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Abstract

Suppose we observe a time series that alternates between different nonlinear autore-
gressive processes. We give conditions under which the model is locally asymptotically
normal, derive a characterization of efficient estimators for differentiable functionals of
the model, and use it to construct efficient estimators for the autoregression parameters
and the innovation distributions. Surprisingly, the estimators for the autoregression
parameters can be improved if we know that the innovation densities are equal.
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1 Introduction

The behavior of a time series may be influenced by periodic (daily, weekly, yearly) changes.
If we have observations on a smaller (hourly, daily, monthly) scale, then such changes can
be modeled by an alternating nonlinear autoregressive process of order p and period m.
By this we mean a time series X;, 1 € 7Z, that alternates periodically between m possibly

different nonlinear AR(p) processes,
(1.1) ij+k :Tkﬁ(ijJrk,l)—l-Ejerk, J€Z, k=1,....,m,

where X; = (Xij_pt1,...,X;), the autoregression function is known up to a parameter ¥
that varies in an open set © C R? the innovations ¢;, i € Z, are independent with mean
zero, and €y, has positive density f; and finite variance a,%. We assume that we have
initial observations X_,.1,...,Xo and then observe n periods X1,..., Xpm.

Our model includes alternating linear autoregression as a special case, with rgy(Xg_1) =
g,l—ﬂXk_l for a vector ogy = (0ko1,-- -, Qkﬂp)—r. The case of first-order alternating linear
autoregression is studied in Miiller et al. (2007). It is shown in Miiller et al. (2008) that this
case appears in particular when a (non-alternating) first-order linear autoregressive process

is observed at certain periodically repeated time points only.

*Supported in part by NSF Grant DMS 0405791.



In Section 2 we give conditions under which an alternating nonlinear autoregressive pro-
cess is locally asymptotically normal. We describe a characterization of efficient estimators
for differentiable functionals of (¢, f1,..., fi). In Section 3 we study estimation of . Let
79 (Xk—1) denote the gradient of riy(Xx_1) as a function of ¥, and write pr = E[rry(Xg_1)]
and Ry = E[fgy(Xg_1)75(Xk—1)]. The least squares estimator is a solution in ¥ of the

martingale estimating equation

n m
D> ko (Kgmah—1) Xgmak — ko (Xjmpk—1)) = 0.
=1 k=1

By Taylor expansion, its asymptotic covariance matrix is seen to be the covariance matrix
of (271?21 Rk)il E?:l fkﬁ(Xk—l)Ek:,

1

= ($m) (ot ()

We show that an optimally weighted least squares estimator is a solution in 9 of the esti-
mating equation

n m

D5 e Kjmk1) (Xt = 10 (Xjmer—1)) = 0

j=1k=1
with &z = (1/n) Z?:l §?m+k and €t = Xjmek — Tp5(Xjmir—1) for some consistent
estimator ¥ of 9. By Taylor expansion, its asymptotic covariance matrix is seen to be the
covariance matrix of (3", ak_QRk)*l Py 01;27:']“9 (Xk—1)ek,

m -1
Mgy = (ZU;2R;¢) .
k=1

It is straightforward to check that

V= (ZRk) Z?‘“W(Xk—l)é‘k - (20;2}?1@) 20;27‘1@0(Xk—1)5k
k=1 k=1 k=1 k=1

is uncorrelated with )", J,ff';ﬂg (Xk—1)ek. Hence we can write
Mps = Mps« + T,

where I' is the covariance matrix of . In particular, the optimally weighted least squares
estimator is strictly better than the ordinary least squares estimator unless v = 0, which
holds only if 01 = -+ = oy,. In Section 3 we also construct an efficient estimator for ¥ as
one-step improvement of some initial estimator, for example the least squares estimator.
The asymptotic covariance matrix of any efficient estimator is shown to equal M with

m

M= Z (Jn(Rie — pepag,) + 07 > pipag, )
k=1



where Jy, = E[(3(ex)] with ¢, = —f,/fx. We note that Jj is the Fisher information of the
location family generated by fi, and Ry — ,ukukT is the covariance matrix of 79 (Xg_1). We
obtain .
M~ = Mg+ (Js— 0 ) (R — ).
k=1

It is known that Ji > ak_z. Hence, in general, the optimally weighted least squares estimator
is not efficient, except when Jj, = ‘71;2 for all k£, which holds if all the fj are normal densities.
In Section 4 we fix v € {1,...,m} and use the efficient estimator for ¥ to construct efficient
estimators for expectations of functions of €,. They lead to efficient estimators for the
innovation distribution functions and quantile functions. We know that Ele,] = 0 and
obtain an efficient estimator by correcting the residual-based empirical estimator, and by
basing the residuals on an efficient estimator for ¥¥. The correction can be obtained by
adding an “estimator of zero”, or by introducing random weights, following the empirical
likelihood approach of Owen (1988).

