible to write the crank differences as (see (4.18))

> (M(a,¢;n) = M(b,c;n)) q" = %ij(a,b, )C (¢l5a), (4.19)

n

where we defined ¢, = e". We deduce the asymptotic behavior of (4.19) using Theorem
4.5. So we insert Theorem 4.5 into the equation (4.19) and get directly

c—1
2

M(a,c;n) — M(b,c;n) = Z Sj(a,b,c;n) + Z T;(a, b,c;n) 4+ O (n°) (4.20)

j=1 ie{—,+}

where we have

Sj (CL, ba G n) =P ( 8\/—Z Z ] - k ) sinh (—ﬂ-\/m

S o (4.21)
24n - 1<k<f 6k )

clk

16v/3 - sin (%)
cv24n —1

X Z Dj7c’k( n m]ckr) sinh 7T\/25;Ckr(24n — 1)
vk V3k

T;(a, b,c;n) = p;(a,b,c)

1<k<\/n
ctk
r>0

LT
8% o k>0

(4.22)

This looks similar to the rank case treated in [6]. Firstly, we detect the main contribution
coming from sinh. It is a strictly increasing function and so we have to detect the largest
argument. In S; the condition ¢ | k has to be fulfilled and so the largest argument occurs
if k =c. We Shovv using 0 Gerr With & =1,7 =0 and j = 1 that the argument of the
hyperbolic sine of S; is always smaller then the argument of the hyperbolic sine of TJ’ As
¢ | k we have to show that:

1 1 1 1

32 3¢ 36 6e
By squaring both sides and solving a polynomial equation we see that this is equivalent
to ¢ > 11. So, for ¢ > 11 the main contribution to the crank differences comes from Tj,
so we have to detect the largest argument occurring in the 77. To see what is the largest
argument we compare 5]+C ko and 05 . First of all it is clear that the largest argument
occurs if r = 0 for fixed j,k. So we set r = 0 and see that §]ck < of ek Decause
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0<l<e Assummg < s , which we may do by the symmetry of the parabola in the

argument [/c we see that 5%67,@0 < 0 =53 +3; — 3. For k=1 we get [ = j and so
if 7 # 1 we have 5;‘,@1,0 < g if j # 1. This implies that the biggest argument occurs for

k=1,r=0and j = 1. So the main contribution is

8v3sin (£ 200(24n — 1
T1+(GJ7ba C, TL) = gpl(a, b, C)M sinh (71' 50( n )) ‘
C

V24n —1 V3

From this it is already possible to deduce the theorem, because for sufficiently large n
the main contribution comes from 7;". The Sign of T} is determined by the sign of the
p1 which is positive since we have 0 < T < & < 5 which implies that in this range the
cos(mz/c) is decreasing. Thus for 0 < a b < We have that cos (Z%) > cos () and
that explains why p; is positive. So for sufﬁmently large n we have N(a,c;n) > N (b cn).
The next step is to clarify what sufficiently large exactly means by bounding all the error
terms explicitly in terms of ¢ and n, beginning with the contributions of 5}, T; for j > 1
and 77 .

Bounding the contributions of Sj:

For S; it is easily seen:

1S;j(a,b,c)] <8|pj a,5,¢) |\/_ Z [Bica{=n,0)| ST i Sl 24n = 1
¢y 24n — 6k

1<k<m
clk

A () £ 4

1§k§f
clk (h k) 1

Here we used that the biggest argument in the hyperbolic sine occurs if ¢ = k and that
h and A’ run over the same primitive residue classes modulo & and so we changed in the
summation the argument of the sine from j4’ — h and with that to another representative
of the equivalence class. Here it is important to note that we are using that c is prime.
We further used |exp(miz)| = 1 for x € R. The inner sum can be further estimated by

1 c—1

k 2 -1
1 1 2 1 2k (141 e2
P S_’f : < 2k < ( +02g(2)).(4.23)
— [sin("})| T ¢ & [sin(TH)] 7w = h(l—7?/24) (1 —72/24)
(h,k)=1

In the first inequality it used that the absolute value of the sine is not bigger than 1 and
that ¢ is odd. In the second inequality it is used that sin(z) > z — 2®/6 for r < 1 and we
used that the summation runs to (c— 1)/2 by bounding in the z*-term h by ¢/2. In the

last step we have used Zh2 =1+ Zh22 h~! and estimated the sum by an integral.
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We now have:

| 161p;(a,b,c)|V3 [sin (F)| (1 +log (54)) . (7v/24n — 12
1S;(a,b,c)| < T T 2) smh( ) Z k

- 64n*/* (1 + log (%5%)) i h(7ﬁ/24n—1)
\/24n—102\/_7r( — 24) 6¢ '

Here it is used that |p;(a,b,c)| <2 and the following estimation of the sum:

L&)
1 1 1 1 c
kz <c2 J2 < 62/
Z Z .

