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Convergence rates of kernel density estimators for stationary time series are
well-studied. For invertible linear processes we construct a new density estimator
that converges, in the supremum norm, at the better, parametric, rate n=1/2. Our
estimator is a convolution of two different residual-based kernel estimators. Results

of independent interest are convergence rates for such estimators.

1. Introduction. The usual estimators for the density of a stationary process are ker-
nel estimators and their recursive versions. Rates of convergence and pointwise central limit
theorems have been studied under various mixing conditions by Robinson (1983), Chanda
(1983), Castellana and Leadbetter (1986), Masry (1986, 1987, 1997, 2002), Tran (1989,
1990a, 1990b), Roussas (1990, 1991, 2000), Cai and Roussas (1992), Ango Nze and Portier
(1994), Ango Nze and Doukhan (1998), Ango Nze and Rios (2000), Doukhan and Louhichi
(2001), Dedecker and Merlevede (2002); and for linear processes by Hall and Hart (1990),
Tran (1992), Hallin and Tran (1996), Coulon-Prieur and Doukhan (2000), Honda (2000),
Lu (2001), Wu and Mielniczuk (2002), Bryk and Mielniczuk (2005), Schick and Wefelmeyer
(2005b,c). Under appropriate conditions, the convergence rates of these kernel estimators
are as for independent and identically distributed observations.

Linear processes are written as linear combinations of independent innovations, and the
stationary density can be represented as a convolution of other densities in many differ-
ent ways. We use the simplest such representation and estimate the stationary density by
plugging in residual-based estimators of the densities involved in the representation. We
expect this to lead to faster, parametric, rates of convergence. This is already known in

nonparametric models with i.i.d. observations. Frees (1994) shows that his plug-in estima-
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1/2_consistent. Saavedra

tors for densities of certain functions ¢(X7i, ..., X,,) are pointwise n
and Cao (2000) consider the special case ¢(X1, X2) = X3 4+ aXs. Schick and Wefelmeyer
(2004b, 2005a) prove functional convergence for ¢(Xi,..., X)) = u1(X1) + -+ + um(Xom)
and ¢(X1, X2) = X1 + X3, viewing their estimators as elements of Ly or of the space Cp(R)
of continuous functions on R vanishing at infinity. Giné and Mason (2005) obtain func-
tional results in L,, and locally uniformly in the bandwidth, for general ¢(X1,...,X,,).
Special cases of the semiparametric time series model considered here have also been stud-
ied. Saavedra and Cao (1999) consider pointwise convergence of plug-in estimators for the
stationary density of moving average processes of order one. Schick and Wefelmeyer (2004a)
obtain asymptotic normality and efficiency, and Schick and Wefelmeyer (2004c) generalize
this result to higher order moving average processes and to functional convergence in L,
and Cp(R); see below for details. Here we consider general invertible linear processes and

obtain nl/2

-consistency in Cp(R) of our estimator for the stationary density.
Specifically, we consider a stationary linear process with infinite-order moving average

representation

(11) XtZEt—‘rZQOSEt,& tGZ,

s=1
with summable coefficients ¢, and independent and identically distributed (i.i.d.) innova-
tions ey, t € Z, having mean zero and finite variance. If the innovations have a density f, then
Xo has a density, say h. The usual estimator of this density from observations X;,..., X,

of the linear process is a kernel density estimator
1 n
h(z) = — Zl ky, (z — X;), x€R,
j:

where ky, = k(z/b,,)/by for some kernel k (an integrable function that integrates to 1) and
some bandwidth b,, (tending to 0).

2

Our goal is to construct a n'/?-consistent estimator of h. For this we set

o0
Yi=X,—¢ = Z(Psgtfsv teZ.
s=1
We must exclude the degenerate case that the observations are i.i.d.:

(C) At least one of the moving average coefficients ¢, is nonzero.

Then Y, has a density, say g. We have Xy = g + Yj. Since Yj is independent of g, we can
express the density h of Xy as the convolution h = f * g of f and g. We obtain an estimator
of has h = f * g, where f and ¢ are estimators of f and g. We base these estimators on

estimators of the innovations. For this we require invertibility of the process.
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(I) The function ¢(z) = 1+ Y oo ¢sz* is bounded and bounded away from zero on the
complex unit disk {z € C: |z|] < 1}.

Then p(z) = 1/¢(z) =1 — > o= 0s2° is also bounded and bounded away from zero on the

complex unit disk. Hence the innovations have the infinite-order autoregressive representa-

tion
(oo}
(1.2) e =Xy — Z 0sXi_s, tET.
s=1
Let p,, be positive integers with p,,/n — 0. For j = p, +1,...,n we mimic the innovation

€; by the residual
Pn
& =X, 0iX;
i=1

where 9; is an estimator of g; for i = 1,...,p,. We then estimate the innovation density by

a kernel estimator based on the residuals,

fo)=—— 3 k(w-&), weR

n—Pn
Pr i pi

n

and we estimate the density g by a kernel estimator based on the differences }Afj =X, —¢j,

1
n—Pn

g(x) = Z kbn(x—ffj), z €R.

Jj=pn+1

In addition to (C) and (I) we use the following assumptions.

(Q) The autoregression coefficients fulfill 3 ., |os| = O(n=1/2=¢) for some ¢ > 0.

(R) The estimators ¢; of the autoregression coefficients p; fulfill
Pn

Z(@z —01)* = Op(gan™")
i=1
for some q,, with 1 < q,, < py,.
(S) The moving average coeflicients satisfy > ., s|¢s| < 0.
(F) The density f has mean zero, a finite fourth moment, is absolutely continuous with a
bounded and integrable (almost everywhere) derivative f', and the function x — x f'(x)

is bounded and integrable.

The usual estimators of the autoregression coefficients are the least squares estimators

01, -, 0p, which minimize Z?:an(Xj —> P 0:X;—;)% By Lemma 1, they meet condition
(R) with g, = p, if in addition
(1.3) npn Y 0F =0

S$>pn
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holds. For smooth parametric models for the autoregression coefficients, we even have (R)
with ¢, = 1 as shown in Section 2.
We denote the number of non-zero coefficients among {¢s : s > 1} by
N =S 1p, 0]
s>1
Then we can express (C) as N > 1. If N is finite, then (S) holds and the autocorrelation
coefficients decay exponentially. Moreover, (Q) holds with ¢ = 1 if p,, = log(n) log(logn).
If we assume that |gs| < Bs™17% for some a > 0, then we have
> losl =0, and np, Y o = O(np,>).
$>pn 5>Dn
Then the choice p, = n” with 28a > 1 gives (1.3) and (Q) with ¢ = Ba — 1/2.
Under (C) and (F), the density h is only guaranteed to be twice continuously differen-
tiable. Thus the optimal rate of nonparametric estimators like the kernel estimator h is

~1/2_ Simulations in

n=2/5_ Our estimator for h is h = f* g. We will show that its rate is n
Schick and Wefelmeyer (2004a) for a related estimator in a first-order moving average pro-
cess show that A is better than h even for small sample sizes, and uniformly over a range of
bandwidths. We note that our estimator & is easy to calculate. Indeed, h(z) can be written
as the V-statistic

. 1 ~ " .

h(z) = CEYRE i:%:m:%;l Ky, (z — & —Y))
where Kp(z) = K(z/b)/b and K = k x k. Here we used the fact that k x k, = Kj. Thus it
is advantageous to choose a kernel k for which & * k is known.

