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Abstract

Consider a regression model for discrete-time stochastic processes, with a (par-
tially specified) model for the conditional distribution of the response given the
covariate and the past observations. Suppose we also have some knowledge about
how the parameter of interest affects the conditional distribution of the covariate
given the past. We assume that these two model assumptions give rise to two mar-
tingale estimating functions, and determine an optimal combination. We indicate
for the case of jump processes how our result carries over to continuous time. The
resulting estimators are efficient.

1 Introduction

Suppose we know something about how the parameter of interest in a regression model
appears both in the conditional distribution of the response given the covariate, and
in the distribution of the covariate. How can we exploit this knowledge? Let us illus-
trate our approach in the case of independent and identically distributed observations
(X;,Yi), with X; the covariate and Y; the response. In a regression model one usually
specifies the conditional distribution of Y given X, either fully, by a parametric model,
or partially. An example of a partial specification is a model for the conditional mean
of Y given X, say E(Y|X) = 9X. More generally, we specify a function g4(X,Y) such
that E(g4(X,Y)|X) = 0. In the example, g4(X,Y) = Y —JX. We assume a similar
partial specification of the distribution of the covariate X, say Eg.s(X) = 0. The two
functions gy and g.g give rise to two estimating equations

S T(Xu V) =0, > guw(X:)=0.
1=1 =1

A

By the usual Taylor expansion argument, their solutions ¥ = ), are asymptotically
normal with variances I~! and 17!, respectively, where

(Egy)* | _ (Egl)’

= 2d8) —
Eg; ’ ) EgZs
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Since gy(X;,Y;) and g.9(X;) are uncorrelated, the combined estimating equation
Z (wgﬁ(Xia YZ) + w*g*ﬁ(Xi)) =0
leads to an estimator with asymptotic variance

wEgs + wiEgl
(wEg) + w.Egly)*

Applying the Schwarz inequality to the denominator, one sees that this variance is
minimized for . .
w°Pt = % w°Pt = %

Egi” " Egl
The minimal asymptotic variance is (I + .)~'. The weights w°P* and w?* depend on ¥
and, in general, also on other features of the distribution of (X,Y’). In the estimating
function, they must be replaced by estimators wWSP* and @SP", say by using empirical
estimators for the distributions involved. This does not change the asymptotic variance
(14 L)~

Can we do better than using the combined estimating equation? Note that we can
multiply g4(X,Y) by a function w(X) of X and still have conditional expectation zero,

E(w(X)g,(X,Y)

t

X)=0.
This leads to new estimating equations
> (@(X0)75(X:, Vi) + wigus (X)) = 0 (1.1)
with asymptotic variance (I + I.)™', where
(Ewgy)® _ (E(@(X)E(g,(X,Y)|X)))*
ot~ B(w(X)7F(g, (X, V)IX))
Applying again the Schwarz inequality, one sees that I is maximized by

o E@X V)X
T = B, (X, V)X

[m:

The weight again depends on 4 and, in general, also on other features of the distribution
of (X,Y) and must be estimated, say by using appropriate nonparametric estimators
for the conditional expectations involved. With ﬁ;pt(X) denoting such an estimator, we

arrive at the estimating equation
> (@ (X0)Fo(Xi, Vi) + 28 gy (X)) = 0. (1.2)

The asymptotic variance of the estimator corresponding to this equation is (T + I,)™!
with
- E@GX)X)?
E(g,(X,Y)?X)
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By the Schwarz inequality (2.10) below, 7 is strictly larger than I unless both conditional
expectations do not depend on X.

For the example given above, g4(X,Y) =Y — 4JX, we have E(g,(X,Y)|X) = —X
and E(7,(X,Y)?|X) =E((Y —9X)?|X), the conditional variance of ¥ given X.