1<k<ym
clk

l\)\»—‘

2 3
x2dr < —n1.
34

Next we want to bound the T; for 7 > 2 and 77 . Firstly notice that is possible to bound
Djex(=n,m} . .) trivially by k. The reason is that we sum over roots of unity and the
sum runs over all primitive residue classes modulo k. That explains the bound. Moreover
we can bound the hyperbolic sine by the positive part because sinh(z) = (e* — e™*)/2.
Bounding the contributions ofT; for j > 2

Using the exponential function we can bound the terms in the sum of 77 in the following
way (here for k& > 2):

T \/ 20% 1. (24n — 1) k3 =/F@nD

D (=, mt
75, ( ’ ],c,k,r) sinh S ? 23

Vk V3k

The number of 7 satisfying the condition ¢? ., . > 0 can be bounded in terms of ¢: First
of all we find the number of solutions to the equation as a function of [ for fixed c¢. Now
define the function g. : [1,c—1] = R by f(l) = zic - % + 557~ We added one to the equation
to afterwards take the Gauss bracket. The largest values occur on the boundary of the
interval, namely [ = 1 and [ = ¢— 1, as the function has its minimum in the interior of the
interval and is a continuous function. For ¢ > 11 the function take its maximum for [ = 1

and may be bounded by C+18) For the other cases we checked by hand that the number
c+18

of solutions to the equatlon 5 > 0, which is ch + + 537), can be bound by , where
we inserted the maximizing [ = ¢ — 1. Thus we can bound T ¢ for k> 2 by the following
expression :

Ac+18 Wmere
(c+18) 34

2v/3
3\/30\/2471 -1

Since 0., 1,0 < 0 is decreasing in j, for j > 1 we bound the £ = 1 contribution by the

argument of j = 2
2c+18) V210D
———" 5.
V3ey/24n — 1
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Before coming to the error terms of the Circle Method we have to bound the contribution
of T7 .

Contribution of 17 :

By the same analysis, it is possible to bound this term by a similar expression as the ones
before. By bounding the sinh by the exponential function, using p < 2 and showing d; ., ,
is smaller then (5;7 ¢1,0 and so choosing the right argument in the exponential function 77
can be bounded by

2(6 _ 1) i 253‘c 1,0(24n—1)

—e V3
V3c/24n —

Here we bounded the number of solutions to 4, ., . > 0 by % which is a rough bound, but
makes sense for all odd ¢ (We could bound the number of solutions stricter, but we would
have had to put an extra condition on ¢ or introduce a heavyside function that reflects
the fact the there are no solutions for ¢ < 23). Now we want to make the O(n®)-term in
the Theorem 4.5 explicit. We had A (%, n) = Y1+ Yy with 37 = S1+ S, where Sy =: S,
contributes to the error in the circle method. See Theorem 4.5 for details.

Contribution of the error of ¥

We again use the bounds |z| > £, Re(z) = £, and C(¢, 1) = 1+ C(¢”, ¢1) — 1 to obtain:

k—1
SerrSQ Sln( > 271—2]{7_7 Z %max‘eﬁ (C( g,ql)—l)‘
k<|é\f (hhlc:)1—1 Sin (T) ?