Smoothness of g and h can be linked to the number N. Our main result will thus be
formulated in terms of N. The following conditions on the kernel and the bandwidth are
kept general to allow for various smoothness assumptions in terms of an integer m > 2,
where m — 1 will play the role of a (known) minimal size for N. Under (C), we know that

N > 1 so that we can always take m = 2.

(B) The sequences b,,, p, and g, and the exponent ¢ fulfill p,q,b;'n=/? — 0, nb2™ = O(1),
nt/%s, — 0, n'/2b,s, = O(1), where s, = b;l/Qn’l/2 +pnqnb;5/2n’1 + b;g/zn*C*I/Q.

(K) The kernel k has bounded, continuous and integrable derivatives up to order two and

is of type (m,2) as defined below.

A kernel k is said to be of type (m, ¢) if [t'k(t)dt =0fori=1,...,mandif [ [t|™|k(t)|d¢
is finite. A kernel satisfying (K) can be chosen of the form p¢, where ¢ is the standard normal

density and p is an appropriate polynomial of degree m.
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A possible choice of bandwidth is b, ~ n~Y(?™) Then (B) is met if 4m¢ > 1 and

4m)

Prgnn~2m=3)/( — 0 hold. In particular, p, = g, ~ n” requires 8mfB < 2m — 3.

Let G,,, F,, and H,, denote the processes defined by

H,(2) = S (61 — 01 B[Xoks, (z — Vi),
i=1

for z € R. Let || - || denote the supremum norm. We can now state our main result.

THEOREM 1.  Suppose (I), (Q), (R), (S), (F), (K) and (B) hold. Let N > m — 1 > 1.
Then

h = h = Fp = G + f 5 Hal| = 0,(n~"/2).

The proof is an immediate consequence of the results in Sections 3—10. Write

(1.4) h—h=gx(f—f+fx@G—9)+{F—F*G—9).

Since f is Lo-smooth and g is Lo-smooth of order m — 1 as shown in Section 3, Lemmas 9
and 10 in Section 9 imply ||f — f|la = Op(s,) + 0(b,), while Lemmas 11 and 12 in Section
10 imply [|g — gll2 = Op(sn) + o(b7~1). Inequality (4.3) below and condition (B) then give

(1.5) I(F = 1)@= < I1f = fllallg = gll2 = 0p(n™"?).

We note that strong consistency of f was proved by Robinson (1986, 1987). For (finite-order)
nonlinear autoregressive models, convergence rates of residual-based kernel estimators were
obtained by Liebscher (1999) and Miiller, Schick and Wefelmeyer (2005). By the smoothness
properties of f, g and h from Section 3, Theorem 4 in Section 9, applied with a = g, gives

(1.6) lg* (f = ) = Gull = 0p(n~/?),
and Theorem 5 in Section 10, applied with a = f, gives
(1.7) 1f % (G = 9) = Fp + ' 5 Hall = 0p(n~"/?).

Theorem 1 now follows from (1.4)—(1.7).
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The sequences n'/?G,, and n'/F,, are tight in Cy(R) by Section 4. Moreover, the sequence
n'/2 f" « H, is tight for the least squares estimators if also (1.3) holds. Indeed, according to

Lemma 1 in Section 2, the above assumptions imply that the least squares estimators satisfy

" 1
(1.8) A=M1 Z X185 + Op(n_l/Q),

where A = (01 — 01,--+,0p, — 0p,) "> Xjo1 = (Xj_1,..., Xj_p) T and M, = E[XoX{]].
Thus, if (F) holds, then n'/2f’ % H, is tight in Co(R) by Theorem 2 in Section 7, applied
with a = f’. Hence n'/2(h — h) is tight in Co(R) by the above Theorem 1, and h is n'/2-
consistent in Cy(R). Since the finite-dimensional marginal distributions of n'/2(h — h) are
asymptotically normal with mean zero, the process n'/2(h — h) converges weakly in Cy(R)
to a centered Gaussian process with covariance

D(s,t) = lim Cov(Z,(s),Z,()), s, t € R,

n—oo

where

n

Zo(w) = <= 3 (90 — <) + Fla—¥)) = 2h(a) + &K My BXo f (2~ i)])-

j=1

We pay a price for nt/ 2—consistency in several respects. One is that we need stronger
assumptions on the process, namely invertibility and a sufficiently fast decay of the autore-
gression coefficients, Condition (Q). Another is that we must choose, besides the bandwidth
by, the cut-off index p,,. However, our estimator has the advantage that its asymptotic be-
havior does not depend on b,, and p,, at least in the ranges we allow, while the rate of the
usual kernel estimator depends on the bandwidth.

If we strengthen (F) by imposing additional (smoothness) assumptions on f’ and use
kernels of type (r,2) for appropriately chosen r, the bias terms in the estimation of f, g and
h can be made smaller and this allows for larger bandwidths and hence weaker assumptions.
For example, if f’ has bounded variation and a kernel of type (2m—1,2) is used, then we can
show that || f+ky, — flla = OB%?), |lg*ks, —gll2 = O™ ') and ||hxky, —h|| = O(b2m—1).
This allows us to replace the requirements nb2™ = O(1) and n'/?b,s, = O(1) in (B) by
nbim=2 — 0 and nb? = O(1). For the choice b,, = (nlogn)*/(*™=2) the requirements of the
so modified condition (B) are then implied by p,gy,(logn)'/2n=(m=1/m=1) = O(1). This
allows for larger values of p, and avoids additional assumptions on (.

The paper is organized as follows. In Section 2 we comment more on the assumptions.
We also look at the case when we have a parametric model for the autoregressive coeffi-
cients and give more details for classical models such as the AR(p), MA(1) and ARMA(1,1)
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models. In Section 3 we review expansions in Cy(R) and L,,. In Section 4 we give a tight-
ness criterion for sequences of Cy(R)-valued random elements and sufficient conditions for
tightness of empirical processes based on observations from linear processes. These are
used in later sections to show tightness of n'/2F,, n'/2G,, and n'/2f’ « H,. An impor-
tant inequality is established in Section 5. The asymptotic behavior of averages of the form
(n—pp)~? Z;'L:pnﬂ Xj—ian(z —Y;) and their means is studied in Section 6. Such averages
arise in the stochastic expansion of §. Tightness of n'/2f’ « H,, is established in Section 7.
Section 8 shows how well the residuals approximate the true innovations and gives uniform
stochastic expansions for residual-based averages of the form (n —p, )~} Z;L:pn 41 an(T—€5)
and (n — p,)~! Z;’L:pn-u an(x — Yj). The kernel estimators f and § are of this form. In
Section 9 we give convergence rates of f in Lo and stochastic expansions of functionals a * f
in Cp(R). Analogous results are given for § and a * § in Section 10. We have seen above how

these results enter the proof of Theorem 1.