The estimating equation (1.2) is not only optimal among estimating equations (1.1)
but even efficient among all (regular) estimators as long as we do not impose additional
restrictions on the distribution of (X,Y’) which involve 9. Let us give a sketch of the
argument, referring to Bickel, Klaassen, Ritov and Wellner (1993) for an account of the
concepts involved.

The model is described by all distributions p(dz, dy) = p.(dz)p(z, dy) of (X,Y) such
that

/ﬁ(:z:,dy)gﬁ(x,y) = E(gy(z,Y)|z) = 0 forall 2z, (1.3)
/p*(dl')gm(x) —Egy = 0 (1.4)

if ¥ is true. Introduce a local model by perturbing p and p, as p(x, dy)(14+n""?uh(z,y))
and p.(dz)(1 + n="?uh,(z)) such that the two conditions (1.3) and (1.4) hold (approx-
imately) with ¥ replaced by 9 4+ n=/?u:

/ P, dy) (1 4+ 07 uh(@,)) Topnorinala,y) = 0 forall z,
[ po(da) (1407 Pube(2)) g, i) = 0.
Then kA and h, must fulfill
/ﬁ(ﬂf,dy) (R(2, )Fs (2, y) + To(w,y)) =
[ o) (ho(@)ges(a) + glg(2) = O, (1.6)
The perturbed p is approximately

p(dz, dy) (1 + nV2%y (%(x, y) + h*(x))) .

This means that the tangent space in the sense of Bickel et al. (1993, p. 50, Definition
2) consists of the functions u(h + h.) with A and h, fulfilling (1.5) and (1.6). We view
the parameter 9 as a function of p and determine its canonical gradient in the sense of
Bickel et al. (1993, p. 58). This is a function © in the tangent space such that

)

for all z, (1.5)

n 29 + V2 —9) = uw = uFo(h + h,)  for all &, h, fulfilling (1.5), (1.6).
According to Bickel et al. (1993, p. 63, Theorem 2B, and p. 65, Theorem 1A), an

estimator 4, is regular and efficient if and only if

n'2(d, — ) = n—1/2iy(xi,m)+o,g(1). (1.7)

=1
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In particular, a lower bound for the asymptotic variance of regular estimators of 9 is
Er?.

Since the tangent space is generated by the affine space of functions i+ h, with & and
hy fulfilling (1.5) and (1.6), we can write the canonical gradient as v = (E(§ + 5*)2)_1 (§+
54), where 3 + s, is the optimal score function, minimizing E(f + h.)? over all k and h,
fulfilling (1.5) and (1.6). In particular, the lower bound for the asymptotic variance of
regular estimators can be written I/E(E + s*)Q. The function 5 + s, is characterized by

E(s + .s*)(ﬁ + h,) =E(5+ 5*)2 for all h, h, fulfilling (1.5),(1.6).
Since h and h, are orthogonal, this is equivalent to
Esh = E3*  for all & fulfilling (1.5), Es.h, = Es? for all h, fulfilling (1.6).

One easily checks that the solution is

S(y) = (T (rr)s 5a() = 0P gus().
By the usual Taylor series argument, the solution 9 = 1§n of the optimal estimating

equation (1.2) is seen to fulfill

n

n YD (X0 Y0) + 5.(X0)) + 0p(1),

=1

-1

(0, —9) = (B(5 + 5.)?)

By the characterization (1.7), this means that this estimator is efficient.

In Sections 2 and 3 we show how the calculation of the optimal estimating function
carries over to ergodic discrete-time stochastic processes and jump processes, respec-
tively. Efficiency also carries over, but we will not give the details. All results extend
immediately to vectors ¥ and vector-valued functions g; and g.g. We do not give precise
regularity conditions for our results.

