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Abstract: A subthresholdsignal may be detectedif noiseis addedto the
data.Thenoisysignalmustbestrongenoughto exceedthethresholdat least
occasionally;but verystrongnoisetendsto drown out thesignal.Thereis an
optimalnoiselevel, calledstochasticresonance.We explorethedetectability
of differentsignals,usingstatisticaldetectabilitymeasures.

In the simplestsetting,the signal is constant,noiseis addedin the form of
i.i.d. randomvariablesat uniformly spacedtimes,and the detectorrecords
thetimesat which thenoisysignalexceedsthethreshold.We studythebest
estimatorfor thesignalfrom thethresholdeddataanddetermineoptimalcon-
�gurations of severaldetectorswith differentthresholds.

In a morerealisticsetting,the noisy signalis describedby a nonparametric
regressionmodelwith equallyspacedcovariatesandi.i.d. errors,andthede-
tectorrecordsagainthetimesatwhichthenoisysignalexceedsthethreshold.
WestudyNadaraya–Watsonkernelestimatorsfrom thresholdeddata.Wede-
terminetheasymptoticmeansquarederrorandtheasymptoticmeanaverage
squarederrorandcalculatethecorrespondinglocalandglobaloptimalband-
widths. Theminimal asymptoticmeanaveragesquarederrorshows a strong
stochasticresonanceeffect.

Keywords: Stochasticresonance,partially observedmodel,thresholdedda-
ta,noisysignal,ef�cient estimator, Fisherinformation,nonparametricregres-
sion,kerneldensityestimator, optimalbandwidth..

1 Intr oduction

Stochasticresonanceis anonlinearcooperativeeffect in whichlarge-scalestochastic�uc-
tuations(e.g.,“noise”) areentrainedby anindependent,oftenbut notnecessarilyperiodic,
weak�uctuation (or “signal”), with theresultthattheweaker signal�uctuationsaream-
pli�ed; seeGammaitoniet al. (1998)and the recentmonographof Anishchenko et al.
(2002)for reviews. Thetermstochasticresonancewasintroducedby Benzietal. (1981)
in the context of a modeldescribingthe periodicrecurrenceof ice ages.Major climate
changesleadingto ice ageson the earthweremodeledas transitionsin a double-well
potentialsystempushedby a signal,the earth's orbital eccentricity, which causessmall
variationsof thesolarenergy in�ux. Sincethis periodicforcing for switchingfrom one
climatestateto theotheris very weak,it mustbeassistedby otherfactorssuchasshort
termclimate�uctuationswhich weremodeledasnoise.Thereis not somuchnoisethat
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thetransitionsbecomeindependentof thefrequency of theperiodicsignal,but suf�cient
noiseto assisttheperiodictransitions,i.e. stochasticresonanceoccurs.

Classicalstochasticresonancein physicalsystemssuchastheearth'sclimateor elec-
trical circuitshasbeengeneralizedto includenoise-enhancedsignaldetectionexhibited
by a wide variety of informationprocessingsystems,including living ones. For exam-
ple, it hasbeendemonstratedthatmodelsof excitablesystemswith onestablestateand
a thresholdto an unstableexcitedstate,suchasmodelneurons,exhibit this generalized
form of stochasticresonance,asobserved by Collins et al. (1996b)andLongtin (1993,
1997). With suitabletuningof thenoise,a modelneuroncanbesosensitive that it can
detecta weak constantsignal which elicits on averageonly a single additionalspike.
This providesa mechanismfor speedyneuralresponseto suchsignals(Stemmler, 1996).
Moreover, thegeneralizedform of stochasticresonancehasalsobeendemonstratedto ex-
ist in a varietyof living systems,includingnetworksof neurons(Gluckmanet al., 1996).
Someresearchershavespeculatedthatstochasticresonanceis a fundamentalandgeneral
principleof biologicalinformationprocessing(e.g.,PlesserandTanaka,1996).

The studyof systemsthat exhibit stochasticresonancehasbeenmadeeasierby the
demonstrationthata simplethresholdeddetectoralsoexhibits stochasticresonance(e.g.,
Wiesenfeldetal., 1994).Suchadetectorhassimpledynamicsand�res apulseeachtime
its inputexceedsathreshold.If thenoiseis very large,theprobabilityof anexceedanceis
closeto onehalf. Ontheotherhand,if thenoiseis small,theprobabilityof anexceedance
is closeto zero.Clearly, therewill beanoptimalamountof noiseatwhichtheexceedance
timeswill mostcloselyre�ect the variationsin the signal intensity. This noiselevel is
calledthestochasticresonancepoint.