Here we used again a change of variables jh’ — h. The next step is to estimate
lew2k= (C'(C", 1) — 1)|. Remember that (3.1):

m(m+1)

C(Cch7q1) _ 1 + (1 — Cél) Z (_1)mQI ’

L 0o m(”n;+1) 00 m(m+1)
1 1 —-1)m .
_ + (1-¢) (=1) Q1h _ Z
(¢1) o (01)s o (1=l —1 1 - C ar"

From this it is easily seen that |e#= (C(¢?, ¢;) — 1)| may be bounded by

1—¢h 1-¢"
hm+ —h, ,m
]‘_CCQI 1_Cc q1

o0

e Y pme ™+ eB Y plm)e 3 e
n=1 n=0

m=1

Note that the summation index n on the first term starts with 1 where one the second
sum with 0, that means we absorbed the —1 into the sum. We bound the term further
by noting that

1+ |cos (Z) |

1 —e—™m

1-¢ 1-¢"
‘ hm+ —hm
1_ch1 ]'_<c q1
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_ mm(m+1)

Defining ¢y ;=3 2 p(n)e™™ and ¢; ==Y °_, R 2 — it is possible to bound S,,, by:
Ly o ( T 3 o 1
sin [ — || e c—|—2<1—|—)cos(—>Dc +c ) k —_.
(c) 2 c ! ? Z Z | sin (Z2) |
Using (4.23) and estimating the sum over k by an integral expression we obtain after
evaluating the integral the upper bound for S,,,:

2627T

c|k (h k) 1

2e%m 35 !sm (2 )’ (o+2(1+cos(Z)|)er(l+ o)) m T (1+1og (51))
s (1 — g—i) c .
We continue by repeating this procedure for the O(n®)-term of Xs:

Contribution of the error of o
The error correspond to the terms where (V

ks 18 MOt positive. Therefore we define
M (jh', 1, ¢;q1) to be the terms with positive exponents in the g;-expansion of
12

eﬁQIFC(‘jhla l7 C, Q1>

and bound M. Writing for the entire sum 7T.,,, using the usual bounds of |z| and doing
the usual change of variable jh' — h the following bound is easily obtained:

sm | —
c

The difficult bounds come from the function M. Remember that C(h,1,¢;q1) has the
following expansion

Tor < 8™ Z k™2 max M(h, 1, ¢ q1).

h.k
ctk

h 2(: . _%"rl
iCae 4 i1Caed
C(h,l,C,QI>: 2 _h é + - h 17%
2(q1)oo (1—4; ai)  2a)e (1-Clar )
- ~h _i o —1)™ m(Tg+1) h 2c o —1)™ m(n;rl)
_ZC2C€I1 (=1)"q, iCoc 41 (=1)™"q

Aok 55 (1 ca™) o 2 (1-¢ra™)

We bound the contributions of M term by term beginning with the first one. We rewrite
(qll)oo = o P(m)q". So we have

ZC2ch 26 h m —hr o
—Cc e p(m)q G Mgy
2o (1-Gai) 27 2 i 2
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Maximizing |z| and taking the absolute value of this expression, noting that for m = 0
not all the terms correspond to the error but for all higher m they do, and using that
Re(z7!) > £ we gain the following contribution to M

1 4 _mlr _mlr

6_%+262+24 E l E l E p _ﬂ—m

2
r>rQ

where ro == [—1 4+ L 4+ 7. Using

_mrgl

e e . a=y pme™
(1=¢7)

r>70 l1—e"

and the usual geometrical series we can bound the term further by

e 2c+72ri2+ ﬂzol e 2c+2lc2+24c e%l(_%-i—%c—"_ﬁl_ro) (1 —+ 626%0[>
+ =
2(1—e1”> 2(1—e ?’) 2(1—6 Z’)
< (1 +C?€mgo)
T 2(l—e7)

The second sum can be bounded exactly the same way. In the third and fourth summand
all the terms will contribute to the error as was shown in the Theorem 4.5. We obtain

i 12 m(m+1)
+ -5 00 T Tm(m+1)
T 2c 2c2 m —_——
ZC q eT2R: 1 7rl2 € 2
201 2: <2€ 20+ + (C2+1)§: —
= —TTM—+TT =
2(1—Chq1 > m2 1€ ‘
1 L)
§§e (co + 1)cs,
where
_ mm(m+1)
e 2
€3 = Z 1 _ o—rmin
m=2

We proceed by repeating this step for the fourth sum in the C(h,! , G q1) expansion. As
there is nothing new we omit the step and just give the bound for M. It is

e™0cy (1 4+ ¢y).

So at the end the error terms coming from the function M can be bounded by the following
function f(c) that just depends on ¢

1+ e™o%

flc) = m

1
+ 67”5061(1 + 02) + 567”;0(62 + 1)63
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sin
C

Here it used that the sum over A can be bounded trivially by &£ because the sum runs over
the residue class modulo k£ and we estimated the sum over k£ by an integral expression.
As a next step we want to bound the contributions that come from symmetrizing the
integral. In Theorem 4.5 we have shown that it is possible to split the integration over
the Farey arcs by making the integral bounds symmetric and showed that the needed
integral to correct this symmetrization will contribute to the error. These terms have to
be made explicit.