2. Examples. The following result on the behavior of the least squares estimators is

essentially contained in Berk (1974).

LEMMA 1.  Assume that (1), (1.3) and p3 /n — 0 hold and f has a finite fourth moment.
Then the expansion (1.8) is valid.

PROOF. The least squares estimators (91, .. ., épn)T can be expressed as

NI _ - 1«
MglﬁZXj,lXj with anﬁZXj,lxjil.
j=1 j=1

We can write the error term in (1.8) as (M; ! — M)A, — M ' B, with

1 — 1 —
A == X. 6. S o X .
"= § j—1g; and B, - E X; 12 0iX; i
j=1 j=1 1>Pn
By (2.13) of Berk (1974),

BB, = O0(pa Y 0?).

i>pn
and by the relation right before his (2.17) we have E[|A,|*] = O(p,n~1). By his Lemma 3
we have p,ll/QHJ\Z,j1 — M Y|« = 0,(1), where || M|, = Sup|yj<1 |Mz| is the operator norm of

a matrix M. By his (2.14), both ||M,||. and || M, ||. are bounded. Combining the above,
(Mrjl - M HA, = op(p;I/Q)Op(p;/2n71/2) = Op(nil/Q)a

n

M;'B, =0, (p}Z/Q( Z Q?)l/Q) = 0,(n"1/?).

i>pp
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The result follows. O

Of special interest is the case when we have a parametric model for the autocorrelation
coefficients: There are functions r1,r9,... from an open subset © of R? into R such that
0; = r;(¥) for all ¢ and some unknown ¢ in ©. Then we can take §; = r; (19) for all ¢ and

some estimator J of 9. Now let us impose the following conditions.
(R1) The estimator U of ¥ is n'/2-consistent: J — 9 = O, (n~/2).

(R2) The functions 11,73, ... are differentiable at ¢ with gradients 74 (9),72(9), ..., and

3 (ri(9 +5) — ra(9) — #4(9) T5)* = o(|s[?) and Zln
i=1

These conditions imply (R) with ¢, = 1. If also (C) and (F) are met, one obtains (see
Theorem 3 in Section 7) that

£ Hy, — (9 = 9) TA|| = 0, (n1/?)
with

:irz EXof'(z-Y;)], zeR.

i=1

Thus, if (I), (Q), (R1), (R2), (9), _( F), (K), (B) and N > m — 1 hold, we have the expansion
(2.1) |h—h—TFp— Gy + (9 —9)TA|| = 0p(n~"/?)

and tightness of n'/2(h—h). Weak convergence of n*/2(h—h) in Co(R) can now be established
under mild additional assumptions on 0.

Let us now look at three special cases, namely AR(p), MA(1) and ARMA(1,1). In these
examples, the moving average and autoregression coefficients decay exponentially, so that
(S) holds and the choice p, ~ log(n)log(log(n)) guarantees (Q) with ¢ = 1. We can then
take m = 2 and b, ~ n~/4,

EXAMPLE 1. Let Xy = 1 Xy—1 + -+ + 9pXy—p + & be an AR(p) process with 9, # 0
and such that the polynomial g(z) = 1 — >°%_ ;2% has no roots in the (complex) unit
disk. Set 9 = (¥4, .. .,ﬁp)T and X, 1 = (Xe—j, ... ,Xt,p)—r. Then we can write the model
as X; = 9" X;_1 + £;. The representation (1.2) holds with g5 = r5(¢) = 9, for s < p and
0s = 1rs(¥) = 0 for s > p. By our assumptions on ¢(z), the moving average representation
(1.1) holds with ¢ the coefficients of 1/0(z) = Zgozl p2F and YV, = X; — g, = 9T X, .

Since ¥ = 0 is ruled out, we have (C). Moreover, the moving average coefficients decay
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2_consistent estimator of 9. We estimate the

exponentially implying (S). Let 9 be a n/
innovations €; by the residuals £; = X; — @TX]-,L Here (R2) holds with 7;(¢) = e;, the i-th
unit vector, for i < p and 7;(9) = 0 for i > p and we find A(z) = E[Xof (z — 9" Xo)]. A
simple estimator for ¥ is the least squares estimator
b= (Y X)) XX
j=p+1 j=p+1

With M = E[X,X] ], ¥ has the stochastic expansion

. 1 -
D=9 +M 1= X; ¢ —1/2),
+ n ; j—1&5 +op(n=77)
With this choice of ) we obtain in particular that n/2(h — h) converges weakly in Co(R) to

a centered Gaussian process. In this example we can take p, = p. O

EXAMPLE 2. Let X; = &, + ¥¢¢,_1 be an MA(1) process with [J] < 1 and ¥ # 0.
Then the moving average representation (1.1) holds with ¢ = ¥ and s = 0 for s > 1,
and (C) holds as ¢ # 0. The representation (1.2) holds with g5 = rs(¥) = —(—1)°. Let
J be a n'/%-consistent estimator of . We estimate the innovations ; by the residuals
& = X5+ Zf;l(fzé)in_i. It is easy to check that (R2) holds with 74(9) = s(—)°~ L.
We have V; = X; — &, = ¥e;_1 and therefore E[Xf'(z — Y;)] = 0 for ¢ > 1. Thus the
expansion (2.1) holds with A(x) = E[Xof'(z — Y1)] = Eleof'(xz — ¥eo)]. In particular, if
U is asymptotically linear, n'/2(h — h) converges weakly in Co(R) to a centered Gaussian

process. Our estimator his asymptotically equivalent to the estimator

hsel(z) = / f(x — 9y)f(y) dy

considered by Saavedra and Cao (1999). This estimator can be written
- 1 = x—e; — Ve
hso(w) = g 3 Ly ()

with Ly(z) = [ k(z — 9y)k(y) dy. The kernel L; can be replaced by a general (nonrandom)

kernel k. The U-statistic version of the resulting estimator,

}ALSW = Z kbn (lL‘ —&; — 1§€j)
is studied in Schick and Wefelmeyer (2004a) who prove a pointwise version of the above
stochastic expansion. Schick and Wefelmeyer (2004c) generalize the result to MA(g) and

show that the expansion holds uniformly and in L;. O
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EXAMPLE 3. Let X; = aX;_1 + &t + fet—1 be an ARMA(1,1) process with |af, |5] < 1
and a + 3 # 0. Then the moving average representation (1.1) holds with ¢, = (a+ 8)a*~1,
and the autoregressive representation (1.2) holds with o, = rs(a, 3) = (a + B)(=8)* L.
The requirement o + 3 # 0 gives ¢1 # 0 and therefore (C). We have V; = X; — ey =
S (a4 B)a* ey Let & and 3 be n'/?-consistent estimators of a and 3, respectively.
We estimate the innovations €; by the residuals

