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Exercise 13 (Limiting Case of the Binomial Model) (3+4+3+6 points)

Consider a European call option in the binomial model. Suppose the calculated value is V
(M)

0 .

In the limit M → ∞ the sequence V
(M)

0 converges to the value VC(S0, 0) of the continuous
Black-Scholes model listed in Exercise 4. To prove this, proceed as follows:

a) Let jK be the smallest index j with SjM ≥ K. Find an argument why

M∑
j=jK

(
M

j

)
pj(1− p)M−j(S0u

jdM−j −K)

is the expectation E(VT ) of the payoff.

b) The approximated value of the option is obtained by discounting: V
(M)

0 = e−rTE(VT ).
Show

V
(M)

0 = S0BM,p̃(jK)− e−rTKBM,p(jK).

Here BM,p(j) is defined by the binomial distribution, and p̃ := pue−r∆t.

c) For large M the binomial distribution is approximated by the normal distribution with

distribution F (x). Show that V
(M)

0 is approximated by

S0F

(
Mp̃− α√
Mp̃(1− p̃)

)
− e−rTKF

(
Mp− α√
Mp(1− p)

)
,

where

α := −
log S0

K
+M log d

log u− log d
.

d) Substitute p, u, d to show

Mp− α√
Mp(1− p)

−→
log S0

K
+ (r − σ2

2
)T

σ
√
T

for M →∞.
Hint: Use Exercise 8b): Up to terms of high order the approximations u ≈ eσ

√
∆t,

d ≈ e−σ
√

∆t hold.
(The other argument of F can be analyzed in an analogous way.)



Exercise 14 (Proof of the Lemma of Paragraph 1.4) (4+3+1 points)

a) Suppose that a random variable Xt satisfies Xt ∼ N (0, σ2). Use

E(X) :=

∫ ∞
−∞

xf(x)dx

to show
E(X4

t ) = 3σ4.

b) Apply a) to show the assertion

E

([∑
j

((∆Wj)
2 −∆tj)

]2
)

= 2
∑
j

(∆tj)
2.

c) Deduce the assertion of the lemma of paragraph 1.4 from b).

Exercise 15 (Moments of the Lognormal Distribution) (4+4 points)

For the density function f(S; t− t0, S0, µ, σ) defined by

f(S; t− t0, S0, µ, σ) :=
1

Sσ
√

2π(t− t0)
exp

−
(

log(S/S0)−
(
µ− σ2

2

)
(t− t0)

)2

2σ2(t− t0)


show

a)

∫ ∞
0

Sf(S; t− t0, S0, µ, σ)dS = S0e
µ(t−t0),

b)

∫ ∞
0

S2f(S; t− t0, S0, µ, σ)dS = S2
0e

(σ2+2µ)(t−t0) .

Hint: Set y = log(S/S0) and transform the argument of the exponential function to a squared
term.


