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Exercise 8 (Error of an Interpolating Polygon) (2+2+2 Points)

For u ∈ C2 let uI be an arbitrary interpolating polygon and h the maximal distance
between two consecutive nodes. Show

a) max
x
|u(x)− uI(x)| ≤ h2

8
max
x
|u′′(x)|,

b) max
x
|u′(x)− u′I(x)| ≤ h max

x
|u′′(x)|,

c) the assertion ‖u− wh‖1 = O(h), where h and wh denote the maximum mesh size and
the discrete solution, respectively.

Exercise 9 (Front Fixing Finite Element Approach) (5+5 Points)

Remember that the price V (S, t) of an American call option is the solution of the
following free boundary value problem:

Vt + 0.5σ2S2VSS + (r − δ)SVS − rV = 0, 0 < S < Sf (t), 0 ≤ t < T,

V (0, t) = 0, 0 ≤ t ≤ T,

V (Sf (t), t) = Sf (t)−K, 0 ≤ t ≤ T,

VS(Sf (t), t) = 1, 0 ≤ t ≤ T,

V (S, T ) = (S −K)+, 0 ≤ S ≤ Sf (t).

a) Consider the variable transforms

V (S, t) = Ke−αy−βτφ(y, τ), τ = T − t, S = Key,

where α and β are constants, and apply this change of variables to the free boundary
value problem above. Sketch the domain of interest.

b) The problem resulting from a) has to be solved on a bounded domain. To this end, by
taking numerical aspects into consideration, an artificial boundary may be constructed.
According to a), a further straightforward step leads to the problem

ψτ − γψyy + νψy + µψ = 0, a(τ) < y < b(τ), 0 < τ ≤ T,

ψ(a(τ), τ) = 0, 0 ≤ τ ≤ T,



ψ(b(τ), τ) = g(b(τ), τ), 0 ≤ τ ≤ T,

ψy(b(τ), τ) = gy(b(τ), τ), 0 ≤ τ ≤ T,

ψ(y, 0) = g(y, 0), a(τ) < y < b(τ),

where γ = 0.5σ2, ν = γ(1 + 2α) + δ − r, µ = r + α(r − δ)− γα(1 + α)− β, g(y, τ) =
eαy+βτ (ey − 1)+, b(τ) = log(Sf (T − τ)/K), a(τ) = b(τ)−L, and L denotes a constant.
Apply the variable transforms x = y − a(τ), u(x, τ) = ψ(a(τ) + x, τ). Sketch the
domain of interest.