In Section 5 we consider the submodel in which the innovation densities are equal. It
turns out that this contains information about ¥¥. We construct an efficient estimator for v
in this submodel. Its asymptotic covariance matrix is M, with

m

MY =" (T(Ry = pape) + 20 2 — 0 g,
k=1

where J and ¢? are the Fisher information and variance of the common innovation density

fand p = (1/m) > 7% pu. We have

m
M7 =M 407 (ke — ) (e — i)
k=1
Hence the efficient estimator for 9 in the submodel is, in general, strictly better than
the efficient estimator in the full model considered in Section 3. The two estimators are
asymptotically equivalent, i.e. M, = M, only if u1 = --- = p,,. We also construct efficient

estimators for expectations of functions of € in this submodel.

2 Local asymptotic normality

The alternating nonlinear autoregressive process (1.1) is parametrized by ¢ and the vec-
tor of innovation densities f = (fi,..., fm). In order to apply results on non-alternating
processes, we view it as an m-dimensional process Y, = (X(j_l)mH, . ,ij)T, Jj € Z.
This is a homogeneous Markov chain of order ¢ = [p/m|. Its transition density from
Y g....Yj1toY; = (x1,... ,Zm) | depends only on the values of the last p components
of Yj_g,..., Y, 1, say X0 = (T1—p,...,T0), and is given by

q(x0; 21,y m) = [ ] felwr — rro(xp-1))-
k=1



Note that this is not a multivariate nonlinear autoregressive process of order ¢, which would
require a representation Y; = Ry(Y;_1,...,Y, ) + €; for an m-dimensional function Ry
and i.i.d. m-dimensional innovation vectors €;.

To prove local asymptotic normality, fix ¥ and f such that Y, j € Z, is strictly
stationary and positive Harris recurrent under (¢, f). Write g for the stationary den-
sity of X; under (¢, f). Introduce perturbations ¥, = 0¥ + n~2y with v € R% and
frnv, () = fu(z)(1 4+ n~2v,(2)) with vy, in the space Vj of bounded measurable functions
such that Efvi(ex)] = 0 and Elegvg(er)] = 0. These two conditions imply that fi., is a
positive mean zero probability density for n sufficiently large. Note that if v is a bounded
measurable function, then v defined by

Elerv(eg)]
m w — Elw(eg)])

belongs to Vj, for every bounded measurable function w for which Elegw(eg)] is not zero.

v =v — E(eg)] —

A possible choice of w is given by w(x) = z1[|z| < a] with a sufficiently large. Write
v=(V1,...,0m), V=V x -+ XV and frny = (finvys-- - fmno, ). Suppose that we have
observations Xo,Y1,...,Y,, and write P, and P,,, for their joint law under (¢, f) and
(Vnus frv), respectively. Let gy, denote the stationary density of X; under (Uny, fny). We
make the following assumptions.

Assumption 1. For £k = 1,...,m, the innovation density fj is absolutely continuous with
a.e. derivative f; and finite Fisher information Jy, = E[(3(ey)], where ¢y = —f] / fx.
Assumption 2. For k = 1,...,m, there is 74y € L9(g) such that, for each constant C,

n
2
sup Y (TkT(ij+k71) = 7o (K1) — (T — ﬁ)Tf'kﬁ(ijqufl)) = op,(1).
‘T—19|§Cn71/2 j=1
Then we have local asymptotic normality as follows. The proof is obtained as in Koul
and Schick (1997), who treat the non-alternating case.

Theorem 1. Let (u,v) € R? x V. Suppose Assumptions 1 and 2 hold and the stationary
density g depends smoothly on the parameters in the sense that [ |gnuw(x) — g(x)|dx — 0.
Then

dP, _ 1
(21) log d]'r;uv = 1/2 Z Z Sk'uxuk ]m+k 1, Ejerk) 2 ”(u7 U) ”2 + OPn(1>7
7j=1 k=1
n m
(2.2) n~1/? Z Z Skuvy, (Xjmak—1,E€jm+k) = ||(u, v)||[N  under Py,
j=1k=1

where N is a standard normal random variable and

Skuvy Xi—1,6x) = w759 (Xp—1) e (e8) + vi(er),

”( ”2 ZESkuvk(Xk 17€k)]

k=1



Here we have used that siuy, (X0,€1),- -, Smuvy, (Xm—1,Em) are uncorrelated.
A sufficient condition for positive Harris recurrence and geometric ergodicity in L; of

the m-dimensional Markov chain Y, j € Z, is
ko (X)] < ¢+ aglx|, xe€RP, k=1,...,m,

with [, o < 1. This follows as in the non-alternating case; see e.g. Bhattacharya and Lee
(1995) or An and Huang (1996). Geometric ergodicity implies that at (¢, f) the stationary
density of Y, j € Z, depends continuously in L; on the transition density. This implies
the continuity condition on g in Theorem 1 above and in Theorem 4 below.

