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Abstract

The expectation of a local function on a stationary random field can be esti-
mated from observations in a large window by the empirical estimator, i.e., the
average of the function over all shifts within the window. Under appropriate con-
ditions, the estimator is consistent and asymptotically normal. Suppose that the
field is a Gibbs field with known finite range of interactions but otherwise un-
known potential. We show that the empirical estimator is efficient if and only if
the function is (equivalent to) a sum of functions each of which depends only on
the values of the field on a clique of sites.
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1 Introduction

Suppose we observe a configuration z = (z;);cze of a stationary random field X =
(X;)ieze on a window [—n, n]?. Call a function fp on the random field local if it depends
only on the values xp = (x;);ep at sites in a finite set D C Z¢. We want to estimate the
expectation of such a local function. The usual estimator is the empirical estimator

EnfD:|Dn|_1 Z fDof&j?
j:D+5C[—n,n]d

where 9,(x); = 4, is the shift of x by —j, and |D,| is the number of shifts of D which
are contained in the window [—n,n]?.

"Work supported by NSERC, Canada, and the Crisis Points group of the Peter Wall Institute for
Advanced Studies at UBC. Research done while the second author was visiting the Department of
Mathematics at UBC.



Conditions for asymptotic normality are given in Bolthausen (1982) and Kiinsch
(1982a), (1982b). If nothing is known about the random field, the estimator is efficient;
see the Remark in Section 3. If the field has only local interactions, with known range,
is the empirical estimator for the expectation of a local function still efficient? If it is
not efficient for all local functions, can we characterize the functions for which it is?

To begin let us recall what is known for i.i.d. sequences of observations. Suppose
Xq,..., X, are independent with unknown distribution. Let fp be a function which
depends only on X = (X;);ep with D C Z finite, say D = {1,..., s}, and suppose that
fp cannot be written as a sum of functions fg with E a strict subset of D. The empirical
estimator for the expectation of fp is

n—s+1

1 n—s
TS = gy O o )
=0

It is well-known that this estimator is efficient if and only if D consists of a single site,

e.g., D={1}.

For s > 1, an efficient estimator is the von Mises statistic
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see Levit (1974) and Koshevnik and Levit (1976). The result translates to random fields
with no interactions.

There is an analogous result for Markov chains. Let X, ..., X, be observations of a
stationary k-order Markov chain (X;);cz. Let fp be a function which depends only on
the values (X;)iep with D C Z finite, say D = {0, ..., s}, and suppose that fp cannot
be written as a sum of functions fr with E a strict subset of D. The empirical estimator
for the expectation of fp is

1 n—s
- - 9 = .
n—s—i—ljZOfDo ! s+1ZfD Kito).

It follows easily from Greenwood and Wefelmeyer (1995) that this estimator is efficient
if and only if D is a set of k + 1 adjacent sites, e.g., D = {0, ..., k}. These are the sites
involved in the transition distribution Q(Xy,..., X 1,dxy) which ‘parametrizes’ the
distribution of the chain. Similar results for Markov step processes and for semi-Markov
processes are in Greenwood and Wefelmeyer (1994), (1996).

For s > k and discrete state space, the expectation of fp can be written

s—k
Z m(To,. .., Tp-1) (HQ(SUj;---,SUj+k1;SUj+k)> Jo(®e—p—1,...,x4)
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where q(zg,...,x,_1;x)) is the transition probability from (zo,...,xx_1) to x, and
m(xg,...,Tx_1) is the corresponding stationary probability of (zg,...,zx_1). Now an
efficient estimator is obtained by replacing the probabilities by empirical estimators.
For s > k and continuous state space, the construction of an efficient estimator is
considerably more involved; see Schick and Wefelmeyer (1998).

For a stationary random field, a role similar to the transition distribution is played
by its local characteristic say at site 0, i.e., the conditional distribution of X given the
configuration on the other sites. If the field has local interactions, the local characteristic
conditions only on a finite set of sites C' C Z%\{0}, the neighborhood of 0. A first guess
might be that the empirical estimator for the expectation of fp is efficient if and only if
fp is a sum of functions which depend only on shifts of C'U {0}.