Symmetrizing

We had used

So the error can be bounded by

T..r < 8 f(c) Zk 2 < 16e*™ f(c )n4

h’(k

9 L 1
/ .k / EN / k(k+k1) /IcN
1 1

Dk EN TEN FhtkT)

R(E+E)

Plugging into the first term of the main contribution we are left with the following error
term:

j Wik (= 1) ri2en  ominn
Slerr = —¢sin E —e ) ST

wjh’
c ok Sm( )
clk
1 1
k(k+kq) kN 1 27z 1 s
X (/ +/ > 23 () F 4.
1 1
“ kN k(k+k1)

Taking the absolute value and the usual bound of |z| we can bound the term by
. 1
7| pera 7t 12
SIH<C>€ Z k% Xh: . Wh)‘kN

|Slerr| = |Sln (_
1<k<ym
<4}sin (%j)|e2’r+12 (1+1log (%)

(&
clk (h,k)=1

< Z k2
7T( - ;r_i) 1<k|<kf

<862”+”/12 (1+1og (1)) ni
— 2
™ (1 — ﬂ) Cc

Now we do the same for the second main contribution. Remember that we have to bound
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the following term:

S9err = 28in (?) Z

T

ctk

i

5a,,c,k,'r>0
ie{—,+}

1 1
y ( |
1 1
T kN k(k+k1)

2mi i '
(1) E whpe kTG g h)
h

1
T k(k+k1) EN

2 1 2 i
e%z (n_ﬂ)—‘rkigé;,c,k,rd@

[N

)

Completely analogous to Sy, it is possible to show:

5267"7‘ S 8627r

. (7] _1 gngi
sin (2 E k™22 e
c
r,k

5t >0
J,c,k,r
i€{—,+}

As a next step we evaluate the sum over r with ¢ = + and bound it in terms of d§y. As
it is the biggest argument, we can also bound the term with ¢ = — analogously. So we
restrict to the case © = 4. The sum over r gives

SQerr S 16627r

sin (
sin (

sin (
sin (

=16e>"

=16e*"

<16e*"

§32627rni

sin (

™

C

™

C

™

C

™

C

)
)
)
)

™

)

Cc

1 +
E ]{3_5627r6j,cykm
r,k

st >0
7.k,
i€{—,+}
1, w2 2l
I ED IR A
k r<rog—1
w2 | w 2ml
16_72 +or+1s e =ro _ 1)
e
2ml
A e« —1
) e27r60
Dk
21
. 1—e""¢
627r§0
5
1l—e "

Two facts should be explained. We had used that the summation over r is an error term
if it starts with rq, so here we have to sum over all the r-terms where r < ro—1. As a next
step we calculated the geometric series in r and bounded the term similar to the Ys-error.
Finally an estimation of the k-sum gives the final expression. The last contribution we
have to bound is coming from the evaluation of the integral. There it is used that it is
possible to change the path of integration if one accounts the integral over the smaller

arc. This term has to be made explicit.
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Integrating along the smaller arc
Remember that we had to compute integrals of the following form

__/*

Now we denote the circle through % + % and tangent to the imaginary axis at 0 by I'.
For z = x + iy, ' is given by 2? + 9% = % + xzzr =: ax. The path of integration can
be changed into the larger arc, while on the smaller arc we have the following bounds:
2 <a <2, Re(z) <% and Re(27") < k. This can be used to bound the integral over the
smaller arc which we denoted by I'g. Splitting I, = I main 4 [ i We can bound I ket

l
ek

m\»—t

k
2 1 2 s n 1
]]?;r §_627r+27rt/ \z\’idz S _627r+ﬁ / (332 _’_yZ)—Z(dx_'_Z-dy)
7 k s k 0
9 k 2 k k
et / () "7 (da + idy)| = =¥+ / (o) 7dx + i / (ax) " idy
0 0 0