Let V}, denote the closure of Vj in Lo(f;) and set V =V} x --- x V;,,. The tangent space

of our model is
m

S = {Zskm,k(xk_l,é‘k) : (U,U) € Rd X ‘7}
k=1

Let T' denote the space of random variables ¢(Y1_4,..., Y1) such that
Et*(Yi-¢,---,Y1)]<oc and Et(Yi—g - Y1)|[Y1i-g---,Yg) = 0.

Then T is a Hilbert space, and S is a closed linear subspace of T'.

We can think of T' as the tangent space of the larger, nonparametric, model of all
homogeneous Markov chains of order ¢ on R™. In this model, a perturbation of a transition
distribution ) is of the form

Qnt(yl—qa -, Y0, dY1) - Q(Y1—q; -5, Y0, dY1)(1 + nil/zt(yl—qv o 7Y1))

with bounded ¢(Yi—g,..., Y1) € T, and we have local asymptotic normality

dPn _ 1
log - 1/22 gy )—§E[t2(Y1,q,...,Y1)]+0pn(1),

so the tangent space is 7. We note that ¢(Y;_4,...,Y;) are martingale increments on
the natural filtration. For local asymptotic normality of general Markov chain models and
Markov step processes (of order one) see Roussas (1965), Hopfner, Jacod and Ladelli (1990),
Penev (1991) and Hopfner (1993).

The norm ||(u,v)|| is the norm induced on RY x V by the Lo-norm on S C T. It
determines how difficult it is, asymptotically, to distinguish between (¢, f) and (9, frv)
on the basis of the observations. It induces an inner product on R% x V,

m
((u',0"), = Elsgue, (X1, 68) Skuvy, (X1, €x)]-
k=1

We can now characterize efficient estimators of real-valued functionals of (¥, f) as follows,
using results originally due to Hajek and LeCam, for which we refer to Section 3.3 of Bickel
et al. (1998).



Definition 1. A real-valued functional ¢ of (1, f) is called differentiable at (9, f) with
gradient ty, if t,(Y1—g,..., Y1) € T and

m
n1/2(80(19nuv fm)) - - Z E Y1 qs- - 7Y1)8kuvk (Xk—h 5k)]v (u, U) € R% x V.
k=1
The canonical gradient is the projection of any gradient t,(Yi—g,..., Y1) onto S.

The canonical gradient is of the form > ;" , Skugvp (Xk—1,€k). Since the random vari-

ables s1yv, (X0,€1), - -+ s Smuwvy, (Xm—1,m) are uncorrelated, it is determined by
m

(23) n1/2(90(19nu> fnv) - - ZE Skupvep Xk 175k)5kuvk (Xk: lagk)]
k=1

for (u,v) € R4 x V.

Definition 2. An estimator ¢ of ¢ is called regular at (¢, f) with limit L if L is a random

variable such that
1/2(()0 Qp(ﬂnuv fm})) = L under me, (’LL,U) S Rd x V.

Definition 3. An estimator ¢ of ¢ is called asymptotically linear at (¢, f) with influence
function x if x(Yi—q,..., Y1) € T and

n2(p =0, ) =n""2> X(Yj g, Y;) +op,(1).
j=1
Theorem 2. Suppose we have local asymptotic normality (2.1) and (2.2) at (9, f). Let ¢
be differentiable at (9, f) with canonical gradient y ;" , Skt (Xk—1,€). Let ¢ be reqular
at (0, f) with limit L. Then there is a random variable M independent of N such that
L = ||(up,vp)||N + M in distribution. We have M = 0 if and only if ¢ is asymptotically
linear at (U, f) with influence function equal to the canonical gradient.

An estimator ¢ with limit L = |[(uy,v,)||N at (0, f) is least dispersed in intervals

symmetric about zero among all regular estimators of . We call such an estimator efficient

at (0, f).

Theorem 3. Suppose we have local asymptotic normality (2.1) and (2.2) at (9, f). Let
¢ be differentiable at (U, f), and let ¢ be asymptotically linear for ¢ at (¥, f). Then ¢ is
reqular at (9, f) if and only if its influence function is a gradient of ¢ at (9, f).

It follows from Theorems 2 and 3 that an estimator ¢ is regular and efficient if and only
if it is asymptotically linear with influence function equal to the canonical gradient,

(24) 1/2( (19 f)) = n_1/2 Z Z Sku¢v¢k (ij+k 1 5]m+k) + OPn( )
7j=1 k=1



To calculate gradients, it is convenient to decompose Sy, (Xk—1,€x) into orthogonal
components. Under Assumption 1 we have E[exfk ()] = 1. Hence the projection of ¢ (ex)

onto Vj, is
Elerli(er)]

(k) = Li(er) — Ee2]

e = l(e) — ak_Qak.
Set u = Elrgy(Xg—1)] and
k(X1 €x) = (Fro(Xp—1) — pu) i (ex) + 0, 2 e
We can write
(2.5) Skuvy, (Xk—1,68) = U s5(Xp_1,8) +u' ppli(er) + vi(er).
By construction, £ € Vi, and si(Xjy_1,€x) is orthogonal to V; in the sense that

