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Abstract: A subthresholdsignal may be detectedf noiseis addedto the
data.The noisysignalmustbe strongenoughto exceedthethresholdat least
occasionallyput very strongnoisetendsto drown out the signal. Thereis an
optimalnoiselevel, calledstochasticesonanceWe explorethe detectability
of differentsignals,usingstatisticaldetectabilitymeasures.

In the simplestsetting,the signalis constantnoiseis addedin the form of

i.i.d. randomvariablesat uniformly spacedimes, andthe detectorrecords
thetimesat which the noisy signalexceedshe threshold.We studythe best
estimatofrfor thesignalfrom thethresholdediataanddetermineoptimalcon-
gurations of severaldetectorswith differentthresholds.

In a morerealisticsetting,the noisy signalis describedy a nonparametric
regressiormodelwith equallyspacedtovariatesandi.i.d. errors,andthe de-
tectorrecordsagainthetimesatwhich thenoisysignalexceedghethreshold.
We studyNadaraya—\atsonkernelestimatorgrom thresholdediata.\We de-
terminetheasymptotioneansquarederrorandthe asymptotioneanaverage
squarecerrorandcalculatethe correspondindpcal andglobaloptimalband-
widths. The minimal asymptoticneanaveragesquarederror shons a strong
stochasticgesonanceffect.

Keywords: Stochasticdesonancepartially obsened model,thresholdedia-
ta, noisysignal,ef cient estimatoyFisherinformation,nonparametricegres-
sion,kerneldensityestimatoyoptimal bandwidth..

1 Intr oduction

Stochastigesonanceés anonlinearcooperatie effectin whichlarge-scalestochasticuc-

tuationg(e.g.,“noise”) areentrainedy anindependenipftenbut notnecessarilperiodic,
weak uctuation (or “signal”), with theresultthatthe wealer signal uctuationsaream-
pli ed; seeGammaitoniet al. (1998) and the recentmonographof Anishchenk et al.
(2002)for reviews. Thetermstohasticresonancavasintroducedby Benzietal. (1981)
in the context of a modeldescribingthe periodicrecurrenceof ice ages. Major climate
changedeadingto ice ageson the earthwere modeledas transitionsin a double-well
potentialsystempushedby a signal,the earths orbital eccentricity which causesmall
variationsof the solarenegy in ux. Sincethis periodicforcing for switchingfrom one
climate stateto the otheris very weak, it mustbe assistedy otherfactorssuchasshort
termclimate uctuations which weremodeledasnoise. Thereis not so muchnoisethat



thetransitionsbecomeandependentf the frequeng of the periodicsignal,but sufcient
noiseto assisthe periodictransitionsj.e. stochasticesonanceccurs.

Classicaktochasticdesonancén physicalsystemsuchasthe earths climateor elec-
trical circuits hasbeengeneralizedo include noise-enhancesignal detectionexhibited
by a wide variety of information processingsystemsjncluding living ones. For exam-
ple, it hasbeendemonstratethat modelsof excitablesystemswith one stablestateand
a thresholdto an unstableexcited state,suchasmodelneurons gxhibit this generalized
form of stochastiacesonanceasobsered by Collins et al. (1996b)andLongtin (1993,
1997). With suitabletuning of the noise,a modelneuroncanbe so sensitve thatit can
detecta weak constantsignal which elicits on averageonly a single additional spike.
This providesa mechanisnfor speedyneuralresponseo suchsignals(Stemmley1996).
Moreover, thegeneralizedorm of stochasticesonanc@asalsobeendemonstratetb ex-
istin avariety of living systemsijncluding networks of neurongGluckmanetal., 1996).
Someresearcherbave speculatedhatstochasticdesonancés afundamentahndgeneral
principle of biologicalinformationprocessinde.g.,PlesseandTanaka,1996).

The study of systemghat exhibit stochastiacesonancdnasbeenmadeeasierby the
demonstrationthata simplethresholdedletectoralsoexhibits stochasticesonancée.g.,
Wiesenfeldetal., 1994). Sucha detectohassimpledynamicsand res apulseeachtime
its inputexceedsathreshold If thenoiseis verylarge,the probabilityof anexceedancées
closeto onehalf. Ontheotherhand,if thenoiseis small,the probabilityof anexceedance
is closeto zero.Clearly, therewill beanoptimalamountof noiseatwhichtheexceedance
timeswill mostcloselyre ect the variationsin the signalintensity This noiselevel is
calledthe stochasticesonancgoint.

