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Abstract— Several cases of voltage collapse
can be modeled by so-called turning points of
the stationary states of special ordinary differ-
ential equations. Voltage stability is identified
with the margin between the current operating
point and the collapse point. Assessing volt-
age stability then amounts to calculate turn-
ing points. This contribution describes differ-
ent classes of methods to estimate the location
of collapse points. One class of approaches is
based on test functions, another on curve fit-
ting. The latter approach is the least expensive
one.
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I. INTRODUCTION

Voltage collapse in power systems has been explained
by bifurcation mechanisms. Bifurcation phenomena
were observed, for example, when the midwestern seg-
ment of the US interconnection system collapsed in
1992 (Kim et al., 1997). For analyzing such events,
models of ordinary differential equations (ODEs) have
been established. Here we mention the models of
the BOARDMAN generator (Nayfeh et al., 1998; Yu,
1983; Zhu et al., 1996), and the model of Dobson and
Chiang (1989; Wang et al., 1992). In investigating
such models one has found basically two types of bi-
furcation leading to voltage collapse. The first is the
static voltage collapse point, called saddle-node bifur-
cation or turning point. The second is the dynamic
voltage collapse point, mostly Hopf bifurcation.

The essential role bifurcations play for risk has been
pointed out earlier (Seydel, 1997b). Broadly speak-
ing, bifurcations are specific states where the quality
changes. Most important, stability is lost at bifur-
cations. The state of a (power) system varies with
external parameters such as the power demand. In
what follows, this basic parameter of the loading level
will be denoted A. The loading level A is basically
constant but will vary slowly according to the power
demand. The desired normal state of operating is to
keep A at an operating point A, such that the load
voltage V remains stable and stationary. If A exceeds
Aop approaching and passing the critical level Ag of a
bifurcation, the stability of the stationary state is lost,

and the dynamical behavior leads to voltage collapse.
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Figure 1: Bifurcation diagram V versus load A, sta-
tionary states of Eq.(2) (A = @1 > 1, upper part of
main branch; turning point TP at A¢ & 2.61).

Figure 1 illustrates a typical saddle-node bifurca-
tion (turning point). The curve represents for each
power demand A in a range A < 2.6 the corresponding
load level V. For values of A beyond the critical value
Ao = 2.61 there is no stable stationary state, which
leads to voltage collapse for A > Ag. The parabola-like
shape of the curve is a manifestation of a saddle-node
bifurcation at A9 & 2.61. For a situation as depicted in
the bifurcation diagram of Fig. 1, the operating point
Aop should be significantly smaller than Ag. The size
of the margin between the voltage collapse point Ag
and the current operating point X, is used as voltage
stability criterion. This margin should be larger than
fluctuations d in power demand,

/\0—)\op>d+€. (1)

In Eq.(1) € stands for the absolute error in estimating
Ao- This paper is about calculating approximations
to Ao, the parameter value of a turning point (TP).
That is, we shall discuss methods for a static operat-
ing point stability assessment. This is primarily a de-
terministic risk analysis, although measurements, fore-
casts, and constants may be subjected to probabilis-
tic uncertainties. For an introduction into bifurcation,
and for a practical stability analysis, see Seydel (1994).



The reader may also consult World of Bifurcation on
www.bifurcation.de. For an overview on voltage sta-
bility see, for example, Pai and Ajjarapu (1994).