We will see that this guess is wrong. Indeed, the analogy with Markov chains is
misleading. The local characteristic is not a freely varying parameter like the transition
distribution. The transition distribution is an arbitrary Markov kernel, whereas the local
characteristic must satisfy certain consistency conditions. These additional restrictions
contain information which is not used by the empirical estimator and makes it inefficient,
in general.

The restrictions can be seen by looking at the simplest case, a one-dimensional field
in which the neighborhood of site 0 consists of the two adjacent sites, C' = {—1,1}. The
local characteristic at 0 involves the three sites —1, 0, 1. But the field can also be viewed
as a Markov chain and is then described by the transition distribution Q(Xy, dz1) which
involves only the two sites 0, 1. The local characteristic has an expression in terms of
@, which constitutes a restriction; see Georgii (1988, Theorems 3.5 and 10.25). Indeed,
as mentioned above, the empirical estimator is efficient if and only if fp is a sum of
functions which depend only on two adjacent sites.

For higher-dimensional random fields, there is in general no description by simpler
objects than the local characteristics, except when the latter are strictly positive. In that
case, the field can be written as a Gibbs field and is described by the potential. Notice
that the assumption of positivity does not change the efficiency question, which depends
only on the structure of the model in a neighborhood of the distribution governing the
observations.

Suppose that the field is stationary and has only local interactions (with known
range), i.e., the local characteristic at 0 depends on a finite set C' of sites, the neighbors
of 0. A clique is a set of sites such that each two points are neighbors of each other. The
potential involves only functions which depend on cliques. This suggests that the sets
which play the role of singletons in the i.i.d. case and of pairs of adjacent sites in the
first-order Markov chain case are, in the case of Gibbs fields, the cliques. Suppose, for
example, that the lattice is two-dimensional, and that the local characteristic at a site
depends only on the four adjacent sites. Then the local characteristic involves five sites,
whereas the cliques are the one-point sets and the pairs of adjacent sites. We show in
Section 3 that indeed the cliques are the appropriate sets: The empirical estimator for
the expectation of a local function is efficient if and only if the function is (equivalent



to) a sum of functions each of which depends only on the values of the field on a clique
of sites.

Improved estimators for other functions in the discrete state space case are con-
structed in Greenwood, McKeague and Wefelmeyer (1998).

We do not prove the result under minimal conditions. It remains true as long as the
likelihood admits a stochastic expansion of the form (3.3), and the empirical estimators

for expectations of local functions are asymptotically normal with variance of the form
(3.6).

2 The model

In this section we introduce our model, the family of all stationary Gibbs measures on
E%" with general state space E, and with given range of interactions. We begin with
notation for general Gibbs measures.

We consider the d-dimensional square lattice S = Z%. To each site we attach the
state space E which we take to be a complete separable metric space with Borel field £.
The corresponding configuration space is (Q, F) = (E°, £%).

For V. C S let Fyy C F denote the o-field generated by the projections x — x;, for
each i € V. If S is partitioned into V, W, and y € EV, 2 € EW, then yz denotes
the configuration x such that x; = y; for i € V and x; = z; for i € W. In particular,
r =TyT E\V-

Call a function f on Q local if f is Fy-measurable for some finite set V' C S. Let || ||
denote the sup-norm of functions on . Call a function quasilocal if there is a sequence
of local functions f,, such that || f, — f|| — 0 for n — oc.

A specification is a family v of Markov kernels 7y from Fp\y to F, with V C §
finite, which satisfies the consistency condition

YWwyw =7y when W C V.
A random field p on £ is specified by ~ if
pv (F-) == p(F|Fe\wv) = yw(F|-) almost surely for all finite V' C S and F € F.
For the projection of vy we write
mv(Flz) = yw(zy € Flz).
Dobrushin’s interdependence matrix is
Cij = sup{[|[m(-|z) — m(-|y)|| - Te(yy = yer(y )

where ||n]] = supcx [|7(A)|| is the sup-norm of a signed measure n on F.