(2.6) E[Skuvk(xk,h&‘k)’l}k(%)} = 0, Vi € Vk

We arrive at an orthogonal decomposition S = Sy + Sy of the tangent space, with
m m B
S():{ZuTsk(Xk,l,ek):ueRp}, Sv:{ka(sk):vGV}.
k=1 k=1

Set
_ T _ T 2 T
A = Elsp(Xp—1,6r)8p (Xp—1,61)] = Ju(Rr — paetiy, ) + 0 “Hrhty

and A =)' | Ag. Relation (2.3) can be rewritten as follows.

Proposition 1. Let ¢ be differentiable at (9, f). Then its canonical gradient is of the form

m m
Z u;sk(Xk,l, ek) + Z Vok(ek)
k=1 k=1

with (uy,v,) € R x V' determined by

n1/2((»0(19nu7 Jrw) — 00, f)) — UZAU + Z E[Ucpk(gk)glt@k)]ﬂktu + Z E[ka(fk)vk(’fk)]
k=1 k=1

for (u,v) € RIx V.,
Remark 1. Alternating linear autoregression is a degenerate case. Let rgy(Xp—1) =
ggﬁXk,l for a vector gry = (ko1,-- -, g;ﬂgp)T of functions of . Let ¢py denote the d x p

matrix whose columns are the gradients of ggg1,. .., 0k9p- Then 79(Xp—1) = Ok Xp—1.
Since Ele] = 0, we have uy = 09 E[Xk—1] = 0 and hence

5k (Xp—1,€k) = Ok Xp—10k(ek)-



We obtain
Skuv, (Xk—1,€k) = u' oo Xp_10x(ex) + vi(er).

The canonical gradient of ¢ is therefore of the form

m m
> uf okX-1lier) + Y ven(er)
k=1 k=1

with (ug,v,) € RY x V determined by

02 (@ Oy frw) = (9, £)) = > ud ko Skofgu+ Y Elvgr(er)vi(er)]
k=1 k=1

for (u,v) € RIxV, with ¥4 = E[X}_1X]_,]. This implies that for a functional ¢ depending
on ¥ only we obtain v, = 0. Hence the canonical gradient of such a functional is the same
for each submodel in which some or all of the f; are known. Then we cannot estimate
better, asymptotically, in these submodels. In this sense, functionals depending on 1 only
are adaptive with respect to the parameter f. Similarly, functionals of one or some of the

fr are adaptive with respect to the other parameters.

In the following sections we apply characterization (2.4) to various functionals. A version
of the characterization also holds for multivariate functionals as follows. The proof reduces
to the case of one-dimensional functionals. Let ¢ = (¢1,...,¢,)" be a functional of (9, f).
Differentiability of ¢ is then understood componentwise. The canonical gradient is obtained
by componentwise projection of gradients of ¢1,...,¢,. Regularity of an estimator ¢ of ¢
is defined as before, now with L a g-dimensional random vector. Asymptotic linearity of ¢
is understood componentwise. Theorem 2 now says that

L= ((Uw%)y (Ucpw@)T)l/QNq 4+ M in distribution,

where (up,vp) = ((Upy,Vp,), - - -, (Up,, Vp,)) ", and where Ny is a g-dimensional standard
normal random vector and M is independent of N,;. Theorem 3 remains unchanged, and
characterization (2.4) is again understood componentwise.

3 Autoregression parameters

Before we construct an efficient estimator for ¢, we begin with some results on least squares
estimators. An estimator for ¥ is the least squares estimator ¥, the minimum in ¢ of

(3.1) S Kjmak = rho(Kjman-1))*.

j=1 k=1



It is a solution of a g-dimensional martingale estimating equation

D> o (Xjmsr—1) Xjmer = 7o (Xjmer—1)) = 0.
j=1 k=1

Under appropriate conditions, the least squares estimator is asymptotically linear with
influence function .
EYig-, Y1) = BTV g (Xi1)en,
k=1

where R = Y_7" | Ry, with Ry, = E[i49(Xp_1)75(Xg_1)]. Hence 9 is asymptotically normal
with covariance matrix Mg = R~ (Y[, 02R;)R™. Here Y; = (X(j_1)ms1:---» Xjm) |
is defined as in Section 2.