II. EXAMPLE

We shall illustrate methods, results, and phenomena
by means of the model of Dobson and Chiang (1989),
which we briefly list. The main variables are the reac-
tive power demand A = 1, the magnitude of the load
voltage V', with phase angle §, the generator voltage
phase angle d,,,, and the rotor speed w. The constants
are taken from Wang et al. (1992). The model consists
of the four ODEs in Eq.(2),

b = w
Mo = —-dpw+ P, — E,VYy,sin(d, — 0)
Kud = —KuoV? =KV +Q0m,0,V)
_QO - Ql
TKWwKpV = KpKgpeV? (2)

+(EpoKgo — K Kpo)V

+ K (P(6m,0,V) — Py — P1)
+K g (P(6m,0,V) = Py — P1)
—Kpu(Q(0m, 8, V) — Qo — Q1)

with variables

P(6n,0,V) = —EqVYysin(d) + E,,, VY, sin(6r, — 9)
Q(0m,0,V) = EgVYycos(d) + EnVYy, cos(dm — 0)
- (YE) + Ym)V2

and constants

M =0.01464, Qo = 0.3, Ey = 1.0, E,, = 1.05, Yp =
3.33, Y, = 5.0, Kp, = 04, K,, = 0.3, K, =
—0.03, Koy = =28, Kguo = 2.1, T = 85, Py =
0.6, P, =0.0, C =120, P,, = 1.0, d,,, = 0.05.

Figures 1 and 2 summarize basic solution behavior
of this model. The lower half of the parabola-like curve
(skipped in Fig. 1) consists entirely of unstable states;
they are not reached in a real experiment but leave
a trace, and they can be easily calculated. Figure 2
depicts both stable and unstable solutions of Eq.(2).
The solid curve in Fig. 2 consists of stationary states.
The shape illustrates the name turning point for the
saddle-node bifurcation at the right end. The dashed
curves represent periodic orbits; they will be discussed
in the final part of this paper.

III. BASIC PRINCIPLES OF NUMERICAL
BIFURCATION

This section summarizes some fundamental ap-
proaches of numerical bifurcation. Let the ODE that
models a power system be written as

y =1£(y,A), 3)

where y(t) is a vector function with n components
yi(t), 1 = 1,...,n. For Eq.(2), n = 4. The overdot
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Figure 2: Bifurcation diagram V versus load \ (detail:
A > 2.41, all stationary states, and dashed the Vi, of
some periodic states).

indicates differentiation with respect to time ¢, and f
is the right-hand side defining the dynamical law. The
state y that solves Eq.(3) depends on the real param-
eter A. Stationary solutions y*® of (3) solve

f(y*,A) =0. (4)

Periodic solutions of the autonomous system of Eq.(3)
satisfy y(t + T) = y(¢) for all ¢ and a minimum pe-
riod T' > 0. A continuum of solutions (y, \) is called
a branch. The curves in Fig. 2 represent branches.
Branches are traced by continuation methods. The
first task during branch tracing is to detect bifurca-
tions, which are denoted (yo, Ao)-

Bifurcation test functions provide a framework for
procedures designed to detect bifurcations. Such a
test function 7(y, A) is evaluated along a branch during
continuation. The basic feature of a test function for
detecting a bifurcation (yo, Ao) is 7(y0, Ao) = 0. That
is to say, the bifurcation is a zero of the test function.
Moreover, we require 7 to be continuous in a neighbor-
hood of the bifurcation, and to change sign at (yg, Ao)-
With such a test function at hand, the remaining ex-
ercise is to detect zeros of 7 during branch tracing. In
the context of voltage collapse, test functions have also
been called index.

An important example of test functions is provided
by the eigenvalues of the Jacobian matrix fy,(y, A). In

case the eigenvalues p1, ..., 4, of the Jacobian matri-
ces are calculated, the test function
7 = max{Re(tn), ..., Re(pn)} (5)

indicates stability by its sign. This test function de-
tects those bifurcations that separate stable from un-
stable stationary solutions. Another test function will
be defined below in Eq.(9).

Bifurcation points (such as turning points) can be
calculated with high accuracy. The idea of calculating



a bifurcation of f(y,A) = 0 is to set up an equation
F(y,A) = 0 which selectively and exclusively has a
bifurcation (yg,\o) as solution. Then each solution
procedure applied to F(y, A) = 0 provides an iteration
to calculate (yo, Ag). Basically, the equation consists

of
F(y, ) i= (ﬁgj ig) - (6)

with 7 being a bifurcation test function.

