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ABSTRACT. We consider nonparametric regression models with multivariate covariates
and estimate the regression curve by an undersmoothed local polynomial smoother. The
resulting residual-based empirical distribution function is shown to differ from the error-
based empirical distribution function by the density times the average of the errors, up
to a uniformly negligible remainder term. This result implies a functional central limit
theorem for the residual-based empirical distribution function.

1. INTRODUCTION AND MAIN RESULTS

We consider the nonparametric regression model
Y =r(X)+e,

where the error € has mean zero, finite variance and is independent of the m-dimensional
covariate vector X which is assumed to be quasi-uniform on the unit cube € = [0,1]™. By
the latter we mean that X has a density g that is bounded and bounded away from zero
on % and is zero otherwise. We are interested in estimating the error distribution function
F by a residual-based empirical distribution function. This problem was already addressed
by Miiller, Schick and Wefelmeyer (2007) in the case m = 1. They used residuals based on
an undersmoothed local linear smoother for the regression function. Here we follow their
approach, but use local polynomial smoothers in order to cover multivariate covariates.

Let (X1,Y1),...,(X,,Y,) be n independent copies of of (X,Y’). In order to define the
local polynomial smoother we introduce some notation. By a multi-index we mean an
m-dimensional vector i = (i1,...,%,) whose components are non-negative integers. For a
multi-index ¢ let 1; denote the function on R™ defined by

11 im
Yi(z) = x—llx—m', x=(x1,...,oy) € R™.
171! Tm:
Set iq = i1 + - - - + . For a non-negative integer k, let I(k) denote the set of multi-indices
i with ie < k and J(k) the set of multi-indices ¢ with ie = k. Now fix densities wy, ..., wn,
and set
w(z) =wi(x1) - wm(xy), = (21,...,2,) € R™.
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Let ¢, be a bandwidth. Fix a non-negative integer d. Then the local polynomial smoother
7 (of degree d) is defined as follows. For an x in ¥, 7(x) is the component 3y corresponding
to the multi-index 0 = (0, ...,0) of a minimizer

= argmin i(yj— Z ﬁﬂbi(ch_J:))Qw(ch_x).
) n n

B=Bi)ier(a) j—1 icl(d

To state our main result we also need to introduce the Holder spaces H(k,~y) for k =
0,1,... and 0 <y < 1. A function h from % to R belongs to H(k,~) if it has continuous
partial derivatives up to order k and the partial derivatives of order k£ are Holder with
exponent . For such functions h we define the norm

4 Dh(y) — D'h
|A|lk,y = max sup |[D*h(z)| + max  sup [D"(y) (z)]
il (k) oets i€k eyctary T —yl?

where ||v|| denotes the euclidean norm of a vector v and
4 i
D'h(z) = ——h(x), = (x1,...,2) €F.
)= G a0 7= @)
Let Hj(k,7) denote the unit ball of H(k,~) for this norm. The following result will be
proved in the next section.

Lemma 1. Suppose the regression function r belongs to H(d,~) with s = d + v > 3m/2,
the error variable has mean zero and a finite moment of order ( > 4s/(2s —m), and the
densities wy, . . ., Wy, are (m-+2)-times continuously differentiable and have compact support
[—1,1]. Let ¢, ~ (nlogn)~Y/(9). Then there is a random function & such that

(1.1) P(a € Hi(m,a)) — 1

for some o > 0,
(12) [ 1@ g(a) do = o072

for & >m/(2s —m),
(1.3) /d(:r)g(:v) do = %Zq +op(n112),
j=1

and

(14) sup |(z) — r(z) — a(x)] = op(n~'7?).

T€EC
Remark 1. If » has continuous partial derivatives of order s > 1, then it belongs to
H(s —1,1) and the above lemma applies with d = s — 1 and v = 1 provided s > 3m/2.
However, if s > 3m/2 and we choose the degree d to be s, then the conclusion of the lemma
still holds if we take ¢, ~ n~1/(2%)_ Indeed, inspecting the proof of the lemma shows that
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then the left-hand side of (2.4) is of order o(||y — x||*) which implies that the left-hand side
of (2.8) is of order 0,(c3) = 0,(n™"/2).