The least squares estimator can be improved by weighting the martingale increments.
Let Wyy(x) be a d x d matrix of weights and Jw a solution of the martingale estimating
equation

n m

Wit (Xjmak—1)Tk0 (Xjmak—1) (Xjmak — 7o (Xjmak—1)) = 0.
=1 k=1

Under appropriate conditions, a Taylor expansion shows that I has influence function

Ew(Yig, - Y1) = Ry' Y Wi (KXot )iro (Xp—1)ers
k=1

where Ry = S0, Rpw with Ry = E[Wieo(Xp1)f9(Xp_1)7 1 5(Xg_1)]. Hence dy is
asymptotically normal with covariance matrix R;VIQWRI}}, where

Qw =Y hE[Wio (X1 )ik (Xp—1) iy (Xim1) Wil (Xi—1)].
k=1

The covariance matrix is minimized for W}, (x) = Uk_2Id with I the d x d unit matrix.
This follows from the fact that & — &w, is orthogonal to &y, , which in turn is seen by
straightforward calculation. We have

fW* (Yl_q, A ,Yl) = R;Vl* Z U;C_Qf'kﬁ(xkfl)gkv
k=1

where Ry, = > 1, a,;sz. An optimal weighted least squares estimator U* is obtained as
solution of the estimating equation

n m

o 5 K k1) X — 7o (Xjmyh—1)) = 0,
=1 k=1



where 6,3 is a consistent estimator of J,%, for example the estimator
n
o1 =2
O = n 4 Eim+k
7j=1

based on residuals €k = Xjmir — 7y @(ijﬂc,l), with 9 the least squares estimator
minimizing (3.1). The asymptotic covariance matrix of ¥* is Mpg, = R;Vl* . The estimator
9* weights the squared martingale increments in (3.1) by the inverses of their variances,
which is a plausible result.

In ordinary (non-alternating) nonlinear autoregression, the least squares estimator is
not efficient, except when the innovations are normally distributed. We expect that our
optimally weighted least squares estimator is also inefficient. To see this, and to construct
an efficient estimator of 19, we first determine the canonical gradient of the d-dimensional
functional ¢(19, f) = ¥, for which

n1/2(¢(79nu, fow) = (0, f)) = u.

Assume that A = >7J" | Ay is positive definite. From the d-dimensional version of
Proposition 1, the canonical gradient of ¥ is obtained as

m
A Z Sp(Xk—1,€k)-
k=1

This is different from the influence function &y, of the optimally weighted least squares
estimator U*, except in the following case. Suppose that for £ = 1,...,m the innova-
tion densities fi are normal with mean zero and variance 0,3. Then fi(e) = a;2€k and
sp(Xp_1,68) = U,?Qf";mg(Xk,l)sk. Hence A}, = Uk_QRk and A = > ;' Ay, = Rw,, and the
canonical gradient equals &y, .

As in Koul and Schick (1997), Section 6, we obtain an efficient estimator for 9 under
additional conditions on 7y as follows. Let J be root-n consistent and discretized, i.e. with
values on a rectangular grid with side lengths of order n=/2. For ¢ = ¢, — oo introduce
the truncation

7 =zlljz| < + C%1[|x| >d, zeR%

Estimate pi = E[riy(Xk—1)] and Ry = E[?'“W(Xk_l)f,jﬂ(xk_l)] by truncated empirical

estimators
- 1= - R -
Mk = E Z Tkv?(ijJrk,l), Rk = ﬁ Z Tklg(ijJFk*l)Tk,@(ijA»kfl)-
Jj=1 j=1

Estimate o by 67 = (1/n) > 5]2'm 41 Let K be a kernel fulfilling Condition K of Schick

(1993), for example the logistic density. For a bandwidth b = b, — 0, set Kj,(z) = K (x/b)/b.

10



Then Kj(x) = K'(x/b)/b*. Estimate fj and f] by

. 1< 3 . 1< N
fulz) = — Y Ko(@ = Ejmx),  fh(@) = - > K (= Ejmk)-
=1 =1
Let a = a, | 0 and estimate ¢ and J; by
; fi R RO
fk::-—fr——f, ghjz‘* 14 Eim4+k)-
e PR

Our estimator for ¢ is now obtained by the Newton—Raphson procedure, a one-step improve-

ment of U, as

A ~ ~ 1 n m

’19 = ’(9 + A_lﬁ Z Z gk(ij+k_1, €]m+k)

j=1k=1
with A = 37", Ay, and
Ay, = Tu(Ry — ffid) + 65 2 ik fi
5 (Xp—1,68) = (71,5(Xp—1) — fir) 0k (ek) + G 2 fiker-

For appropriate choices of a, b and ¢, the influence function of the estimator ¥ equals
the canonical gradient; hence ¥ is efficient for . This follows as in the non-alternating

case, Koul and Schick (1997), which in turn uses results of Schick (1987). The asymptotic
covariance matrix of 9 is M = A~

Remark 2. The case of equal autoregression functions does not lead to noticeable simpli-
fications. The expectations uy = E[ry(Xk—1)] and the covariance matrices

Ry = Elig(Xg-1)iy (Xp-1)]
still depend on k. The optimally weighted least squares estimator now solves
n m
Yo 5 (K jmk1) (Xjmak — ro(Xjmyn-1)) = 0,
j=1k=1

and its asymptotic covariance matrix is (Y-p-, 03 2Rx)~'. The efficient estimator for
remains unchanged except that now 7y =1y for k=1,... m.

