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Conditional expectations given past observations in stationary time series are
usually estimated directly by kernel estimators, or by plugging in kernel estimators
for transition densities. We show that for linear and nonlinear autoregressive models
driven by independent innovations, appropriate smoothed and weighted von Mises
statistics of residuals estimate conditional expectations at better, parametric, rates
and are asymptotically efficient. The proof is based on a uniform stochastic expansion
for smoothed and weighted von Mises processes of residuals. We consider in particular

estimation of conditional distribution functions and of conditional quantile functions.

1. Introduction. Let Xj,..., X, be observations from a real-valued stationary time
series. Conditional expectations E(q¢(Xpn4+m) | Xn = ) with lag m of some known function
q can be estimated by kernel estimators. For asymptotic results under various mixing con-
ditions we refer to Robinson (1983, 1986), Collomb (1984), Yakowitz (1985, 1987), Truong
and Stone (1992), Roussas and Tran (1992) and Tran (1993). If the time series is first-order
Markov with transition density p(x,y), a conditional expectation of ¢ with lag one can be
written E(¢(Xn11) | X = 2) = [¢(y)p(z,y) dy and it can be estimated by plugging in a
kernel estimator p(z,y). Asymptotic results for such estimators of conditional expectations
are in Roussas (1969, 1991a, 1991b), Masry (1989), and Delecroix and Rosa (1995).

If the Markov chain follows a nonparametric autoregressive model X; = r(X,;_1) + &;,
with unknown autoregression function r and independent and identically distributed (i.i.d.)
mean zero innovations g;, then E(q¢(Xpn4+1) | Xn = z) = Elg(e1 + r(x))]. Let 7 denote a

(kernel) estimator of the autoregression function. Write &; = X; — #(X;_1) for the residuals
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and F(y) = 23 1[& < y] for the empirical distribution function based on them. The

T n
representation suggests estimating the conditional expectation by an empirical estimator
n

(1.1) LS e+ () = / oy +7(z)) dF (y).

n
i=1

The convergence rate of (1.1) is given by the convergence rate of 7.

Suppose now that we have a linear or nonlinear parametric model r = ry for the au-
toregression function. In this case we can use a n'/2-consistent estimator 9 for ¢ and
the n'/2-consistent estimator 7 = rj for 7, and we can estimate the innovations e; by
€ = X; —r3(X;—1). Under appropriate smoothness and integrability conditions on the
function ¢, one can prove by Taylor expansion that the resulting estimator (1.1) is n'/2-
consistent; see Schick and Wefelmeyer (2004a) for closely related details in a different prob-
lem. In particular, the estimator (1.1) converges at a faster rate than the nonparametric
estimators. If 9 is asymptotically normal, so is (1.1). Such results could also be obtained for
heteroscedastic autoregressive models X; = ry(X;_1)+ s9(X;—1)e; including ARCH models,
and for GARCH models. For GARCH models and smooth ¢, one could use limit results for
the empirical process of residuals obtained by Boldin (1998, 2000) and Berkes and Horvath
(2001, 2002).

Since the innovations are assumed to have mean zero, the residual-based empirical dis-
tribution function F is not an efficient estimator of F. Thus improvements over (1.1) are
possible by replacing F by an efficient estimator. Here efficiency is meant in the sense of
a semiparametric version of Hajek and Le Cam’s convolution theorem; see also Section 6.
An efficient estimator of F' has been constructed in Schick and Wefelmeyer (2002), but this
estimator is not a distribution function. Alternative efficient estimators that are distribution
functions are discussed in Miiller, Schick and Wefelmeyer (2005). One such estimator is the

weighted residual-based empirical distribution function
1 n
Fy(y) = Ez;wzl[gz <y, yeER,
i

with an efficient estimator 9 and random weights w; chosen following the empirical likelihood
approach of Owen (1988, 2001) so that with probability tending to one, F,, has mean zero, i.e.
[ydF,(y) = (1/n) 31, wé; = 0. The resulting weighted version of (1.1) is the estimator

(12) [ty +rs@) dFut) = S wialei + (o))

This estimator is efficient if 9 is. This is a consequence of the fact that smooth functionals

of efficient estimators are efficient. An alternative to weighting would be to subtract an
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appropriate “estimator of zero” from the estimator that corrects the influence function. See
Levit (1975) and Haberman (1984) for models with i.i.d. data; Miiller, Schick and Wefelmeyer
(2001) for Markov chains; and Schick and Wefelmeyer (2002, 2004a) for time series residuals.
However, weighting has the advantage that with high probability the information of mean
zero is used exactly, so we expect better small-sample properties.

Let us now look at some special cases in which simple alternative estimators are also
available. For the conditional mean of lag one, for which ¢(x) = x, we have E(X,,+1 | X, =
z) = rg(z). This can be estimated directly by r5(z). This estimator is efficient if 9 is.
The estimator (1.1) is (1/n) Y"1, & + rz(x), which is n'/2-consistent but is not efficient
even if ¥ is. The weighted estimator (1.2) equals the direct estimator r5(x) with probability
tending to one. Hence it is efficient if ¥ is. Another special case is the conditional second
moment of lag one, for which ¢(z) = 2?. We have E(X2,, | X,, = ) = E[e3] + 73 (). The
empirical estimator (1.1) is (1/n) Y1, (& + r5(x))?. It is n'/2-consistent, but not efficient.

A more direct nl/2

-consistent estimator is the plug-in estimator (1/n)Y 7, &% + ?"%(:c).
However, it is not efficient in general even if ¥ is, since it does not (fully) exploit the fact
that the innovations have mean zero. Efficient estimators are given by the weighted empirical
estimator and the (asymptotically equivalent) weighted plug-in estimator (1/n) > 1 | w7 +
r%(:ﬂ), both with efficient 1.

Similar results are possible for lag two. The conditional expectation E(q(X,12) | X, = x)
becomes E[q(ea + 79(e1 + r9(x)))] and can be estimated n'/?-consistently by the von Mises

statistic
_ _ 1 non
[ e+ oty ra@)) aPwIAPE) = 25 575" alEs g6 +rala))
i=1 j=1
and the weighted von Mises statistic

[ ate 4 raty + rata) dPudBule) = 25 575" wiwa(es + g6+ ry(a)

i=1 j=1
The latter will be efficient if an efficient estimator ¢ of ¥ is used. The von Mises statistics
are easier to use than the usual kernel estimator because they do not require a choice of
bandwidth. For certain ¢, simpler alternative estimators are available. For example, the
conditional mean of lag two equals E[ry(e; + ry(x))] and can be estimated more directly
by the average (1/n) .7 | r5(é; + rj(x)) or the weighted average (1/n)> " ; wirs(&; +
r5(x)). The latter coincides with the weighted von Mises statistic with probability tending
to one. A degenerate case would be the linear AR(1) model, with ry(z) = Jz, for which
the conditional mean of lag two is 92z, which is estimated efficiently by 92z with 9 efficient

for . The weighted von Mises statistic coincides with this simple efficient estimator with
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probability tending to one. Simplified versions of the von Mises statistics are also available for
estimating higher conditional moments of lag two. The conditional second moment of lag two
simplifies to E[e?]+ E[r2(e1 +79(2))] and can be estimated n'/2-consistently by the average
(1/n) >0, (¢ —&-TE (§i+75(x))) or the weighted average (1/n) Y1, w; (&2 -‘rT?; (Ei+ry(a))).
The latter equals the weighted von Mises estimator with probability tending to one and is
efficient if ¥ is.

The above shows that conditional expectations of lags one and two can be estimated
n'/?_consistently and efficiently for smooth ¢ in nonlinear autoregression models of order

one. To prove n'/?

-consistency of the estimator (1.1) for more general ¢ we need an ap-
propriate balance of smoothness assumptions on ¢ and on the innovation distribution. For
discontinuous g we must assume that the innovations have a smooth density f. One may
then also want to replace F and F,, by smoothed versions Fy and Fj,,, say dF,(y) = f (y) dy
and dF.,(y) = fu(y)dy, where f is a kernel estimator f(y) = (1/n) Y27, kb, (y — &) of
the density f, and f, is a weighted kernel estimator f,(y) = (1/n) Y7, wiks, (y — &)
Here ky, (y) = k(y/bn)/b, for some kernel k and some bandwidth b,,. These kernel esti-
mators were studied in Miiller, Schick and Wefelmeyer (2005). Efficiency of the smoothed
and weighted residual-based empirical distribution function Fi,, was also shown there. The

resulting smoothed and weighted von Mises statistic

/ / 0z + 30y +75(2))) Fuly) dy Fon(2) dz

1/2_consistency and efficiency even though the kernel estimators have a slower

preserves n
rate of convergence. Simulations show that smoothing improves the small-sample behavior
of our estimator noticeably, especially if ¢ is not smooth (see Table 1). This is a second-order
effect. For theoretical results in this direction see Golubev and Levit (1996). We note that the
choice of bandwidth is less critical here than for the usual kernel estimators. In particular,
the asymptotic variance of our estimator does not depend on the choice of bandwidth in the
allowed range.

The smoothed and weighted estimator

/ / 0z + 30y + 75(2))) Fulv) dy Fonlz) dz

equals

% Z Z Wiw; // q(&j + bpu+15(E; + by + r5(2)))k(uw) duk(v) dv.

i=1 j=1
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When the latter double integral is difficult to calculate it can be approximated by Riemann

sums, resulting in
n N

n N
ﬁ Z Z Z sz‘ij(éj + bpus +75(€; + bpug +1r5(x)))k(us)k(ue).

i=1j=1s=1 t=1
Here wy,...,uy denote the midpoints of a partition of the compact support [—1,1] of the
kernel k into N intervals of equal lengths. This shows that the smoothed estimator is easy

to compute.

