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Weyl-Kac type character formula for partially integrable

representations of affine Lie superalgebras:

where

9

1 €A+p
ChL(A) — E Z 5(w)w< n )

i
(A + p|B;)
(8l B;)

X {ﬁi}izl,-u n

[T (14 e )

1=1

weWt

[T = {simple roots}
0
0
. maximal (n := atypicality)



super-character:

A+p
- . 1 - e
ChL(A) = m Z 8( )<’UJ>’UJ< o | )

weWt

where

1 if «a/2 = root

e (ry) =
-1 if  «a/2 # root
H <1 . €—a>multa
Qa Aeven
R = er I . (super)denominator of g

H (1ie—a)multa

odd
a€A+



Example. In the case sl(2[1):

RO cp) _ 2mimt Z e2mimiert=2) gmi” B Z g 2mimj(z1+22) gy’
L((m—1)Ag) 1 — 62m'zlqj 1 — 6—27TZ'Z2qj
N ez ez
(m € N) | put | put



(%) [m;s]

Basic mock theta functions ¢,

m-s def  p2mimj(z1+22)+2misz mj>+sj m € lN
(I)gi)[ 7](7-’ Zl’Z2> = Z<:|:1>] - 1 27miz] jq 21
jEZ — € q S € §Z
m:s de Tim m:s
@giﬂ ’](7', 21, 22, 1) ::f % tq)gi)[ ’](T, 21, 22)
quasi-elliptic transformation properties
\ / + Zwegers’ function Rﬁg
\ @gi)[m;s] — q)gi)[m;s]]S . holomorphic
Y

&)gi)[m;s] . (non-holomorphic) modular form



Theorem. Let m € %N, s,s € %Z.

1) S-transformation:

o UMl o FlHim
o GO o F{Hime]
L Sl
o GO o

2)  T-transformation:

if s €Z and S/E%—l—z,

~ ()] CAI;gi)[m;S] it m+seZ
? T g@ms |
o it m+se€;z+7Z
3) S — S/ = Z — C/I;(j:)[mQS] — &;(:l:)[m;s’]



Elliptic transformation properties for CAI/DgiMm;S] (m € %N, S € %Z):

m &
a, b €
\a+b€

Theorem. Let <

Then

N
m € N
Z or
{a,be Z

() [m;s]

@ﬁi)[m”](f, z1+a, zp+b t) = et EIv>1 (T, 21, 29, 1)

G mss

(7_7 2 4-ar, zo+br, t) _ <:|:1>a 6—27rim(b21—|—a22) q—mab &/)gi)[m;S](T) 21, 2o, t)



We now consider mock theta functions

in general setting.



Supercharacter in general case:

(—) eAtp
R(_>ChL(A) _ Zg(—)<w>w .

weW?s (1 — 6_52')

1

7

b € I = {simple roots}
AN+plB) = 0
where 4
(GilB;) = 0
\ {6i}iz1.. n : maximal

and

1 if a/2 is aroot
5(_)(%) = { (o : even root)
—1 otherwise
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Normalized supercharacter:

(=) oy () 9ed —vzl?ép;lz> (=) oy ()
R7chy ' = ¢ R ChL(A)

[A+p[? Ao
— qm Z 5()<w>w< >
I1 ( —@')

weWt

where



Note:

Then

a/2 = root

a/2 # root
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For simplicity, consider the case e7) = ¢ :

() |A+P\2 €A+p
RO :§:dqumww§p49 )

s e MO —e)
i=1
[Atp|? eW(A+p)
S o 3 el (WH > (- ))
el well acM? (1 — 6_&)
i=1
| put
Fw(A+p)

where
W= {w el 5 w(t) =6}
{gitier = aset of representatives of Wﬂ /W!
i.e, W= U gZ'W!