Remark 3. The case of linear autoregression functions rpy(Xx—1) = ggﬁXk_l leads to
considerable simplifications. We have
sk (Xk—1,6k) = O X1, Ak = Jior0 k04,

and we can take residuals €y, 41 = Xk — Q;%ij+k_1. An efficient estimator of ¢ is now
obtained as

g N Ly -
=17+ (Z Jk@kﬁxké’;;) - DD ki Ximik-1 0k (Ejmn),
k=1 7j=1 k=1

11



where .
1 T
= Y Xjmik1X g1
j=1
Compare this with Remark 1. For alternating autoregression of order p = 1 see Miiller,
Schick and Wefelmeyer (2007).

4 Innovation distributions

In this section we fix one of the indices v € {1,...,m} within a period and consider esti-
mators of linear functionals ¢(f,) = E[h(e,)] = [ h(z)fo(z) dz

If ¥ were known, a simple estimator would be Eh = (1/n) > " ; h(€jm+v), the em-
pirical estimator based on the innovations. Since E[e,] = 0, we obtain new unbiased
estimators Eh, with hq(z) = h(z) — ax. Their asymptotic variance is minimized for
a = ay = 0,°E[e,h(€jm+v)]. Since a. depends on the unknown distribution of ,, we
must replace it by an estimator, for example a ratio of empirical estimators, and arrive at

the estimator

1 " Z 15jm+1/ 5jm+u
(41) LS hlegmn) — zwy
j=1

Z] 1 8]m—&—y

for Elh(e,)], which is known to be efficient.

Here we have improved the empirical estimator by an additive correction. Following
Owen (1988, 2001), we can also choose random weights wjm,, such that the weighted
empirical distribution has mean zero, 3 7} Wjm+v€jm+v = 0, and estimate E[h(e,)] by the

weighted empirical estimator
n

1
ﬁ wjm+uh(5jm+u)-
j=1
By the method of Lagrange multipliers, the weights are seen to be of the form wj,4, =

1/(1 + Av€jmv). This implies A, = 0,,%(1/n) > i1 Ejm+v + 0P, (n=1/2) and therefore

1 _
- Z Wimtvh(Ejmtv) = Z h(€jmtv) — [Evh(éfl/)]g Z Ejm+v +0p, (R ),
] 1 i

Hence the weighted empirical estimator is asymptotically equivalent to the additively cor-
rected empirical estimator (4.1).

However, we do not know 1) and must replace the innovations €, 4, by residuals €;,, 4, =
Ximsv — 7,5(Xjmyv—1) for some estimator 0. By the so-called plug-in principle, see e.g.
Miiller, Schick and Wefelmeyer (2001) and Klaassen and Putter (2005), we expect to obtain
an efficient estimator for E[h(e,)] as

1 < R Z] 15]m+1/ Egm—l-l/
= E h(€jm+v) — n § Ejmv
Jj=1

Z] 1 ejm—i-u

12



if we use an efficient estimator ) for the residuals.
Again, instead of ¢, we can use a weighted residual-based empirical estimator

1 n
@w = E Z wjm+uh(éjm+u)
i=1

with random weights ;y,, determined by Z?:l Wim4v€jmr = 0. It is asymptotically
equivalent to ¢, by similar arguments as above; see Miiller, Schick and Wefelmeyer (2005).

Assumption 3. Let h € Lao(f,) be absolutely continuous with A’ € Lo(f,) and
/ sup (W (z —a) — W (2))?f,(z)dz — 0 asn — oo.
lal<n

Set h.(x) = h(z) — a,z. By Taylor expansion, compare Schick and Wefelmeyer (2002),
the influence function of ¢, and ¢,, is seen to be

—E[W(e)luy AN s1(Xp—1,2k) + hal(er) = Elhu(e))-
k=1

By Theorem 2, an estimator ¢ is efficient if its influence function equals the canonical
gradient of ¢(f,) = Elh(e,)]. To determine the canonical gradient, we note first that for
v € V,, we have

02 (o funo) = ¢(fs) = Elh(en)v(e)].

On the right-hand side, we can replace h(e,) by its projection h.(e,) — E[h«(g,)] onto V,,.
By Proposition 1, the canonical gradient of E[h(e,)] is seen to be of the form

> ud sk (Xno1,ex) + ha(ey) = Elha(ey)]
k=1

with u, so that
ul A+ Elhu(2,)6)()]u] = 0.

Hence the canonical gradient is

—E[h ()6 ()i A Y si(Xim1,e8) + hu(er) — Elh(e)):
k=1

Assumptions 1 and 3 imply in particular that E[h}(e,)] = E[hs«(g,)0k(g,)]. Hence
Elh.(ev)t(e0)] = Elha(e0)lu(e0)] = E[M(ev)],

and the canonical gradient is seen to be equal to the influence function of ¢, and ¢,,, which
are therefore efficient.