TABLE 1

Simulated mean squared error for various von Mises estimators

| | n | u [ w [ 150175 ] 200225 250 [ 275 |

50 6181 967 512 | 462 | 430 | 414 | 411 | 417
Normal | 100 | 3153 460 299 | 279 | 266 | 261 | 264 | 273
200 || 1615 227 168 | 160 | 156 | 155 | 160 | 168
50 6184 || 1218 || 647 | 591 | 558 | 544 | 545 | 558
Logistic | 100 || 3204 606 390 | 367 | 356 | 355 | 364 | 380
200 || 1620 296 220 | 213 | 212 | 217 | 227 | 243
50 6363 || 1513 || 803 | 738 | 701 | 686 | 690 | 706
T(5) 100 || 3234 756 495 | 470 | 459 | 461 | 474 | 495
200 || 1646 375 281 | 274 | 275 | 283 | 299 | 320

The table entries are 10°xMSE of the von Mises estimator (U), the weighted von
Mises estimator (W) and the smoothed and weighted von Mises estimator for different
bandwidths b, = cn~'/* with ¢ = 1.5,1.75, 2, 2.25, 2.5, 2.75. The simulations are based
on 20,000 repetitions. We estimate the conditional probability P(Xn4+2 < 0| X, = .5)
in the AR(1) model X; = ¥X;_1+¢; with ¢ = .5 for sample sizes n = 50, 100, 200. The
innovation distributions are the standard normal distribution, the logistic distribution
and the t-distribution with five degrees of freedom, the latter two scaled to have
variance one. As estimator of ¥, the sample autocorrelation coefficient was used. The

standard error of a simulated MSE is about one percent of the MSE.

Weighting can lead to drastic variance reductions, especially if ¢ is asymmetric, e.g. for
odd moments and for distribution functions. See Example 3.2 and Example 5.5, which treat
smoothed and weighted von Mises statistics in the classical autoregressive model of order
one. Example 3.2 reports a possible variance reduction of up to 64 percent for the one
lag conditional distribution function. Similar improvements through weighting are obtained

for estimators of expectations under the innovation distribution; see Miiller, Schick and
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Wefelmeyer (2005, Sections 4 and 5). Example 5.5 shows that variance reductions of over 98
percent are possible in the case of estimating the lag two conditional distribution function.
The simulation results in Table 1 show that for small to moderate sample sizes the actual
variance reductions might be even larger due to the second-order effect of smoothing.

It is the purpose of this paper to extend and sharpen the results on smoothed and
weighted von Mises statistics outlined above in several directions: to linear and nonlin-
ear autoregressive models of higher order, to conditional expectations with higher lags,
to functions ¢ of more than one argument, and to uniform results over classes of func-
tions. We are particularly interested in estimating univariate and multivariate conditional

1/2_consistent estimators of conditional quan-

distribution functions. They give rise to n
tiles. Other applications are conditional probabilities of staying in a certain band, e.g.
P(|Xnt1 — 2| < ¢1,|Xpnq2 — 2| < o | X5, = z), or conditional probabilities that the time
series increases over a certain period, e.g. P(X,13 > X;10 > X1 > 2 | X, = ).

Specifically, we consider linear or nonlinear autoregressive models of order p,
(1.3) X; :7‘19<Xi,1>+8i7

with X;_1 = (X;—p,...,X;—1) and ¥ a d-dimensional parameter, and construct estimators
for conditional expectations E(q(Xpnt1,---, Xnt+m) | Xn = x) for some known function ¢
of m arguments and some fixed vector x = (x1,...,xp). Using the representation of the

autoregressive process, such conditional expectations can be written

E(Q(Xn+1’ sy Xn+m) | Xn = X) = E[q(gﬁ(gnJrl, oo 75n+m))}

for some function py. For lag two, i.e. m = 2, we have gy(e1,e2) = (61 + 19(X),e2 +
(g, ..., Ty €1 +79(x))). Let ¥ be a n'/2-consistent estimator of 9. Using it we can form
the residuals §; = X; —r5(X;-1), i =1,...,n. We estimate the conditional expectations by

the smoothed and weighted von Mises statistic

/.../q(%(yl,...,ym))ﬁfw(yj)dyj-

It is efficient if an efficient estimator 4 for ¥ is used. We obtain n!/2

-consistency and asymp-
totic normality not just for fixed ¢ but uniformly over large classes of functions. We show
in particular that our estimator, viewed as a stochastic process indexed by ¢, and suitably
standardized, converges to a Gaussian process. This is in contrast to the usual kernel esti-
mators, for which limit theorems can hold only locally, in intervals shrinking in proportion

to the bandwidth b,,.
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Independence of innovations has recently also been exploited for other functionals. Schick
and Wefelmeyer (2004a) use this idea to reduce the variance in estimating linear functionals
of the stationary law of invertible linear processes. Saavedra and Cao (2000) obtain a n'/2-
consistent estimator for the stationary density of an MA(1) process. Schick and Wefelmeyer
(2004b) prove asymptotic efficiency of a modified version and Schick and Wefelmeyer (2004c)
obtain functional central limit theorems in the case of MA(q) processes, considering the
density as an element of the function spaces Li or Cy. For nonparametric regression, Van
Keilegom and Veraverbeke (2001, 2002) and Van Keilegom, Akritas and Veraverbeke (2001)
exploit independence of error and covariate to obtain improved estimators for the conditional
density, distribution function and hazard rate of the response given the covariate.

The paper is organized as follows. In Section 2 we derive a stochastic expansion for

smoothed von Mises processes based on residuals,
j=1

and for weighted versions ¢ (h, fw), uniform over appropriate classes H of functions h. These
are results of independent interest. To describe them, let f(y) = LS kb, (y — &) be the

kernel estimator based on the actual innovations, and
h(y) = E(h(gla“wgm) ‘ &1 = y) + .- +E(h(€1, ;Em) | Em = y)

The expansion of 1 (h, f ) is of the form
0l f) = 0l f) = [ F@)(Fw) — F0)dy+ DO (= 0) + Rt

with supp,cq [Rn(h)| = 0,(n~1/2). Here D(h) = E[h()l(e)|E[f9(X)], where £ = —f'/f is
the score function for location of the innovation distribution, 79(X) is the gradient of ry(X)
with respect to ¥ and (X, ¢) is short for (Xg,e1). The expansion of the weighted version

differs as follows,

ol fu) =0, )~ ZEREN (23 Blay (0]~ ) + o),

where again sup,cqy |Rnw(h)| = 0,(n"1/2). In the above expansions, the terms involv-
ing 9 — ¥ come from replacing the estimated innovations by the true ones. Note that
{(n'2 [h(y)(f(y) — f(¥))dy : h € H} is a smoothed empirical process. Such processes
have been studied by Yukich (1992), van der Vaart (1994), Rost (2000), and Radulovié¢ and
Wegkamp (2000, 2003). They give conditions under which the smoothed empirical process
is asymptotically equivalent to the usual empirical process. We refer to the book by van der

Vaart and Wellner (1996) for a general overview of empirical processes. We have an envelope
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and Lebesgue densities and give, in Propositions 2.1 and 2.2, versions of the results of van
der Vaart (1994) and Rost (2000) with simpler assumptions. Together with the above expan-
sions, these results imply that if Jis asymptotically linear then so are the von Mises process
{n'2((h, f)—1p(h, f)) : h € H} and its weighted version {n*/2(¢(h, fu)—1b(h, f)) : h € H}.
This implies that these processes converge weakly to tight Gaussian processes. For our ap-
plications to estimation of conditional expectations we need versions in which the function

h is indexed by ¢ and ¢. We formulate such results in Theorem 2.2.

In Sections 3 to 5 we apply our results on von Mises processes to estimation of conditional
expectations of lags one and two. We get by with mild assumptions on the innovation
density and the autoregression function. In particular, we cover discontinuous autoregression
functions such as those appearing in self-exciting threshold autoregressive (SETAR) models.
Higher lags can be treated along these lines, but the stochastic expansions of the estimators
are notationally cumbersome. In particular, Theorem 3.1 specializes Theorem 2.2 to the
case of estimating conditional expectations of lag one. In Theorems 3.2 and 3.3 we apply
Theorem 3.1 to estimators for conditional distribution functions and for the conditional
expectation of a fixed function g. Theorems 4.1, 5.1 and 5.2 give analogous results for
conditional expectations and conditional distribution functions of lag two. Example 3.1 and
Example 5.4 apply these results to conditional quantile processes of lags one and two. Our
results are new, and nontrivial, even for the linear autoregressive model of order one.

In Section 6 we show that the weighted versions of our estimators are efficient if an
efficient estimator for 9 is used. This is done by checking that the influence function then
equals the efficient influence function for estimating v(¥, f). Efficient estimators for ¢ in
nonlinear autoregression with mean zero innovations are constructed in Koul and Schick
(1997).

Section 7 contains two technical lemmas. Lemma 7.1 gives a characterization of compact
subsets of Ly(v) for measures v with Lebesgue density. It says that a closed subset of Ly (v)
with an envelope translation continuous at zero is compact if and only if the subset is equi-
translation-continuous at zero. Lemma 7.2 gives conditions for uniform differentiability of

integrals with respect to Hellinger differentiable densities.