Sincestochasticresonanceis anaspectof thedetectabilityof a signalin thresholded
data,not of thedynamicsthat causeit (Mosset al., 1994),studyingsimplethresholded
detectorsis suf�cient for many purposes.Indeed,thesimplestmodelof a neuronis just
sucha simplethresholdeddetector(McCullochandPitts,1943). Notethat thethreshold
createsa signi�cant nonlinearityin theresponseof thesystemto inputs.This nonlinear-
ity mimics the nonlinearitiescharacteristicof bistableandresonantsystemsandallows
stochasticresonanceto bestudiedseparatelyfrom thedynamics.

In this paperwe review threestudiesof simplethresholdeddetectorsthat show sto-
chasticresonance.In Section2,basedonGreenwoodetal. (1999),wecalculatetheFisher
informationaboutaconstantsignalthatcanbeobtainedfrom thetimeseriesof occasions
at which the noisy signalexceedsthe thresholdof the detector. In Section3, basedon
Müller (2000),we describea generalizationof theapproachto thecaseof time-varying
noisy signals,written asa nonparametricregressionmodelwith independenterrors. In
Section4, basedonMüller andWard(2000),wedescribecomputersimulationsin which
the ef�cacy of the nonparametricregressionapproachis exploredacrossvarioussignal
types.

2 Fisher information of constantsignals

Stochasticresonancecanbe exhibited usingalmostany methodof detectingor recon-
structinga subthresholdsignalfrom theinformationcontainedin theexceedancesof the
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thresholdof thedetectorby thesignalplusnoise. If thesignalis periodicandobserved
over a relatively long time interval, thenit is commonto do a Fourieranalysisof theex-
ceedancetimesandto measurethe informationthusgainedaboutthesignalastheratio
of thepower spectraldensityat thesignalfrequency to thatgeneratedby noiseat nearby
frequencies(thesignal-to-noiseratio)(seeWiesenfeldandMoss,1995;Gingl etal.,1995;
Jung,1995;Loerinczet al., 1996). Anotherway to analysethresholddata,relatedto the
wayneuralactivity is analysed,is to investigatethe(empirical)residence-timeprobability
distribution,or interspike interval histogram(seeZhouet al., 1990;Longtin et al., 1991;
Bulsaraetal.,1994).If anaperiodicsignalis observedoverarelatively longtimeinterval,
thengoodnessof signalreconstructionhasbeenmeasuredby a correlationmeasure;see
Collinsetal. (1995a,b,1996a)andChialvo etal. (1997).Unfortunately, if asignalis to be
reconstructedwithout muchdelay, thenthe identi�cation mustbebasedon observations
over a relatively shorttime interval, in which thesignalmaybenearlyconstant.In this
situation,themodelreducesto a parametricone,andthesignal-to-noiseratio andcorre-
lation measuresbreakdown. Fortunately, for suchmodelsinformationmeasuressuchas
theFisherinformationcanstill beusedto measuresignalreconstruction.SeeLevin and
Miller (1996);BulsaraandZador(1996);Collins et al. (1996b);Heneghanet al. (1996);
Neimanetal. (1996),andin particularStemmler(1996)andChapeau-Blondeau(1997).

Theinverseof theFisherinformationis thesameastheminimal asymptoticvariance
of any regularestimator(seeBickel et al. (1998),Sections2.1 to 2.3). In this sectionwe
show how optimal estimatorsof a constantsignalcanbe constructedin several simple
situations.We thenexploretheFisherinformationof thesesignalestimatorsin a system
with oneor moredetectors.In the caseof several detectors,we assumethat the same
noiseis fed into eachdetector. This is alwaystruefor externalnoisebut mayalsohappen
if thenoiseis internal,e.g.,whenneuronsreceive backgroundnoisefrom otherneurons.
Dif ferentdetectorsmaywell havedifferentthresholds,or a detectormayhave morethan
onethreshold(seeGammaitoni,1995a,b;Chapeau-BlondeauandGodivier, 1997). We
determineoptimalcon�gurationsof detectors,varyingthedistancesbetweenthethresh-
olds andthe signal,aswell asthenoiselevel. We studythe simplestpossiblemodelof
signalplus noise. The signal � is constantover sometime interval, say