Pn
gi=X—(6+B)) (-8 X;.
i=1
Here (R2) holds with 7s(a, 5) = (
pansion (2.1) holds with J = (&, 3)T and

3 (=5 ,
Alx) = z—Y.).
@=2 <—<s— 1)a(—ﬂ)5‘2+s(—ﬂ)s‘1> ol e =1

s=1

In particular, if @ and 3 are asymptotically linear, n'/2(h — h) converges weakly in Cy(R)

to a centered Gaussian process. O

3. Smoothness. Here we shall address smoothness of f, g and h = f * g. For this we
assume that N > r for some positive integer r. Then we can express Y = 2;1 Pre—r,+ 2,
where 71, ..., 7, are the first » non-zero indices among {¢s : s > 1} and Z = Zs>n PsE_s.
For t # 0, define densities f; and f; by fi(z) = f(x/t)/|t| and fi(z) = E[f;(x — Z)]. Since
the innovations are independent with density f, we find that the density g of Y; equals f;,
if » = 1 and equals the convolution f,, *---* f. . % f. for r > 1.

Let A denote the class of absolutely continuous functions with a bounded and integrable
almost everywhere derivative. Let A, denote the class of absolutely continuous functions
with an almost everywhere derivative in L, p € [1,00). It follows from (F) that f belongs
to A and hence to A, for each p € [1,00). Elements of A are Lipschitz, while elements a of

A, are L,-Lipschitz with constant C' = ||da’||,, i.e.
la(- —t) —al, < CJt|, teR.
Indeed, we can express
1
a(z +1t) —a(z) = t/ a'(z + st)ds
0

and thus obtain from Jensen’s inequality and Fubini’s Theorem that

1
/Ia(w+t) —a(z)|" dr < Itlp/ /la'(sc+st)|pd:vds: tP|la’|[2, t € R.
0
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A more careful analysis shows that elements a of A, are Ly-smooth:
a(- —t) —a— ta/Hp < tlwpar ([t), teR.
Here wy, ,, denotes the Ly,-modulus of continuity of a measurable function v defined by
Wp,u(0) = sup [[v(- —t) —vfp, 6=0.
[t|<6
If v belongs to Ly, then w,, is bounded by 2|v||, and wp,(d) — 0 as 6 — 0 by the
translation continuity in L,, for which we refer to Theorem 9.5 in Rudin (1974). Recall also
that the modulus of continuity of a function v is defined by
wy(0) = sup  |u(y) —v(@)] < sup [lv(-—1t) —vf|, §=>0.
z,y€R,|y—z|<s [t|<8

If v belongs to Cy(R), then w, is bounded by 2||v|| and w,(§) — 0 as 6 — 0.

Assume now that f belongs to A. Then so do the densities f; and f; for ¢t # 0. This
immediately gives that g belongs to A if r = 1. Hence g is L,-smooth for each 1 < p < oo.

/

Now assume that r > 1. Set g; = fL % fL s fr % fr_ xf; fori=1,...,r—1and

Gr = fLok-ox [l % f; These functions are integrable, bounded and uniformly continuous.

The last two properties stem from the fact that the convolution of a bounded function
with an integrable function v is bounded and uniformly continuous in view of the bounds
lu*v|| < |lullllv]i and wyw(8) < ||lullwi,w(8). It is now easy to check that g; is the i-th

derivative of g. Thus we have the identity

glz+1) —glz) - Z ggz(x) = ﬁ/0 (gr(z + st) — gr(2))r(1 — s)" " ds.

ol
i=1

Since g, belongs to L,, we obtain from Jensen’s inequality and Fubini’s theorem as above
that

5.) ot +0-9-3 L

i=1

It]"
= Wy, g, (

t), teR.

p

If this holds, we say that g is L,-smooth of order r. This reduces to L,-smooth if r = 1.
Since h equals f x g, the above arguments show that h is (r 4+ 1)-times continuously

differentiable with bounded, integrable and uniformly continuous derivatives. This implies

that

"+t

r+1 i
(3.2) Hh(- 1) —h= Y =k
i=1

< (7’ n 1)'wh<7-+1>(|t\)7 t e R.

If this holds, we say that h is smooth of order r + 1.

Let us now summarize our findings.
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COROLLARY 1.  Let f belong to A and N > r > 1. Then f is Ly-smooth, g belongs to A

and is Lo-smooth of order v, and h is smooth of order r + 1.

COROLLARY 2.  Let a be Lo-smooth of order r and let k be a kernel of type (m,2) with

m >r. Then ||ax ky, — alla = o(b]).

COROLLARY 3.  Let a be smooth of order v and let k be a kernel of type (m,1) with
m >r. Then ||a x ky, — al| = o(b%).

4. Weak Convergence in Cy(R). In this section we address weak convergence of
sequences of random elements in the space Cy(R) of continuous functions vanishing at (plus
and minus) infinity, endowed with the supremum norm || - ||. To establish tightness we use

the following characterization of compact subsets of Co(R).

LEMMA 2. A closed subset A of Co(R) is compact if and only if
limsup sup |a(z) —a(y)| =0,
510 geA |z—y|<d
lim sup sup |a(z)| = 0.
K—ooaca 21>k

A proof of this lemma is given in Schick and Wefelmeyer (2004b). From the lemma we

immediately obtain the following characterization of tightness.

COROLLARY 4. A sequence A,, of Co(R)-valued random elements is tight if and only if
for every e > 0 andn > 0 there are a 6 > 0 and a K < oo such that

(4.1) supP( sup A, (2) — An(y)] > e) <,
n lz—y|<é
(4.2) supP( sup |A,(2)] > e) <.
no N>K

Once tightness is established, weak convergence follows from the convergence of the finite-
dimensional distributions.
Let a; and a2 be two square-integrable functions. Then a; * a2 belongs to Cy(R). Indeed,

an application of the Cauchy—Schwarz inequality and a substitution yield
(4.3) llar * az|| < [|az|2[|az ]2
Hence ay * as is bounded. Furthermore,

(4.4) a1 * az(- — t) — a1 * azl| < [Jai(- —t) — a1||2]|az]|2-
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Since a; is square-integrable, we obtain from the translation continuity of square-integrable
functions (see e.g. Rudin, 1974, Theorem 9.5) that ||a1(- —¢) — ai||]2 — 0 as t — 0. This
shows that a; * as is uniformly continuous. Finally, write xx (y) = 1[|y| > K] and ay *x as =
ay * (a2(1 — xk)) + a1 * (a2xKk). Since | —y| > K if |z| > 2K and |y| < K, we obtain

(4.5) sup |ay x az(z)| < llarxk |l2llazll2 + [la1l2]lazx x|l2-
lz|>2K

Hence a; * ay vanishes at infinity. The above shows that aq * as is in Cp(R).