2. Smoothed and weighted von Mises processes of residuals. Consider obser-
vations X;_p,..., X, from a stationary and ergodic nonlinear autoregressive process X; =
r9(Xi—1) +¢; of order p, where X;_1 = (X;_p,...,X;—1) and 9 is a d-dimensional parame-
ter. Assume that the innovations ¢; are i.i.d. with mean zero, finite variance o2 and positive

density f and are independent of X,. Let 9 be a n'/2-consistent estimator for 9. Estimate
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the innovations e; by residuals &; = X; — 75(X;_1) and the innovation density f by the

kernel estimator
_ 1 n ~
F) =5 3 k=)
or the weighted kernel estimator
Fult) = 23" wiks (v - 20)
wy—nizlwzb"y i)y

where ky, (y) = k(y/bn) /by, for a kernel k and a bandwidth b,,. Following Owen (1988, 2001),
we choose positive weights w; of the form

- 1

N 1+ ;\{::1 ’

w;

where \ is chosen such that o wié; = 0. By Miiller, Schick and Wefelmeyer (2005), this
is possible with probability tending to one. When there is no solution, we set A = 0.
In this section we obtain a uniform stochastic expansion for smoothed von Mises processes

based on residuals €1, ..., &y,
wmb:/m/m%mwmﬂﬂwwp
j=1

and their weighted versions ¢ (h, f,,). Here the index h runs through a family H of functions
from R™ to R with envelope H, i.e. |h| < H for all h € H. We assume the envelope to be of

the form

(21) H(y17~--aym):V(yl)"'v(ym)7

where V' is a measurable function satisfying the following conditions.

AssuMPTION V. The function V fulfills V' > 1 and, for some a > 1,

Ja+ vy < .

Moreover, the function D defined by

_Vy+s) = V(y)
Do) = sup =5y —

is bounded on compacts and is continuous at 0:

seR,

(2.2) D(s) -0 ass—0.
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If V =1, then Assumption V is satisfied with o = 2. Another example of a function
fulfilling Assumption V is V(y) = (1 + |y|)? with v > 0, provided [ |y|>***f(y) dy is finite
for some o > 1.

Write € and X for random variables with the same joint distribution as ¢; and X;_;.
Denote the distribution functions of € and X by F' and G. We make the following assumptions

on the density f and the autoregression function ry.

AssuMPTION F. The density f has finite Fisher information for location, i.e. f is ab-

solutely continuous with almost everywhere derivative f/, and E[(*(¢)] = [ (*dF is finite,
where £ = —f'/f. O

AssuMPTION R. The function 7 — 7,(x) is continuously differentiable for all x with

gradient 7 — 7 (x). For each constant C,

n

(23) sup > (TT(XFI) —r9(Xiz1) = F9(Xi1) ' (1 — 19))2 = 0,(n=2/3).

\7——19|§Cn*1/2 i=1
Moreover, E[|f9(X)|*/?] = [|#9]>/2dG < oo and the matrix E[iy(X)ri9(X)T] = [ o7 dG

is positive definite. O

A sufficient condition for (2.3) is a Holder condition with exponent 2/3 on the gradient
r,
i (%) =i (x)] < |7 — 9P A(x),

with A € Ly(G).
Finally, we impose the following assumptions on the kernel and the bandwidth. Recall

that d is the dimension of the parameter .

AssuMPTION K. The kernel £ is a symmetric and twice continuously differentiable den-

sity with compact support [—1,1]. O

AssuMPTION B. The bandwidth b,, satisfies nbfl — 0 and nb5150+20d)/(14+5d) —o00. O

The requirement on the bandwidth is satisfied by b,, ~ n~? for any 3 satisfying 1/4 <
B < (50 4 20d) /(14 + 5d). Another possibility is b, ~ (nlog(n))~ /4.

In Theorem 2.1 below we describe expansions of ¥(h, f) and ¥ (h, fw) For this we define,
for h € H, a function h = hy + - - - + hyy, by

Bj(yj):/"'/h(yla--~7ym)Hf(yk)dyk.

-y
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Note that hj(c;) = E(h(e1,...,em) | £;). For a measurable function g we define the V-norm
by

lallv = [ Vlgtw)ldy.
It follows from Assumptions V and F that f’ has finite V-norm. Indeed, one has
IF17 = (BEV(e)le))? < BV () E[E(e)]-

Recall that

denotes the kernel density estimator based on the true innovations. For g € Lo(F) set
B(g) = Elg(e)t(e)|Elis(X)],

Un(g) = /g(y)f(y) dy — %Zg(ai),
=1

let g* denote the projection of g onto the subspace {v € Lao(F) : [v(y)f(y)dy = 0} and let
g% denote the projection of g onto the subspace

V={veLu(F): [o)f)dy = [yow)r)dy =0},
It is easy to check that ¢*(y) = ¢g(y) — E[g(e)] and
9" (y) = 9(y) — Elg(e)] — 0 *Eleg(e)]ly, y R

Since E[¢(¢)] = 0 and E[el(e)] = 1, we have (% () = £(¢) — 0~ 2c. Note that E[g(e)(*(¢)] =
Elg¥(e)l(e)]. Also Elg*(e){(e)] = Elg(e)¢(e)] and B(g*) = B(g).

Our expansions rely on the following lemma which summarizes results of Miiller, Schick
and Wefelmeyer (2005), namely their Theorems 3.1-3.3.

LEMMA 2.1.  Suppose Assumptions B, K, F, R and V hold. Then ||f — f|lv = op(n=/%)
and ||f — f — fE[Fo(X)]T(@0 = 9)|lv = 0,(n"/2). Moreover, ||fu — fllv = op(n~*) and,
with £(y) = yf(y),

1w = f+07% % ; ei + 0% [E[ig(X)]T(9 = 0) ||y = 0,(n~"/?).
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THEOREM 2.1.  Suppose Assumptions B, K, F, R and V hold. Then

1 « _
sup ik, 1) = (k. 1) = 2 3R )+ BT (=) - Un(h)| = 0p(n™"/2);
heH ni4
- 1 ° - B
sup [w(h, f.,) - = Z (1) + BOA)T (9 = 0) = Un(h)| = 0p(n~1/2).
heH n--
PROOF. We prove only the second conclusion. For a subset A of {1,...,n}, let
ny] H fw y]) f(yj))7 y:(yla---aym)'
JEA JEA

Setting o, (y) = 3 41—y 64 (¥), we have

I170@) = TL (W) + fulw) = Fw)) = D0 0aly) =D er(y)

j=1 AcA{l,...,n}
Note that
eoy) =[] fly) and @i(y) = (Fuly;) = fw)) [T £
Jj=1 j=1 k#j
Thus

Using (2.1), we obtain

Z‘/ ¥)er(y) dy| <Z/H ) (y)] dy = Z (T:>||fwf||rv|f”$_r.

Since || fuw — fllv = 0p(n"1/4), we obtain

sup )w(h, Fuw) = 0(h, f) — /ﬁ(y)(fw(y) — f) dy‘ =op(n~1/?).

heH

Note that |h| < C,,V with C,, = m| f||7*~". Thus, by the last assertion of Lemma 2.1,
suppey [Rn(h)| = 0p(n~1/%), where

/h Fuly) — F(y) + 0 %) Zez 0 (y) () Blio (X)) (0 ) dy.
Since E[h(e)¢# ()| E[r9(X)] = B(h*), the desired result follows. O

In order to obtain functional central limit theorems for the smoothed von Mises process
{n'2((h, f) —b(h, f)) : h € H} based on the residuals and for its weighted version, we
can now apply results on smoothed empirical processes {n'/? [ g(y) (f)—fW)dy: g G}
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based on the innovations. This also requires an estimator Y that is asymptotically linear in

the sense that
n

1
2.4 I+ 5D 0K e 4oyl

with influence function p(X,¢) fulfilling E(p(X,¢) | X) = 0 and E[|¢(X,€)[?] < co. Typi-
cally, ¢ is orthogonal to V in the sense that E[p(X,e)v(e)] =0 for all v € V.
In the literature one decomposes n'/2 [ g(y)(f(y) — f(y)) dy into a variance term

nm/g(y)(f(y) = [k, (y)dy

and a bias term

nl/? / 9 (f * ko, () — £()) dy.

One assumes that the bias term tends to zero uniformly in g,
(25) sup 2 [ ) (£ 5 o () = ) o] = 0.
g

Sufficient conditions for this analytic property are easily given in terms of smoothness of f
and an appropriate bandwidth b,,. For example, (2.5) holds if nb% — oo and

sup| [ 0) (7= 9) = 1) + 5 () do| = O:2).

ge€

To deal with the variance term, van der Vaart (1994, (1.1)) and Rost (2000, (2.7)) use a
condition that in our case is
2

(2:6) 822/ (/ (9(y + buu) — g(y))k(u) du) fly)dy — 0.

g
Van der Vaart (1994) shows that if G is Donsker and translation invariant, then conditions
(2.5) and (2.6) imply that the smoothed empirical process converges weakly in £ (G) to a
tight Brownian Bridge process. Inspection of his proof shows that we can remove translation
invariance if we strengthen G being Donsker to G, = {g(-+t) : |[t| < 1,9 € G} being Donsker
for some 7 > 0.

Suppose now that G has an envelope V' € Lo(F) satisfying

(2.7) /(V(y b8 = V)2 (W) dy— 0 ass— 0.