A successful realization of Eq.(6) has attached the
linearization, and characterizes (yo, Ao) by a Jacobian
f, having a zero eigenvalue with right eigenvector hy.
The resulting branching system of Seydel (1979)

£y, A)
hy, — 1

has the dimension 2n + 1.

The solution of the branching system includes yyg,
Ao, and the right eigenvector hy. This vector hy can be
embedded into a continuous family of vectors h defined
also for solutions (y,A) different from (yg,Ao). This
function h = h(y, \), which satisfies h(yg, Ao) = hg,
is defined by the equation

[(T - ere] )iy (y,A) + eref]h = e;. (8)

(" means transposure.) The vectors e;, e are canon-
ical unit vectors for suitably chosen indices [, k. The
defect of fy(y, A\)h indicates the distance to the bifur-
cation, and gives rise to a test function,

7 =7y, ) = e fy (y, b (9a)

Since fy(y,\)"e; = grad fi(y,\) =: Vfi(y,}), an
equivalent way of writing (9a) is

Tk = Vfltrh. (gb)

Geometrical implications and the interpretation of a
suitably scaled 7 as angle are straightforward. The test
functions of Eq.(9) qualify to detect singularities of
the Jacobian provided that the indices [, k € {1, ...,n}
satisfy the criterion

hk#07 917507

where g; is the [-th component of the left eigenvector
g of £, (yo, Ao) (Seydel, 1979, 1991, 1997a).

IV. COMPUTATION OF TURNING
POINTS / STATIC VOLTAGE
COLLAPSE POINTS

The above principles lend over to algorithms for the
computation of turning points. The algorithms will
be illustrated with results obtained for the example
of Eq.(2). We discuss three classes of methods, fo-
cussing on one representative of each. We distinguish
among the class of direct methods, the class of meth-
ods based on the geometry of the branches, and the
class of methods exploiting test functions.

(10)

A. Direct methods.

The most accurate method is to set up the branching
system of Eq.(7), and to solve it. The solution can
be performed either by calling standard software of
numerical analysis, or by exploiting the block structure
of Eq.(7). In both cases, a good initial guess must be
provided, which can be obtained during continuation
(Seydel, 1994). Since for Eq.(2) the dimension n = 4
is small, the solution of Eq.(7) is straightforward. We
choose Newton’s method, and obtain the values of the
turning point

Ao = 2.6123712847, Vp = 0.5642346744.

(11)

Mostly, the accuracy delivered by solving the branch-
ing system exceeds by far the accuracy of the mod-
elling. Hence, in practice, it often takes too much ef-
fort to solve Eq.(7). This holds in particular for larger
values of the dimension n, which are characteristic for
the voltage collapse problems reported in Souza et al.
(1997). Here we shall use the results of Eq.(11) for
reference only in order to calculate the errors of the re-
sults obtained by other methods. Methods that solve
just one suitably constructed equation are called direct
methods.

B. Methods based on the geometry of the
branch.

The cheapest methods exploit the geometrical shape
of the branches (see Figures 1 and 2). Locally, in a
neighborhood of the turning point, the branch behaves
like a parabola. This holds for each of the (y;, A)-
planes, hence one has n parabolas. Since a parabola
is defined by three points, we require three solutions
along the branch in order to construct an interpolating
parabola. To set up a formula, we concentrate on the
(V, X)-plane, y4 = V, and denote the relevant data of
three calculated solutions of Eq.(4)

(Vla ’\1)7 (‘/2: )‘2)7 (‘/37 /\3)
The interpolating parabola A = P(V) itself may be
without interest, but the value (V) for which
W _dp_
v dv
holds is an approximation (Vy, Ag) of the turning point

(Vo, Ao). The result of the simple calculus related to
Eq.(12) (Exercise 5.9 in Seydel, 1994) is

0 (12)

G = (A-XM)/(Va-W),

G = (A—A)/(Vza—W),

v o= (G- G)/(Va—Ta), (13)
Vo == s(Vi+Va—(i/y)

X = A+ Vo—V) [G+v(Vo—TR).