�������	�

. At uni-
formly spacedtimes 
���
������ , independentandidenticallydistributed ��� areintroduced.
Thenoisysignalis ���

��� , ��


�����������

� .
If the signal is observed over a longertime interval, or if the noisehas“higher fre-

quency” in thesensethatthetimes 
�� aremoredenselyspaced,or if thereareseveralde-
tectorseachof whichreceivesinternalnoiseindependentlyof theothers,thenthenumber

� of observationsis increased,andthevarianceof theestimatorfor thesignalis reduced
correspondingly. For large � , thesignalcanbeestimatedwell for a largerangeof noise
variances.Thiseffectof thelaw of largenumberswas�rst observedin adifferentsetting
by Collins et al. (1995b)asstochasticresonancewithout tuning; seealsoChialvo et al.
(1997);Neimanetal. (1997);Gailey etal. (1997).Wecomebackto thispoint for varying
signalsin Section3.

Our approachdiffers from the previous literatureon stochasticresonancein that we
studyestimationof the signalfrom a statisticalpoint of view. In particular, this means
that we areconcernedwith optimal reconstructionof the signal from the datain terms
of the varianceof rescaledestimatorsfor the signal, i.e. of ���! �"�#�$

�&%'�)( ratherthan of

3



$

� . By the centrallimit theorem,the varianceof � �! �"�#�$

� %'�)( is aboutthe samefor all
(suf�ciently large) � , whereasthe varianceof $

� tendsto zeroas
�

��� . This is why we
seestochasticresonancefor arbitrarily large � in thepresentcontext, whereasstochastic
resonancediminisheswith increasing� in theprevioustreatments.Stochasticresonance
without tuningis anaspectof thediminishingeffect. A similar de�ciency of thecorrela-
tionalapproachto measuringreconstructionof avaryingsignalis mentionedin Section3.
Thusweseethatthestochasticresonanceeffectdependsheavily onthechoiceof measure
of informationtransmission.A discussionis in Tougaard(2000,2002)andWard et al.
(2002).

In this section,wecomparefour differenttypesof observationof thenoisysignal:
1. The noisy signal

�

� 


� �

��� is fully observed. We needthe informationin the
noisysignalitself to measurehow muchinformationis lost whenthenoisysignalis not
completelyobservedbut only causes“�ring” of thedetector.

2. Thosetimes 
�� are recordedat which the noisy signal � �

��� exceedsa single
threshold,���

�

. The observationsarethenthe indicators
���

�




�

#

� �

�)�����

( . This
schemewasproposedby McCullochandPitts(1943)asa minimal modelof a neuron.It
correspondsto thestandardthresholdeddetector.

3. It is recordedwhenandwhich of a �nite numberof thresholds
�
	

�

�

	��
�
��	

���

areexceeded.Let � 
����

�

���	��� �

����� denotethesetof thresholds.Theobservationscan
thenbewrittenas

���

�




��

�

��

���

���

�)��� �

�

�

!

�

�#"

	

� �

�)��� �#"%$

�

for
!




� ���	��� �%&

%

� �

&)�

���

�)���'���

�

Suchobservationsarisewith
&

detectorswith different thresholds,andcommonback-
groundor internalnoise.

4. Whenever the singlethreshold� is exceeded,the noisy signal itself is observed.
Thentheobservationsare

��(

�

�


 #

� �

�)�

(

�

#

� �

�)���)�

(

�

Case4 is approximatedby case3 for a large numberof closely spacedthresholds
above � .

2.1. One threshold. Let � be a thresholdand � a constantsignal. We think of � as
beingnonnegative andbelow the threshold,but thecalculationswill not dependon this
assumption.Let �

�

�����	�	�

�#* beindependentwith distribution function + . Write ,.- for the
distributionof

�

� 


� �

�)� . Weassumethattheonly informationwehaveaboutthesignal
is whetherit exceedsthethreshold� . Equivalently, weobserve

�

�

�




�

#

� �

�)�/�'�

(

�

��


� ���	��� �

�

�

(1)

TheobservationsareindependentBernoulli randomvariableswith probabilities

0

- 
1, #

�

�

�




�

(


1,2-	#3�

�54

(




�

%

+ #6�

% �)(

�

(2)

In this section,we considera singlethreshold� andsuppress� in thenotation. Indeed,
by choosinganappropriatescale,wemaytake � equalto 1.
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Wecanwrite thesignalasa functionof 0