Sincestochastiadesonancés anaspecif the detectabilityof a signalin thresholded
data,not of the dynamicsthat causeit (Mosset al., 1994), studyingsimplethresholded
detectorgs sufcient for mary purposesindeed,the simplestmodelof a neuronis just
sucha simplethresholdedletectofMcCullochandPitts, 1943). Note thatthe threshold
createsa signi cant nonlinearityin the responsef the systemto inputs. This nonlinear
ity mimics the nonlinearitiescharacteristiof bistableandresonansystemsandallows
stochasticdesonanceo be studiedseparatelyrom the dynamics.

In this paperwe review threestudiesof simplethresholdedetectorghat show sto-
chasticresonanceln Section2, basedn Greenvoodetal. (1999),we calculatetheFisher
informationabouta constansignalthatcanbeobtainedrom thetime seriesof occasions
at which the noisy signal exceedsthe thresholdof the detector In Section3, basedon
Muller (2000),we describea generalizatiorof the approacho the caseof time-varying
noisy signals,written asa nonparametricegressionmodelwith independenerrors. In
Sectiond, basedon Muller andWard (2000),we describecomputersimulationsn which
the ef cacy of the nonparametricegressionapproachs exploredacrossvarioussignal

types.

2 Fisherinformation of constantsignals

Stochastiacesonancean be exhibited using almostary methodof detectingor recon-
structinga subthresholaignalfrom theinformationcontainedn the exceedancesf the
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thresholdof the detectorby the signalplusnoise. If the signalis periodicandobsened
over arelatively long time interval, thenit is commonto do a Fourieranalysisof the ex-

ceedanceéimesandto measurdahe informationthusgainedaboutthe signalasthe ratio
of the power spectraldensityat the signalfrequeng to thatgeneratedby noiseat nearby
frequenciegthesignal-to-noiseatio) (seeWiesenfeldandMoss,1995;Gingl etal., 1995;
Jung,1995;Loerinczetal., 1996). Anotherway to analysethresholddata,relatedto the
way neuralactiity is analysedis to investigatehe (empirical)residence-tim@robability
distribution, or interspile interval histogram(seeZhouetal., 1990;Longtin etal., 1991;
Bulsaraetal.,1994).If anaperiodicsignalis obseredoverarelatively longtimeinterval,

thengoodnes®f signalreconstructiorhasbeenmeasuredby a correlationmeasuresee
Collinsetal. (1995a,b1996a)andChialvo etal. (1997).Unfortunatelyif asignalisto be
reconstructeavithout muchdelay thenthe identi cation mustbe basedon obsenations
over arelatively shorttime interval, in which the signalmay be nearlyconstant.In this
situation,the modelreducedo a parametricone,andthe signal-to-noiseatio andcorre-
lation measuredreakdown. Fortunately for suchmodelsinformationmeasuresuchas
the Fisherinformationcanstill be usedto measuresignalreconstructionSeelLevin and
Miller (1996);BulsaraandZador(1996);Collins etal. (1996b);Henehanet al. (1996);
Neimanetal. (1996),andin particularStemmler(1996)andChapeau-Blondea{1997).

Theinverseof the Fisherinformationis the sameasthe minimal asymptoticvariance
of ary regularestimator(seeBickel etal. (1998),Section2.1to 2.3). In this sectionwe
shov how optimal estimatorsof a constantsignal canbe constructedn several simple
situations.We thenexplore the Fisherinformationof thesesignalestimatorsn a system
with one or more detectors.In the caseof several detectorswe assumehat the same
noiseis fed into eachdetector This is alwaystruefor externalnoisebut mayalsohappen
if thenoiseis internal,e.g.,whenneurongeceve backgrounchoisefrom otherneurons.
Differentdetectorsmaywell have differentthresholdspr a detectomay have morethan
onethreshold(seeGammaitoni,1995a,b;Chapeau-Blondeaand Goduwier, 1997). We
determineoptimal con gurationsof detectorsyaryingthe distancedetweenhe thresh-
olds andthe signal,aswell asthe noiselevel. We studythe simplestpossiblemodelof
signal plus noise. The signal is constantover sometime interval, say . At uni-
formly spacedimes , Independenandidentically distributed areintroduced.
Thenoisysignalis , .