Then condition (2.6) holds if G is totally bounded in Lo(F'). This follows from the charac-
terization of compact subsets of Lo(v) for finite measures v with Lebesgue density given in
Lemma 7.1. If G is Donsker, then G is totally bounded in L2(F') and hence condition (2.6)
holds. We therefore obtain the following version of the Theorem in van der Vaart (1994).
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PROPOSITION 2.1.  Suppose G, is Donsker for some n > 0 and has envelope V' € Lo(F)
satisfying condition (2.7). Then condition (2.5) implies that

= Op(nil/Z)

geg

2 sup U () = sup | [ o) flu) dy = 3" g(e)

and that the smoothed empirical process converges weakly in £ (G) to a tight Brownian Bridge

process.

One can derive from Rost (2000) that G, Donsker can be replaced by the condition that
G has uniformly integrable Ls-entropy. In his Theorem 2.2, Rost uses condition (2.5) with
G replaced by G U {V3} and (2.6). Since G is totally bounded in Ly(F) if it has uniformly
integrable La-entropy, condition (2.6) is implied by (2.7). Condition (2.5) with G = {V3}
is used only to conclude that [ V(e + b,u)k(u)du is uniformly integrable. But the latter

follows from condition (2.7). Hence we have the following version of Rost’s Theorem 2.2.

PROPOSITION 2.2.  If G has uniformly integrable Lo-entropy and envelope V- € Lo(F')
satisfying (2.7), then condition (2.5) implies (2.8) and the smoothed empirical process con-

verges weakly in - (G) to a tight Brownian Bridge process.

We can now combine Theorem 2.1 and Proposition 2.1 to obtain functional central limit
theorems for the von Mises statistics ¥ (h, f) and 9 (h, f,). We consider only the weighted
version, ¥ (h, fw) Assume that J is asymptotically linear in the sense of (2.4), with influence
function ¢ orthogonal to V. By Theorem 2.1 and Proposition 2.1, 1 (h, fw) is uniformly

asymptotically linear,

heH

sup (5, Fu) — (0, ) =+ 3" s1(Ki1,20)| = 0, (72,
i=1

with influence function s;(X,¢) = h# () + B(h*) (X, ).
It follows that {n'/2(¢(h, fu)—t(h, f)) : h € H} converges weakly in £o (H) to a centered

Gaussian process with covariance function
Cov(h, k) = E[sn(X, e)sk(X, €)]
— BIR* ()F* ()] + B#)TElp(X, 2)o(X, &) T B(R?).
We have
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A n'/?-consistent estimator of the covariance function is obtained using residual-based
empirical estimators for E[h#(¢)k# ()] and B(h*) and an appropriate estimator of the
asymptotic variance of 9. Note that the term of the form E[h(g){(¢)] could be written
Os—oFE[h(e + s)], so estimation of £ could be avoided.

In our applications to estimation of distribution functions and conditional expectations,
the class H consists of functions that may depend on ¥ and other parameters. To treat the
different cases economically, we now formulate a version of Theorem 2.1 for such classes.

Suppose that H is of the form
H ={hrq: |7—0| <A,qge Q}
for some index set Q, and set H* = {h: h € H*}.

THEOREM 2.2.  Suppose that Assumptions B, K, F and R hold, that H* has envelope H
of the form H(y1,...,ym) =V (y1) - V(ym) with V satisfying Assumption V, and that

(2.9) up |41 ) = V(o f) = Wh (7 = 9)| = (| =)
a
Jor some vector Wy 4. Let H; = {h(-+s): |s| <mn,h € H*} be Donsker for some n > 0;
(2.10) sup [(iraly) = hoaW)*Fu)dy =0 as7— 0
qeQ
(211) swp sup | [ hea)(f(0 = 9) = £(0) + 5F' () d| = O,
[T—9|<A qeQ

Set D} , =Wy, — B(hj,) and D} =Wy, — B(hY ). Then

Slelg ’(/)( 9, qaf) hﬁ,qaf Zhﬁ,q D19 q) 19 19 ‘ = OP _1/2)
q

1 - < _
Sgg T/J( ﬁqafw)f hﬂ(pf 752}1? 51 )T(ﬂfﬂ)‘ zop(n 1/2).
q :

In particular, zfﬁ is asymptotically linear with influence function ¢ orthogonal to V, then
the process {n'/2(1(hy; o fw) = U(hgq f)) : ¢ € Q) converges weakly in log(Q) to a centered

Gaussian process with covariance function
Cov(p,q) = B[R} ()b} ()] + (D} ) TE[p(X,€)p(X,) "|D} .

PrOOF. We prove only the second expansion. It follows from (2.9) and the n'/2-

consistency of J that

oy = ¢(h1§)q, f) N w(hﬁﬂﬁ f) - \I/g,q(qg - 19) = Op(n_1/2).

qeEQ
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It follows from (2.10) that

sup B(ﬁjgfq) — B(hY )| = 0p(1).

qeQ

Since H* is Donsker, we obtain from (2.10) that

sup ’ /(ﬁg,q(y) — g o(y) d(F(y) — F(y))‘ — op(n~1/2)

qeQ

with F(y) = Ly h 1 1[e; < y). Since H; is Donsker and (2.11) holds, we obtain from
Proposition 2.1 that

sup | [ By )y = [[Bs () aP )] = oyl 7).

q

The desired result now follows from Theorem 2.1. O

A sufficient condition for (2.11) is || f(- — 5) — f + sf’|lv = O(s?). This holds for example
if ||f'(- = s) = f’|lv = O(s). In particular, it holds if f’ is absolutely continuous with || ||y
finite.

Also of interest is the case when H = {h, : ¢ € Q}. In this case, the assumptions of

Theorem 2.2 simplify considerably.

COROLLARY 2.1.  Suppose that Assumptions B, K, F and R hold and H = {hq : ¢ € Q}
has envelope H of the form H(y1,...,Ym) = V(1) - V(ym) with V satisfying Assumption
V. Let H,y = {hq(- + 8) : |s| < n,q € Q} be Donsker for some n >0 and
(212) sup | [ Bu) (s = 5) = 1) + 5 ) do] = O(").

qeEQ

Then

sup [0y ) = 0l £) = 5 30 Rafe) = BT (0 = 9)] = oyl

qeQ R

=1
. 1 - - _

sup [ (hg, fu) = ¥(ha: f) = 4 > h#(e) - B(hE) (0 - ﬂ)] = 0,(n"/?).

q i=1

In particular, zf1§ is asymptotically linear with influence function ¢ orthogonal to V then

the process {n*/?>((hg, fuw) — ¥(hg, f)) : ¢ € Q} converges weakly in loo(Q) to a centered

Gaussian process with covariance function

Cov(p,q) = E[h} ()hf (e)] + B(hi) " E[o(X, €)p(X, ) "] B(hY).
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3. Conditional expectations of lag one. Let Q be a family of functions from R
to R. For ¢ € Q the conditional expectation E(q(Xn4+1) | X, = x) can be written as
v(9,q) = Elg(e + ry9(x))]. We estimate v (9, q) by

oq) = / a5 fy)dy and Pu(q) = / 0y +3()) () dy.

THEOREM 3.1.  Suppose G,, = {q(- + ry(x) +s) : |s| < n,q € Q} is Donsker for some
n > 0 and has an envelope V' that satisfies Assumption V. Suppose [ has finite Fisher
information for location and fulfills
a1 swpsup| [l raG) O —5) S + 5 W) dy| = O)
[t|I<nqeQ
Let Assumptions B, K and R hold. Then

n

sgg v(q) — - qle; +ry9(x)) — DqT(zg — 19)’ — Op(nﬂ/g);
g [Pl %Z (alei + (%)) = 425) = Dy (9= 9)| = op(n~"/2),

1
where Dq = Elq(e 4 r9(x))(e)] (9 (x) — E[f9(X)]) and Dy = Dy + cqE[r9(X)] with c¢q =
o 2Eleq(e + ry(x))].

In particular, if 9 is asymptotically linear with influence function @ orthogonal to V then
the process {n'/?(,(q) — Elq(e +r9(x))]) : ¢ € Q} converges weakly in £, (Q) to a centered

Gaussian process with covariance function

7

Cov(p,q) = Elp(e + r9(x))q(e + 19(x))] — Elp(e + r9(x))]| E[q(e + r9(x))]

_Uchcq + D;—E[@(X, )X, 6)T]Dq'

ProOOF. We apply Theorem 2.2 with

H =H"={q(-+r-(x): [T -I[ <A, qeQ}

and some small positive A. In view of Assumption R we can take A sufficiently small for

»/2 to be contained in Gy,. Thus Condition (2.11) is implied by (3.1). Since

/ (¢ + (%)) — aly + ro(x))) £(5) dy
- / 0y + 10 () (F(y — (r+(x) — ro(x))) — F()) dy,

it follows from (3.1), differentiability of 7 — 7,(x) at ¥ and finiteness of || f’||y that condition
(2.9) holds for the present H* with

Uy,q = Elg(e + ro(x)0(e)]i (x).
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As G ={q(-+r9(x)) : g € Q} is totally bounded and has an envelope V that satisfies (2.7),

condition (2.10) is met by the compactness criterion in Lemma 7.1. g

The conditional distribution function of X, ; given X,, = x can be written ¢t — F(t —
r9(x)). We can estimate it by Fy(t — r5(x)) or Flou(t — r5(x)), where F, and F., are the
distribution functions corresponding to f and fw, respectively. The corresponding class Q is
{1(—oo,g ¢ t € R}; it is Donsker and translation invariant. Its envelope is V' = 1, which fulfills
Assumption V. Here the left-hand side of (3.1) becomes sup,cp |F(t — s) — F(t) + sf(t)].
Thus (3.1) holds if f is Lipschitz. Hence Theorem 3.1 implies the following result.