Theorem 1. Suppose that the assumptions of the previous lemma are met and the error
variable has a density f that is Hélder with exponent £ > m/(2s —m). Then

1 n
sup 721 ) <t —721 )—Zej‘:op(n_lﬂ).
teR nia
Proof. By Corollary 2.7.2 in van der Vaart and Wellner (1996), there is a constant K such
that
(1.5) log N[](HQ,Hl(m,a),Ll(G)) < Kp~2m/mta) g <,

Therefore

1
| Jlos N2, Ha(m, ). Li(6)) dn < o
0

Consequently, Theorem 2.2 in Miiller, Schick and Wefelmeyer (2007) applied with D =
Hi(m, a), boundedness of f, and the expansion (1.3) imply the desired result. O

Remark 2. For parametric regression, analogous results to Theorem 1 can be found in Koul
(2002). In such models, the regression function can be estimated at the faster parametric
rate of convergence, and one thus gets by with weaker assumptions on the error density.
Uniform continuity of the error density and weaker moment conditions suffice. For example,
for linear regression r(x) = 3z one obtains the expansion

sup [ -3 11Y; = 57 < 1 = -3 1le; < (= SOBX] (5 - )] = o, (n2),

n
tek |1 S =

with B the least squares estimator. This only requires that € has mean zero, finite variance
and a uniformly continuous density and that the matrix E[X X "] is invertible. If one of the
coordinates of X equals 1 or if more generally ¢' X equals 1 almost surely for some vector
¢, then one has E[X]T(E[XX "])~'X = 1 almost surely and therefore

1 n
EX]T(6- )= E[X]T~ ;(E[XXT}) 'Xjej+ 0p(n”1/?) Zs] +op(n7/?),

and one consequently obtains the exact analogue of the expansion in Theorem 1. To see
that E[X]"(E[XXT]))"'X = 1 almost surely we note that E[X]T(E[XX])"'X equals
E[X]TA(E[ATXXTA])"'AT X for any invertible m x m matrix A. Now take A such that
its first column equals ¢ and the other columns form a basis for {v € R™ : vT E[X] = 0} and
are orthogonal for the inner product (v,w) = E[vT XX Tw]. Then E[AT X X T A] equals the
m x m identity matrix, E[X]" A equals (1,0,...,0), and E[X]TAE[ATXXTA)'ATX
equals ¢' X.
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Remark 3. The expansion in Theorem 1 implies that the residual-based empirical process
n
n_1/2 Z(I[Y} - f(Xj) < ﬂ - F(t))7 —00 <t < o0,
j=1

converges weakly in D[—o00, 00| to a centered Gaussian process with covariance function

(5,) = F(s At) = F(s)F(t) + f(s)e(t) + f(t)els) + f(5)f(t)o?,
where ¢(t) = ffoo zf(z)dz is the mean of el[e; < ¢].

Remark 4. Note that 4s/(2s —m) < 3 and m/(2s —m) < 1/2 for s > 3m/2. Thus the
assumptions on the error variable in the above theorem are met if the error variable has
a finite moment of order 3 and if its density f is Holder with exponent 1/2. The latter is
implied if f has finite Fisher information for location; see e.g. Koul (2002, page 79). Thus
the conclusion of the above theorem holds if the error density f has mean zero, a finite
moment of order 3 and finite Fisher information for location, and if the regression function
r belongs to a Holder space H(d,~) with d + v > 3m/2.

Remark 5. For m = 1, and using a linear smoother, Miiller, Schick and Wefelmeyer (2007)
obtained the assertion of Theorem 1 assuming that r is twice continuously differentiable,
the error distribution has a moment of order greater than 8/3, and the error density is
Holder of order greater than 1/3. Here we allow for higher degree smoothers. Thus we can
relax the moment and smoothness assumptions on the error distribution at the expense of
more smoothness on the regression function. For example, if the second derivative of r is
Lipschitz and a quadratic smoother is used, then it suffices that F' has a finite moment of
order greater than 12/5 and f is Holder of order greater than 1/5.

2. PROOF OF LEMMA 1

Abbreviate I(d) by I. By the choice of bandwidth and since 2s > 3m we have

_logn  (logn)t+m/(2s)
" nem T imm/(2s)

< (logn)3n=%/3,

Pn

The minimizer B must satisfy the normal equations

Ci(z) =Y Qun(x)Br =0, i€l

kel
where ! n X, - X; -
o) = g 3w (S )5
and

Qutr) = g 2 (U (M (V)
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Since Y; = r(X;) + ¢, we can write Cj(x) = A;(z) + B;(z) where

o) = e S () u(K)
noj=1 n n

and

Bia) = zn:r(iji(Xj — x)w(Xj - x)

Cn Cn

Let Qir(x) = E[Q(x)]. It follows from Corollary 1 applied with T = 1, 3 = oo and
v = Y;Ypw that

(2.1) SuP|sz( ) = Qir(w)| = Op(py/?)

z€YC
and applied with T = ¢, 8 > 4s/(2s —m) and v = D*(¢w) that
(2.2) sup |cle D Ay (z)| = O,(pY/?), ieI(m+1).
TEC

Note that
Qik(z /% Vi (uw)g(x + cpu)w(u) du.