If the signalis obsered over a longertime interval, or if the noisehas“higher fre-
gueng” in thesensdhatthetimes aremoredenselyspacedpr if thereareseveralde-
tectorseachof whichrecevesinternalnoiseindependentlpf theothers thenthenumber

of obsenationsis increasedandthe varianceof the estimatorfor the signalis reduced
correspondinglyFor large , thesignalcanbe estimatedwvell for a large rangeof noise
variancesThis effect of thelaw of largenumberswvas rst obsenedin adifferentsetting
by Collins et al. (1995b)as stohasticresonancevithouttuning seealsoChialvo et al.
(1997);Neimanetal. (1997);Gailey etal. (1997).We comebackto this pointfor varying
signalsin Section3.

Our approachdiffers from the previous literatureon stochastiacesonancen thatwe
study estimationof the signalfrom a statisticalpoint of view. In particular this means
that we are concernedvith optimal reconstructiorof the signal from the datain terms
of the varianceof rescaledestimatorsfor the signal,i.e. of ratherthan of
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. By the centrallimit theorem,the varianceof is aboutthe samefor all
(sufciently large) , whereaghe varianceof tendsto zeroas . Thisis why we
seestochastiadesonancéor arbitrarily large in the presentontect, whereasstochastic
resonanceliminisheswith increasing in the previoustreatmentsStochasticesonance
without tuningis anaspecof thediminishingeffect. A similar de ciency of thecorrela-
tionalapproachio measuringeconstructiorof avaryingsignalis mentionedn Section3.
Thuswe seethatthestochasticesonanceffectdependsieavily onthechoiceof measure
of informationtransmission.A discussioris in Tougaard2000,2002)andWard et al.

(2002).
In this section,we compardour differenttypesof obsenationof the noisysignal:
1. Thenoisy signal is fully obsered. We needthe informationin the

noisy signalitself to measurénow muchinformationis lost whenthe noisy signalis not
completelyobseredbut only causes ring” of thedetector

2. Thosetimes arerecordedat which the noisy signal exceedsa single
threshold, . The obsenrationsarethenthe indicators . This
schemewvasproposedy McCullochandPitts (1943)asa minimal modelof aneuron.It
correspond$o the standardhresholdedletector

3. It isrecordedvhenandwhich of a nite numberof thresholds
areexceeded.Let denotethe setof thresholds.The obsenationscan
thenbewrittenas

for

Suchobsenationsarisewith  detectorswith differentthresholdsand commonback-
groundor internalnoise.

4. Whenever the singlethreshold is exceededthe noisy signalitself is obsered.
Thentheobsenationsare

Case4 is approximatedoy case3 for a large numberof closely spacedhresholds
above .

2.1. Onethreshold. Let beathresholdand a constantsignal. We think of as
beingnonnegative andbelow the threshold but the calculationswill not dependon this
assumptionLet beindependentvith distributionfunction . Write  for the
distribution of . We assumehatthe only informationwe have aboutthe signal
is whethert exceedghethreshold . Equivalently, we obsene

(1)

TheobsenationsareindependenBernoullirandomvariableswith probabilities

(2)

In this section,we considera singlethreshold andsuppress in the notation. Indeed,
by choosinganappropriatescale we maytake equalto 1.
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We canwrite thesignalasafunctionof

Theusualestimatorfor  is theempiricalestimator
- - (3)

with . The estimator is unbiasedand consistenffor . The
standardizecrror is asymptoticallynormalwith variance . The
estimatorfor the signalasa functionof theempiricalestimatoris

(4)

This estimatoris not unbiased.Since is a continuousfunctionof , however, the esti-
mator is aconsistenestimatorfor . Since is acontinuouslhydifferentiablefunctionof
, it followsthat is alsoasymptoticallynormal,with variance

(5)

where is the probability densityfunction correspondindo the distribution function
It is well known andeasyto checkthat is regularandefcient for . Sincecontinuously
differentiablefunctionsof regularandef cient estimatorsareagainregularandef cient,
the estimator is regularandefcient for the signal,and is the minimal asymptotic
varianceof regularestimatorof .

As mentionedabove, the minimal asymptoticvariance can be calculatedas the
inverseof the Fisherinformationfor

This Fisherinformationis alsogivenin Stemmler(1996),relation(5.1). The Fisherinfor-
mationhasbeenusedasa measuref the transmittednformationin relatedmodels;see
Paradiso(1988);SeungandSompolinsk (1993); Stemmler(1996).