Want to find a modification of F,x,, to a modular form.
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For simplicity, put A := w(A + p) and consider the function

e e
F, = q2(K+hV) E :ta -
1

aeM?t 1 — 6_@)

Assume that 3 {¥;}i=1..m such that

o {vi}tizi...n : Z-basis of M*

o (Bilv) = —di,
o {3}, {v} : abasisofb so dimh=m+n
and put

min{i—1,n}

IA
2

Fio= 4 ), (s (1
=1



Note.

o (VilBk) = (%:ﬂkH;(%\%) (ﬂj|\|ﬁk) = —0ik
—0; ; 0
e kS mn{i—1,nt} = —8:s
min{i—1,n} |
Filyw) = (vilwe) + Z (vily) (Bilw) = 0

7

i
—(yil)

e In particular

n—+1

A IA
A IA

m ~
. = (Yilw) =0



Theorem 4.

1) A is written in the form:

A= (K+hV Ao + Z kA + Z

1=n-+1
11 put —(AI%)
AN
. B KR 2.0 9
2) F>\ — @/\M X (D[l 57—l (Alp)] (7_7 _B]” ﬁp 2,}/]” O)
p=1 | p|
where
Oy, = Z AHE+RY)a qK—jhv\A+(K+hv)a!2

aceM

(classical theta function over the lattice M )
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3) In general case where e(7)(t,) = £1 occurs; ie

)

A2 2 e
F\ = @2+ Z (:l:l)’o“ to | =
[

aeM?t 1 — 6_@)

its modification F \ 18 given by the signed theta functions

n K+h 92 )\ | 5
Fy, = 6 x Hcp [l m>]<77 5. Bt : ‘2%7 o)
p
where
@(;;4) = Z(il)‘o‘lzewﬂfﬂhv) qKThVMMHKMV)aIQ
aceM
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Proof of Theorem 4. 1) : Since {5}, {7;} are basis of b, we can put

A= (K+h")A\y + Zaﬂj + ijﬁy
j=1 j=1
Then .
0 = )"6@ ZCL] ’Vj‘ﬁz ‘|‘Zb Bj‘ﬁz
(1i<n)  J=1 H =
—0;
SO ’

A= (K+h")A+ ) aijbjﬁj = (K+h")Ao+ Y adi+ Y kiB;

1=n—+1 | j=1 1=n—+1 1=1

i — > _(vl)B;

J

And
A7 = (K hv A ' Z'NZ' ' kl ilYi) = —k;
(Ag) = (K +h) Qo)+ > @ Gih)+ )k (Bil) J
(1<j<n) 0 1=n+1 0 =1 |

—0; ]



Proof of Theorem 4. 2) : Let M* > a =
o (o = i (i = —J
(] Bp) 1:231] (7:519) Jp
—6i,

o 1,0, = 5p—<@‘ﬁp>5 = By + Jp0

o 1, (N =

n

m \/ m
AM—EJQWWH(K+hW§;ﬁw—{K;h|§;ﬁw

1=1

]
—Jp

K+ hY
2

A+(K+hv)@—{

(4

18

> Jivi; then
1

af? + ()\\oz)}é

EDSILUAY
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Then M!Q )

Fy, = 2(K+nV) Z t, €

aeM? H (1 — e_ﬁp)

p=1
2
|/\|2 o El()"%)ﬁz (K+hv) Z Jii K+h } Z Jii +Z i (A1)
)\ YZ 7T AYA) 6 ¢ 1= q
= M g2AK+IY) Z _ |
jla'” 7jm EZ H <1 — e_ﬁp qu>
p=1
2
|)\\2 - 22()“%)52 (K+hv> 232]@72 K+h ’ 2]2% "‘Z Ji(Ali)
A e ! 1= q 1=
= MM g2AK+) Z _ |
32,5 Jm €4 H (1 — e b qu)
p=2
TP T G (] 3 > Jm>+31(Alm)
€ 'q
: Z 1 — 6_61 q]l

~"

|
(A



Compute (A);:

[s+i Ly
=l Jl{h |271+|7 2 (’n‘ szz)}
1=
|

m N\
(K+hY)j1 (71’ Z]‘V') Y |
St B 52 2 (M)

e—(A)A e(K+hV)j1fqu

Ay =3

— =51 ghn
J1EZL L—e q

K+hY 2.
Sl (Aln) 2
— q)l[ ’ : : } (7-7 _617 61 + | |2fY1 + 1‘2 (Vl‘ Z]ZV@))