If a is a square-integrable function and D), is a sequence of Lo-valued random elements,
inequalities (4.3)—(4.5) yield

lla*Dn(- —t) — ax Dyl < la(- = 1) — al[2[|Dnll2,

sup [a* D (z)] < [laxs|2[[Dnll2 + lall2|Dnxx|l2-
|z|>2K

This shows that the Cp(R)-valued sequence a * D, is tight if ||D,||2 = O,(1) and if for all
positive € and 7 there is a K such that sup,, P(|Dpxkll2 > €) < n. In view of the Markov

inequality, a sufficient condition for these two statements is the following condition.
(T) There is an integrable ¥ such that E[D?(x)] < ¥(z) for all x € R.

Now let £1,&5, ... be a stationary sequence of random variables with distribution function
D, and let

D, ( *nil/QZ 1¢; <z — (x)), z eR,

be the associated empirical process. If A is absolutely continuous with an almost everywhere
derivative A’ that is both integrable and square-integrable, then we can express

n

Ap(z) =n"12> " (Alz — &) — E[A(z — &))) /Ax— ) dDy (y)
j=1

bofe) = [ Az = pDu(y)dy = 4 <Dufe), s € R

Thus the sequence A,, will be tight if we can show that condition (T) holds. In the following
we give sufficient conditions for (T).

(a) If &1, &a, ... are independent, then condition (T) holds if the random variables have
a finite mean. Indeed, we have the identity E[D?(z)] = D(x)(1 — D(x)), and D(1 — D) is

integrable if and only if the {; have finite mean.
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(b) Now assume that &;,&s, ... come from a linear process

ft = stUt—87 t e Z,
s=0

where the innovations Uy, t € Z, are i.i.d. with finite mean, the coefficients dy,dy, ... are
summable, and dy # 0. Then condition (T) holds if -7 (1 + s)|ds| < co. This follows from
Corollary 7.1 in Schick and Wefelmeyer (2005c¢).

5. A bound. Let Uy, t € Z, be independent and identically distributed random vari-
ables with finite mean. For summable coefficients cg, c1,... and dg,d1, ..., with dg # 0, let

us consider the linear processes

Se=> el and T,=Y dUi_,, teL.
s=0 s=0

For a measurable function a we define

K@) =Y (afe - T;) - Flata - 7)),

Hiw) =n™'? )" (sja(a; —T}) — E[S;a(z — Tj)]), zeR.

Let U = Uy and set

=3 lej] and D=3 (i+1)ld;l =) Id-
§=0 §=0

=0 s=j
In their Lemma 7.3, Schick and Wefelmeyer (2005c) have shown the following result.
LEMMA 3.  Suppose a is bounded and Ly -Lipschitz with constant L. Let D be finite. Then

[ Bl @) ds < atfall DE(U].
We shall now obtain a similar result for the process H.

LEMMA 4.  Suppose a is bounded and Lq-Lipschitz with constant L, and U has a finite
second moment. Let D be finite. Then

/Em%mms&wm%mwww%

PrROOF. We can write H(z) =n"'2Y""_ (Z;(x) — E[Z;(z)]) where

j=1

ZJ(LL') = Sja(:v - Tj), r eR.
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Now set

j—1 oo j—1 )
S]* = chUj—S7 Sj = ZCSUJ'_S, T; = stUj—sa Tj = stUj—s-
s=0 =Jj s=0 s=j

Then we can write
Zj(x) = S;a(x — T} = Tj) + Sja(z — T} —Tj)

and obtain, with F denoting the o-field generated by {U; : t < 0}, that

(5.1) Zj(x) = BE(Zj(2)|F) = aj(z — T)) + Sja;(z — Tj),

*

where a ;

and a; are the functions defined by

aj(r) = E[Sja(x —T})] and a; = Ela(z —T})], =R

These functions inherit the Li-Lipschitz property of a. More precisely, we have the bounds
(5.2)  laj(- —t) —ajlly < E[|S|]LIt| < BL|t| and [la;(- —t) — ;1 < Llt],

where B = aE|[|U|]. To simplify notation, we abbreviate Sy by S, To by T, and Zy by Z.
Using stationarity and a conditioning argument, we obtain

n—1

E[H?(x)] = Var(Z(x)) +

S

(n—j) Cov(Z(x), Z;(x)) <2 Tj(x),
=0

j=1

where, in view of (5.1), I';(x) can be taken to be

I(@) = E[|2(2) - BlZ()]||a}(x = T)) = aj(2) + 5 (@ = T) — a; (@)

Since a is bounded, we derive the bounds |Z(z)| < |S|||a|| and |E[Z(x)]] < E[|S|]||a| for
x € R. This, E[|S]] < B = aE[|U]], and (5.2) yield

511y < lall B[ (181 + EUSI) (BLIT;| + LE(S;T1)]

< lal BL( Y ldoss | EL1S] + EISDIU-] +2 > lerllds| EIU?))

s>0 s,t>7

< ||aHBL<2aE[U2] + 2aE[U2}) 3 ldyl.

82

In view of B = aE[|U|] and the definition of D, the desired result is now immediate. a
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6. An auxiliary result. Let X; be a linear process as in (1.1). Let a,, be an integrable
function that belongs to A;. For i = 1,2,... set
1
n—p

n
Z Xj_ian(x =Y;), xz€R,

" j=pn+1

CAlnﬂ(l‘) =

an,i(x) = Elan,i(z)] = EXoan(z - Y;)], xR
In this section we study the behavior of a,; and its expectation a,; in L. The results
developed here will be used in later sections with a,, = ks, or a, = kl’)n.

From Lemma 4 we immediately obtain the following result.

LEMMA 5. Suppose (C) and (S) hold. Then there is a finite constant A such that

/Var(dn’i(x))dx < Allanllldill, i=1,2,....

We denote the index of the first non-zero moving average coefficient by
T=1inf{s > 1: ¢4 # 0}.
Under (C), 7 is finite. Let Z; =Y; — ¢r¢j_-. A conditioning argument shows that
an,i(z) = 1[i = 7|Elv,(x — Z;)] + E[Xoun(z — Z;)]
with
un(z) = Elan(z — @re0)] and  vy(x) = Elegan(z — ¢re0)], = €R.

Then u,, = a, * ¥ and v,, = a, * Y1, where
(6.1) i) = /() ad (o)

el
Under assumption (F), 19 and ¢ belong to A.