In orderto ascertainvhetherthe expressionfor the Fisherinformationexhibits sto-
chasticresonanceye allow the standarddeviation of the noisedistribution to vary.
Thenthenoisedensityanddistributionfunctionbecome and :
respectrely. For normalnoisedistribution with variance , we have

— — (6)
with and denotingthe densityand
distribution functionsof the standarchormal distribution.  isaunimodalfunc-
tion of with avery pronouncedtochastiaesonanceoint. The functionis symmetric
in . Hencea superthresholdignalproduceshe samestochasticdesonance@roperty
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Figurel: Fisherinformation

asa subthresholaignal. Figurel shavs  asafunctionof and . Theoptimal
decreasewith thedistancérom thesignalto thethresholdatthe sameime themaximal
Fisherinformationgoesto in nity . For example,if andthe signalis low,
thentheoptimal is 0.63500andthemaximalvalueof  is0.60842.

How muchinformationis lost by observingthe thresholdexceedancesnly, rather
thanthe noisy signal ? Greenwoodetal. (1999)derive the expressiorfor theratio
of Fisherinformationin the exceedances, , to thatin the noisysignalitself, . When
thenoisedistributionis normalwith variance , theratiois

where

The function is unimodaland symmetric,and . Hence retains
almosttwo thirdsof theavailableinformationif thesignalis atthethreshold andconsid-
erablylessif it is above or belov and is small. Figure2 shows

asafunctionof and . Noticethediscontinuitywhere in the gure; thisis
where

2.2. Several thresholds. Considera systemin whichthereare thresholds,

, a constantsignal , anda noisy signal , with independent
with distributionfunction anddensity . This couldbe,for example,a neuralnetwork
in which several neuronswith differentthresholdsare exposedto the samesignal and
noiseandthencorvergyeto drive a singlehigherorderneuron.The outputof the higher
orderneurondependon how mary of the neuronscorverging on it areactivatedabove
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their thresholdsjt simply sumsthe actvities of the corverging neurons.Thus,its ring
indicateswhich thresholdsareexceededy thenoisysignal. Equivalently, we obsere

for
Here standdor thesetof thresholds, . Theobsenations are
independentwith probabilities
for

The obsenationsfollow a distribution on , With a one-dimensiongbaram-
eter . For , the family of distributions consistsof all distributions on ,
andan ef cient estimatorfor is obtainedasa function of the empirical estimatorfor

; seeSubsectior2.1. For , we do not getsucha simple ef cient

estimatoybut the maximumlik elihoodestimatoiis, of coursestill ef cient.

Again, Greenwwod et al. (1999) derive an expressionfor the maximumlikelihood
estimatorof the signalfor any setof thresholds . Herewe will consideronly thesimple
caseof multiple thresholdsn which we have two thresholds, andasignal

. Asin Subsectior2.1,we assumehatthe noisedistributionis normalwith variance
In this case the Fisherinformationin observingwhich of thetwo thresholdss exceeded
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Figure 3: Proportionof information, , retainedby two thresholdsat 1 and , for
noisevariancel.

by the noisysignalis

Supposéan particularthat . We have seenin Subsectior2.1 that retainsthe
mostinformation,asa functionof , at , Where . Thevaluedoes
not dependon the noisevariance , sowe may take . Now we adda second
threshold, . We cancalculatetheratioof  to  undertheseassumptionsgiving
the proportionof informationretainedby two thresholds.Figure 3 shaws the resultsof
suchcalculationdor arangeof secondhresholdvalues.The maximumis 0.75957wvhich
is attainedfor

Let usreturnto the situationwherewe have only a singlethreshold . Sofarwe have
studiedthe situationwherewe obsere only whetheror not the noisy signalexceedshe
threshold. Supposenow that we also obsenre the sizeof the noisy signalwhenever it

exceedsthe threshold. The obsenationsarethen . They

containmore information aboutthe signal than the indicators .

Greenwood et al. (1999)derive an expressionfor the Fisherinformation, , in these
obsenations;it is of coursetrue that , the maximumamountof information
in a fully obsered noisy signal. For a normal noisedistribution with variance , the
proportionof informationretainedoy is
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Figure4: Proportionof information, , retainedby

where

If the signalis at the threshold, , then , Which is independent
of the noisevariance . If the signalis below the threshold, , We expect
to belargefor large becausehe aremostinformative if the noisy signalis with
high probability above the threshold.For the samereason, is largefor small if

. Undertheseconditionswe have . Hence retainsabout
four fths of the informationif the signalis at the threshold,considerablylessif it is
belov and is small,andmostof theinformationif and issmall. Figure4 showvs

asafunctionof and .