Evaluating this formula costs almost nothing com-
pared to the costs in solving Eq.(4). Since during con-
tinuation a series of solution points (Vj, \;) are calcu-
lated, a choice must be made of which three points are



selected. The closer the points are situated near \g
the better are the results. This is illustrated in Table
1. The error also depends in an unknown way on the
choice of the component. For example, if the approxi-
mation (13) would have been based on d,, rather than
on V, the relative errors (last row in Table 1) would
have been 0.089/0.00013/0.35 10 5.

A1 1.32772 2.30846 2.60964
A2 1.82133 2.56455 2.61149
A3 2.30846 2.61149 2.61233
Vo 0.55957 | 0.56364 | 0.56422
5\0 2.61940 2.61247 2.61237
rel. error 0.00269 0.00004 0.14 x 10~

Table 1: Three approximations (Vp,Ao) of the turn-
ing point (Vo,Ao). The relative error shown is |Ag —
Xo|/|Ao| for Ao from (11). The entries are rounded in
the last decimal digit.

The interpolation of the branch by means of a
parabola can be replaced by other curve-fitting ap-
proaches. The quality of the approximation depends
on the smoothness of the branch. For example, one
may use polynomials A = P(V) of higher order, again
exploiting Eq.(12). This amounts to inverse interpo-
lation to the zero of %. We do not present details
because we do not expect significantly better results.
Least squares approximations are possible too, but are

not included in this test.

C. Methods based on test functions.

The derivative dA/dV exploited in Eq.(12) can be seen

as a test function for turning points, 7 = (%)_1.

But this index is again based on the geometry, see
the previous subsection. In this subsection we discuss
test functions that are more involved, and that intro-
duce further information. Typically such test func-
tions measure the singularity of the Jacobian matrices
in some way. Examples have been furnished in Eq.(5)
and in Eq.(9). Another possibility is to calculate the
singular values of the matrices. To apply a test func-
tion we assume that its values 7 have been calculated
in addition to the solutions (y,\). That is, we as-
sume that several triples (y, A, 7) have been calculated
along the branch. Note that providing 7 can be quite
expensive. (For the test function (9) an inexpensive
evaluation has been proposed in Seydel (1991.)

In order to calculate a zero of the chosen test func-
tion 7, standard methods of interpolation can be ap-
plied. Since this is done analogously as in the previous
subsection, we omit related tests. Instead we concen-
trate on the attractive possibility to calculate an ap-
proximation Ag based on the data of just one solution.
To this end we use the test function of Eq.(9), calcu-
late the derivative dr/d\ (Seydel, 1979), and use the

estimate

(14)

which exploits a parabolic shape of 7 close to turning
points. Equation (14) corresponds to the fact that
an interpolating parabola A = P(7) is defined by two
points. Since n = 4 in Eq.(2) there are at most 16 = 42
test functions in Eq.(9). Some of them violate the
local criterion (10). Monitoring all test functions it
turns out that 12 of the test functions survive. Thus
the chances to pick a valid (I, k)-combination are high
when we just choose index pairs at random. (It is not
realistic to really check the local criterion (10) when
we are far from (yg,Ao).) Instead of a random choice
of [,k we may exploit the sensitivity result of Seydel
(1991):

The test function of Eq.(9) monitors how the

component f; varies when the solution y is

varied in the direction determined by h.

Hence, from the physical background of the functions
fi of the right-hand side of Eq.(3) one may deduce
which choice of I, k is not promising. (For the example
of Eq.(2), kK = 2 is not suitable.) We note in passing
that the largest absolute component of the vector h of
Eq.(8) can be used to identify critical buses (Souza et
al., 1997). We show some results for the choice I =
3, k = 1; results based on the other possible choices
are analogous.

