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Exercise 12 (Finite Element Approach - Heston Model) (34+4+6 Points)

Heston’s model is an extension of the Black Scholes model; it is a stochastic volatil-
ity model and is given by

dSt = /.LStdt + \/'U_tStthl
dv; = k(0 —v,)dt + &/ dW?
AW}rdW? = pdt
where dW} and dW? are Wiener processes with correlation p; u is the rate of return of the

asset; 6 is the long vol; k is the rate at which v; reverts to ; and £ is the volatility of the
volatility. Then, the value function U(t,v,S) of a vanilla put option satisfies

Us + 0.56%0U,, + p€vSU,g + 0.505%Uss + (k(0 — v) — Av)U, +1rSUs — rU = 0
U(T,v,S8)=(K-28)*
Ui +rSUsg+ kU, —rU =0, v — 0
U + 0.58%0U,, + (k(0 —v) = \)U, —rU =0, S — 0
U(t,v,00) =0
Uy + 0.508*Ugg + rSUg —rU =0, v — 00
where A is the market price of volatility risk. Apply a finite element approach to solve

Heston’s PDE numerically as follows:

a) Apply the change of variables S = Ke”.

b) Following some algebraic manipulations, the PDE resulting from a) can be put into
the following form:
u—V  -Vu=-V-D-Vu+ru

Determine V and D.
¢) Formulate the variational problem.
d) Approximate the variational problem by finite elements. To this end, proceed as in

Exercise 11 b).

Exercise 14 (Inline Options) (6 Points)

What is an inline option? Sketch the payoff. Does it make sense to buy an inline
option on the DAX with maturity in February 20107



Bonus Exercise 15 (Forward Equation - Black Scholes Model) (6 Points)

The Forward equation (or Fokker Planck equation) for the geometric Brownian mo-
tion is 9 P 9
P — o) — 0.5025%# + (1 — 20%)Sp—L- = 0
T

oT oSy
p(St, T 8o, t0) = 0(S7 — So)
p(0,T; S, t9) =0
Slim p(St,T; S0, te) =0
Show that

. _ 1 exo [ — (In(Sp/So) = (1 — 0 /2)(T — ty))*
P TS to) = T ( 202(T — o) ) |

In so doing, find an appropriate change of variables and use Green’s function.