Supposeve x alowestthreshold andaddmoreandmorethresholdsabore such
thatin thelimit they becomedenseabore . We expectthattheinformationin observing
which thresholdsareexceededy the noisy signalcorvergesto theinformationin seeing
the noisy signalabove the threshold.To seethis, choosethresholds such
thatthe gapsbetweerthemtendto zeroandtheir maximumtendsto in nity with . The
thresholdgartition into intenals . Greenvood et al. (1999)
shav that , the Fisherinformation for exceedancesf the thresholdsconverges
to , theFisherinformationin the partof the noisy signalthat exceedsthe threshold.
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Thus,in thelimit of densehresholdsthe modelof a setof simplethresholdedletectors
is thesameasa modelof thresholdedletectoithataccuratelyepresentthe entireabove-
thresholdpartof the noisysignal.

3 Nonparametric regressionmodelfor varying signals

Themodelof a simplethresholdedietectoroutlinedabove workswell for a constansig-
nal. In fact,it hasbeenappliedin abiologicalsettingasa minimalmodelof thepaddle sh
usingits electrosens& captureDaphniaplankton(Greenvood et al., 2000). A version
of this modelis alsousedfor edgedetectionin imagesobsened with vibrating vision
systemgHongleret al., 2002). Greenwood et al. (1999) suggesthat signal estimation
from thresholdedlatais alsopossiblef the noisysignalis describedy a nonparametric
regressiormodelwith independengérrors.Suchamodelis morerealisticin mary biolog-
ical systems.This suggestions realizedin Muller (2000). The noisy signalis written as

, With independenteanzeroerrorvariables . We obsenre
(7)
asin (1). Theexceedanc@robabilitiesarenow
(8)
Assumingthatthedistribution function of ,say ,isknownandhasaninversewe
usethetransformation
to estimatehesignal employing a kernelestimatorfor

If thenoiseis arti cially generatedthenit is reasonabléo assumehatthedistribution
function is completelyknown. If the noiseis backgroundnoise,we may at least
know the form of the distribution. It may, for example,be plausibleto assumehatthe
errorsare normally distributed. However, we cannotidentify the noiseamplitudefrom
the . Oneway of dealingwith this problemis to getinformationaboutthe noise
from elsavhere,for exampleby usinga seconddetectomwith a differentthresholdasin
Subsectior2.2 for constansignal. A seconds to notethatevenif the noisedistribution
is known up to a scaleparameterthe signalcanstill beidenti ed up to a one-parameter
family of transformationsHencemostof the informationis retained,unless,of course,
thesignalis constant.

Our criterionfor bandwidthselectionis theasymptotioneanaveragesquarecerrorof
theestimatorof , whichwe derive. A formulafor the asymptoticallyoptimalbandwidth
canthenbe written. It containsunknovn quantitieswhich mustbe estimated.Our ap-
proachis similar to that of Ruppertet al. (1995),who derive an asymptoticallyoptimal
bandwidthfor the classicalketting,i.e. fully obsereddata.The maindifferencebetween
the presentderivation andtheir article is the nonlinearlink occurringhere,in particular
in the meansquarederror expression. Throughthe linearizationof this expression the
calculationof the optimal bandwidthbecomessimilar to the standardcase andfamiliar
resultscanbe utilized.
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We usethe Nadaraya-\étson(kernel)estimator

—— 9)
for the exceedancerobability in (7), andestimatethe signal by
. In nonparametricegressiortheory generallyacceptedneasuresf the

goodnesf the estimationare the meansquarederror andthe mean
averagesquarederror . We take thesequantitiesascriteriafor
an asymptoticallyoptimal local bandwidthand an asymptoticallyoptimal global band-
width. The generalapproachakenby Miller (2000)is to derive a Taylor approximation
for themeansquarecerror, which immediatelygivesthe approximatiorfor the meanav-
eragesquarecerror. Thebandwidth thatminimizestheleadingtermof the expansions
thencalledoptimal Thedistinguishingcharacteristiof this modelis thatit involvesthe
nonlineartransformation of theexceedance@robability

The maintheoremproved by Mdller (2000)is aboutthe signalestimator . It gives
theasymptotioneansquarecerror (local—for eachtime point), the asymptotioneanav-
eragesquarecerror(global—overall time points)andthe respectre optimal bandwidths
as and , :

— — (10)

— — - — _ (11)

with kernelconstants and . The asymptoti-
cally optimallocal andglobalbandwidthderivedfrom theseapproximationsre

(12)

(13)

The approximateneansquarecerror (10) hastwo terms,the approximatevariance( rst
term) andsquaredias(seconderm) of . In particular the characteristiovariance-
biastrade-of is evident.