1x<x

= —fl—), xeR
lor| or wT)

If w,, converges in Ly to some u and v,, to some v, then we find that a, ; converges in Ly

to a;, where
a;(z) =1[i = 7|Ew(z — Z;)] + E[Xou(zr — Z;)], z €R.
Actually a stronger statement is possible.
LEMMA 6. Let (C), (S) and (F) hold. Suppose there are square-integrable functions u

and v with u in Ay such that ||a, *1 —vl||a — 0, ||an *xo —ull2 — 0, and ||a, x ) —u'||2 — 0.
Then

o0 oo
> Nani—al3 —0 and ) llail3 < co.
i=1 i=1
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PROOF. For ¢ > 7 and w € Ay we have
EXow(z — Z;)] = E[Xo(w(x — Z;) —w(z — Z;)))
with Z; = Y s cs<i PsEi—s, and hence

/(E[Xow(m — 7)) dz < E[X]] /E[(w(m ~Z) - w(x - Z) Y de

< EX3NW'[3E(Zi - Z:)°) = EX)lw'5E[) ) @3-

s=t
With w = a,, *x g — u and assumption (S) we obtain
> Nani —aill3 < EIXGIE[eg)lan * 6 — u'[|5 Y s — 0,
1>T s>T
and with w = u we obtain
> a3 < BIXGIEEG W13 s¢? < oo
i>T s>T
The desired results are now immediate as a, ; converges in Ly to a; for i < 7. O

REMARK 1. The assumptions on a, of the previous lemma hold with © = a * ¥y and
v = a* Y if a,, converges in Ly to some a. They hold with v = 99 and v = ¢ if a,, = ks,, .

In the first case, @; = a * §; and in the second case a; = d;, where
(6.2) 0i(w) = 1[i = T|E[Y1 (2 — Zo)] + E[Xovho(x — Z;)].
O

7. Tightness of n'/2a « H,. Let us now address tightness of n'/?a % H, for some

square-integrable a. For such an a we have, with a, = axkp_,

P
axHy(z) = (6 — 0)E[Xoan(x — ;)] = ATE[Xoan(x - Y1)], z€R.
i=1
Recall that A = (61— 01,--+,0p, — 0p,) and X1 =(X-1,... 7Xj,pn)—'—. We shall first

treat the case when (1.8) holds. As seen in the proof of Lemma 1, the dispersion matrix
M,, = E[X(X] is invertible and the operator norm of its inverse M, ! is bounded. Hence

there is a constant K such that for all n,
(7.1) cI My, < Klep)?> and ¢! M7 le, < Kle,|?, ¢, € RPr.

Let § = (d1,...,0,,)" with d; as defined in (6.2). Now set

n

1
Jn(z) = Z 5ijT,1M516(3:), z €R.

N —Pn

Jj=pn+1
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We point out that, for any square-integrable a,

> X M'EXpa(z - V1)), zeR.
J=pn+1

axJ,(x) =

N —Pn

THEOREM 2. Let (C), (I), (F), (S) and (1.8) hold and p, — oco. Then, for each square-
integrable a, the sequence n'/a x J,, is tight in Co(R) and ||a * (H,, — J,,))| = op,(n™/?).

PRrROOF. Since py i(z) = E[Xoks, (x — Y;)] equals E[X1_;kp, (x — Y1)], we obtain that

H,, = AT ji,,, where 1, (z) = E[Xoks, (x — Y7)]. Let us set

1 .
A:Mnln_p > X

Jj=pn+1

By the results in Section 6, we have with v,, = kp,, * ¢1 and w,, = ks, * 9o,
tn,i(x) = 1[i = 7| Efv,(z — Zo)] + E[Xoun(x — Z;)].

Since ||kp,, * 10; — ;]]2 — 0 for i = 0,1 and ||kp,, * ) — ¢}||2 — 0, we obtain from Lemma 6,

applied with a,, = ks, , that
> ltni = 6il3 =0 and Y [16:]3 < oo
i=1 i=1
From this we obtain that ||, |l2 = O(1). This shows that
(7.2) o = ATpnll2 = 1A = B) Tl < 1A = Alllpall2 = 0p(n~/?).
A martingale argument and straightforward calculations show that
(n — pa) BT (2)] = Bleg] B[(Xq M, 6())?]
= Eleg] B[o(x) " M, ' XoXg M, 3(x)]
= B[e2]6(x) " M, M, M, 5(x).

This shows that

(n — pa) B[ (2)] < E[S%]KZ@Q(%)-

Since °5°, 67 is integrable, n!/2axJ,, is tight by the results in Section 4. Since i, ; = ky,, *5;,

i=1"1
we find that a * (ATun) = kp, * a*J,. Thus, by the tightness of n/2q x J,,, we obtain that
la* (AT ) — a* Jp|| = 0p(n~1/2). This and (7.2) establish n'/2||a * (H, — J,,)|| = 0p(1). O
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Now let us look at the case of parametric autocorrelation coefficients as described in

Section 2. Then we have g; = r;(¥) and g; = r;(¥). We assume that (R1) and (R2) hold.
This gives the expansion

Pn

Rn = Z (ri(9) = rs(9) = (D = ?9)T7'“i(19))2 =o0,(n71).

i=1

Fix a square-integrable a. Under (C), (S) and (F) we have
D s pni—ax8i|> <llal3 D I —ills =0
i=1 i=1
and
Y llaxdil* < flall3 D 1165 < oo
i=1 i=1
Using the Cauchy—Schwarz inequality, we find that

H Zﬂ (m(é) —ri(?) - (79 - ﬂ)TT.i(ﬁ))a * Ly i ’ <R, Z la = Nn,in = op(nfl)

=1
and
Pn o] 2
H Z 7‘1(19)@ * g — Z n(ﬂ)a * 61

= =1

) Pn o0
<SP llatpns—axdl+ > faxdif?) -0

=1 =1 i=pn+1

provided p,, — oo. This shows that under (C), (I), (F), (R1), (R2) and (S) we have

= Op(n_l/z)-

Ha #H, — (0 —9)T > #(9)ax;

=1

Since a * §;(x) = E[Xoa(z — Y;)], we have the following result.

THEOREM 3.  Suppose that (C), (I), (F), (R1), (R2) and (S) hold and that o; = r;(D)
and g; = 1;(0). Let p, — co. Then |laxH, — (0 — )T A| = o,(n~""/2), where

Alz) = Z () E[Xoa(z — Yi)], z€R.

i=1

If 7;(¢) = 0 for all i > p, as is the case in the AR(p) model, the requirement p,, — oo can
be relaxed to p, = p.
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8. Behavior of the residuals. In this section we study how close the residu-
als are to the actual innovations. Recall that A = (01 — 01,y 0p, — gpn)—r and
X; 1= (Xj_1,.--,X;_p,) 7. Note that Condition (R) is equivalent to |A]> = O,(g,n").

Under (I) we also have

Z X] 1= 1/27171/2).

" j=pn+1

This follows since we have

(8.1) (n =) B[ (——

Z X;_ )2} < CB[X?]

n—pp, .
L R

for some constant C' independent of n and ¢. Thus we derive
(82) ATX 19) ( 1/2 1/2 —1)

The residuals can be expressed as

Pn Pn
éj = Xj — Z@Z‘Xj,i =&; — Z(@z — Qi)Xjfi + Z Qinfi = é; + Z Qinfi
i=1 i=1 i>pn i>pn
where
Pn R
(8.3) gi=ej—> (bi—0)Xji=e;—ATX;
i=1

LEMMA 7.  Suppose (I), (@) and (R) hold. Then
(8.4) Y. G =) =0(n),
(85) ‘ Z (é; - €j)2 = Op(ann)a

1

n—DPn

(8.6) (& — i) = Op(n™/27) + Op (0 %y *n ™).