13



Remark 4. We have assumed that h is absolutely continuous. This excludes the interesting
case h(x) = 1z < t], for which E[h(e,)] equals the distribution function F,(t) at ¢ of
the innovation density f,. If we assume that f, is uniformly continuous, then we also
obtain uniform stochastic expansions for the additively corrected residual-based empirical
distribution function

n

~ 1 “ Z 1 5]m+1/1[5]m+1/ § t
Fa(t) = - Z L[Ejmer <] — . n ZEJW-H/

n ]:1 Z] 1 6]m+V

and for the weighted residual-based empirical distribution function

I, )
Fu(t) = D i1 Ejman <1,
j=1

See Schick and Wefelmeyer (2002). For results on smoothed versions of F, see also Miiller,
Schick and Wefelmeyer (2005, Section 4). By Gill (1989), the quantile function is compactly
differentiable, and hence we obtain a stochastic expansion of the estimators F, and F), for

the quantile function F, 1.

Remark 5. If the autoregression function r,y is linear, r,9(X,_1) = Q%X,,_l, then, as

already noted in Remark 1,
o = Elry9(Xy-1)] = op9 E[Xy-1] = 0.

Let €jmiv = Xjmtr — QI@ijJrV_l. Estimators of E[h(e,)] are

n

~ 1 ~ Z] 1€]m+u Ejm-i-l/
Pa = — Z h(Ejm+v) — n ZEJerl/

nj:l Z] 1 jeru

and |
Py = - ; Wjmtvh(Ejmv)

with random weights 0,4, determined by Z 1 Wjm+vEjm+r = 0. By Taylor expansion,
the influence function of ¢, and @, is seen to be hy(e,) — E[h«(e,)] and does not depend on
the choice of ¥. Similarly, the canonical gradient of E[h(e,)] reduces to h(e,) — E[h«(e,)]-
Hence ¢, and @, are efficient even if an inefficient estimator of ¥ is used. Compare this with
Remark 1. For alternating autoregression of order p = 1 see Miiller, Schick and Wefelmeyer
(2007).

5 Equal innovation densities

In this section we study the submodel in which all innovation densities are equal, f; = --- =
fm = f, with mean 0 and variance o2. To prove local asymptotic normality, we proceed as

14



in Section 2, now with perturbations f,,(z) = f(z)(1 + n~"/?v(x)) with v in the space V,
of bounded measurable functions such that E[v(e)] = 0 and Elev(e)] = 0.

Assumption 4. The innovation density f is absolutely continuous with a.e. derivative f’
and finite Fisher information J = E[(?(¢)], where £ = —f'/f.

Theorem 4. Let (u,v) € R? x V,. Suppose Assumptions 4 and 2 hold and the stationary
density g depends smoothly on the parameters in the sense that [ |gnuw(x) — g(x)|dx — 0.
Then

dP, g = 1
(5.1) log d;,:U =n 1/2;;5kuv(xjm+k—lvejm+k) - 5”(%@)”2 +op,(1),
n m
(5.2) 23N stun(Kjmak—1, €jmak) = [[(w,v) [N under P,
7j=1k=1

where N is a standard normal random variable and

Stuo(Xp—1, 1) = 1 79 (Xp_1)€(ex) + v(ep),

1w, 0)]I* = ZE Skuw (Xk—1,€8)]-

k=1

Let V, denote the closure of V, in La(f). The tangent space of the model is

Sy = {kZ:lskw(Xkl,ek) : (u,v) € R? x V*}

The tangent space corresponding to known 1 is
m
= {Zv(sk) HONS V*}.
k=1

Of course, Sy, is a subspace of Sy = {311, vk(ek) : (v1,...,vm)| € V}, which is the
tangent space corresponding to known 1 but possibly different innovation densities and was
introduced in Section 2.

A real-valued functional ¢ of (0, f) is differentiable at (¥, f) with canonical gradient t,
if ¢, is of the form D )" Spu,v, (Xk—1,6x) With (uy,v,) € R x V, and

(5.3) 02 (0(nus frw) — =Y Elskugv, (Xk-1, k) Skuo(Xr-1, )]
k=1

for (u,v) € R x Vi.
The projection of £(g) onto Vi is li(g) = £(e) — o 2¢. Set

sk(Xp_1,ex) = (Fro(Xp_1) — pe)l(er) + 0 2 upeg.

15



As in Section 2 we have the orthogonal decomposition
Skuv (Xn—1,6k) = ' sp(Xp—1,€x) + ' pla(er) + v(ep).