With the optimalasymptoticbandwidth ~ athand,we may now write the minimal
valueof as

This value dependson the squaredsecondderivatives . Smoothsignalswill, in
generalleadto small valuesof andthusto small valuesof
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Figure5: Realizationof the Pearsorproduct-momentorrelationcoefcient  (circles)
betweenthe sinusoid andits estimates , for and

Furthermorethisformulashaovsthein uence of thekernel , whichappear®nly in the

expression . The(secondorder)kernelwith support thatmin-
imizesthis term andthusthe approximateneanaveragesquarederror underthe further
constraint , isthe Epanechnikv kernel

Theoptimalkernelis notmuchbetterthanotherkernels for examplethe Gaussiarkernel
(seeWandandJones;1995).Whatis really crucialis the correctchoiceof thebandwidth

. A methodof data-drvenbandwidthselectionis necessargincewe do not know what
the optimalbandwidthis for anunknowvn signal.

In datafrom simulationsor experimentsthe stochastiaesonanceffect is often as-
sessedn simulateddata,andin datafrom experimentalsystemspy comparingthe esti-
matorfor the exceedanc@robabilitieswith the signalusingthe Pearsorproduct-moment
correlationcoefcient or modi cations thereof, usually called the “normalized power
norm” or “cross-correlatiorcoefcient”, namely

Here is an estimatorof the exceedancerobability , and™ - and
I denoteaverages.In several paperg(Collins et al., 1995b,a;Hengghan
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etal., 1996;Chialvo etal., 1997)a box kernelwasusedto estimatethe probability of an
exceedanceThis kernelcorrespond$o theonesusedin our moresophisticate@stimator

but with a x ed bandwidth. Clearly,  is not consistenif is kept x edand
tendsto in nity .

In studiessuchasthosejust cited, researcherssuallyreportthe resultsof elaborate
simulationstudiesandobtainempiricalestimate®f the meanandstandarcerrorof . In
particular they oftenplot a curve of the estimatedneanasa function of noisevariance.
Thiscurweis oftenconcae downward,indicatingstochasticesonancetHowever, asmen-
tionedin Section2, therearesomeproblemswith theuseof asameasuref goodness
of estimation. As anexample,Figure5 shovs, for normalnoisedistributionwith standard
deviation , Vverealizationsof the Pearsorproduct-momentorrelation
coefcient between andourestimator (estimatedasdescribecabove for a sinusoid)
for . Stochastiaesonancappearsn the gure sincefor the vevalues
of areall closeto onewhereador smallerandlarger , the correlationis not always
high. However, whenthe samesimulationis donefor time points,thevalues
of arecloseto onefor all realizationsno stochasticdesonancés apparentThis obser
vationillustrateswell aphenomenorrst obsenedby Collinsetal. (1995b)in adifferent
setting,called“stochasticresonancevithout tuning”, which we mentionedn Section2:
Sincethe varianceof the signalestimatorandhencethe varianceof = decreasewith |,
the correlationis high for a broadrangeof 's. Althoughthereis stochastiaesonance,
i.e.anoptimallevel of noise the Pearsomroduct-momentorrelationcoefcient doesnot
re ect it if thetime pointsaretoo denselyspaced.

4 Stochasticresonancdor varying signals

In this sectionwe explore further the applicability of the thresholdechonparametrice-
gressiormodelasa simplemodelof aneuron.We considetheneuronto beembeddedh
aneuralnetwork. It is exposedto “noise” consistingof rapidly varying,unsynchronized
inputsfrom perhapsathousandtherneuronsThe signalis assumedo have longertime
scalevariationsin theinputof onespeci ¢ neuron(or afew synchronizeanes)andto be
by itself insuf cient to drive this neuron.Nonethelesshe outputof the neuroncouldbe-
comesynchronizedvith thevariationsin the input of the subthresholdignalingneurons
throughthe mechanisnof stochasticdesonanceyith the noise*amplifying” the signal.
Althoughasimplethresholdedietectorsuchasthatdescribedn Section2 canexhibit
stochastiaesonanceit still lacks one otherimportantpropertyof neuronsthatis pos-
sessedby the next-most-simplanodelneuron theintegrate-and- reneuron(e.g.,Collins
etal., 1996a). This modelintegratesits inputsover a moving time window of length .
In realneurons, variesfrom aboutl00  for sensoryneuronsto 40-60  for inputs
to the somaof pyramidalinterneuronsand canbe asshortas 10 for inputsto the
apicaltufts of dendritesof pyramidal neuronsin the prefrontalcortex (Seamanst al.,
1997). Neuronswith largertime windows act asintegrators,while thosesuchasapical
tufts, with smallertime windows, actascoincidencedetectordKonig etal., 1996). The
valueof is setby thetime coursef variousprocesseshat affect the electrochemical
stateof the neuron. At ary time thereis a complex balanceof electrochemicaforces
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in uenced by synapticand internal eventswith speci ¢ decayrates,and constantdif-