A specification 7y is quasilocal if vy (f|-) is quasilocal for all finite V' and quasilocal
f. A specification satisfies Dobrushin’s condition if it is quasilocal and

supZCij <L (2.1)
i€S jes

Then, by Dobrushin’s uniqueness theorem, Georgii (1988, Theorem 8.7), there is exactly
one random field specified by ~.

Here we restrict attention to stationary Gibbs fields. For ¢ € S let ¥; denote the shift
by —i, defined by 9;(x); = x4, j € S. Let X be a finite measure on £, and denote the
product measure on Q = £% by A. Let A be a finite collection of finite sets A C S.
We assume without loss of generality that no set in A is a shift of one of the other sets.
This is done so that each set represents a different equivalence class of shifts. Consider
a collection u = (u4)acq of Fa-measurable functions us on 2 such that

> AP Juall < 1. (2.2)

AcA
Each u generates a shift invariant potential
U*={upo0d;: Aec Ajie S} (2.3)

The corresponding Hamiltonian is

Hf= > usov:

A€A,ics
(A+D)NV 2D

For A € A and ¢ € S, the sets A 4+ 7 and their subsets are called cliques; see, e.g.,
Winkler (1995, p. 49). The potential is A-admissible, i.e.,

Z4(x) = / N (dy)e BV @ze\wv) < o0 for all finite V C S and all x € Q.

The function Z3; is the partition function in V', and the Gibbs distribution in V' is

1 u
WF) = s [ e e, Fe
1%

The Gibbs specification corresponding to u is
v ={yw :V C S,V finite}.

Any random field specified by 7" is called a homogeneous Gibbs field.
The oscillation of a function f on € is

p(f) =sup{|f(z) = f(y)]: z,y € Q}.
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Assumption (2.2) implies

sup Y (|4l = Dp(ua) = Y JAI(A] = Dp(ua) < 2.

JES Acaies AcA
JEA+I

Hence Dobrushin’s condition (2.1) holds by Georgii (1988, Proposition 8.8), and by
Dobrushin’s uniqueness theorem there is exactly one Gibbs measure p* corresponding
to y*.

Our model is the family of Gibbs measures " determined by all possible collections
u = (ua)aeq of functions on €2 satisfying condition (2.2). Usually one describes the Gibbs
measure by the shift invariant potential U" generated by u, see (2.3). Here we look at a
collection of representatives, u, because it leads to a more convenient parametrization.
Since the same Gibbs measure p* can result from several collections u, we parametrize
by equivalence classes. Two collections u and v are equivalent, u ~ v, if

Hy ™" is Fp\v-measurable for all finite V' C S,

see Georgii (1988, Theorem 2.34).

The linear structure of the collections u is compatible with the equivalence relation:
if u ~u and v ~ ', then u + v’ ~ v+ v'. This justifies working with representatives of
equivalence classes rather than with the classes themselves.

3 The result

In this section we characterize the efficient estimators among the empirical estimators.
Our efficiency concept is based on a nonparametric version of Hajek’s (1970) convolution
theorem for the asymptotic distribution of regular estimators. The theorem requires the
model to be asymptotically normal. Hence our next step is to introduce a local parameter
space, the linear space K of all (equivalence classes) of collections k = (k4)aea of
bounded Fj4-measurable functions k4 on . Fix a parameter u = (uq)aca fulfilling
(2.2). The perturbed parameter u + tk also fulfills (2.2) for sufficiently small ¢: There is
a ¢ > 0 such that

sup Y AP (u + th) al| < 1. (3.1)
‘t|SCA€.A

The proof of local asymptotic normality is based on the following Proposition 1, a
perturbation expansion of Kiinsch (1982a, Proposition 5.3) for expectations of quasilocal
functions, which generalizes a result of Gross (1981); see also Georgii (1988, Corollary
8.37). We use only the version for stationary random fields. Let

pi(f) =sup{|f(z) — F(Y)| : Tp\(iy = Yp\(i} }-



Proposition 1. For every k € K and every quasilocal f with Y . o pi(f) < oo, the
expectation p*T*(f) is continuously differentiable at t =0, and

d
Lyt )y =~ (PR - )
with
1
Rl{? = ZZII{:AOI%’
AeA ieA | |
T'r = Z(r od; — p"(r)) for local r,
jes
1.€.,

TRk = Y > (kaod; —p"(ka)).

jeS AcA

Kiinsch’s proof of Proposition 1 starts from the corresponding result for conditional
expectations,

d

C R F1F ) emo = — Zu ((Rk o 0, — " (Rk 0 9,| F ) fI 7). (3.2)

which we will also use. A representation of the likelihood ratio d,uq(,“k /duy of the field
in the window V' can be derived from Proposition 1.