- ,

�


1�

%

+��

�

#

�

% 0

-

(

�

Theusualestimatorfor 0

- is theempiricalestimator

$

0




�

�

*

�

���

�

�

�

�




$�

�

(3)

with $� 
 �
�)���

�

�

�




�

� . The estimator $

0 is unbiasedand consistentfor 0

- . The
standardizederror ���! �"�#�$

0 % 0

-

( is asymptoticallynormalwith variance0

-�#

�

%�0

-

( . The
estimatorfor thesignalasa functionof theempiricalestimatoris

$

�


1�

%

+ �

�

#

�

%

$

0 (

�

(4)

This estimatoris not unbiased.Since $

� is a continuousfunctionof $

0 , however, theesti-
mator $

� is aconsistentestimatorfor � . Since $

� is acontinuouslydifferentiablefunctionof
$

0 , it follows that � �! �"�#�$

� % �)( is alsoasymptoticallynormal,with variance

�

- 


0

- #

�

% 0

-

(

	

#6+

�

�

#

�

% 0

-

( (

"




+ #3�

% �)(

#

�

%

+ #3�

% �)( (

	

#3�

% �)(

"

�

(5)

where
	

is theprobabilitydensityfunctioncorrespondingto thedistribution function + .
It is well known andeasyto checkthat $

0 is regularandef�cient for 0

- . Sincecontinuously
differentiablefunctionsof regularandef�cient estimatorsareagainregularandef�cient,
the estimator $

� is regular andef�cient for the signal,and �

- is the minimal asymptotic
varianceof regularestimatorsof � .

As mentionedabove, the minimal asymptoticvariance �

- can be calculatedas the
inverseof theFisherinformationfor � ,




�
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% �)(
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�

%
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% �)( (
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�

�

-

�

ThisFisherinformationis alsogivenin Stemmler(1996),relation(5.1).TheFisherinfor-
mationhasbeenusedasa measureof thetransmittedinformationin relatedmodels;see
Paradiso(1988);SeungandSompolinsky (1993);Stemmler(1996).

In orderto ascertainwhetherthe expressionfor the Fisherinformationexhibits sto-
chasticresonance,we allow the standarddeviation � of the noisedistribution to vary.
Thenthenoisedensityanddistributionfunctionbecome

	

# #6�

% �)(

���

(

�
� and+ # #6�

% �)(

�
�

( ,
respectively. For normalnoisedistributionwith variance� " , wehave
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 �
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(6)

with
�

#��

(


 #����

(

�

�! �"������
#

%

�
"

���

( and
�

# �

(


"!$#

��%

�

# &

(('

& denotingthe densityand
distributionfunctionsof thestandardnormal ) #

� ���

( distribution.

 �

-*�

is aunimodalfunc-
tion of � with a very pronouncedstochasticresonancepoint. The functionis symmetric
in �

% � . Henceasuperthresholdsignalproducesthesamestochasticresonanceproperty
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Figure1: Fisherinformation
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-��

.

asa subthresholdsignal. Figure1 shows



�

-��

asa function of � and � . The optimal �

decreaseswith thedistancefrom thesignalto thethreshold;at thesametimethemaximal
Fisherinformationgoesto in�nity . For example,if � 


�

andthesignalis low, �




�

,
thentheoptimal � is 0.63500,andthemaximalvalueof




�

�

�

is 0.60842.
How much information is lost by observingthe thresholdexceedancesonly, rather

thanthenoisysignal � �

��� ? Greenwoodet al. (1999)derive theexpressionfor theratio
of Fisherinformationin theexceedances,




�

-*�

, to that in thenoisysignalitself,



� . When
thenoisedistribution is normalwith variance� " , theratio is
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� �
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# �
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�
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The function
�

is unimodalandsymmetric,and
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#
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	���	�	

�

�

. Hence
�

�

�

retains
almosttwo thirdsof theavailableinformationif thesignalis at thethreshold,andconsid-
erablylessif it is aboveor below and � is small.Figure2 shows




�

-*�

�
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�

# #

�

% �)(

�
�

(

asa functionof � and � . Notice thediscontinuitywhere �


 � 


�

in the �gure; this is
where

�

#

�

(




���
	���	�	

�

�

.