2 Discrete-time stochastic processes

Suppose we observe a stochastic process (X;,Y;) at times 7 = 1,... ,n. The law of the
process is determined by the conditional distributions p;(dz,dy) of (X;,Y;) given the
past observations. Here and in the following, we suppress the dependence of p; and
similar objects on the past, (X1,Y7),...,(Xi—1,Yi—1). Asin the i.i.d. case considered in
Section 1, we describe a regression model by (partial) specifications of (1) the conditional
distribution of the response given the present value of the covariate and now also the
past observations, and of (2) the conditional distribution of the covariate, now also given
the past. We factor p; into marginal and conditional,

pi(dz, dy) = p.i(dz)p,(z, dy), (2.1)



and specify two functions g,4(z,y) and g.g(x), possibly depending on the past, such
that

Efgm = /@(l',dy)gm(l',y) = 0 forall z,
Esigus = /P*i(dﬂf)g*m(m) = 0.

They give rise to estimating equations
2 Tw(XiYi) =0, 3 guia(Xi) = 0.
=1 =1

How can we combine them in an optimal way? Our result holds for geometrically ergodic
processes and under appropriate smoothness and moment conditions which can be seen
from the sketch of the proof.

Result 1. From estimating equations of the form
i=1

an estimator with minimal asymplotic variance is obtained using weights which are con-
sistent estimators of

w(X;) = ﬁ:(iﬁgﬁ/ﬁ;(iﬁ?ﬁa (2.3)
Wys = E*igim/E*ing- (2-4

The estimator is asymptotically normal. Its asymptotic variance is the limit of

- E, g, T L gl 2

2
i iy =1 i Jxiv)

-1

(2.5)

Sketch of proof. To simplify the notation, we introduce w = (w, w,) and g5 = (g, gus ),
and write the estimating equation (2.2) as

Yo wigis = Y WGy + Y Waignis = 0.

Let ¥ be a solution. Under appropriate differentiability conditions, a Taylor expansion
gives

0= Zwigiﬁ ~ Zwigm + (19 — 1) Zwig;ﬁ. (2.6)
Then

A

1
1/2 _ ~ — -1/2 (1 _ iy
'Y — ) n E wigm/n E WiG,ys- (2.7)
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Conditionally on the past, the martingale increments w;(X;)g,s(X;, Yi) and w.;guis(X:)
are orthogonal:

Ewig,9w«igeiv = w*z‘/P*i(dflf)g*m(iv)m(iﬂ) /ﬁi(:zr,dy)gm(:v,y) = 0. (2.8)
Introduce an inner product

(v,w) = Z E.vw; + Z Vs Wiy

with corresponding norm ||w||2 = (w,w). Interpret products vw of vectors component-
wise,
vw = (V1W1, .« , UpWp,y Va1 Wiy« -+ 3 VsenWiap )-

Consider first the numerator in (2.7). With (2.8), the predictable quadratic variation of

> wigig 18 (11)2,1)) = ||w1;1/2||2, where

vi(x) = Ejg?ﬁv Vei = Buiglig-
Consider now the denominator in (2.7). The compensator of 3 w;gl, is (w, m), where
mi() = B Gy i = FBuiglg.

Since Y w;gly — (w,m) is a martingale, %(sz'gfg — (w,m)) is asymptotically negligi-
ble, and we may replace %Zwigm by %(w,m). If the process is ergodic, %(Aw,m) is
asymptotically constant. Hence the predictable quadratic variation of n1/2(19 — 1) is
approximately n|lwv!/?||2/(w, m)?. By the Schwarz inequality,

[(w,m)| = [(wo' 2, mo™'2)] < [l [fmv=!72)). (2.9)
In other words,
o /2|2 U im0t
(w,m)? = [mo=' 22 (mo=!,m)?

Hence ||wvl/2||2/(w, m)?* is minimized by w = mv™', and the minimum is

e m2\ "
vt = (SR 4 5

g

By an appropriate martingale central limit theorem, n1/2(1§ —1) is asymptotically normal

—1/2”—2

with variance equal to the limit of n|muv , and the assertion follows. O

Efficiency of the estimator based on the optimal estimating equation can be proved
by an approach similar to that outlined in Section 1 for the i.i.d. case.