fusion of ions causedby electricaland concentratiorgradientsand active pumps. The
time-varyinginstantaneousing rateof the neuron( , Where istheinterval

betweentwo successie actionpotentialsin ) re ects the momentarystrength=of all

of theseforces,which arerepresentedh integrate-and- remodelsby the exponentially
decayingn uence of previousinputs.

A kernelestimatorcanmimick temporalintegrationof input. Previous studiesmple-
mentingnumericalsmoothingof modelexcitable systemoutputswith a box-typekernel
or of thresholdeddatawith a Gaussiarkernelwere doneby Collins et al. (1996a)and
Fakir (1998),respectrely. However, both previous studiescomputedhe correlationbe-
tweensmoothedsystemoutputsandsignalsratherthanapplyingthe meansquarecerror
criterionto estimatorsof the signal,aswe do here. The limitations of the correlational
approactweredescribedat theendof Section3.

4.1. Model and estimation. Themodelis thatdescribedn (8). In the caseof modeling
a neuron,the bandwidth(13) of the kernel can be consideredo representhe window
of temporalintegration of the neuron. Although the Epanechnikv kernelis optimal,
otherkernelswould do nearlyaswell, for examplethe Gaussiarkernel. In particular
anasymmetrickernelwould be moreappropriateo modelthe time integrationbehaior
of actualneurons.We canspeculatehowever, on the basisof somepilot work, thatas
long asthe kernelcoverssufciently mary time points and weightsthemaccordingto
a reasonabldunction, considerablenformation aboutthe behaior of the subthreshold
signalcanbe recoveredfrom the exceedancealone. In the caseof neuronswe expect
that the asymmetrickernelmight be a negative exponentialfunction with rate suchthat
inputsover the previous 10—100msor sowould receve noticeableweightin the output.
Thisis in therangeof temporaintegrationtimesobseredin actualneuronsasmentioned
earlier

Thebandwidthformulas(12) and(13) arebothof theform timesafactorwhich
depend®n the exceedancerobability For goodperformancen the nite samplesitua-
tion thefactorshouldbeestimateduitably MullerandWard(2000)useplug-inmethods,
i.e. they estimatethe exceedanc@robability andsubstitutanto the bandwidthformulas.
This approacthasbeenshaown, in the classicalsettingwith fully obsened data,to per
form more reliably than standardmethodssuchas cross-alidation (see,for example,
Chiu, 1991).

Our proceduras applicableto all signalsof arbitraryshape.Herewe demonstrateét

for threecharacteristiexamples, , and (see
Figuresba—6c¢),for optimalnoiselevelsfrom anormalerrordistributionand
time points.In theexampleswe usethreshold throughout.

Theseexamplesillustrate several propertiesof the estimationtechnique.Oneis that
estimationis noticeablyworsefor partsof the signalthatarefar from thresholdthanfor
partsnearthreshold.This is becaus¢he bandwidthusedis globally optimal,andcannot
give equallygoodperformancdor all partsof a signalwhosedistancerom thethreshold
varieswidely. Anotherpropertyof the techniques that estimationis worsefor partsof
signalswherethe secondlerivativeis large.

We also considera signal . A singlerealization
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Figure6: Tenrealizationsof the estimationprocedurefor (a) with ,
averageestimatedandwidth , andtheoreticallyoptimal bandwidth(13)
; (b) with , averagebandwidth ,and X
(© with , averagebandwidth and ; and
(d) asin (a) but with . Thesignalandestimatedsignalsareshavn by

thick continuousandthin brokenlinesrespectiely.
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Figure 7. Signal estimationof with and
estimatedoandwidth . Signalandestimatedsignalsare shavn by continuous

andbrokenlinesrespecitiely.