THEOREM 3.2.  Suppose Assumptions B, K and R hold. Let f be Lipschitz and have

finite Fisher information for location. Then

sup

sup |t = rylx) = D 1lei < ¢ = o)) = DT (3= )| = 0,02

1=

1
- 1 <
sup | Fyw(t —r5(x)) — —

teR [t

(1[@ <t —ro(x)] — ct€i> DT (- 19)‘ = 0,(n"Y2),

where Dy = — f(t — r9(x)) (79 (x) — E[i9(X)]) and Dy = Dy + ¢, E[r9(X)] with

) t—ry(x)
Ct:U_/ yf(y)dy.

— 00

In particular, ifz? is asymptotically linear with influence function ¢ orthogonal to V then
the process {n'/?(FL,(t — r5(x)) — F(t —r9(x))) : t € R} converges weakly in lo(R) to a

centered Gaussian process with covariance function

Cov(s,t) = F((s —ro(x)) A (t = 79(x))) = F((s = r9(x)) F(t = 19(x)))

70'2csct + DIE[SD(Xa 5)90(X7 s)T]Dt'

EXAMPLE 3.1. For a distribution function G let 1, (G) = G~ (u) = inf{t : G(t) > u}
define the left-inverse of G at u, with 0 < w < 1. The conditional u-quantile of X,, ;1 given
X, =X i8 ¥y (F(- — r9(x)) = F~ (u) + ro(x). We can estimate it by 1, (Fy (- — 75(x))) =
Fl(u) +r5(x). Let 0 < ¢ < d < 1. Recall that we assumed that the density f is positive.
Thus, by Proposition 1 of Gill (1989) on compact differentiability of quantile functions, we
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obtain the uniform stochastic expansion

sup Fs_wl (u) +r5(x) — (F_l(u) + m(x))

u€le,d]

with
) !(w)
ay =0~ / yf(y)dy.
It follows that the smoothed and weighted conditional quantile process
{n1/2( sw (u) + T{i(x) - (F_l(u> + Tﬂ(x))) tu € [e,d]}

converges weakly in £ ([c,d]) to a centered Gaussian process. g

EXAMPLE 3.2. Consider the classical AR(1) model X; = ¥X,; 1 + ¢; with |9 < 1. Tt
satisfies Condition R with 7y(z) = = and E[ry(X)] = 0. A natural estimator for ¥ is the

least squares estimator 1}, which has expansion

192
Xi—lai + Op(nil/Q).

= Y XX 11—
(3.2) 9= g
i X n ;

Fix t and « in R. For the estimator of the conditional distribution function at ¢ of X,,41

given X, = x we obtain

F,(t —dz) = li( 1[e; <t—19m]—xf(t—19m)1 ﬁzX— 5»)+0(n_1/2)'
n e i i—1<q D ’
IR 1—9?
Faw t—19x n;( g; <t—dx] — ey —xf(t—ﬁx)TXiflai) +0p(n_1/2)-
It follows that n'/2(Fy(t — 9x) — F(t — ¥x)) is asymptotically normal with mean zero and

variance 72 = F(t — 9x)(1 — F(t — 0z)) 4+ 22 f2(t — 9z)(1 — 9¥2), while n'/2(Fy (t — Jz) —

F(t— 1933)) is asymptotically normal with mean zero and variance 72 — o2¢7. Thus weighting
results in a smaller asymptotic variance. For t = x = 0 and f the standard normal density,
the asymptotic variances are 1/4 and 1/4 — 1/(27) ~ .0908. In this case weighting reduces

the asymptotic variance by about 64 percent. O
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Now consider the case where Q consists of one element g. The corresponding class G,
equals {q(-+79(x)+5) : |s| < n}. Assume now that f has a finite absolute moment of order
greater than 2y + 1 and that ¢ satisfies the growth condition

(3.3) law) < (1 +1y))”, yeR,

and the Lipschitz condition
(3.4) lg(y +s1) — q(y + s2)] < Llsy — s2|(1 + [y])”,  y €R,

for s1, s9 in a neighborhood of y(x). Then G, has envelope V of the form V (y) = K(1+|y|)”,
which satisfies Assumption V. Also, G,, is Donsker. This follows since the bracketing numbers
N[1(6,Gy, La2(F)) are of order 1/4; take brackets of the form g(- 4 ry(x) + s;) F c6V. The

left-hand side of (3.1) now becomes supy;,, |As,| with

Aus = / Gy +ro(x) + O (Fy— ) — F(y) + 5 () dy.

We can write

Ay —— / 4y + ro(x) + 1) /0 Sy — us) — f'(y) dudy

= —3/0 / (q(y +r9(x)+t+us) —qly +r9(x)+ t))f’(y) dydu.

By the Lipschitz property of ¢ and the finiteness of || f’||y under Assumption F, we obtain
SUP|y <y |Ds,t| = O(s?), which is (3.1). Thus Theorem 3.1 implies the following result.

THEOREM 3.3.  Suppose Assumptions B, K and R hold, q fulfills (3.3) and (3.4) and f
has finite Fisher information for location and finite absolute moment of order greater than
2y + 1. Then

- 1 <& - _
[ atw+ 7000 ) dy = -3 ales + o)+ D (9= 9) + 0y n~ /%)

n -
=1

n

/q(y +75(x)) fu(y) dy = % S (alei + ro(x)) = cqei) + Dy (9 = 9) + 0, (n"V/?)

=1

with ¢q, Dy and Dq as in Theorem 3.1.

Theorem 3.3 can be used to estimate conditional moments and absolute moments of lag
one. For example, to treat estimation of the conditional v-th absolute moment E(|X,,11]" |
X,, = x) with v > 1, take ¢q(y) = |y|?. Our estimators are [ |y + ré(x)Wf(y) dy and its
weighted version [ |y + r5(x)|" fu (y) dy.
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4. Conditional expectations of lag two. Let Q be a family of functions from R? to

R. For ¢ € Q, the conditional expectation
E(q(Xn1, Xni2) | X = x)
can be written
(9.0) = Ela(es(er,e2)] = [ [ aloov, ) F0) 1) dydz
with
00(y,2) = (y +7r9(x), 2 +1o(x—1,y + Tﬂ(X))),

where x_1 = (z2,...,%,). We estimate v (9, ¢) by

// a(05(y: 2)f(y) f(2) dyd=
0 = [[ atestv. Diuw)u(e) dud

We shall apply Theorem 2.2 to obtain stochastic expansions for these estimators.
We have

and its weighted version

hrq(y,2) = q(or(y,2)) and  hrq=h{) + R
with
W0 = [atertu)s@an and 7)) = [ aler(w2) 5w du

To get an envelope for the class H* = {h, ,: |7 — 9| < A, q € Q}, we assume that Q has an

envelope Vg of the form
(4.1) Vo(ar,22) = Co(l + [ ) (1 + [a2])™

for some finite constant Cg and non-negative exponents v; and 2, and impose the following

growth condition on the autoregression functions: for some constant A,
P
(4.2) TT(ul,...,up)SA(1+Z|uj|), Ir— 9] < A
j=1
Such a growth condition is typically needed for ergodicity of the model; see Bhattacharya
and Lee (1995a, b) and An and Huang (1997). There is then a constant C such that
(4.3) laor(y,2))] < Ca(L+ |y +7-(x))"* (L + |2+ rr(x—1,y + (%))
< Co(+[y)™ (1 4+ |2 + [y)™

< Co(1+ [y 2 (14 |2])7
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Thus H* has an envelope H of the form H(y,z) = V(y)V(z) with V(y) = K(1 + |y|)"* 2.
This V satisfies Assumption V if f has finite absolute moment of order greater than 2y, +
2799 4+ 1. We can now use the special structure of h,, to show that (2.9) holds.

LEMMA 4.1.  Let Q have envelope Vg of the form (4.1). Suppose that f has finite Fisher
information for location and finite absolute moment of order greater than 2y, + 2vo + 1.

Suppose Assumption R and the growth condition (4.2) hold and that

@) [ (rossloorn) = rolxoa,) = Folxa,)e) Fly = o) dy = o).

Then

sup [ [ (atesse(w2)) = aes:2) = a0 (0. 2)x(0:2)7¢) F) £2) dydz| = o),

qeEQ

where x(y, z) = L(y)iy(x) + ()79 (x_1,y + r9(X)). Thus condition (2.9) holds with
Vo = [ [ atestv D02 £0)1 ) dyds
= [ [ atestw. N @I 000 + F)F Diox1,+ () dyds.

PROOF. It is easy to check that o, (¢1,£2) has a density p, with respect to the Lebesgue

measure \s on R? of the form

(4.5) pr(y,2) = fly — 72 (%)) f(z — rr(x-1,9))-

We can write the integral in the assertion as

(4.6 J[ w2 (pos0:2) = pol2) = 20.2) "m0, )

where ¥ is the score function at ¥ of the parametric model P = {p, : |7 — 9| < A}:

(4.7) X(Y, 2) = Ly — ro(x))79(X) + £(z — 19(X-1,9)) 79 (X-1,9)-

Actually, x is the Hellinger derivative of this model at 1J. Indeed, since f has finite Fisher
information for location, the model {f(- — r-(x)) : |7 — 9| < A} is Hellinger differentiable
at ¥ with Hellinger derivative 79(x)¢(- — ry(x)) and this and (4.4) yield the Hellinger dif-
ferentiability of P at 9 with Hellinger derivative x; see Koul and Schick (1996, Proposition
A.6). It is easy to check that [ V3p,dA\y — [V3pydAy as 7 — . Thus Lemma 7.2 yields
the desired result. O

We now address sufficient conditions for (2.10).
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LEMMA 4.2.  Suppose the assumptions of Lemma 4.1 hold. Then (2.10) is implied by

_ _ 2
(4.8) Sug/ (hg’?}(y +s)— hf;;@)) fly)dy — 0 ass— 0,
qe

(4.9) sup/ (/ (q(oo(y,z + Ar(y) — qlos(y, 2))) f(y) dy)Qf(z) dz—0 asT— 9,

qeQ

where A (y) = rr(x_1,y +19(X)) — ro(x_1,y + 19(X)).