If we use predictors to estimate w;(z) and wy;, i.e. estimators involving only the
past observations (X1,Y7),...,(Xi—1,Yi—1), then the optimal estimating function is a
martingale.



We may allow weights @;, w,; to depend on 9. Then the derivative of Y~ w;g;9 in the
expansion (2.6) has a second term Y wlg;s. It is asymptotically negligible since the g,y
are martingale increments.

Remark 1. Usually one takes predictable weights to combine two martingale estimating
functions; e.g. Heyde (1987). For the estimating functions ° g,5(X;,Y;) and 3 guio(Xi)
this would mean using weights w; rather than w;(X;). Then the best weights would be

w; = Fi7./Figes

and w,; as above, and the minimal asymptotic variance would be the limit of an expres-
sion of the form (2.5) with E.; ((EXﬁ y;-ﬁ)Q/Efiyfﬁ) replaced by the simpler (E;g.s)*/E:g%.

The resulting variance is, in general, larger than our minimum variance (2.5) because

(Bf)? _ L(EYf)?
E92 SE EX92 '

(2.10)

This inequality follows from the Schwarz inequality:

2 2 EX 2\1/2 :
B = (B = (B ) )
EX 2 ) EX 2 )

< E<EXQ -EEXg :E(EXQ -Eg2.

Remark 2. The weight w; depends only on p;, and §,;, and w,; depends only on p.;
and g¢.;s. This is due to orthogonality (2.8). Indeed, the weights (2.3) are optimal for
estimating functions of the form Y- w;(X;)g,s(X;,Y;), and the weights (2.4) are optimal
for estimating functions of the form 3 w.;g.is(X;).

Remark 3. Suppose we have a parametric model p,;(X;, dy) for the conditional dis-
tribution of the response Y; given the present covariate X; and the past observations.
Differentiating under the integral, we obtain

=L _ ! = =r 5 _
0= (Emgm) = EisTio + EislisGio»

where . ( )
7 o) = o, BPiclen)
inle,y) =0 Jd]_?m(l'a )

Hence, by the Schwarz inequality, (Ejﬁggﬁ)Z /Ejﬁgfﬁ is maximal for g;; = Zzﬁ, and the
optimal weight (2.3) for g;; = 7y is w;(X;) = —1.

(y)-

-1



In particular, the estimating function 3 Z,“;(XZ, Y;) is optimal among estimating func-
tions 3" w;(X;)7;5(X:, Y;). The optimal estimating function is the partial score function,
i.e., the derivative of the partial likelihood ratio of Cox (1975),

H d]_%'r(Xiv ) (Y)
dﬁm(Xi’ ) o
Hence the optimal estimating function gives the maximum partial likelihood estimator.
If the observations (X;, Y;) are independent, the partial likelihood ratio is the conditional
likelihood ratio for Yi,... Y, given the covariates Xy,..., X,.
Similarly, if there is a parametric model p,;g for the distribution of the covariate X;
given the past, the optimal g, 1s

dp*if
w9\ T) = ar:
gui0(7) ﬁdp*m

() =t Lg(x),

and the optimal weight (2.4) is —1.
Moreover, if there is a fully specified parametric model
pm(dl‘, dy) = p*m(dfﬂ)ﬁm(% dy)a

then the likelihood ratio can be written

dpsir , dp(Xi,+)
X)) T Lirk i) 4y 2.11
H dfp*w( )H dps( X, >( ) ( )

and the optimal estimating function is the score function 3 li5(X;,Y;) with
/ dpiT i ’
lig(z,y) == T=79m($ay> = lig(z,y) + Lig().

Hence the optimal estimator is the maximum likelihood estimator, and its asymptotic

variance is the limit of .