of this signalis shovn in Figure7. The distanceof the signalfrom the thresholdvaries
widely, andthe signalalsocontainsconsiderablénigh frequeng information,albeitonly
in the part nearesthe threshold. In a sensehis signalis a mixture of several typesof
signal. It resemblesignalsthat might be of biologicalimportance for examplethat of
anapproachingredatowho “holds” atanattacklaunchpoint. The estimationtechnique
doesa goodjob of capturingthe low frequeng content,but fails to estimatethe signal
accuratelyat the high frequeng end. Again, this is becauseave usea globally optimal
bandwidth, , Whichis nearthatof anddoeswell for thecomponentsearl

4.2. Stochasticresonance. Sofar we have describecdestimationof a noisy subthreshold
signal without mentioningstochasticresonance. This sectiondiscusseghe stochastic
resonanceffectin the context of thenonparametri&ernelregressiormodel.

Considerthe globalcriterion , equation(11), asafunctionof noisevari-
ance.With theoptimalbandwidth  , equation(13),insertedjt canberewrittenin terms
of thesignalfunction . Restrictingattentionto thenormal errordistributionand
theEpanechniv kernel,we obtain and ,andhence

— (14)

Notice that (14) consistsof the productof two factors. The rst factorof the product
varieslike , Which is monotonicin . Sincestochastiacesonancesurvesare not
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Figure 8: Plot of versus for (a) , and (b)
(dots)and (opensquares).

monotonic,f stochasticesonancemenges,thenit is becausef the seconderm.

A noiselevel thatis optimalwith respecto dependon the signalfunc-
tion . An explicit generalformulaobviously cannotbe given. Instead we computethe
optimal for eachsignalby minimizing numerically

In Figure8 we have plotted asgivenin (14), multiplied by thecorvergence
rate , for (Figure8a),and and (Figure
8b). For our calculationswe chosea threshold and . Sincethe sums
in (14) approximateintegrals, the curves are the samefor all sufciently large . In
particular they have a sharpminimum at their respectre stochasticresonancepoints,
namely for signal and for bothsignal and . We alreadyused
the optimalnoiselevelsfor our simulatedestimationexamplesn Subsectiont. 1.

The stochastiadesonanceffect should,of course,occurnot only in referenceo the
theoreticalfunction . In addition,the noiselevel shouldstronglyin uence the
guality of the estimatorobtainedusingthe procedureof Subsectiort.1. To demonstrate
this, we consideragainsignal . We estimatethesignalfor  additionalrealizationsof
signalplusnoisebut thistime we usethetheoreticallybadvalue Theseareplotted
in Figure8d (comparewith Figure8a). As expectedtheestimatesresigni cantly worse.
In particular alargeincreaseof thevarianceover realizationdecome®vident.

4.3. Choosingthe noiselevel. As seenin the previous section,the optimal noiselevel
dependon the signalandits derivativesandcannotbe determinedvithout prior knowl-
edge. In this sectionwe determinenoiselevels and  thatarelocally andglobally
uniformly optimalin the sensethat the estimatorfor the signalbehaeswell for a given
rangeof the signalandits rst andsecondderivativesneara x edtime point andin a
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Figure9: (a) Thelocalasymptotianeansquarederrormaximizedover and bothhav-

ing therange (dots), (opensquares), (opendiamondsyand
(opentriangles)respectrely. (b) Determinationof the globally uniformly optimal noise
level for therangef andits rst andsecondlerivative.
x edtime interval, respectirely. Againwe take aserrordistribution andusethe
Epanechnikv kernel.

Fix . Write asafunction of :

, , andtheerrorvariance

Determinetheerrorvariance thatmimimizes

In Figure9athis maximum,multiplied by the corvergencerate | is plottedasafunc-
tion of for both and in theranges , , and , respec-
tively, with and . For theseintervalswe obtainthelocally uniformly optimal

noiselevels0.76,0.79,0.83,and0.85,respectrely.

If restrictionson and canbeassumedo hold uniformly for in sometime inter-
val, say , onecan,analogouslyderive a globally uniformly optimalnoiselevel
givenalowerbound for thesignal.Thisis theerrorvariance thatminimizes

As anillustrationwe derive sucha globally uniformly optimal ~ underthe constraints
. Thesearethe rangesof
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andits derwvatives. For this example(seeFigure 9b) we obtaina globally uni-

formly optimal noiselevel which is larger thanthe noiselevel
thatis optimal for the signal (seeSubsectiort.2, Figure 8b). We expectthis
phenomenorsince“worse” signals t into theserangesfor example which

clearlyneedsmorenoisein orderto guaranteeuf ciently mary thresholdcrossings.
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