9 k k

__627r+27rtoé7i / l’iidl' —|—Z/ T idy
k 0 0
2 4 (k\1 Yo ad

_Z 2m+27t —% I . " —%_yd
ke o 3 (n) +z/0 oy 0 T
2 4 (k\1 " 2

L e S Il (A R /n s o — 2z

‘ ) 3 (n) Z 0 ! 2\/Oé—$

a—2z

N and see that the

derivative is negative for z < 2a and so for all z € [0,a]. That means that the function
f(z) has its maximum at £ = 0 and so we can bound further:

Next we compute the derivative of f : [0,a] — R defined by = —

k

3
2 114 (kN * 1 [n
Ierr E 27r+27rta71 § (E) + a2 /O Iiﬁdl’
3 1
§2627r+27rt il E : Oé_% + 20[% E 4
k 3\n n
2 4 5 1
<zelmr (§ + 24) ns (4.24)

Here it is used that k < /n and so % <n~'? a < 2. Combining the contributions from
Y1, using usual formulas like (4.23), and estimation of the sum over k, we can bound the
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whole contribution by (¢ = 1/24):

(428 [sin ()] (1 + low (52)) 2+ ond

me (1-5)

The same can be done for X,

4 7Tj 27r60+27r
4= +2%) [sin (= D)
(3+ )sm<c> 1_677 k;
k<yn

4 . 2wdo+27 )
<4 (§ + 2451) sin (ﬂ> G—_QJ (1+log(v/n))n"=

C

4 . 2mdo+27
<8 <—+2i) sin (ﬂ) e
3 C 1—e ¢

where it is used that the the log grows smaller then every root function, that means
that we can bound the contribution of n. Explicitly that means that we calculated the

maximum of f(z) = (1 + log(y/Z))z~ and the maximal value can be bounded by 2.
The explicit constant

Denoting the different error terms by im,j and the main part by 7" we can conclude

that
T (a,b,c,n) — ZEemcn >0}

This finishes the proof of the theorem. O

o

Ngp = min {n eN

For ¢ < 13 the S; will give the main contributions to the circle method as noticed in

the last theorem. As the sign of S; depend on the sign of B; ., and the B;.; oscillate we
will have the following

Corollary 4.8. Forn > Na,b,c where Na,b,c 1s an explicit constant we have
1. If 0 < a < b<2, then the difference M(a,5,5n 4+ d) — M (b,5,5n + d) is
<0 if(a,b,d) € {(0,0,1),(0,2,2),(1,2,2),(1,2,3)},
{ >0 if(a,b,d) € {(0,b,0),(1,2,1),(0,1,3)}.
2. If 0 < a < b <3, then the difference M(a,7,Tn+d) — M(b,7,Tn + d) is
<0 if(a,b,d) e {(0,1,1),(0,1,6),(0,2,1),(0,2,2),(0,3,1),(0,3,6),
(1,2,2),(1,2,4),(1,3,3),(1,3,4),(2,3,3),(2,3,6)}

>0 i (a,b,d) € {(0,1,0),(0,1,3),(0,1,4),(0,2,0),(0,2,3),(0,3,0),
(1,2,1),(1,2,6),(1,3,1),(2,3,2)} .

~—~~ ~— —~
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3. If0 < a < b<4, then the difference M(a,9,3n +d) — M(b,9,3n + d) is
(<0 if (a,b,d) € {(0,1,1),(0,1,6),(0,1,8),(0,2,1),(0,2,2),(0,2,6)},
(0,3,1),(0,3,3),(0,3,6), (0, 4, 1),(0,4,6),(0,4,8)
(1,2,2),(1,2,4),(1,2,7),(1,3,2),(1,3,3),(1,3 4)
(1,3,5),(1,3,7),(1,4,4),(1,4,7),(2,3,1),(2,3,3)
(2,3,5),(2,3,7),(2,3,8),(2,4,5),(2,4 8),(3 4,0)
(3,4,4),(3,4,6),(3,4,8)},
>0 if (a,b,d) € {(0,1,0),(0,1,2),(0,1,3),(0,1,4),(0,1,5),(0,1,7),

(0,2,0),(0,2,3), (0 2,4),(0,2,5),(0,2,7),(0,2,8),
(0,3,0),(0,3,4),(0,3,7), (0,4 0),(0 4,2),(0,4,3),
(0,4,4),(0,4 5),(0,4, 7),(1,2,1),(1,2,5),(1,2,8),
(1,3,0),(1,3,1),(1,3,6), (1,3, ),(1 4,1),(2,3,0),
(2,3,2),(2,3,4),(2,3,06),(2,4,2),(3,4,1),(3,4,2),
(3,4,3),(3,4,5),(3,4,7)} .