PrROOF. With s = r (x) — ry(x) we can write o,(y,2) = 09(y + 8,2 + A-(y + s)) and
then

B(ﬁé(y) = /Q(Qﬁ(y +5,2)f(z — Ar(y + s)) dz,

A50) = [ ool + A -9 dy

In view of (4.8) and (4.9), it suffices to show that, as 7 — 9,

(4.10) sup / (R @) - B (y + )1 (y) dy — 0,
qeQ

@iy s [ ([ ateot+ Ao~ 9 - F0) dy) F)dz 0.

qeQ

The Cauchy—Schwarz inequality gives

(530) = 180+ )" = ([ ateaty+ 5.2 (1 = Aty +9) - 1) d=)”
< / ooy + 5, 2)(f(2 — Ay +5)) + [(2)) d

X/!f(Z—AT(y+S))—f(Z)|dZ~

Using (4.3) we can bound the first integral on the right-hand side by C3[(1+|y|)?"F272 4 (1+
ly + s|)?71 7272 [(1 4 |2|)*2 f(z) dz, while the second integral can be bounded by |A,(y +
$)|||f'l1. Indeed, since f has finite Fisher information, f’ is integrable and [ |f(z — v) —
f(2)|dz < |v|||f'|l1 for every real v. Using these bounds we obtain that the left-hand side of
(4.10) is bounded for |s| < 1 by a constant times

/ (L4 )2 22| A (y) f(y — 5) dy.

Since |A,(y)| < A(1 + |y|) and A, (y) — 0 for every y, and since

/(1 +y)* T f(y — s) = fy) dy — 0,

we get (4.10). A similar argument yields (4.11). O
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REMARK 4.1. In view of the characterization of compact subsets of Lo(F') given in
Lemma 7.1, the above assumptions imply that condition (4.8) is equivalent to total bound-
edness of H(M) = {Bi(;’; : q € Q} in Ly(F'). Consequently, (4.8) holds if Q is a finite set or if
H® is Donsker. O

Let us now assume that the class Q satisfies the Lipschitz property
(4.12) lq(y1, 21) — q(y2, 22)| < La(y, 2)|yr — 2| + La(y, 2)[21 — 22l
where y = |y1| V |y2| and z = |z1| V |22| and where
Li(y,2) = Ci(1+ [y)™ (1 +[2)** and  La(y, 2) = Ca(1 + [y))* (1 + |2])*

for constants C, Co and non-negative exponents aq, as, 81 and (2. Let us set ¢ = max{a; +
asg, 01 + P2}. Then we derive that for each C there is a C, such that for all y, z, all
Is1l; [s2], [ta], [t2| < C and [ax(y)|, laz(y)| < C(1 + [y]),

lg(y + 51,2 + 11+ a1(y)) — q(y + 52,2 + 2 + az(y))]
< Culls1 = s2| + [t = t2] + las (y) — az(y)) (1 + [yh)* (1 +[2])°.
With the help of this inequality it is now easy to check that, under the assumptions of
Lemma 4.1, the statements (4.8) and (4.9) are met, so that (2.10) holds by Lemma 4.2.
Using
1

(113) f=9) = £0) +5F W) = =5 [ (7= ws) - £ )du,

0

the left-hand side of (2.11) can be bounded by |s|(T1(s) + T=(s)), where

Ti(s)= sup sup Sup‘// (Q(Qr(y+ws,2)—q(ef(y,Z))f’(y)f(z)dde),

0<w<1 |r—9|<A q€Q

Ta(s) = sup sup sup| [ [ (ater o+ ws) ~ alerly, ) )7 () dyds

0<w<1 |7—9|<A q€Q
Using the Lipschitz property (4.12) of Q, we see that Ta(s) = O(s) and Ti(s) = O(s) +
O(T5(s)), where

Ty(s) = sup sup sup [ froeory b ws) <ol )| (L )1 )] do

0<w<1 |7—9|<A ¢€Q
This shows that (2.11) holds if T3(s) = O(s).

To obtain that the class ﬂ;’; is Donsker, we will impose the following conditions (B1) and
(B2) on Q and the class R defined by

R={re(x-1, +ro(x) +8) ¢ |7 = 0] <A Js| <n+ A}
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with A = Sup|,_gj<a |rr(x) — ry(x)|. Note that the growth condition (4.2) implies that R

has an envelope of the form Ax (1 + |y|) for some constant Ag.

(B1) For some integer k and every § > 0 there are N = N5 = O(67%) elements q1, ..., qy
in Q such that Q is covered by the brackets [¢; — 6Vg,q; + Vo], i =1,...,N.

)

(B2) The class R has Lo (u1)-bracketing numbers of polynomial growth for u(dy) = (1 +
ly)%¢ f(y) dy: For some integer j,

Nij(6,R, Lo (1)) = O(677).
These properties, the growth condition (4.2) and the Lipschitz property (4.12) of Q imply
that the class G = {(y,2) — qly+ s,z +t+a(y)) : a € R;ls|,|t|] < C} has Ly(F x F)-

bracketing numbers with polynomial growth, for each finite C. Indeed, for C' > Ar we can

consider brackets of the form
q(y +u,z +v+aly) £ Cu(20 + [a™(y) — a(y)w(y)w(z) £ Vo(y +u, z + v +a(y)),

where w(z) = (1 + |z|)%, v and v belong to the grid {i§ : i € Z,|id| < B} and a is
the midpoint of a bracket [a.,a*] for R. Since G has polynomial growth, so do the classes
Gi={Jg(,2)f(z)dz: g€ G} and Go = {[ g(y,-)f(y)dy : g € G}. Hence these classes are
Donsker. Since subsets and sums of Donsker classes are Donsker, and since ’}:[7*7 C Gi1+ G

for large enough C', we see that 7:{,’; is Donsker. Thus we have the following result.

THEOREM 4.1.  Suppose Assumptions B, K and R hold. Suppose the class Q has envelope
Vo given by (4.1) and satisfies the Lipschitz property (4.12) and the growth property (B1).
Let f have finite Fisher information for location and a finite absolute moment of order greater
than 2v1 + 2v9 + 1. Let R satisfy (B2) and let the autoregression functions satisfy the growth
conditions (4.2), the differentiability condition (4.4) and

sup sup [ [rexa,y -+ 8) = o xoa,)|(1 4 ¥ ()] dy = OGs).
|[r—9|<A g€Q

Then

sup [7(0) = 1(9.0) = - 3" Fi2) ~ (D3] (0 0) = oyl

N R - _
sup D (q) — (9, )—ﬁzhjq(gi)—[quf(ﬂ_ﬂ)‘ = 0,(n"1/?),
4q i=1

where D , = Wy, — B(h ) and D#’q =Wy, — B(qu) with Uy 4 as given in Lemma 4.1.

Exactly as in Sections 2 and 3, one obtains functional central limit theorems for the von

Mises statistics and empirical estimators for their asymptotic covariance functions.
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5. Conditional distribution functions and quantiles of lag two. The conditional

distribution function Fy of the pair (X, 41, Xnt2) given X,, = x is defined by

Fy(t,u) = P(e1 +ro(x) <t ea+ry(x_1,61 + r9(x)) < u)

- / F(u— ro(x-1,9)) F(y — ro(x)) dy.

—0o0

This can also be written as

Fx(tvu) = // qt,u(gﬁ(yvz))f(y)f(z) dydz with Qt,u(vaw) = 1[0 < t,w < ’LL]

We estimate Fx(t,u) by

Fo(tu) = / / Gon(03 (v, 2)) F(0) F(2) dydz

and its weighted version

Pt ) = / / e (03 (9> 2)) Foo () Foo (=) dydz.

Here the class Q equals {q;,,, : t,u € R}. It has envelope Vg = 1; thus condition (4.1) holds
with 73 = v =0 and C; = 1. We have

B, () = Flu—ro(x 1,y + e (0)Lly < = r2(x)],

W) = [ e <us el - e0) .

—00
We shall now show that ﬂ;’; is Donsker if the class R has Lo (F')-bracketing numbers with

polynomial growth:
(5.1) N(0,R,La(F)) = O(677) for some positive integer j.
It is easy to check that 7:l:‘7 C F1 + F2, where

Fr={F(u—a(-)1] <v]: a € R;u,v € R},

}_2:{/” 1[ <u—a(y)f(y)dy : aeR;u,vER}.

Since subsets and sums of Donsker classes are Donsker, it suffices to show that F; and
F» are Donsker classes. For this it is enough to show the classes F; and Fy have Lo(F)-
bracketing numbers with polynomial growth. For F; take brackets of the form [b.,b*] =
[F(us —a*(:)1] < o], F(u* — a«(-))1]- < v*]], where [a.,a*] is an (¢/] f]|)-bracket for
R; vs, v* are chosen such that F(v*) — F(v.) < 2; and u,, u* are chosen such that either
uw* —uy < ef||flloo, Or ux = —o0 and (i) [F*(u* + Ar(1+ |y|))f(y)dy < €2, or u* =
and (ii) [ (1— F(u. — Ag(1+ |y\)))2f(y) dy < &2. Then [by, b*] is a 3e-bracket for Fi. Since
F has finite second moment, t2F(t)(1 — F(t)) — 0 as |t| — oo. Using this it is easy to see
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that «* in (i) can be chosen proportional to —1/¢ and u, in (ii) can be taken proportional
to 1/e. Thus, under (5.1), we can cover F; with O(=7=%) brackets of this form.