As the 1st step of modification, we replace ®; by 2131 and put

20



1/\./

F)

2

9 - Z ()"%)52 (K+hv) Z Ji%i K+h } Z Ji%i +Z ]z()‘h/z)
A 2[|(/\|hv c q
= e Mq (K+hY) Z - .
Jav s jm €L [1(1— e P giv)
p=2

K+h\/ 2.
%5 (A) 2
X @1[ k 71]( —p1, ﬁ1+‘ 1‘271+| 1|2 %‘Z]z% )

\

(K+h")5 (“/1

€

A2

1
’?}%jm)q} [K+h 71l (/\\71)} (7_

) _517 ﬁl +

1

| EnY 2.0 9

e 1=2

325

3 (Aot <K+hV>z:2 i+l 6] K !zm
@ q

2

“n)
2"

+ 232]2()4%)

Jm €Z

[1(1— e gh)

p=2

21



A2 [EARY 20 5
M 24T (Dl[ 7 —Iml (71)]( 3, 51+| |2 )

2
—z:gum@ <K+hV>z:3 il 61 K \ZW +z:3jz<m>
e { q i
XD : |
73, Jm €L H <1 — 6_619 q]p)
p=3

K—f-h 2 K h\/ i )\
OB el Eoh? 21 24 (K + Jz(VQ‘ZJW)HQ( 79)

xze

ZQEZ

1 — 6_62 q]Z

Compute (A)o:

~~

|
(A)s

putting 72 == v2 + (72/m) 5

22



K+hY 2-{ 9 ~ 27( ’m )}
A +
5—|72]% 2 PREREREEARE %Jm

7\

m
(B2 | X G v
—(A2) B2 e(K+hV)]272q( ) ( ‘Eza Z Z> qBHI 7312 +i2 (M)

€
(A2 = Z 1 — e P2qgi

J9€EZ

K+hY 2.
=52l (M) 2
— (I)1|: : : 2] (7-7 _627 52 + ‘ ’272 + 2|2 72‘ Z]nyl )

As the 2nd step of modification, we replace ®; by 51 and put
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2N

F)

A2

— QAMQQ(KMV) q)l

K+hV
~ [ B 20 ) (T

2
|V1

- Z(M%)ﬁz (K+hv) Z]z[% (Vilv1)B1] K+h ‘ Z]z%

1=3

q

=B Bt )

2+ Z Ji(Alvi)

e =3
XD

j37'” 7.jm cZ

><<I>1

\ .

~ [ o 2 (A1)

n

[1(1— e gh)

p=3

(7_7 _627 ﬁ2+|

2
2|272+ 2‘2 fYQ

»Zm )

7

€

N

1

4 (el 3 i) <[54 a2 00 (

2
roBe ot )

‘72
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RE K+hV 2, 9
A T <1>1[ I (Am}( 5. B +| ) )
K+h\/ 2,
72175 (Al72) 2
X(Dl[ 2 72] ( _527 52 W ‘ ‘2 )

S <K+hV>zm +(ul) B+ (i) 8] B

1=3

e 1=3
X<

q
n

‘ Z Ji%vi

2

‘l‘z%]z()“%)

j37"' 7jm cZ

[1(1— e gi)

p=3

25



Repeating this procedure n-times, we obtain

o~ [ K+nY 2. (A 9
B q)l[—z 2 ()] (ﬂ 5. 8 +7_%)

717
K+hY | 2.
~ | =5=[72]% (A1) 2
R [ (' oot )
9

K+hY . (2.
N[T|’Yn| a()‘|7n)] 2 ~
X q)l T, _6717 671—’_ Q/Vn
|’7n’
m o V m ‘ 2 m '
N S (4nY) S g K| S G|+ S Al

jn—l—la”' njm cZ

A\ . 4

classical thgta function

Thus we obtain the modification of F:
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n K+nVi o 2.
~ ~ | =5=[l% (M) 2
F)\ — | | CD1[ = p} (7-7 _6]97 6]) |2/7p>