\

4. If 0 < a < b <5, then the difference M (a,11,11n+d) — M (b,11,11n + d) is

p

<0 if (a,b,d) € {(0,1,1),(0,1,7),(0,1,8),(0,1,9), (0,2,1), (0,2, 2),
(0,2,9),(0,3,1),(0,3,8),(0,3,9), (0,4,1), (0,4, 7),
(0,4,8), (0,5, 1), (0 5,9), (1,2 2),(1,2,4),(1,3,3),
(1,4,4),(2,3,3),(2,3,5),(2,3,8),(2,4,8), (3,4, 4),
(3,4,7),(3,4,10), ( 5,10), (4,5,5),(4 5 9)},

>0 if (a,b,d) € {(0,0,0),(0,1,3),(0,1,4), (0,2,3),(0,2,5), (0,3,4),

(0,3,10), (0,4,3), (0,4,5), (0,5, 3), (0,5,4),(1,2,1),
1,2,8), (1 3,1),(1,3,7), (1,3, 10),
1

(1,2,5),(1,2,7),(1,2,8

(1,4,1), (1,4,5), (1,4,9), (1,5,1),(1,5,7), (1,5,8),
(2,3,2),(2,3,4), (2,3,10), ( 4,2),(2,4,9),(2,5,2),(2,5,4),
(3,4,3),(3,4,5), (3,4,9), (3,5,3), (3,5,8), (4,5,4), (4,5,7),
(4,5,8)}.

\

PRrROOF. The proof uses computer techniques. As cis odd and less than 13, the inequalities
are easily checked by hand using MAPLE. That is done by assuming ¢ < 11 and k = c,
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because this yields the largest argument in the hyperbolic sine in S; and from that we

only have to compute which sign . p;(a, b, ¢) Bj.(—n,0) has to see which inequality the
crank differences obey. For ¢ = 11 the arguments of the hyperbolic sines could match and

cancellation between S; and 7} can occur. So we have to add to Zj pi(a,b,c)Bj.(—n,0)
also p1(a,b, 11)sin (%) corresponding to the maximal argument in the hyperbolic sine
coming from the combination £ = 1, 7 = 1, r = 0 to see which inequality the crank
differences obey. Computing all the signs gives the complete list. Two things should
be mentioned. The largest argument occur if ¢ = k and that avoids problems in the
computation of the Bj..(—n,0) because ¢ = 9 is not prime. The other important fact
is that we have to modify the constant. As the S; are no error terms for ¢ < 11 the
T (a,b,c,n) can be bounded by the error term X% (a, b, c,n) := mTfr(a, b,c,n). So
we obtain

Na,b,c ;= min {n eN

> Si(aben) = Sey — N0 > o} .
J J

where the X,,; are all the error terms of Theorem 4.20 except for the S;-terms. ]



Chapter 5

Results

In this diploma thesis we have computed asymptotic values of the Fourier coefficients
of an infinite family of crank generating functions. To do so we had to prove a statement
about the transformation of the crank generating functions under Mobiustransformation.
This allowed us to use the Hardy-Ramanujan-Rademacher method to compute these co-
efficients asymptotically (see Theorem 4.5). From that theorem we could extract the
asymptotic value of M (a, c;n). Again using Theorem 4.5 we could compute certain crank
differences asymptotically and see that the crank differences obey certain inequalities by
detecting the main contribution of the main part of theorem 4.5. Instead of bounding
the error in the asymptotic expansion by O(n®) we bounded the all error term by term
explicit by a contribution depending on n and c. From that we could see that for ¢ > 11
and all n > N, . the sum of all error is less then the main contribution. This fact is quite
surprising in the sense that for ¢ < 13 the behavior is different. For that case the main
contributions highly oscillate and there is no general inequality that the crank differences
obey. We computed all inequalities for the cases ¢ < 13 by using computer algebra pro-
grams. This thesis is an analog of [6] and [7], where the same analysis was done for the
Rank. Due to mock terms the rank is more involved, but needs for the analog statement
about the Rank differences only ¢ > 9. Note that the restriction ¢ > 11 could be seen
heuristically as a consequence that the crank explains more Ramanujan congruences si-
multaneously as the rank.
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