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Exercise 30 (LU Decomposition of a Special Tridiagonal Matrix) (4 points)

A matrix of the form

A =


a1 c1
b2 a2 c2

. . . . . . . . .
bn−1 an−1 cn−1

bn an

 =: tridiag(bµ, aµ, cµ)

with

|a1| > |c1| > 0,

|aµ| ≥ |bµ|+ |cµ|, bµ 6= 0, cµ 6= 0, 2 ≤ µ ≤ n− 1,

|an| ≥ |bn| > 0

is called an irreducible diagonally dominant tridiagonal matrix.
Show that an irreducible diagonally dominant tridiagonal matrix A = tridiag(bµ, aµ, cµ) has
an LU decomposition A = LU with L = tridiag(bµ, αµ, 0) and U = tridiag(0, 1, γµ), where
α1 := a1, γ1 := c1α

−1
1 and

αµ := aµ − bµγµ−1, 2 ≤ µ ≤ n,

γµ := cµα
−1
µ , 2 ≤ µ ≤ n− 1.

Exercise 31 (Crank-Nicolson Order) (8 points)

Let the function y(x, τ) solve the equation

yτ = yxx

and be sufficiently smooth. With the difference quotient

δ2
xwiν :=

wi+1,ν − 2wiν + wi−1,ν

∆x2

the local truncation error ε of the Crank-Nicolson method is defined as

ε :=
yi,ν+1 − yiν

δτ
− 1

2

(
δ2
xyiν + δ2

xyi,ν+1

)
.

Show
ε = O(∆τ 2) +O(∆x2).



Exercise 32 (Transformation of the Boundary Conditions of BS) (3 points)

In Exercise 7 the Black-Scholes equation is transformed into the equation

∂y

∂τ
=
∂2y

∂x2
.

Transform the boundary conditions of the Black-Scholes equation accordingly.