[

p=1
A2 USTASID DI = AN SR R SRR HOYSN
< €>\M qm Z e i=n+1 q i=n+1 i=n+1
\ jn+17"’7jm€Z .,
11
(D)
m ~
To compute (I), put «a:= > 4 € M, then
1=n-+1
1 VY A |2
0 = e o
hence acM
n [K+hv :
~ = [BhY 12 (A 2
F\ = Hq)l (7_7 _6]97 6]9 | p|27p> X @/\M (]



Example: sl(m|n) (m > n)

where

with symmetric inner product ¢ (6;

+

Aeven —

_|_

Aodd

gi (12i<m) and 9; (1

{ei—¢j, 0i —dj}icj

= {52' — 5]', 51' — 5]'}

(i=5) (1<7)
<i<n)
lej) = di
0j) = —0i,
[0;) =

II = {simple roots of sl(m|n)}

— {62' — 52'7

(1<i<n)

0j — Eit1 €i — &i+1 }
(1<i<n) (n+1<isSm—1)

28



Dynkin diagram of sAl(m\n) (m > n)

X X X) X) W,
€1 — 01 01 — &9 €9 — 09 €n—5n 5n—€n+1

En+1l — Ep+2

29



Put
B

{gitier

lweW ; wg) =06 ("))

. root lattice of sl(m, C)

—f —
a set of representatives of W /W

1.e,

Wﬂ = U giW!

el

30



Then

. (©

(AlB) =0 ("BeT)
(Alo) = K

( n m—1
K/\o—l-Zkzﬂi—F Z kiei :
1=1

(1)

L (i)

1=n+1
K, k € :Zzo

Kzk 2k 2 2 kpo

(a) integrable w.r.to Q(m, C)
A (b)

/

31



)

For A € Pf_fT

R ch(A_)

weWt

[Atp|?

> elgg Y elw)

i€l weW'

(

1 —e M)

1=1

[1(1—e %)

1=1

— qi%%%ﬂ j{: 5CMQU)< ((3H7 ) (hv _ ZWL—-n>

6A+p
= @K+ Z e(w)w Z ta| —

U)EWﬂ OéEMﬁ

[A+p|?
G2E+h7) Z tol =
acM?
1=1

\

e (Atp)
=)

7

Ve

Fw(A+p)

32



Define the modified supercharacter by

where

ChA - Zg 9i)9i Z w) ﬁw(AwLp)

ZE[ EW! H
@w(A+P)M X P

- ngi)gi( Z €(w>@w<AM+ﬂ]\J> X SDT)

' —
el welW
\ -

7

~"

| put

AAM +oM

L 2.(A+ 9
Oy = H(I)[l 5 wl%( PWp)](T’ _@07 @0 ‘2%))

p:l ‘ p

n P
~ Vv
— H <I>[1K+h ](7‘, — By Yy + Z @)
p=1 j=1

33



and A, and p,, are defined by

1=n—+1

m—1
A= KN+ Y ke

i T Z ki 3;
i=1

7

34



Theorem 5. Let A € Pf_fT

- then

)

1)

) (RO
(=)™

5 (RO

n—1

2

Ch)\
el

~(—)
- chy )‘5 -

M /(K + hY)M| "2 >

/LEP

(3w

mod (TC+C5)

~(— m’]ﬁp
.mg5bzzefﬁ%3e>

~ (=)

° Ch)\

n p
| ~[K+hY
ZE 9:)9i A')\MerMHq)[l ](T> _ﬁw%?—l'zﬁj)
p=1 j=1

A+pw(u+p))) RG)

~

- ch

(=)
i

35



Remark.