Proposition 2. For k € K, and ¢ > 0 small enough,

d Mu—&-ck 1
log d/\;u — —C/ quthck (Tu+tckRk,|fV)dt
Vv 0

The proof is in Section 4. We can now prove local asymptotic normality. Our proof is

similar to that for a parametric Gibbs field model in Janzura (1989). Let V,, = [-n,n]?
and ¢, = (2n + 1)<,
Proposition 3. For k € K,
d u—cnl/Qk
log an—u = 12 Z (Rkov; — " (Rk))
dpry, JEVn
1
—§Zcov“(Rkoz9j,Rk:) + 0,0 (1), (3.3)
jes



and the stochastic term on the right is asymptotically normal under p* with mean zero
and variance ) ;s cov'(Rk o V;, Rk). The covariance is taken with respect to p".

The proof is in Section 4. Our approximation to the likelihood is measurable with
respect to a o-field which is larger than Fy, . This is for notational convenience. An
asymptotically equivalent Fy, -measurable approximation could be obtained by extend-
ing the sum over a smaller window than V/,.

Local asymptotic normality induces an inner product on K; for k, k' € K,

(k, k') = cov"(Rk o 9;, RK).
jes
Since the field is stationary, the inner product simplifies,

ki) = Y3 % mz S covt(ka o s 0 0, Ky 0 U)

jES AcA A’c A i€A /€A’
= ZCOV“ (Z k:Aoﬁj,Zk/A> : (3.4)
jes AcA AeA

This means that the local parameter k enters the inner product through (the equivalence
class of shifts of) >, 4(ka — " (ka)). Write

Ko={> (ka—p"(ka)) : k € K},
AcA

Consider a bounded local function, say a bounded Fp-measurable function fp, with
D C S finite. The empirical estimator for the expectation u*(fp) is

Enfp=|Dul™ ) fpod;, (3.5)
JE€DR
where D, = {j : D +j C V,, = [-n,n]?} and |D,| is the number of sites in D,,. By

a variant of the central limit theorem of Kiinsch (1982a), (1982b), applied for the local
function fp, as opposed to a continuous function, see also Bolthausen (1982), we have

1Du|"(Enfp — p*(fp)) = |Dul™* Y (food; — pu"(fp))

J€Dn
1/2
= (Zcov“(fpoﬁj,fp)> N, (3.6)
JjeS

where N is a standard normal random variable.
Consider p"(fp) as a functional of u. By Proposition 1,

(e R (fo) = 1 (fp) — p(T Rk - fp) = 3 cov'(Rkody, fp).  (3.7)

jeSs



The right-hand side is an inner product of k and fp. We write it as the inner product
(3.4) induced by local asymptotic normality,

> cov'(Rk oWy, fp) = > cov" (Z /ngﬁj,fD). (3.8)

jes jes AcA

It depends on fp only through (the equivalence class of shifts of) fp — u“(fp). We
call fp — p*(fp) a gradient of p*(fp). The canonical gradient gp is the projection of

fD — ,LLu(fD) into Ko.
Call an estimator T,, for pu*(fp) reqular with limit L if

(T, — ,u“_C;I/Qk(fD)) = L under qu_c;l/% for all k € K.

n

Regularity is a weak form of continuous convergence: For each continuous and bounded
function h and each k € K,

—1/2
E,_ v (T — = *(fp)) — ER(L).

