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The Sequential Change-Point Problem |

Consider a regression model with MDF errors:
yizﬁilx;1+...+ﬂ;px;p+£;, i=1,2,....
Chu, Stinchcombe & White (1996), historical period:

Bi=Bp l<i<m



The Sequential Change-Point Problem |

Consider a regression model with MDF errors:
yi = Bixin+ ...+ BipXip + i, 1=1,2,....
Chu, Stinchcombe & White (1996), historical period:
Bi=B 1<i<m
Check parameter stability each time new data arrive:

Ho: Bpik =By versus Ha: B, =0,#0Bg Yk>k'.



The Sequential Change-Point Problem I

Horvéth, Hudkova, Kokoszka & Steinebach (2004) considered
linear models with independent errors:

yi = Binl+ Bioxio + ...+ Bipxip + i, i=1,2,....



The Sequential Change-Point Problem I

Horvéth, Hudkova, Kokoszka & Steinebach (2004) considered
linear models with independent errors:

yi = Binl+ Bioxio + ...+ Bipxip + i, i=1,2,....
Stopping time of the monitoring procedure:
Tm =inf{k >1: |Qm(k)| > c(a) gm(k)},

such that
lim Py, (tm < 00) = @
m—0oQ0

and
lim Py, (tm < 00) = 1.

m—0o0o



Detector and Weight Function

Now, we consider a simple linear regression with MDF errors:
yi=Bxiten, i=12....
Residual-based CUSUM detector: &, = y; — x; Bm and

m+k 1 m
Qm(k)zz (é;—mZé;>, k=1,2,....

i=1



Detector and Weight Function
Now, we consider a simple linear regression with MDF errors:
yi=Bxiten, i=12....
Residual-based CUSUM detector: &, = y; — x; Bm and
m+k 1 m
Qm(k) = Zl (é,-—mzl é,-) . k=1,2,....
Horvath et al. (2004) introduced “early-change” weight function:
KN kY
gm (k) = m*/? <1+> () . k=1,2,...,
m m

where 0 <~ < 1/2. Here, we use a “moderate” version:

g5 (k) = m'/? <1+k> <k) . k=1,2,....

m m



Assumptions on Regressors

There is a constant 0 < 7 < 1/2, such that:
1 < .
- Zx,- =o0 (n ) almost surely
3

and another constant d > 0, such that:

n
%Z (x,2 — d) =o0(1) almost surely.
i=1



Assumptions on Errors

1. MDF error sequence:
{(8,‘,.’1:','), i € N} with E(é,"fi_l) =0.
2. A moment condition:

|2+6

sup Elg; < oo forsome 0<§<2.

1<i<oo

3. Assumption on the conditional variances:
n
Z {E (5,2\}';_1) - EE,Z} = o(a,) almost surely,
i=1

where  a, := n?/(+0) (1og n)2(1+9)/(243)

4. Variance of partial sums satisfy

n 2
E (Z 5;) = no? + 0 (a,) forsome %> 0.
i=1



Asymptotics for Type-1 Error

& If 0§ﬂ/<min{7,%—2—}_5}, under Hy, we have

fim IP’<1 sup 19m (K] >c> :]P’( sup (1— £) |W (2 >c>

m—oo \ 0 1<k<oe & (K) 0<t<1



Asymptotics for Type-1 Error

& If 0§ﬂ/<min{r,%—2—}_5}, under Hy, we have

fim IP’<1 sup 19m (K] >c> :]P’( sup (1— £) |W (2 >c>

m—oo \ 0 1<k<oe & (K) 0<t<1

& Moreover,

1 o P 1
2 . A2 2 200 - A2
Tm 1= E £f — 0" or let s, (k)= ik El £
=



Asymptotics for Type-1 Error
S If 0<~<min {T, % — 2—_}_5}, under Hy, we have
, 1 |Qm (k)| ( )
lim P~ sup ——~>=>c| =P sup (1-t)"|W(t)] >c
m—00 <U 1§k£oo & (k) ogtgl( )W)

& Moreover,
1 & 1
2 . - 22 P2 2 o 22
O'm.—mz £f — 0% or let S’"(k)'_m—i—kz; £;
=

& If 0§7/<min{7,%—2—}r5}, under Hy, we have

lim IE”( sup ’Q'n(k)‘>c> :]P’(sup (1—t)”/|W(t)>c>

m—oo  \ 1<k<oo Sm( k)& (k) 0<t<1



Example | : NED Regressors

Given sequences {x;, i € Z} and {n;, i € Z}, and x; is
F' . -measurable, where ]—",-"7,( =o{n, i —k<j<i}. Then
{xi, i € Z} is called L(v)- near epoch-dependent (NED) on
{ni, i € Z}, if supjez ||xi|l, < oo and

sup ||Ixi —E (xi|F_) ||, = O (k™) (k- o),

—00<i<00

where p>1 and v > 0.