Jj=pn+1

If the innovations have a finite moment of order & > 2, then

(8.7) max |2 — j| = 0, (n~) + 0, (p/2qL/ 2n~/2F1/%),

pPn<j<n

Proor. It follows from the Cauchy—Schwarz inequality that

(8.8) (& —¢)? Z —Qi)Qi:XQ_
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From this bound, assumption (R) and the fact that F[X3] < co we obtain

n

(8.9) Z (é; - Ej)Q = Op(‘]nn_l)op(pnn) = Op(pnqﬂ)'
J=pn+1

It follows from the Minkowski inequality that the Lo(P)-norm of &; — &5 =37 05X

is bounded by the La(P)-norm of Xg times > . [os|. Thus
" 2
Bl 3 -] <nBxg)( Y lel) =0
Jj=pn+1 S$>Pn
which implies (8.4). It follows from (8.4) that
I —<

(810) piﬂ?én |5J E]‘ OP(n )7

1 . 2 ~% —1/2—
(8.11) pa— (&5 — €)= Op(n /279,

J=pn+1

Indeed, the square of the left-hand side of (8.10) is bounded by R,,, the left-hand side of
(8.4), while the squared error term of (8.11) is bounded by R, /(n — p,). Thus (8.6) follows
since by (8.2) we have

1 .
(8.12) S (€ ) = —ATX = 0,(p¥ g *n ).

The additional moment assumption on the innovations gives E[|X(|¢] < oo. From this we

obtain that max;<;<, |X;| = 0,(n'/¢). Indeed, for each 1 > 0,

1<j<n

P( max [X;] > nn'/€) <3 P(X;1 > /) < 0 BIXS1Xo| > nn'/.
j=1

It follows from this, inequality (8.8) and assumption (R) that

Pn
) 2 _ g2 < b5 — 0:)2 2 —142/¢
(813)  max |5 - < _pn;(gz 0:)" max |X;[* = op(pagun ™2/
Combining (8.10) and (8.13), we get (8.7). O

LEMMA 8. Suppose (I), (Q) and (R) hold. Let a,, be a sequence of functions with bounded

integrable derivatives up to order two such that ||a,,|| = O(1) and ||a’|| = o(p;q; 'n'/?).
Then
(8.14) sup 2:(%@_?ﬂ—%@—YQ+ABQA%W—E»FWAWU@

n —
weR Pn Jj=pn+1
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If also ppgn/n — 0 and ||al||2 = o(pﬁl/zqﬁlpnl/?), then

! 3 — &) —an(z —¢;))| = 0p(n"1/?
(815) wp |- D (anlw =€)~ anle — )| = opln /)

Jj=pn+1

PROOF. Note that (8.4) implies
1

n

(8.16) Qn=— > g =&l =0p(n ),
Pn e
while (8.3) and (8.5) imply
1 n . 1 n R -
(8.17) T, = p— Z (€7 — g)? = — Z IATX; 1% = Op(Pngan™").
Pn Jj=pn+1 Pn Jj=pn+1

The expression following the supremum in (8.14) can be written as |r,(z)| where

1 ~ . .
rale) = e D0 (anle =) —anle = Y) + ATX al (e - V),
" j=pntl

Define 7} as r,, but with ?] = X — £ replaced by X; — 7. Then
I =7l < Nl |Qn = Op(n=~ 2 ar 1)
A Taylor expansion yields the bound
I3l < llanllTn = Op(Prann™" lan ).
This establishes (8.14). The same arguments yield

1
sup
z€R T — Pn

n

D (an(z—¢)) —an(e —g5) = ATX; 1a (@ - Ej))‘ = op(n~1/?).
J=pn+1

In view of (8.2) we have

IATXay, = fI| < |ATX][lar, * f]| = Op(pr/ 24/ *nHlay|l) = 0p(n™'/2).

The result (8.15) now follows if we show that ||dy,| = op(q;1/2) for
1 n
G () = Z X;_1(a,(z —€;) — Ela,(z —¢;)]), z€R.
n— Pn G=pn+1

It follows from Fubini’s theorem that &, = a/ « W,, with

1

n— )
pn]

n

Wn(l‘) = Xj_1(1[€j < l‘] — F(m))
=pn+1

Thus [|an || < [lag||2[|Wa |2 Since

(n = pa) E[[|Wall2] = E[|Xo|*] /F(x)(l — F(z))dz = O(pn),

we obtain |[an | = Op(pi/*n "2 Jai]l2) = 0p(an/?).
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9. Estimating the innovation density f. The kernel estimator based on the resid-

uals is

fa) = — Y ok (x—¢), zeR

n—pp, .
L R

In this section we study convergence of f in the space Ls, and of functionals of the form

a* f in the space Co(R).

Let f denote the kernel estimator based on the actual innovations €, 11,...,€n,

(z) = ky, (x —¢€5), xz€R.

The first result is known.

LEMMA 9.  Suppose the kernel k is square-integrable and of type (m,2). Let f be Lo-

smooth of order r < m. Then

1F = Fll2 = Op(b, 20~ 12) + 0(b}).

ProOOF. It is well known that E[f(x)] = f * ks, () and
(n = pa) BIIf = f # ko, 3] < 1K, * fll < 031K

Thus || f — f * ko, [l2 = Op(bn*/*n=1/2). By Corollary 2, ||f * ks, — fl2 = o(b1). O
LeEMMA 10.  Suppose that (1), (Q), (R), (F) and (K) hold. Then
1f = fll2 = Op(Pagnby,®?n™") + Op(n=~1/26,3/%).
LEE

PROOF. Let €7 be as in (8.3). Let f* denote the kernel estimator based on Epntls -
With @, as in (8.16), we find that
1F = 7713 < UF = ol f = F71 < 1k, Dllks, 1197
and obtain in view of (8.16) the rate
1f = Fll2 = Op(b;*/2n=¢1/2).

The identity €7 =¢; — ATXj_l and a Taylor expansion yield f* — f = AT%L + 7, with

1 n
() = —— D Xk (x—ey),
Pn Jj=pn+1
1 n 11 X
ro(r) = — Z /0 /0 (ATX;1)%thy (z—ej + stATX; 1) dsdt.