Since X is quasi-uniform on %, one now finds constants 0 < A < A < 0o such that

(2.3) A< Z aiQik(x)ak <A

1,kel

for all x € €, all a;, i € I, with Zzel ¢ =1 and all large n.
Since r belongs to H(d,~), we obtain

(2.4) () = 3 DEr(@)nly - 2)| < My — 2
kel

for some finite constant M and all z,y in ¥. From this we see that

(2.5) ‘Bi -3 Qula) ‘ < Mc™Quo(z), z €%,
kel
where G (x) = cFs DFr(x).

Let now Q( ) denote the matrix with entries Qj(z ), i,k € I, Q(x) the matrix with
entries Qix(x), i,k € I, A(x) the vector with components A;(z) and B(z) the vector with
components B;(x). In view of (2.3) the eigen values of Q(x) are in the interval [\, A]. Thus
Q(x) has an inverse Q'(z) with eigen values in [1/A,1/A]. Hence Q(z) is invertible on
the event {sup,cq [|Q(z) — Q(x)|| < A/2} whose probability tends to one by (2.1). On this
event we have

~

7(x) = eTQ_l(x)C(a:), r €T,
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where e = (e;)ies is such that eg = 1 and e; = 0 for i # 0. Since r(z) = ' 3(x), we obtain
on this event the identity

#(z) —r(x) = ' Q' (2)(C(x) — Q(2)B(x))
— 7O @) A() + €T O (@)[B(x) - Q)A()].
It follows from (2.1), (2.2), (2.5) and the choice of ¢, that

(2.6) sup 1Q7" (@) = Q7 (@)l = Op(p/?),
(2.7) sup leie D' A=) = Op(py/?), i € I(m +1)
(2.8) sup 1B(2) = Q(2)B(x)|| = Op(cs™) = 0p(n~"2).

Thus if we take
a(x) =e' Q7N (2)A(z), =€,
we obtain the desired (1.4).

One verifies directly that sup,cq ||cie D'Q(x)|| = O(1). Note also that

i@*%m) = Q*l(m)[ 0 Q(@}Q*l(m), k=1,...,m.

ox Oz

Thus we see that
sup |D'a(x)| = Op(c, " pi/?), i€ I(m+1).

€L
This shows that
max_sup [Dia(a)] = Ople;™pl/?) = o0p(n~"2)
iel(m) ze%

for some 0 < b < 1—3m/(2s). In view of 2s > 3m, we have (3m + 2 — 2s)/(4s) < 1/(2s)
and thus

Dig — O, (c—(m+1) J1/2y _ 1/(2s)y
ieﬁ?i’il)i‘él}‘ a(x)| = Op(c, Pl ") = op(n'/t°)

With o« = min(b/2,1 — 1/(2s)) we obtain
|D'a(y) — D'a(x)|

_ a—b/2\ _
max sup = = op(n ) = 0,(1)
i€J(M) yota |ly—z||>1/n ly — || P g
and ' A
Dia — Dt
max sup | a(y) a(x)| _ Op(nozflJrl/(QS)) — Op(l).

i€J(M) yta |ly—z]|<1/n ly — x|
This establishes (1.1) as « is positive.
Next we have

/\d(x)\”gg(x) do < sup laga)['+* < (1/0)1¢ Sup [A@) [ = O, (p 972
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We obtain the desired (1.2) as
(-a)0r0> (1) (v 527) =

by the choice of &.
We can write

[at@a@rde = 3" i800%)),
j=1

where

) =" [T @y (F (T gl do

= /eTQ_l(X — cpu)h(u)w(u)g(X — cpu) du

with ¢ = (¥;)ier. Thus (1.3) follows if we show that E[(A,(X) —1)?] — 0. Since X is
quasi-uniform and A,, is bounded by M /A, where

M= sup |jg(w)]w(u)supg(z),
uel—1,1]m T€C

the desired E[(A,(X) — 1)?] — 0 follows if we show
R, = E[1[X € €,](An(X) — 1)?] — 0,

with 6, = [cn, 1 — ¢,]™.
Let Q.(z) = g(z)¥ where ¥ is the invertible matrix with entries

Uik = /wz(u)wk(u)w(u) du, i,kel.
Then we can write
l=e¢ U lWe=c'0! /1/J(u)w(u) du = /eTQ*_l(x — cpu)P(w)w(u)g(x — cpu) du

for x € %,,. Thus on the event X € %,, we have
2
(@) = 17 = ([ €716 ~ ew) = @ X = et g (X — ey

< MQ/ HQ_l(X—cnu)—Q*_l(X—cnu)H2du.
[_171}m
Therefore we have

Ry < M sup o(2) /% 10" @) — Q7 ()| da

TEC

< M sup g(z) sup [ Q" ()] sup Q5 ()] / 10() — Qu(a)|? de.
rEE =74 rEE 3
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By the continuity of shifts in Lo (see Theorem 9.5 in Rudin (1974)), the square-integrability
of g implies

[1e@ - Qu@lfar< s utl? [[ (ot - e = o)) dude —o,

ue[—1,1]™

Thus we have the desired R,, — 0.