2.2. Several thresholds. Considera systemin which thereare
&

thresholds,
� 	

�

�

	

�
�
� 	

��� , a constantsignal � , and a noisy signal � �

��� , with �

�

������� �

�#* independent
with distribution function + anddensity

	

. This couldbe,for example,a neuralnetwork
in which several neuronswith different thresholdsare exposedto the samesignaland
noiseandthenconvergeto drive a singlehigher-orderneuron.Theoutputof thehigher-
orderneurondependson how many of theneuronsconverging on it areactivatedabove
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Figure2: Proportionof information,
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-*�
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� , retainedby
�

�

�

.

their thresholds;it simply sumstheactivities of theconverging neurons.Thus,its �ring
indicateswhich thresholdsareexceededby thenoisysignal.Equivalently, weobserve

�
�
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� �
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Here � standsfor thesetof thresholds,���

�

������� �

��� � . Theobservations
�

�

�

���	��� �

�

�

*

are
independent,with probabilities

0

-

�


1, #

���

�
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 + #3�
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% �)(
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0

- " 
 , #

���
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� �
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- � 
1, #

���
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%

+ #6���

% �)(
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Theobservationsfollow a distribution on �

���	������� &

� , with a one-dimensionalparam-
eter � . For

&




�

, the family of distributions consistsof all distributions on �

���	�

� ,
andan ef�cient estimatorfor � is obtainedasa function of the empiricalestimatorfor

0

-&
 , -�#3�

�

� 4

( ; seeSubsection2.1. For
&

�

�

, we do not get sucha simpleef�cient
estimator, but themaximumlikelihoodestimatoris, of course,still ef�cient.

Again, Greenwood et al. (1999) derive an expressionfor the maximumlikelihood
estimatorof thesignalfor any setof thresholds� . Herewewill consideronly thesimple
caseof multiple thresholdsin which wehave two thresholds,

� 	

�

	��

anda signal �

	

� . As in Subsection2.1,weassumethatthenoisedistribution is normalwith variance� " .
In this case,theFisherinformationin observingwhich of thetwo thresholdsis exceeded
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Figure3: Proportionof information,
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Supposein particularthat � 


�

. We have seenin Subsection2.1 that
�

�

�

retainsthe
mostinformation,asa functionof � , at �




�

, where
�

#

�

(




���
	���	�	

�

�

. Thevaluedoes
not dependon the noisevariance�

" , so we may take � 


�

. Now we adda second
threshold,

�

�

�

. We cancalculatetheratio of

 �

�

-��

to



� undertheseassumptions,giving
the proportionof informationretainedby two thresholds.Figure3 shows the resultsof
suchcalculationsfor arangeof secondthresholdvalues.Themaximumis 0.75957which
is attainedfor

�




� �����

.
Let usreturnto thesituationwherewehaveonly asinglethreshold� . Sofarwehave

studiedthesituationwherewe observe only whetheror not thenoisysignalexceedsthe
threshold. Supposenow that we also observe the sizeof the noisy signal whenever it
exceedsthe threshold.The observationsarethen

�

(

�

�


 #

� �
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(

�

#

� �

�)��� �

( . They
containmore information about the signal than the indicators

�
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#

�&�
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( .
Greenwood et al. (1999)derive an expressionfor the Fisherinformation,
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, in these
observations; it is of coursetrue that
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� , the maximumamountof information
in a fully observed noisy signal. For a normalnoisedistribution with variance��" , the
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Figure4: Proportionof information,
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If the signal is at the threshold, �


 � , then
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( , which is independent
of the noisevariance� . If the signal is below the threshold,�

	

� , we expect
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to be large for large � becausethe
�

(

�
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aremostinformative if the noisy signalis with
high probabilityabove thethreshold.For thesamereason,
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� � . Undertheseconditionswe have
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#
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. Hence
�
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retainsabout
four �fths of the information if the signal is at the threshold,considerablylessif it is
below and � is small,andmostof theinformationif �

�'� and � is small.Figure4 shows
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( asa functionof � and � .
Supposewe �x a lowestthreshold� andaddmoreandmorethresholdsabove � such

thatin thelimit they becomedenseabove � . Weexpectthattheinformationin observing
which thresholdsareexceededby thenoisysignalconvergesto theinformationin seeing
thenoisysignalabove thethreshold.To seethis, choosethresholds�

�

������� �

��* � � such
thatthegapsbetweenthemtendto zeroandtheir maximumtendsto in�nity with � . The
thresholdspartition #3�

� 4

( into �

�

�

intervals �

�

�	�����	�

� *
$

�

. Greenwood et al. (1999)
show that




���
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, the Fisher information for exceedancesof the � thresholds,converges
to




(

�

-��

, theFisherinformationin the partof the noisysignalthatexceedsthe threshold.