Jj=pn+1
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With T;, as in (8.17), we obtain ||r, || < ||k} 1T, =

Op(Pngnby,?n~1), and consequently

Ty = Op(pngnb;,*n") and [[rally < ||k,

lrnll3 < llralllralls = Op(phanbyn*n™?).
Let 3, = Xk, f. Since ||k * flla = || * ko, [l2 < | f/]l2]l[|1, we obtain from (8.2),
IAT Al < |ATX[K, * fll2 = Op(py*ar/*n™").
A martingale argument yields
(n = po)Elllvn = Anll3] < pa BIXGI (K5, )% # fll1 = O(puby®).
Thus [|AT (v — 3n)ll2 = Op(pr/2q3/*bn**n=1). The above imply the desired rate. O

THEOREM 4.  Suppose that (1), (Q), (R), (F) and (K) hold. Let a € A and let a * f be
smooth of order r < m. Let the bandwidth satisfy nb>" = O(1) and p,q,b; 'n=/? — 0. Then

la s (f = £) = Anll = 0p(n™"/?),

where

Ap(z) = ! Z (a(z —¢j) — Ela(z —¢)]), z€R.

n—
Pn J=pn+1

PROOF. Let f = E[f] = f*ky,. Since a * f is smooth of order r < m and k is of type
(m, 1), Corollary 3 yields

Jas F—ax fll = @ £) by, — ax fll = oft}) = ofnV).
We can write a % (f — f) = A, * ky, . Since n'/2A,, is tight in Co(R) by result (a) in Section
4, we obtain that ||n/2(A,, * ky, — A,)|| = 0,(1). In other words,
la s (f = f) = Anll = 0p(n™'/?).

One calculates that

a*(f_f)(x): _1 Z (an(x_éj)_an(x_gj))v z €R,
(L L e

with a,, = a * ky, . Then a,, is twice differentiable with a;, = a’ * ky, and aj; = a’ * k;, . We

have [lay || < [la’[[[ks,,[lx = O1), llaz]l < lla'l[k3, 2 = O®y") and [lag]ls < [lag[llaz ] <

n —_ =
lay 11k, l11]la’lls = O(b,?). In view of pgnby'n~"/2

la* (f = Pl = 0p(n™"72).

The desired result follows from the above. O

— 0, Lemma 8 yields
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10. Estimating the density g. The kernel estimator based on the estimated versions

}/}:Xj—éj OfY—j:Xj—&:j is

In this section we study convergence of § in the space Lo, and of functionals of the form

a * § in the space Cy(R). Let g denote the kernel estimator based on Y, 11,..., Yn,

We first give an analogue of Lemma 9.

LEMMA 11.  Suppose that (C) and (S) hold. Let the kernel k be square-integrable and of
type (m,2). Let f belong to A1 N Ay and have finite mean. Let g be La-smooth of order r with
r <m. Then

13 = gll2 = Op (b, /*n~1/%) + o(b},).

Proor. By Corollary 2 we have ||g * k», — g|l2 = o(b]). We are left to show that
(10.1) 19— g ky, ll2 = Op (b0~ 1/2).

Recall the notation 7 = inf{s > 1 : ¢, # 0}. We can write Y; = ¢,e;_, + Z; with
Z; = ZDT ps€j—s- Let an = Ky, * g with 1)y the density of ¢re9. Then we can express
g — g*kp, as the sum T + kp,, * T with

n

Ti@) = —— 3 (bou(@—Y)) — anlz — Z),
b J=pn+1
Tw) = = 3 (ol 2) - Elbole - 2).
" j=pn+1

Using a martingale argument, we obtain (n — p,)E[||T1[]3] < ||k * glli = O(b;") and thus

IT1|2 = Op(bﬁl/anl/z). Since f belongs to A; N Asg, so does 1y. Thus n'/2T; is tight by

result (b) in Section 4, applied with A = 1)y and &; = Z;. This shows that |13 * ky, [|3 <

T3]k, |1 < | Te||| T2]l1]|%]| = Op(n—'/?). This finishes the proof of (10.1). O
Let us define functions u, and u!, by

() = E[Xohy, (z — Y1)] and i (x) = E[Xoh}, (= — 1))

We now give analogues of Lemma 10 and Theorem 4.
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LEMMA 12.  Suppose that (C), (1), (Q), (R), (S), (F) and (K) hold. Then

19— 3+ AT |l2 = Op(pngnby, **n™1) + Op(n =12, 3/2).

PRrROOF. Let g* denote the kernel estimator based on Y lres Y* with
YVi=X;-& =Y, +ATX; 1.

As in the proof of Lemma 10 we find that

19 =371l = Op(n=<"126, %) and [§* =g+ AT s [l2 = Op(pnanb,*n "),

Z X;_ 1k (x—Y;), zeR.

Jj=pn+1

~1
fim () p—

Note that ||k, || = O(b,?) and ||k;, || = O(b;'). Thus it follows from Lemma 5, applied with
an = ky, , that

[ Ellin @) - Bl @) de = O(paby ™)

/

! (x)], we see that

Since ) () = E[j
IAT (i, — )2 = Op 02/ 20/ 2b,% 2 7).

The above rates yield the desired result. O

THEOREM 5.  Suppose that (C), (1), (Q), (R), (S), (F) and (K) hold. Let a € A and
let a x g be smooth of order r with r < m. Let the bandwidth satisfy nb2>" = O(1) and
pnqnb;ln_l/2 — 0. Then

lax (3 = g) = Kn + " % (AT )| = 0p(n~1/2),

where

Ko@) == 3 (ae=¥;) = Elalz=Y)))). w€R.
" j=pn+1

PROOF. Set g = E[g] = g * ks, . Since a * g is smooth of order r and the kernel k is of
type (m, 1) with m > r, we obtain from Corollary 3 that

laxg—axgll=(axg)*k, —axg| =o(by,) = o(n"""?).
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Simple calculations yield a % (§ — §) = K, = kp, . Since a belongs to .4; N Ay and f has
finite mean, it follows from (S) and result (b) in Section 4 that n'/2K,, is tight in Co(R).
Consequently, ||n'/2(KK,, * ky, —K,)|| = 0,(1). In other words,

la * (§ = g) = Kall = 0p(n~"/?).

With a,, = a * kp,, one verifies that

ax(§-9)@)=———— > (a(z=Y)) —anz-Y))), z€R
bn g1
Let now
A 1\
fin(z) = e Z X 1k, (x —Y;), xze€R
J=pn+1
Since ||a/,|| = O(1), |la]| = O(b,,;}) and ||al’||2 = O(b,;!) as shown in the proof of Theorem 4,

1/2

and since p,q,b,'n"1/? — 0, we obtain from Lemma 8 and a], = a’  k;, that

lax (35— g) +a" * (AT i) || = 0p(n™1/2).
It follows from Lemma 5, ||k, || = O(b,!) and | ks, |1 = O(1) that
[ Ellin(e) = Bl @I do = Oylpaby ),
Since p,(x) = Elfin(x)], we find that
la % AT (o — )| < N0 ll2 Al o = sallz = Op(py/ 4/ 0,1 *n7Y) = 0y (n™1/2).

The desired result follows from the above. O

Acknowledgments. We thank an Associate Editor and two referees for suggestions that

led us to rewrite the paper completely. We had originally introduced a more complicated

1/2

n'/“-consistent density estimator that involved an increasing number of convolutions; one

referee suggested that one convolution should suffice.
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