Remark 4. For discrete-time processes, it is common to model the conditional dis-
tribution of the response given the past and the present value of the covariate. In the
continuous-time setting of Section 3 one usually models the conditional distribution of
the response given only the past. This is just a convention: We may consider X;_; rather
than X; the ‘present’ covariate of the response.



3 Jump processes

Suppose we observe a jump process (X,Y) = (X, ¥;)s50 on a finite time interval [0, ].
The corresponding multivariate point process is given by the jump measure

p(ds,dx,dy) = > E(s,aX,,aY,)(ds, dz, dy).
s:(AX,,AY)#£0

The law of the process is determined by the compensator of the jump measure. Assume,
for simplicity, that the compensator has the form K(dz,dy)ds, so that there are no
time points at which the process has a positive probability of jumping. We can write
K(dx,dy) = asps(dx,dy) with ps a probability measure, the jump size distribution at
time s given the past, and as the jump intensity. For the theory of continuous-time
processes and limit theorems we refer to Jacod and Shiryaev (1987).

The multivariate point process corresponding to the response process Y is

,uY(ds,dy): Z S(SAYS)(ds,dy).
5:AY:#0

A regression model is given by a (partial) specification of the compensator of u¥, say
K s(dy)ds. Asnoted in Remark 4, this is not exactly analogous to the discrete-time case.
We specify a predictable function g ,(y) such that

R = [ Fuldy)g.s(y) =0
and obtain a martingale estimating equation

s<t:AY:#0

We want to assume a similar partial specification of the distribution of the covariate
process X. It will be based on a factorization of K ;(dz,dy) analogous to the factorization
(2.1) of the distribution p;(dz,dy). We must take into account the possibility that
X jumps while Y does not. Following Arjas and Haara (1984) and Greenwood and
Wefelmeyer (1996), we write

Ki(dx,dy) = K_os(dx, dy) + Kus(dx)eo(dy),

where K_o,;(dz, dy) does not charge the subspace described by y = 0. Then K, governs
those jumps of X that do not occur simultaneously with jumps of Y. As in (2.1), but
with the roles of X and Y interchanged, we factor

K_os(dz,dy) = Ky(dy)K_.s(dz,y). (3.1)

We note that K_.;(dz,y) is a probability measure, the conditional distribution of the
jump size of the covariate given a jump of size y of the response, and given the past.



Additional specifications of the model may now be given by predictable functions g..s(z)
and g_.ss(z,y) such that

Kesgess = [ Koslda)guso() = 0,

KY . sG_vss = /K_*s(dx, Y)g—wso(z,y) = 0 for all y.
They give rise to additional martingale estimating equations

Z g*sﬁ(AXs) = 07

s<t:AX#0,AY =0

S gws(AX, AY;) = 0.

s<t:AY#£0

How can we combine the three estimating functions in an optimal way? Again, our result
holds for geometrically ergodic processes under appropriate smoothness and moment
conditions which can be seen from the sketch of the proof.

Result 2. From estimaling equations of the form

Y. WG, (AY) (3.2)

s<t:AY;#0

+ Z w*sg*sﬁ(AXs)

s<EAX s #£0,AY5=0

+ Z w—*s(AYs>g—*sﬁ(AXs; AY9> = 0;

s<t:AY;#0

an estimator with minimal asymplotic variance is obtained using weights which are con-
sistent estimators of

ws - 8g<>‘79/[X 599797 (33)
Wys = [\*sg*sﬁ/f\*sg*sﬁ, (3.4
w—*s(y> = B’g*sg,—*sﬁ/["g*sgz*sﬁ' (35)

The estimator is asymptotically normal. Its asymptotic variance is the limit of

+ Ts—/ 2 + [/*S ! [ry 12 2 -1
%/LL&&@+/£iﬁﬁ_m+/k(@L:ﬁﬁﬂ%a 3.6
0 0

[(85219 [X*Sg*sﬁ ]X—*sg—*sﬁ

Sketch of proof. To simplify the notation, we introduce w = (W, w., w_.) and gy =
(G Gus» G—xs ), and write the estimating equation (3.2) as