However, Y ", u' pply(gg) is in Sy, but not in Sy,. In order to obtain an orthogonal
decomposition of the tangent space Sy, we must project > ;" | prls()) onto Sy,. In general,
the projection of " | vi(ex) € Sy onto Sy, is Y ;- vi(ex) with v, (e) = (1/m) Yy, vk(e).
Hence the projection of Y ;" | purls(e)) onto Sy, is ps > prq li(ex) with

m

fox = lz,uk

k=1

3

We arrive at the orthogonal decomposition

m m m m
D Sk (Xi1,er) = > ulsp(Xpor,en) + > ul paluler) + Y v(er)
k=1 k=1 k=1 k=1
with
st (Xi1:6n) = sk (Xp—1, k) + (1 — ) uler) = (oo (Xp1) — ) l(en) + 0 > pracy.

This implies an orthogonal decomposition S, = S; + Sy, of the tangent space, with

m

Sy = {ZuTsZ(Xk,l,ak) tu € Rd}.
k=1

Set
Ay = Elsj(Xe—1,8)s7 (Xp—1, k)]

= A+ 0 (e — ) (i — 1) T
= J(Ry — pepg ) + 20 2 pureptyy, — 0 prags
and A, = > " | A;. We rewrite (5.3) as follows.

Proposition 2. Let ¢ be differentiable at (¢, f). Then its canonical gradient is of the form

m m
Z u;SZ(Xk_l, €k) + Z 1}90(6}4;)

k=1 k=1

with (ug,v,) € R? x V, determined by
12 (s frw) — 9(9, ) = ul A+ mEv,(e) s ()] u + mEvy(e)v(e)]

for (u,v) € R4 x V.
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Autoregression parameters. The least squares estimator ignores the information of
equal innovation densities and remains unchanged. Since now o; = .-+ = g, = o, the
optimally weighted least squares estimator is asymptotically equivalent to the unweighted
one. From the d-dimensional version of Proposition 2, the canonical gradient of ¥ is obtained
as AJ! Yoy 51 (Xg—1,€x). Introduce residuals &y = Xjmar — 7.5(Xjm+x—1) for some
estimator 9. We can now estimate f and f’ by

~ 1 m ) 7 1 / )
x) = — 2&;(1’ — &), fi(x) = m;Kb(x — &),

and ¢, J and o? by

~ f! 7 1 - P 2 1 A 2
= , J=— 4(&), o0°=— 3
nmg (&), o nm ;81

+a

=

We estimate pi. by fi. = L 37, ji, and A, and s} by

m m m
Ty Ry — finfi.) +2572 Y iy =672 Y fiefa
k=1 k=1 k=1
Se(Xno1,88) = (Fg(Xpm1) — fi)l(er) + f1a6 e

A

Then the one-step improvement of a root-n consistent and discretized initial estimator J is

9=9+A"= ZZ Xjmik—1,Ejm+k)-

()
For appropriate choices of a, b and ¢, this estimator is efficient for ¥ and has asymptotic
covariance matrix M, = A;!. The covariance bound A ! is strictly smaller than A=!, in
general, with Ay —A = 07237 | (s — ) (e — p1+) T So equality of the innovation densities
carries information about 9, except when puy = -+ = uy, = p«. The latter holds of course
in alternating linear autoregression, for which pu; = -+ = p,, = 0.

Innovation distribution In this subsection we consider estimation of a linear functional
o(f) = = [ h(z)f(xz)dz. We can now base it on all residuals. As in Section 4, we
expect the estlmator

. 1 N }: 151 z
Pa=—> h&) - =G nngl

nm i=1 Zl ]. A

to be efficient for E[h(e)] if an efficient estimator ¥ is used for the residuals. Alternatively,

we can use the weighted residual-based empirical estimator
1 nm
N b h(E
Pw nm Z w;h(é;)
=1
with random weights @; chosen such that Y} w;&; = 0.
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Assumption 5. Let h € La(f) be absolutely continuous with h’ € Lo(f) and

/ sup (W (x — a) — W (2))?f(x)dz — 0 asn — oc.

lal<n

Set hi(r) = h(z) — a.z with a, = 0~2FE[eh(¢)]. By Taylor expansion, ¢, and ¢, are
seen to have influence function

B AT 5E (X e) + % S haler) — Blha(e))
k=1 k=1

We must show that this is the canonical gradient of E[h(e)]. To determine the latter, we
note first that for v € V, we have

n'2(@(f) = @(f)) = E[h(e)v(e)].

On the right-hand side, we can replace h(e) by its projection h(g) — E[h«(g)] onto Vi. By
Proposition 2, the canonical gradient of E[h(e)] is seen to be of the form

m 1 m
D ) si (X1, ek +Ezh* hs(e)]
k=1 k=1

with u, so that
ugA* + Elhy (), (e)|p) = 0.

Hence the canonical gradient is

Bl T AT Y 5t (Kin,2) + - D hler) — Elha(e)]
k=1

m
k=1

Assumptions 1 and 5 imply in particular that E[h}(¢)] = E[hs«(g)¢(¢)]. Hence
E[h«(e)ls(e)] = E[hu(e)l(e)] = B[ (e)],

and the canonical gradient is seen to be equal to the influence function of ¢, and ¢,,, which
are therefore efficient.
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