u—

For the convolution theorem of Hajek (1970), see now Bickel, Klaassen, Ritov and Well-
ner (1993, p. 63, Theorem 2), regularity must be assumed in order to exclude supereffi-
ctent estimators. The convolution says that if T, is regular with limit L, then

1/2
L= (Z cov'(gp o V5, gD)> N+ M in distribution,

jes
with M independent of N. If M is independent of N, we have
P(leN + M| <t) < P(leN| <t) forallt,

i.e., ¢N is more concentrated in symmetric intervals than ¢N + M. This justifies calling
an estimator T), efficient if

1/2
/(T — " (fp)) = (Z cov*(gp o fﬁj,gD)> N under p*.

j€s

Call an estimator T,, for pu*(fp) asymptotically linear with influence function h if h is
bounded and local with p*(h) = 0, and

(T, = p*(fp)) = ¢, Y " how; + o,u(1).

JEVR

By Proposition 3, the model is locally asymptotically normal, and by relations (3.7) and
(3.8), the functional u*(fp) is differentiable with gradient fp — u*(fp). Therefore, we
have the following characterizations; see Bickel et al. (1993, p. 63).
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Proposition 4. An asymptotically linear estimator T, is reqular for pn*(fp) if and only
if its influence function is a gradient of u*(fp).

An estimator T,, is reqular and efficient for p*(fp) if and only if it is asymptotically
linear with influence function equal to the canonical gradient,

o *(To = p*(fp)) = ¢, Y gp 00 + 0 (1) (3.9)

JEVR

Suppose that fp is a sum of functions fp, + fp, with Dy 4+ 57 C D; for some j, say.
Then it is preferable to use the empirical estimator E,le, where 7,31 = fp, + fp, 0 U;
is Fp,-measurable. The reason is that |Dy,| > |D,| unless D, C D;. Hence E,fp,
is an average over more shifts than E, fp. Asymptotically, however, the estimators
E,fp and En7D1 are equivalent. More generally, any local function admits a minimal
representation by a constant or by a function

fD:ZfDM (3.10)
r=1

where fp, is Fp,-measurable, the sets D, are finite and non-empty, none of them is
a shift of one of the other sets, and none of the functions fp, admits a non-trivial
representation of the form (3.10).

If two local functions have the same minimal representation, the corresponding em-
pirical estimators are asymptotically equivalent.

Theorem. Let fp be bounded and Fp-measurable, with D C S finite. Then the
empirical estimator E, fp defined in (3.5) is reqular for u*(fp), and it is efficient if and
only if fp has a minimal representation (3.10) which is a sum of functions each of which
18 Fo-measurable, with C' a clique.

The proof is in Section 4.

Remark. It follows from the Theorem that the empirical estimator E, fp is always
efficient in the model consisting of local interaction Gibbs fields of arbitrary range. In
this model, any finite set D C S is a clique. In fact, the empirical estimator will also be
efficient in the larger model consisting of all Gibbs fields, provided that we have local
asymptotic normality and a central limit theorem for empirical estimators under the
field which generates the observations.
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4 Proofs

Proof of Proposition 2. For Fi-measurable f and s sufficiently small,

+sk
d dpy™”

gt (g TN A
ds dpt dpt,  dpy"
duy,
_ (LN (e
ds dus, ds dpy,
d
_ £Mu+sk(f) _ —,uu+8k(Tu+8kRk-f). (41)

The last equality follows from Proposition 1, applied with u+ sk in place of u. It remains
to check that the interchange of the derivative with the integral is justified. It is easy to
check the following uniform version of Proposition 1. Uniformly for uniformly bounded
Fy-measurable f,

u d:u’l(;rtk d/ﬁé+8k _ o uttk u+sk o
i (%= = =) £) = i) = 1) = Ol = ).