For F, take brackets of the form

bt =[ [ 1k < e @@ [ 1k <0 - el ).

where [a.,a*] is an €2/ f||s-bracket for R; F(v*) — F(v,) < €%; and v, < v* are chosen
such that either v* — v, < &2/ f|loo, or v, = —00 and (i) [ F(v* +Ar(1+|y|))f(y) dy < &2,
or v* = oo and (ii) [ (1 — F(v. — Ag(1 + |y|)))2f(y) dy < 2. Then [b,,b*] is a 3e-bracket
for F,. It is easy to check that under (5.1) we can cover Fy with O(e=2=5) brackets of this
form.

This shows that condition (5.1) implies that 'Flj; is Donsker. In view of Remark 4.1, we
then obtain that condition (4.8) is met. Using the moment inequality and interchanging the
order of integration, we can bound the left-hand side of condition (4.9) by

sup [ [Plu=rex-1,9) = Flu= o1, ) [ £(0 = ro()) dy

< £l / I (x—1,9) — T (x1,9) | £y — ro(x)) dy.

Thus we have (4.9) in view of the Lebesgue dominated convergence theorem and the growth
condition (4.2). Lemmas 4.1 and 4.2 now imply conditions (2.9) and (2.10) of Theorem 2.2.
Finally, (2.11) is implied by the following two conditions:

(5.2) ?ﬁ.[ waWA&%y+n&DMﬂy—$—f@HWf@DMJ=0@5
and
sup | [ (Flu= sl = 9) = Flu—rs(x1,0)

+sf(u—r,(xo1,9) ) £y = 7,(0) dy| = O(s?),

where the suprema extend over all real ¢ and w and all 7 with |7 — ¢ < A. The latter
condition is fulfilled if f is Lipschitz. If we set a,(y) = r-(x_1,y +r-(x)) and use (4.13), we
obtain that the integral in (5.2) can be written
1 t—ws t
~ [ (] Pu-a s wf @iy - [ Plu-a ) f @) dy) do.
0 —oo —o0

If f is Lipschitz, so that f’ is bounded, we see that condition (5.2) is implied by

(5.3) sup /
r—9l<A

P (xo1y 4 8) = (o, y)||F (y — 7 () dy = Os).
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If f has finite Fisher information, then f’ is integrable and a sufficient condition for (5.3) is

that there is a constant L such that

(5.4) |rr(x—1,51) — (-1, 92)| < Llys — w2l y1,92 € Rs|r — 9| < A.

Hence Theorem 2.2 gives the following stochastic expansions for Fy and Fi,.

THEOREM 5.1.  Let Assumptions B, K, F and R hold and let f be Lipschitz. Suppose
that (4.4), the growth conditions (4.2) and (5.1), and (5.3) or (5.4) hold. Then

Pt ) = Flton) = 3 3" hi(e0) = [DE)T(0 = 9)] = oy (07 12);

sup
t,u€R

sup
t,uceR

- 1 < - 3
wa(ta u) - Fx(tau) - E thu(‘%) - [DﬁL}T(ﬂ - 19)‘ = Op(n 1/2)7
=1

where Df , = Uy, — B(hi,) and DY, = U, — B(h},) and where
hiu(y) = Fu—ry(x-1,y + ro(x))) 1y < t — ry(x)]

—|—/ 1y <u—ry(x_1,2)]f(z —ry(x))dz;

— 00

Uy = — / F(u - ro(x1,9)f' (4 — ro(x)) dy 79(x)
- / Fu = ra(1, ) f (g — ro(X))Fa (1, ) dy.

ExAMPLE 5.1. Consider the AR(1) model, in which ry(z) = ¥z and || < 1. Clearly,
Assumption R and conditions (4.2), (4.4) and (5.1) hold. Also, condition (5.4) holds with
L = 1. Thus, if f has finite Fisher information for location and is Lipschitz then all the

assumptions of Theorem 5.1 can be met. (]

EXAMPLE 5.2. Consider the EXPAR(1) model, in which ¥ = (1, 92) with 9¥; < 1, and
rg(z) = (91 + V2 exp(—vy2?))x. Here the exponent 7 is assumed known. The assumptions
of Theorem 5.1 can be met if f has finite Fisher information for location and is Lipschitz.
Clearly, Assumption R and conditions (4.2), (4.4) and (5.1) hold. Moreover, condition (5.4)
is satisfied. O

We have phrased the conditions on r, in Theorem 5.1 sufficiently generally to cover

discontinuous autoregression functions such as those appearing in SETAR models.
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ExXAMPLE 5.3. Consider the SETAR(2,1,1) model with known threshold £. In this
model, ¥ = (¥1,92) with ) < 1, J5 < 1, 49 < 1, and ry(z) = hzllx < &+ dzlfz > .
It is easily seen that Assumption R and the conditions (4.2), (4.4) and (5.1) hold. Suppose
now that f has finite Fisher information for location and is Lipschitz. If £ = 0, then the
Lipschitz condition (5.4) holds. If £ # 0, then the Lipschitz condition (5.4) does not hold,

but one has

re(y+5) = ()] < (Il + I72) (Is] + Ly — €[ < [s]).

This and the fact that f’ is bounded and integrable yield (5.3). O

The one-dimensional lag-two conditional distribution function Gx(u) = Fx (oo, u) at u of

Xpyo given X, =x is
Gul) = [ Flu= rox1,0)f(y = o) dy.
We estimate G (u) by

Grel) = / / 1z + 1y (%oroy +73(%)) < ul f(y) f(2) dydz

and its weighted version

Gxw (1) = / / 1z +75(x1,y +15(x)) < ulfu(y) fu(z) dydz.

We obtain stochastic expansions as in Theorem 5.1, with ¢ replaced by oo.

THEOREM 5.2.  Let Assumptions B, K, F and R hold and let f be Lipschitz. Suppose
that (4.4), the growth conditions (4.2) and (5.1), and (5.3) hold. Then

sup | Gix(u) — Gix(w) =+ 3~ hi(ex) ~ (D37 (0 = 9)] = oy /%)

ueR
s4p G (1) = Gol) = = 3 i (e0) = [DF] (1= 0)] = oy 012,

i=1

where D} =V, — B(h%) and D¥ = ¥, — B(hi’) and where
hu(y) = F(u—ry(x—1,y +719(x))) + / 1y < u—ro(x-1,2)]f(z = ro(x)) dz;
W, == [ Fu= oG )1 = ro0) dy o)

- / Flu = o (xer,9)) Fy — 70 (o (1, ) dy.
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ExXAMPLE 5.4. We apply Theorem 5.2 to the conditional quantile function of lag two.
The conditional v-quantile of X, o given X,, = x is the left-inverse G 1(v) of Gy at v. We

estimate it by C:';l})(v) Since f was assumed positive, Gx has a positive density

(1) = / Flu—ro(x1,9) Fy — ro (%)) dy.

Let 0 < ¢ < d < 1. As in Example 3.1 we use Proposition 1 of Gill (1989) to obtain the

stochastic expansion

_ n h,#71 (51) + [D#71 ]T(Q’g — ’19)
G=(v) — G~ (v lz Gx " (v) Gx " (v) — on(n~1/2).
xw( ) X ( ) + n — gx(G,Il(v)) P( )

It follows that the smoothed and weighted lag-two conditional quantile process

sup
v€E[e,d]

{n!2(Gran(v) = G (v)) : v € [e,d]}

converges weakly in £ ([c,d]) to a centered Gaussian process. g

EXAMPLE 5.5. Consider the AR(1) model X; = ¥X,;_1 + ¢; with |J] < 1. Let us also
take 9 to be the sample correlation coefficient, which satisfies (3.2). We are interested in

predicting the probability G, (u) = P(X, 2 < u | X,, = z), which can be expressed as
Go(u) = P(eg + Ve + 9%z < u) = /F(u — Oy —9%x) f(y) dy.

We assume that f has finite Fisher information for location and is Lipschitz, so that the
requirements of Theorem 5.1 and hence of Theorem 5.2 are met as demonstrated in Example

5.1. The smoothed von Mises estimator is

Gul) = Fuloo.) = [ [ 1+ 3y + 3% < ) f(9) (o) dyd,

and its weighted counterpart is

Gaw (1) = Fyy (00, 1) = // 1z + Oy + 0% < u)fu(y) fu(2) dydz.
Since 7y9(z) = x and E[X] = 0, we see that B(g) = 0 for all g € Ly(F). Thus we obtain
from Theorem 5.2 and from expansion (3.2) for 9 that

n

Galu) = Golu) + = 3 (hu(si) —2G,(u) + U,

i=1

1— 92
7Xi_1€i> + Op(n_l/Q)

and
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where ¥, = —E[(e + 20x) f (u — Ve — 9?2)], ¢, = Eleh,(¢)] and

F(u —de —9%z) + F((u — e — 9%x2)/9), 9 >0,
hu({':) :hoo,u(g) = F(’UJ)-F].[ES’LLL 19:0,
F(u—9e —9%z) +1 - F((u—e —9%x)/9), 9 <0.