3. AUXILIARY RESULTS

Throughout this section let Z, Z1, Zs,... be independent and identically distributed k-
dimensional random vectors, and, for each x in %, let h,,; be a bounded measurable function
from R¥ into R.

Proposition 1. Suppose that

3.1 hnzlloo = O
(3.1) 0D [lneloe = O35 —-).
2 ER2,(2)] =0~
(3.2) sup B[, ()] = O3, ).
and, for positive numbers k1, ko and A,
(33) [hny = hnalloo < An ||y — =™, =,y €€
Then
(3.4) sup th — Ehn(2)]| = 0,(1).

TEE

Proof. Let H,(x) denote the expression inside the absolute value in (3.4). We use an
inequality of Hoeffding (1963): If &i,...,&, are independent random variables that have
mean zero and variance o2 and are bounded by M, then for n > 0,

. L
P(‘i;@‘ >n) <2e (- 202+(Z/3)Mn>‘

Applying this inequality with &; = hpy(Z;) — E[hna(Z)], we obtain for n > 0:

2

nn
P(|Hp(z)| > n) < 2exp ( T 2ER2(2)] + 2n|!hm||oo>'

Thus there is a positive number a such that for all n > 0,

n? )
alogn .
Vo

sup P(|Hp(z)| > n) < 2exp ( —
TEC
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Let v be an integer greater than « + ko/k1. We can cover ¥ with n” boxes of side
lengths n™". Let C,, denote the set of centers of these smaller boxes. The above yields for
n > max(1,vm/a),

(max\H )| >77) < Z z)| >n) <2nm”exp<—anlogn> =o(1).
xeChp
This shows that
H, 1 = max [Hy(z)| = Op(1).
.’EEC’n

It follows from (3.3) and v > a + k2/k; that

H, 2 = max sup |H, (') — Hy ()] < An®2 BEm 1/ 2n=v% = o, (1).
P€0n g1 —g|<\fmn—Y
In view of the inequality |Hy (z)| < Hp1+ Hp 2 for z € €, we have the desired result (3.4).

O

In the following corollary we interpret 1/3 as zero if 3 is infinity. We also write ||| for
the Lg(P)-norm of a random variable so that |T||s equals (E[|T|?])Y/8 if 1 < 8 < oo and
equals the essential supremum of T if § = oo.

Corollary 1. Suppose the function v on R™ is bounded, integrable and Holder with positive
exponent K, the m-dimensional random vector X has a bounded density g, the random
variable T' satisfies | T||g < oo for some 2 < B < oo, and Tg is bounded, where 7(X) =
E(T?|X). Let ¢y, — 0 and c;™n~*2/Blogn = O(1). Then, for i.i.d. copies (T}, X;) of
(T, X), we have

sup o 3 (To(F55) — B [ro (55)] )| = 0wt

J=1

with ¢, = nc/logn.
Proof. Set K = 2||T||3. Define

1 X, —=x
Ruj(2) = QPTG < Kn')o(F225),

Sns(w) = QPTG > Kn'l?)o(FL20).
It suffices to show that
(35) sup [ >~ (Ruy0) ~ ElRy@))] = 0,(1)
xre j=1
and
(36) =3 (o) — ElSu@))] = 0p(1)
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Statement (3.6) is true for 8 = oo as then S,;(x) = 0. For § < co we have

n
P( T > K W) < ST P(T:| > Knl/8
1?]a§n|3‘> n 2:1 (|T5] > Kn'/7)
J:
< KPE[IT)P1]|T| > Kn'/?)] = 0
and thus

ZS”J ‘>0> <P( max |T\>Kn1/ﬁ> — 0.

su
( D 1<j<n

TEC

In view of the inequality EHT|1HT| > Kn'/P)] < E[|T|?)(Kn'/?)'=# we also have

ZE wi(@)]| < ey ol BITILIT] > Kn'/?)

x€E
= O(n~VHYBe=m/2(1og n)~1/2) = o(1).

This shows that (3.6) holds for § < oo as well.
To show (3.5) we apply Proposition 1 with hy,,(Tj, X;) = R,j(z). We have

—m _ n
SUD (s oo < K [0l ocn®/ 2/ 2(10g n) 12 = O( ).
TEC ogn

Furthermore,

sup E[h2, (T, X)] < ———E [T<X Jv* (X - wﬂ

z€? ¢y logn Cn

=" /U2(y)7'($ + cny)g(x + cpy) dy

logn
gl / o (y) dy.

Since v is Holder with exponent x, we obtain, with A denoting the Holder constant,

<
~ logn

m o\ 1/2
Vg = hasloo < (o) KB == Ay — aff < Oy — .
ogn

for some kg > 1+ k(146 —2/3)/m. Thus the assumptions of Proposition 1 hold, and we
obtain (3.5). O
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