Example | : NED Regressors

Given sequences {x;, i € Z} and {n;, i € Z}, and x; is
F' . -measurable, where ]—",-"7,< =o{n, i —k<j<i}. Then
{xi, i € Z} is called L(v)- near epoch-dependent (NED) on
{ni, i € Z}, if supjez ||xi|l, < oo and

sup [|xi —E (177 |

—00<i<00

L= 0(k™) (k= o),
where p>1 and v > 0.

& [improving Ling (2007)] Let {x;, i€ N} be a
centered L,(v)-NED on an independent noise. If
l1<p<2 and p/(p—1)<qg<p(v+1)/(p—1), then

1 n
ﬁZXi — 0 almost surely.

ne-9 =1



Example Il : Monitoring AR(1)

Now, consider an autoregressive model, i.e.
Xi=o¢xi—1+mn, =12 ...,
where {n;, —oo < i < oo} is a centered i.i.d.-sequence with:

02 :=En?, EmP?P<oco and —-1<¢<1.



Example Il : Monitoring AR(1)

Now, consider an autoregressive model, i.e.
Xi=o¢xi—1+mn, =12 ...,
where {n;, —oo < i < oo} is a centered i.i.d.-sequence with:
02 :=En?, EmP?P<oco and —-1<¢<1.
Causal representation yields NED-property:

sup % — E (| F_p) |55 < OF (k= 00).

—oo<I<o0

Moreover, {x? —0?/(1—¢?), 1<i<oo} is Ly:5/2-NED.



Regressor-weighted CUSUM |

Remember the simple linear regression with MDF errors:
yvi=pBixi+ei, i=12,....
Following Huskova & Koubkova (2005) for regressor weights:

m+k

Qm(k)zz (Xiéi_;g X,'&,T\,'>, k:1,2,....

i=1
Now, assume bounded regressors and stationary MDF errors:

2

sup |x;| < M < oo, Ee? =0 forsome o°>0.

ieN



Regressor-weighted CUSUM |1

Assume constants 0 <7 < 1/2 and d >0, such that

n

%in:o(l) and %Z(x,-z—d) =o(n77).
i=1

i=1



Regressor-weighted CUSUM |1

Assume constants 0 <7 < 1/2 and d >0, such that

%in:o(l) and %Z(x,-z—d) =o(n77).
i=1

i=1

Assume E|e1]?*® < oo, for some 0 < § <2, and

n
Z {E (x?€2|Fi—1) — x?0?} = o(an) almost surely.
i=1



Regressor-weighted CUSUM |1

Assume constants 0 <7 < 1/2 and d >0, such that

%in:o(l) and %Z(x,-z—d) =o(n77).
i=1

i=1

Assume E|e1]?*® < oo, for some 0 < § <2, and
n
Z {E (x?€2|Fi—1) — x?0?} = o(an) almost surely.

S If 0<~v<d/(2+6)<7, under Hp, we have

lim P(\falsup [Qm (Kl >c> :IP’< sup (1—t)”’/|W(t)]>c>

m—00 <keoo & (k) 0<t<1



Regressor-weighted CUSUM |1

Consider one-time parameter shift alternative, i.e.

Ha:Bmik =B #Bo Yk = k"

SdIf 0<v<d/(24+6) <7, under Hu, we have

(0] _ ) _
m'i“oop<fa S0 g (K) <C) "




Regressor-weighted CUSUM |1

Consider one-time parameter shift alternative, i.e.

Ha:Bmik =B #Bo Yk = k"

SdIf 0<v<d/(24+6) <7, under Hu, we have

(0] _ ) _
m'i“oop<fa S0 g (K) <C) "

& Moreover, if 0<0<¢/(2+0), we have

1 m
- Z x?¢? — do® = op (m*9> (m — ).



Example III : Structural Change in AR(1)

Again, the autoregressive model, i.e.
Xi=@iXi—1+mni, 1=12,...,
where {n;, —oo < i < oo} is a centered i.i.d.-sequence with:
Ejm[> <oo and (Hp) —1< ¢ =¢ <1,
Hugkova & Koubkova (2006), one-time shift A # 0, satisfying:

—1<¢+A<1l and o+ A#£0.



Example III : Structural Change in AR(1)

Again, the autoregressive model, i.e.
Xi=@iXi—1+mni, 1=12,...,
where {n;, —oo < i < oo} is a centered i.i.d.-sequence with:
Ejm[> <oo and (Hp) —1< ¢ =¢ <1,
Hugkova & Koubkova (2006), one-time shift A # 0, satisfying:
—1<¢+A<1l and o+ A#£0.
The sequential test presented here is consistent against:

Ha: bmik = s =04 ¢ Yk > k*.



) & & =)
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