Consequently, n/2(G(u) — Gy (u)) is asymptotically normal with mean zero and variance
72 = Var(hy(g)) + 92(1 — 92) while n'/2(Gpy(u) — Gy (u)) is asymptotically normal with

2

mean zero and variance 72 = 72 — ¢2/0?. Therefore the weighted version has a smaller

asymptotic variance unless ¢, = 0. The variance reductions can be considerable. Fig. 1 is

Fig. 1. The asymptotic relative efficiency 72 /72 of the unweighted versus the weighted estimator for

u = 0 for various values of ¥ and x.

a graph of the asymptotic relative efficiency 72 /72 of the unweighted with respect to the

w
weighted estimator as a function of ¥ (ranging from .05 to .95) and z (ranging from 0 to 2)
in the case of the standard normal density f and u = 0. As one can see from the graph, the
ratio is always below .3 and can be as small as .0151. Thus variance reductions of over 98

percent are possible. O

6. Efficiency. In this section we prove that the weighted versions of our estimators
are efficient. We recall that, among all “regular” estimators, an estimator for a vector-
valued functional is efficient in the sense of Hajek and Le Cam if its standardized error is
asymptotically maximally concentrated in symmetric convex sets. In a locally asymptotically
normal model, an estimator for a differentiable functional is regular and efficient if and only
if it is asymptotically linear with influence function equal to the canonical gradient of the

functional. For our nonlinear autoregressive model, these concepts and the explicit form of
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the characterization are given in Schick and Wefelmeyer (2002) for differentiable functionals
of both the autoregression parameter and the innovation density.

Here we are interested in estimating the functional
(0. ) = 0. 1) = [ ho) [T 1(05)d.
j=1

where {h, : |[T—9| < A} is a class of measurable functions from R™ into R. We assume that
the class has an envelope H of the form H(y1,...,ym) = V(y1) -+ V(ym) with V satisfying

Assumption V. We use h, as defined in Section 2 and assume that

(6.1) /(BT —hg)?dF —0 asT — 9.

LEMMA 6.1.  Suppose, in addition to the above, that T — (h,, f) is differentiable at
¥ with gradient Wy. Let ¥, be a sequence in R such that n*/?(9, —9) — u. Let f, be a

sequence of densities such that || fr, — f|lvz — 0 and

[ (02620 - 120) - 500082 W) dy— 0
for some v € Lo(F'). Then

02 ((hg,, fn) — (b, f) — U u+ / hoyv dF

PRrROOF. Express ¥(hy, , fn) — ¥ (hy, f) as the sum Ty + T3 + T3 with

Ty = §(ha,, fa) — (ko ) — / o, () (fa(y) — () dy,

T — / ho, (1) (Fu(y) — F(0)) dy,
Ty = (o, f) - ¥(ha, f).

We have n'/?Ty — \I/;g u. The argument given in the proof of Theorem 2.1 shows that
T = O(|| fn — flI3,). Writing s,, = 2 s=fV%and f,— f = (8, — 8)(8n + ), and applying
the Cauchy-Schwarz inequality, we obtain that ||f, — flIZ < 2(||fallve + | fllve)ll(sn —
s)%|l1 = O(n~1). Thus n'/2Ty — 0. Finally n'/?Ty — [ hyv dF by the same argument as for
Lemma 7.2. ]

As in Section 2, let V be the set of all v € Lo(F) with [v(y)dF(y) = 0 and
J yv(y) dF(y) = 0. For each v € V there is a sequence f,, = fp, of zero mean densities as
required in the previous lemma. As shown in Schick and Wefelmeyer (2002), these densities
can be chosen to also satisfy ||(fn, — f)/fllc — 0 and to have finite Fisher information

for location if f has it. We also require now that (3.1) in Schick and Wefelmeyer (2002)
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holds: for every sequence ¥,, and f, = f,, as above, the corresponding stationary density
converges in L; to the density of G. Under this assumption one has local asymptotic
normality. As seen in Section 2, under appropriate conditions the estimator 1 (h, fw) has

the stochastic expansion
P 1§ 7 # T3 —1/2
Wl fu) = 0ho, )+ S REG) + (Vo - [ BECAF) (0= 0)+ 00 2)
i=1

with p = E[r9(X)] and b7 (y) = ho(y) — [ hy dF — a2y [uhy(u) dF (u). Recall that h’
is the projection of hy onto V. The projection of £ onto V is £#(y) = L(y) — o~ 2y. If 0
is efficient then, by characterization (3.12) of Schick and Wefelmeyer (2002), it has the

stochastic expansion

- 1 &
P=0+A1= S(Xiy,e —1/2
+ P S(Xi—1,8:) +op(n™2),

where S(X,¢e) = 79(X)l(e) — ul#(e) and A = E[S(X,e)S(X,e)"] = JR — J#pupu" with J
and J# the second moments of £(¢) and ¢#(g), and R = E[ry(X)r9(X)"]. If an efficient

estimator ¥ is used in P(hg, fw), we obtain the stochastic expansion

U(hg, fu) = (hg, ) + iis#(xihfi) + 0,(n"1/?)
with :
S4(X, ) = hff (e) + M (79(X)l(e) — pt* (),
M = A*l(% - u/ﬁjedF).
For v € V we have

E[S4(X,e)v(e)] = /ByvdF+MTu(/mdF—/e#vdF)

:/ﬁﬁvdF:/BﬁvdF.

EIS4(X.2)i0 (X)6(6)] = o [ BELF + (TR~ T )M

Furthermore,

- u/ﬁjedFJrAA*l(% - u/ﬁjedF) = Uy.
This shows that for all w € R? and v € V,

E[Sy(X,e)(u'r9(X)l(e) +v(e))] = u' Wy + / hgv dF.
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Since Sz (X, ¢) is of the form Sy (X, ) = ug 179(X)€(g) +vo(e) for some up € R% and vy € V,
we obtain that Sx (X, ¢) is the canonical gradient of the functional ¢(hy, f). Hence 9 (hg, fw)
is efficient by the characterization (3.5) in Schick and Wefelmeyer (2002), provided S (X, ¢)
is almost surely not zero.

The stochastic expansion of 1(hg, f.,) given above implies that n'/2(¢(hg, fu) =1 (hg, f))

is asymptotically normal with variance

B[R(e)] = (Elhy(e))? — 0~*(Elehs(e)])?
+ (‘1119 - ,uE[Bg(a)f#(e)])TA(\I/g - uE[ﬁﬁ(E)f#(a)]).

7. Technical details. We begin with a characterization of compact subsets of Lo(v)

for a measure v with Lebesgue density.

LEMMA 7.1.  Let v be a finite measure with Lebesgque density ¢. Let W € Lo(v) satisfy

(7.1) /(W(x L)~ W(@)2u(dz) — 0 ass— 0.
Then a subset G of La(v) with envelope W is totally bounded if and only if
(7.2) sup/(g(:z: —5) —g(x)*v(dz) -0 ass— 0.

9€g

PrROOF. Let A\ denote the Lebesgue measure. Let G denote the closure of G in Lo(v).
Clearly, G is totally bounded if and only if G is compact in Ly(v). The latter is equivalent
to compactness of G,/% in Ly()). By the Fréchet-Kolmogorov theorem, see Yosida (1980,
p. 275), compactness of C;\/E is equivalent to

2
(7.3) zlellg)/g pd\ < oo,
(7.4) sup/ (g(:c —s)Veplr—s)—g(x) ga(x))Q dr -0 ass—0,
g€y
(7.5) sup/ g (x)p(x)dr — 0 as M — oo.
9€G J|z|>M

Since G has envelope W in Lo(v), properties (7.3) and (7.5) are automatically satisfied.

Since

(9o — 9)v/20E —5) — g@)v/ol@) ~ (9lz — ) ~ a(@)Vo@)
= (e =) (Vole —5) = V(@)

properties (7.4) and (7.2) are equivalent if

(7.6) /WQ(ac—s)(\/ga(m—s)—\/w(x))2dx—>0 as s — 0.
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The above identity with g = W, together with continuity of translation in Lo()), for which
we refer to Rudin (1974, Theorem 9.5), shows that (7.6) and (7.1) are equivalent. O

The next lemma discusses uniform differentiability of integrals with respect to Hellinger

differentiable densities.

LEMMA 7.2.  Let{p, : |[T—9| < A} be a family of densities with respect to some measure
v. Let p; be Hellinger differentiable at 9 with Hellinger derivative x. Let W be a non-negative

function such that

(7.7) /W2p7 dv — /W2p19 dv asT— 9.

Then

(7.8) sup ‘/g(pr — Py —XT(T—ﬁ)pg) dy‘ =o(|T = 9|).
lg|<W

Moreover, if {g. : |7 — 9| < A} has envelope W and [(g: — g9)?po dv — 0, then
(7.9) /gT(pT—pﬁ)dl/:/gﬂXTpﬂdV(T—ﬂ)+0(|T—'l9D.

Proor. Hellinger differentiability implies that p, — py in v-measure. This and (7.7)
yield fW2|pT — py|dv — 0. Let s, = p1/2 and r; = s, — Sy — %XT(T — 9)sy. Hellinger
differentiability means that [r2dv = o(|t — 9|?). Since p, —py — X' (T — V)py = 7, (s, +
s9) + 35X (T —9)sg(s; + sg), an application of the Cauchy—Schwarz inequality shows that
the square of the left-hand side of (7.8) can be bounded by

2 [Wos, s [r2av g [T =0 pody [ Ws— 50 av

Using (s, + s9)% < 2(pr + py) and (s, — s9)? < |p; — py|, we obtain (7.8). To prove (7.9),
it therefore remains to show that [(gr — gg)xpsdv — 0 as 7 — . But this is an easy
consequence of [(g, — gy)?py dv — 0. O
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