A T ;\0
2.0956 —6.2437 3.6064
2.4620 —5.1431 2.9702
2.5805 —4.0568 2.6605
2.6019 —3.2986 2.6255
2.6079 —2.7012 2.6166
2.6114 —1.7472 2.6130
2.6124 +0.1529 2.6124

Table 2: Single-solution based approximation A, us-
ing Eq.(14).

Comparing the quality of the approximations of Ta-
ble 2 with those of Table 1, it becomes evident that
calculating Ag based on the data of just one solution is
not competitive. The assumption was made because
of the high costs of evaluating test functions that mon-
itor the singularity. Of course, evaluating 7 and 7’ is
not cheaper than evaluating 7 at two solutions.

V. CONCLUSIONS

We have discussed three classes of methods for calcu-
lating the turning points relevant to voltage collapse.
All of the above methods have been suggested earlier
by this author. Several of the ideas have been applied
and discussed in recent publications, see for instance
Ejebe et al. (1996), Pai and Ajjarapu (1994), Souza et
al. (1997), and Wang and Girgis (1996).



Direct methods are highly recommendable in the
rare cases where extreme accuracy is required. In ad-
dition, direct methods are most comfortable in cases
when a second parameter is varied for a sensitivity
analysis, which is an important task for assessing volt-
age stability (Greene et al., 1997; Seydel, 1997b).

If only one parameter is varied at a time (our A),
then continuation-based curve-fitting approaches pro-
vide good accuracy most efficiently. This holds for
those approaches that exploit the geometry of the
branches, which is delivered as byproduct of contin-
uation. Evaluating singularity-based test functions
is more expensive. This holds in particular if they
are needed for all of the calculated solutions (y, \) of
Eq.(4). In summary, the simple parabola method of
Section IV.B is most recommendable to estimate the
location of the turning points, and to provide informa-
tion on risk assessment using Eq.(1). Another advan-
tage of the geometry-based approach is that it can be
based on experiments if no trustworthy model ODE is
known.
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Figure 3: Same as Fig. 2, but detail 2.555 < A <
2.568. (S: stationary, P: periodic, s: stable, u: unsta-
ble, HB: Hopf bifurcation, PD: periodic doubling)

VI. OUTLOOK

As is well-known there are voltage collapse phenom-
ena not caused by turning points. For example, Hopf
bifurcation plays an important role initiating voltage
collapse (Abed and Varaiya, 1984; Abed et al., 1993;
Nayfeh et al., 1998; Ohta and Ueda, 1998; Pai and Aj-
jarapu, 1994; Zhu et al., 1996). Also for the example of
Eq.(2) Hopf bifurcation is decisive: The stability of the
stationary branch is “already” lost at Agopr = 2.55919,
and stable periodic orbits, period doublings (flip bi-
furcations, the first at A\pp = 2.55996), blue-sky bifur-
cation, and chaos occur shortly “before” the turning
point (Abed et al., 1993; Wang et al., 1992). Several of
these dynamic phenomena preceding the turning point
are indicated in Fig. 3. Figure 4 illustrates the mech-
anism of a metamorphosis towards a blue-sky bifurca-

tion caused by the “lower” unstable stationary state
(Su in Fig. 4). This emphasizes the fundamental role
unstable states play in organizing dynamic behavior.
(The results reported by the figures have been calcu-
lated by means of BIFPACK, see Seydel, 1994.)

For assessing Hopf bifurcations the geometry of the
stationary branch does not help (see the top curve in
Fig. 3). Here the methods of the class in Section IV.B
are not relevant, and typically eigenvalue-based test
functions are used. For large systems (n large) there
are special methods, see Kim et al. (1997), and Neu-
bert (1993). Such risk studies stress the importance
to be able to calculate bifurcations, and to calculate
unstable states.
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Figure 4: Phase diagrams (projection). Horizontal
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A = 2.5665
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