This implies

dﬂt‘t/-i-tk dlui‘t/—i-sk '
(xy) — (xv) = O(t —s)  uniformly for uj,-a.a. xy.
dpyy dpyy
Relation (4.1) implies
d dﬂu+$k u—T+s U8 u
%log d/‘:“ = —pit R (TR RE|Fy)  pt-as.
v

Hence

d u+ck 1 d d u+tck
log Pv__ _ / LW gy~
0

1
o u-+tck Tu+tckRk, dt.
e TR I )

Proof of Proposition 3. (i) By Proposition 2,

-1/
d U—Cyp, k 1 B B
10g Ky, _ _ 07:1/2/ ,uu_tcn1/2k(Tu_tC"1/2kRk|an)dt
dﬂvn 0
1 —1/2 —-1/2
= o [ Rk o0, — s R 7,
0 jes
_ ! o —1/2
= M S (Rbo; — () — e [ () - ()
FEVn 0
1 —1/2 1 —1/2
— / Heten Ry 4 / Juten kg (4.2)
0 0
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with
H* = ¢;'* Y (Rkov; — u*(Rk o V;|Fy,)),
JEVn
= Y (R 0 0y ) — i (RE)).
iV
The first summand in (4.2) is the stochastic term of the expansion of the likelihood.

The second summand contributes the deterministic term: By Proposition 1, applied
with u — sep /?k in place of u,

%fmem><mw

= 2
/ / ol “k(RE)dsdt

= / / pesen Pk (pumsen*k pr . RE)dsdt (4.3)
0 0

By Proposition 1, the integrand is the derivative of u“** at t = —sc, Y 2, and is contin-

uous at t = 0. Hence it converges uniformly for 0 < s <1 to pu*(T“Rk - Rk). Therefore,
(4.3) converges to

1 1
S TRk RE) = =% p"((Bk o ; — p"(RK))(Rk — " (Rk)))
jes
1
= 3 > " cov"(Rk o U, RE).
jes
It remains to show that the last two terms in (4.2) are negligible.

(ii) We show that fol He=ten "kt is of order o,:(1). By the dominated convergence
theorem, it suffices to show that Hoten "k s of order o,u(1) for 0 < ¢ < 1. Write
Hetee "k — Hy + Hy with

H = 23 (Rkod, — u"(Rko9,|Fy,)),
J€Vn

Hy = ;Y23 (u*(Rko 03| Fy,) — uttn "*(Rk 0 0,|Fy,)).

n
JEVn

By the intermediate value theorem and (3.2), for some s between 0 and ¢,

H, = 71/2Zd k(Rk 0 9| Fy,)
JEVR
= ¢,'t) ) covtn s KRk o 9;, Rk o 0,|Fy,).
JEV, 1€S
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Here (3.2) is applied at u = u — sen "k and for f = Rk o1;. Because of assumption

(3.1), condition (2.1) holds uniformly for s € [0,1]. We may therefore, without loss of

generality, restrict attention to s = 0, i.e., u in place of u — sen k.

A bound for the covariances will be described in terms of the following notation:

C = (Oij)i,j€S§ Cy = (Oz‘j)i,jev;
X}g =32 (C)yjfori,j eV, xij= ij

Clearly, X}g < xij. For alocal function f, we have p;(f o ¥;) = 0 for i, j sufficiently far

apart. Applying Kiinsch (1982a, Corollary 3.3) for uu_scgl/2k(~|fvn) and with semimetric
identically equal to zero, we obtain ¢, ¢ > 0 such that

|Hy| < cc;ltzZZpa(Rkoﬁi)Zpb(Rkoﬁj)

JEVn i€S a€S besS

2
< cdc't <Z pi(Rk)) — 0.

i€S

Since H; is conditionally centered, it is easy to compute its variance:

p(H?) = p* (cgl Z cov'(Rk o ¥;, Rk oz9j|]:vn)) :

i,jEVn
The integrand tends to zero as Hy. By the dominated convergence theorem, p*(H?) — 0,
and therefore Hy = o, (1).