The modified supercharacters Efl([ are determined

depending on )\ mod T¢

Namely, for A, pu € Pl

)

A=pu modTe <= &1(_) = &1(_)

36



Admissible representations:

T def

integrable w.r.to a suitable sub-root system

Example. In the case si(2[1),

def L | A
A - admissible < A : integrable w.rto {kid + a;}izo12
or {kid —ai}i—012

[gl <k ]f ) lle k m ( m, M E N)
[OI’ /\ 1(1\ (@ —|— @ W re ———1 ;

_ . t
R(_>Ch5\) —  @lmo (MT, 21+ kT, 29+ koT, M)

Modification:

~ (- ~ t
R(_)Ch( - PLm:0) (MT, 21+ ki, 20 + ko, M)

37



Functions \If£ i ] (2=1,2) :

7, 1M mss mjk  2mim 1 20) 4|8 ) t
\Ijgm | ]<T, 21, 20,1) = g M e M (k'z1+=722)<1>£ ](MT, 21+ JT, 2 + kT, M)

Note. \TJ%ZLS] are determined depending on 7, k mod M Z.

Transformation property :

~ . 1 z1 z 212 T Tim :
\D[M,m,s](__p_ljgjt_g) - S e _2rim (kb GRS (o )
(a,b)EQM

where Qs = {(a,b) c7Z’: a+beQZ}/N

def

(@.8) ~ (@) &L {<a—b>—<a'—bf> c oMz

(a+0b)—(a'+0V) € 2MZ

38



For complete arguments on modular properties of
characters and supercharacters, we need to consider

twisted characters and supercharacters.

39



Twisted characters:

finite-dimensional Lie superalgebra

non-twisted l
} affinization of g

twisted
g = (@ t"® g) ® CK ¢ Cd : non-twisted
nez
’g\tw — (@tn ® geven) D ( @ tn 0 godd) S, CK S, Cd twisted
nez ne%th
. non-twisted (&)
Correspondingly, cwristed } (super-)characters ch},” are defined
wiste

e =9 .
= twisted

2

where
0 : super-character ) 0 : non-twisted
E =
1 character

40



Functions &M mse) (2=1,2) :
19,k €

For 6,8/20,% and j,k € &€ +7Z, put

{Ij(i) [M,m;s; €]

i;j,k;gl (7-7 217Z27t>

.1 mjgk 2mim - ~ .
= (£1)7° qﬂ_‘zfe%(kzlJF]Z?)(IDEi)[m’s] (MT, 21+ JT+e -+ hkT+e, —

M

T (E)Mm;s;e] | F(F)[M,m;s; €] T (£)[M,m;s; €]
\Ijj,k;e’ T \pl;j,k;E’ o \IJQ;J'J?;E’

7

41
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Modular transformation properties of \If( M, m’s’g] :

i;5,k; e
m € %N s € Z
Let s.t. (M,2m)=1 and o . Then
M € Noaq s € 5+7Z
~(£)[M,m; s, €] Iz 2 2129
o . I N
i;5,k; e 7_7 T ) ’ T
CI/J(—i_)[M’m; S, 5,] / if « »
=37 Z oG (are)k+(b—2)]] o hatebee (Tr2n2,t) b 4
Tr M .8/ ! : 44 77
M (a,0)80y \112(;—’;1)—}[-6,}?1—76;;8%7-7 215 %2, t) it o
I R )
e I T

~

—)[M,m; s, €] :

\Ij( )[ )11y .7 T Zl 2,2 t lf « + 99
N(_)[M7m; 5/75/] :

(a,b)EQus \Ifz-; ate b—c: e (7’, 21y R, t) if »



In the case 5Al(2|1), admissible weights of level K = 77 — 1 are parametrized by

Qo = {(,k)eZ®; 0S5,k < M}

To describe the twisted characters, define the set

1 1 .
3= {(J+§’k+§) | <J’k>€QM’0}

43
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Modified admissible characters :

For e,/ =0, and (j,k) € Qy o,

~ [Mme]
chy . (7,21, 20,1) =

where
qjg{\ZSS/ ! (7-7 15 22y t) = dq ]\]4 62M (k21+]22)q)[m] (MTa 21T JT +€&,22+ kT + g, M)
3
RS)(T, 21, 2, 1) = (—1)2072) 2wt )" o7, 21 + 2)

191—25’,1—25(7', Zl) 191—25’,1—25(77 2’2)

and Yoo, Yo1, V10, Y11 are theta functions in the Mumford’s book “Tata lectures on
theta I”.