Z WsGsy = Z msgsﬁ + Z WysGxsd + Z W_xsJ—xs9 = 0.
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Let 9 be a solution. Under appropriate differentiability conditions, a Taylor expansion
gives

0= Zwsgsg ~ Z WsGsy + (19 — 1) Z WG (3.7)
Then

12 () — ) 1/221039579/ Y WGy (3.8)

The martingale )" w,sg.s9 1s orthogonal to the martingales Y W,g,s and > wW_,sg—ssv
because it lives on time points s with AY,; = 0 while the two other martingales do not
jump at these time points. Because K_ys(dz,dy) does not charge y = 0, we may and
will assume that g_..9(z,0) = 0. Then

I( w, § JW—xsf—xs9 = K —0s sgsﬁw—*sg—*sﬁ (39>

/f_ (dy) s (y)0-ss( /IX—*S (de,y)g-sss(x,y) = 0.

Hence )" WG,y and 3 w_,sg_ss9 are also orthogonal. Introduce an inner product

t t t o
(v, w) :/ VW, —I—/ U*sw*s-l—/ /I'\"s(dy)v_*s(y)w_*s(y)ds
0 0 0

with corresponding norm ||w||*> = (w,w). Consider first the numerator in (3.8). With
(3.9) and orthogonality of - w.sg.ss and . W,g,y, the predictable quadratic variation of
S wegss is (w2 v) = [Jwv'/?|?, where

R 2 _ Y 2
Us = K.y, Vis = KisGlsy, Voss(y) = K¥ 07 oo

Consider now the denominator in (3.8). The compensator of - wygsg is (w, m), where

N R 24 ! — K'Y !
Ms = KsGhg, Mas = Kus@lygs meows(y) = KY gl oo

Since Y wsgly — (w,m) is a martingale, T K (X wsgly — (w,m)) is asymptotically negli-

gible, and we may rep]ace 7 2 WsGhy by (w m). If the process is ergodic, f(w m) is

asymptotically constant. Hence the predictable quadratic variation of t1/2(19 — 1) is ap-
proximately t||7duvl/2||2/(w7 m)®. By the inequality (2.9), this is minimized by w = mv~!,

and the minimum is

tm tr o omes(y)? )
v = ¢ / sd +/ U +/ /Ks(dy)ids .
0 Uxs U—*s(y>

By an appropriate martingale central limit theorem, t1/2(1§ —1) is asymptotically normal
—1/2”—2

with variance equal to the limit of ¢|jmwv , and the assertion follows. O
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As in Remark 2, the weight (3.3) is optimal for estimating equations

Z msysﬁ<AY5) = 07

s<t:AY:#0
and the weights (3.4) and (3.5) have analogous optimality properties on their own.

Remark 5. Suppose we have a parametric model K 3(dy) for the compensator of the
jump measure p¥ of the response. Write

dTST Vi
\ El

7.5197' = ==
> 519
dK s ’ ot

- 87':1975197 .

When the intensity K s3(R) of the response depends on 4, then FM;Z/W will not be zero
in general. This differs from the discrete-time case. Differentiating under the integral,
we obtain

0= (K:07,9) = KsoTog + Fsﬁzlsﬁgsﬁ = K79 + Fsﬁ(zlsﬁ - Fsﬁzlsﬁ)gsﬁ'

Using the Schwarz inequality, we see that

- N7 i - _ 2
([(sq9g.lsq9>2 _ ([X 51 (f;ﬁ - K 3796’379 )gsﬁ)