(iii) We show that fol Ju—ten*k gy is of order 0,x(1). By the dominated convergence
theorem, it suffices to show that Ju=tea'”’k is of order o,u(1) for 0 < t < 1. Write
Jutes ™k — 1y 4 J, with

Jo= T (e (R 0 5| 7)) - et E(RE))
JEVn
—-1/2 u—ten %k w(, u—ten %k
Bo= 3 (e Rk o 0yl F) - e (R o 01F))
J¢Vn

By Proposition 1,

¢ d —1/2 —1/2
_ —-1/2 u—scy, k¢, u—tc, 'k ]
Ji = /Ocn gv L (u (Rk o 9;|Fv,))ds
J¢EVn

t 1 —1/2 -1
= / c! Z pt e o (T "kRE . e ten /Qk(Rk o 9| Fy,))ds.
0 .
iV
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By the dominated convergence theorem, to show that .J; tends to zero, it suffices to show
that the right-hand integrand tends to zero. Applying Kiinsch (1982a, Corollary 3.3) for

-1/ . L . .
u“_scnl 2k(-\}"vn) and semimetric identically equal to zero, we obtain ¢, ¢ > 0 such that

_1 Z'uu scn Tu scp /kRk u— tcgl/Qk(Rkoﬁﬂfvn))

3¢V
= ' D0 Y con T h(Bk o i T (R 0 )| Fy)
j¢Vy i€S
< e, 3NN pa(RE 0 0) Zp umten (Rl 0 0| Fy,))
j&Vy €S a€s beS
< g S puRk) Y0 3l KRk o 0 )). (1.4

icS ¢V bES

By the argument in Kiinsch (1982a, proof of Corollary 2.4),

po((f1Fv)) = sup{|pv(flz) — pv(flY)] : 2e\py = Ye\oy
< D e ps() + pulf)-

r,s¢V

Hence, writing u for u — tchl/Qk:, and using again p;(f o ¥;) = 0 for 4, j sufficiently far

apart,
it YD mlut(Rk o 05| Fy,))

j¢Vn bES
<& Y (Tt Tatmion + Y amon)
rs¢V, \beS j¢Vn j¢Vn bES
< cc;t Z ps(Rk) me + cc;t Zpb(Rk;) — 0. (4.5)
seS res besS

Inserting (4.5) into (4.4), we see that the integrand of J; converges pointwise to zero,
and hence J; converges to zero.
The variance of Jy is

12 =t Y con (ut i R (RE 0 04 Fy, ), e R (RE 0 0| Fy,)).

4,3¢Vn

By the same arguments as for (4.4), we have u*(J3) — 0, and therefore J, = 0,u(1).

(iv) Asymptotic normality of ¢, — > jev, (Rkod; — p*(Rk)) follows from the central
limit theorem (3.6), applied for Rk in place of fp.

Proof of the Theorem. (i) By the first equation of (3.6), the empirical estimator
E, fp is asymptotically linear with influence function fp — u“(fp). By (3.7) and (3.8),
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this function is a gradient of u*(fp). Hence E, fp is regular by the characterization in
Section 3.

(ii) The functional p®(fp) is linear in fp. Furthermore, |D,|Y2(E, fp — u*(fp)) is
linear in fp up to o,«(1) in the sense that we have homogeneity, and

| Dinl"* (B fp, — 1"(f0,)) + | Danl*(Enfp, — 1(f,))
= (D1 U D)o "*(Eu(fp, + fpy) — 1"(fpr + fDy)) + 0, (1).

Hence it suffices to prove the assertion for functions fp which do not admit a non-trivial
representation (3.10). For that, we must prove the following two statements:

1. If D C A for some A € A, then E, fp is efficient.

2. If some A € A is a strict subset of D, then E, fp is not efficient.

(iii) We prove statement 1. Let A € A and D C A. By (i), the empirical estimator
E, fp is asymptotically linear with influence function fp — p*(fp), and this function is
a gradient of " (fp). Since the gradient is in Ky, it is canonical. Hence E,, fp is regular
and efficient by the characterization (3.9).

(iv) We prove statement 2. Let A € A be a strict subset of D. Then the influence
function fp—p*(fp) of E, fp is not in Ky. The canonical gradient gp is the projection of
fo—u*(fp) into Ky. Hence the asymptotic variance of E,, fp is larger than the variance
bound by the squared length of the residual h = fp — pu*(fp) — gp with respect to the
inner product (3.4) induced by local asymptotic normality,

][ = (h,h) =) cov*(hod;, h).

JjeS
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