Modular transformation of sAl(Q\l)-admissible characters :

m & N22 m =1
Let a or . Then
ged(M, 2m) =1 MeN

S
J,k;e M
(CL[))GQJW6
[Mmg] 2mim [Mmg—f—é]
L Jk— mie!
Ch];€€ 7 = e M Chj;€€

where (7,k) € Qe

45



Quantum Hamiltonian reduction :

Example:

©

( g : finite-dim Lie superalgebra

< f nilpotent element

K level

4

\

Wig, f, K) : W-algebra

sl(2|1)

e_g

} . N=2SCA

(0 = highest root)

46



N=2 SCA is spanned by

N\

(L., J, (neZ)

even elements

% . Neveu-Schwarz
G (ne€e+7Z) odd elements £ = ) N :
; amon
| C central element
with (anti-)commutation relations
L, Jn G G,
(m —n) Ly -
L, _|_m3—m :n ()nC _nJern (% o n>G7J7F1+n (% o n>Gm+n
12 m n,
Im mJmin %5m+n,00 qu;-m —G;Hn
e B B T
m-n m-n
" 2 +%(m2 - Z>5m+n,0
L _ m=n
G- m — G- G- m-+n 2 m+n 0
m ( 2) m—+n m—+n _|_%<m2 . i>5m+n,0

Note :

Cartan subalgebra

linear span of Lg, Jy, ¢

47



Characters of N=2 h.w. reps via quantum reduction:

The characters of N=2 SCA are obtained by letting { A=
2o = —Z

in the characters of <9Al(2|1)—modules;
~[M,m;5]<7 z,—2,0

RO (7, 2,0)

g
where

j,k Egl—FZzO
0< g, j+k<SM-—1

(k) € Q= {(j, k) ‘
)

central charge

48
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Theorem 6. (modular properties of N=2 characters)

2
Ml Loz 2\ Mm]  ~[Mme]
Xje! ( T’T’t 67') _Z S(J}k),(a,b) Xa,be (7, 2,1)
(ab)eyy "
U +1,2,0) = SHE e 2
where
[M,m] _ N(1-25)(1—2) 2 2mmii pya—p) . T,
Sty an = (=0) TN = STV sin 2 + k) (a + b)m



Fusion coefficients of N=2 SCA::

su = U (2 x el xali D)

etel el = % or

[V

For (A, j1, ) € oy,

put S[Mam] S[Mvm] S[M7m]

NZQ,[M,’ITL] . )\75 Mag V?é
NA,,u,V T Z S[M’m]
[N=2]

£eQ (5:3):€

2



Theorem 7. Let \:=(j, k), p:= (3, k), v:= (57, k"), then

1) NQZS[M’m] = 0 or 1

2) Ny -1 = (F1) o (F2)

(G4 +5") — (k+ K +E) =0

(F1) § 10 +E) =G+ <g+k < G +F)+ 0"+ &)

|G+ R+ E+E) < 2M

(G 4+~ (k+ K+ k) = £M

(F2) 10 +K) ="+ <M—j—k <(M—j =K)+(M-j" =k

\ <]+Jl+],/)+(k+k,+k//) > M



Let

h = eigenvalue of Ly on the h.w.vector

s := eigenvalue of Jy on the h.w.vector

N=2 highest weight representations are characterized by (h, s, ¢)

m /[ 1 1+ 2¢
e = Mok

M 4 8
m 1 — 2¢
o= k=) -
],k, M( ]) 2

52



Note:

M —2
e m CM 1 (M—2)+2 ( 22)

(well known minimal series = unitary series)

m = 2

° —> mock modular series
(M, 2m) =1
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Similar method for quantum reduction works
for all affine Lie superalgebras
to give
new series of mock modular representations

for N=3, N=4, ... superconformal algebras.
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Natural Problem (Open):

What is the representation theoretical meaning
of the additional terms 7
and

of the Zwegers type functions 7
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