FSﬂ gzﬁ FS ] gzﬁ
is maximal for g,y = leﬁ — Fsgzlsﬁ, and then the optimal weight is w, = —1.
In particular,
—l - 5
> (Tu(AY.) - K.l,,) (3.10)
s<t:AY:#0

is optimal among estimating functions of the form

Z msysﬁ(AY;>7

s<t:AY;#0

and the asymptotic variance of the optimal estimator is the limit of

t _ L -1
t< [ T, - A’sﬁz;ﬁ)ms) .
0

Asin Remark 3, the optimal estimating function turns out to be the partial score function
in the following sense. A partial likelihood ratio for jump processes was introduced by

Arjas and Haara (1984) as

_ t
H Vsor(AY;) exp <—/ K (Vsor — 1)ds> .
0

s<t:AY;#0
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See also Andersen, Borgan, Gill and Keiding (1993) and, for general semimartingales,
Jacod (1987) and (1990). The partial score function is the derivative of the partial
likelihod ratio at 7 = 9. Using V99 = 1 we see that the derivative equals (3.10).

Remark 6. Suppose we have a parametric model K,z9(dz)ds for the compensator of
the jump measure of those jumps of the covariate X that do not occur simultaneously
with jumps of the response Y. Write

dK,sr
dK.s9’
As in Remark 5, the best g,s5 is £, — K550, 5, and then the optimal weight (3.4) is

Wy = —1.

V:ssﬂT =

! .
6*579 = dT:ﬁ Visor-

In particular,
S (gAY — Katly) (3.11)
s<t:A X #0,AY;=0
is optimal among estimating functions of the form

Z w*sg*sﬁ(AXs>-

s<t:AX#0,AY;=0

Remark 7. Suppose we have a parametric model for the compensator K_,z(dz,y) of
the conditional jump size distribution at time s of X given a jump Y = y and the past.

Write N
X—*ST Y
V—*s T\ - 777 4 = a7':7 V—*s‘? T
v ('r y> d[(_*sﬁ('a y) s ' *

Since K_.s9(dz,y) is a probability measure, we have KY__ 0" o = 0. As in Remark 5,
the best g_,q9 is ' and then the optimal weight (3.5) is w_., = —1.

—%s99
In particular,

S L (AX AYY) (3.12)
s<t:AY;#0
is optimal among estimating functions of the form

Z w—*sg—*sﬁ(AXs; AY;)

s<t:AY;#0

Remark 8. Suppose we have a fully parametric model K9, K.z, K_.s9. According
to Result 2 and Remarks 5 to 7, the best estimating equation is
Z (Z/ﬂ?(AYs) - FSﬁZ/sﬁ)

s<t:AY,#0

+ Z ( ;sﬁ(AXS) - B’*sﬁgisﬁ)

s<t:AX#£0,AY.=0

+ S L (AX, AY,) =0.

s<t:AY;#0

13



To show that this gives the maximum likelihood estimator, we recall a representation of

Greenwood and Wefelmeyer (1996) of the likelihood ratio,

H VSﬁT(AYs) exp (— /Ot Fsﬁ(vsﬁf — 1)d5> (3.13)

s<t:AY #0

1
1__[ -‘/;S’&T(AXS) €Xp <_/ [(*579(‘/;5797 - 1)d5>
0

s<t:A X #£0,AY=0

H V—*sﬁT(AXs;AS/s)-

s<t:AY#0

For a heuristic derivation in terms of product integrals, see Andersen et al. (1993, p.
107). We have already noted in Remark 5 that the derivative of the first factor, the
partial likelihood ratio, equals the partial score function (3.10). The derivative of the
second factor is obtained similarly. Finally, 0;—4V_.ss, = ¢_, .5 by definition.

The representation (3.13) of the likelihood can be used in the partially specified
model of Result 2 to prove that the optimal estimating function obtained there is effi-
cient as long as no additional restrictions involving ¢ are imposed on the model. The
arguments are similar to those outlined in Section 1 for the i.i.d. case. In Greenwood
and Wefelmeyer (1996) a representation analogous to (3.13) is given for general semi-
martingales and can be used to generalize the results obtained here to partially specified
semimartingale regression models.
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