9



Thus,in thelimit of densethresholds,themodelof a setof simplethresholdeddetectors
is thesameasamodelof thresholdeddetectorthataccuratelyrepresentstheentireabove-
thresholdpartof thenoisysignal.

3 Nonparametric regressionmodel for varying signals

Themodelof asimplethresholdeddetectoroutlinedaboveworkswell for aconstantsig-
nal. In fact,it hasbeenappliedin abiologicalsettingasaminimalmodelof thepaddle�sh
usingits electrosenseto captureDaphniaplankton(Greenwoodet al., 2000). A version
of this model is alsousedfor edgedetectionin imagesobserved with vibrating vision
systems(Hongleret al., 2002). Greenwood et al. (1999)suggestthat signalestimation
from thresholdeddatais alsopossibleif thenoisysignalis describedby a nonparametric
regressionmodelwith independenterrors.Suchamodelis morerealisticin many biolog-
ical systems.This suggestionis realizedin Müller (2000).Thenoisysignalis written as

�

# 
 �

(




�

# 
 �

( �

��# 
 �

( , with independentmeanzeroerrorvariables� # 
 �

( . Weobserve

�
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 �

( �
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�����������
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(7)

asin (1). Theexceedanceprobabilitiesarenow
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(
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 �

( �

��# 
 �

(
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(8)

Assumingthatthedistribution functionof � # 
 �

( , say +���� , is known andhasaninverse,we
usethetransformation

�

# 
 �

(


 �

%

+ �

�

���

#

�

% 0

# 
 �

( (

to estimatethesignal �

# 
��

( employing akernelestimatorfor 0

# 
��

( .
If thenoiseis arti�cially generated,thenit is reasonableto assumethatthedistribution

function +���� is completelyknown. If the noiseis backgroundnoise,we may at least
know the form of the distribution. It may, for example,be plausibleto assumethat the
errorsarenormally distributed. However, we cannotidentify the noiseamplitudefrom
the

�

�

# 
 �

( . Oneway of dealingwith this problemis to get informationaboutthenoise
from elsewhere,for exampleby usinga seconddetectorwith a differentthreshold,asin
Subsection2.2 for constantsignal.A secondis to notethatevenif thenoisedistribution
is known up to a scaleparameter, thesignalcanstill be identi�ed up to a one-parameter
family of transformations.Hencemostof the informationis retained,unless,of course,
thesignalis constant.

Ourcriterionfor bandwidthselectionis theasymptoticmeanaveragesquarederrorof
theestimatorof � , whichwederive. A formulafor theasymptoticallyoptimalbandwidth
canthenbe written. It containsunknown quantitieswhich mustbe estimated.Our ap-
proachis similar to thatof Ruppertet al. (1995),who derive an asymptoticallyoptimal
bandwidthfor theclassicalsetting,i.e. fully observeddata.Themaindifferencebetween
the presentderivationandtheir article is thenonlinearlink occurringhere,in particular
in the meansquarederror expression.Throughthe linearizationof this expression,the
calculationof theoptimalbandwidthbecomessimilar to thestandardcase,andfamiliar
resultscanbeutilized.
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WeusetheNadaraya-Watson(kernel)estimator
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(9)

for the exceedanceprobability 0

# 


( in (7), andestimatethe signal �

# 


( by $

���
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(
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%

+ �

�

�
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%
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0��
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( ( . In nonparametricregressiontheory, generallyacceptedmeasuresof the
goodnessof the estimationare the meansquarederror
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( % �
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" . Wetakethesequantitiesascriteriafor
an asymptoticallyoptimal local bandwidthandan asymptoticallyoptimal global band-
width. Thegeneralapproachtakenby Müller (2000)is to derive a Taylor approximation
for themeansquarederror, which immediatelygivestheapproximationfor themeanav-
eragesquarederror. Thebandwidth	 thatminimizestheleadingtermof theexpansionis
thencalledoptimal. Thedistinguishingcharacteristicof this modelis that it involvesthe
nonlineartransformation�
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% 0
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( ( of theexceedanceprobability 0
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Themaintheoremprovedby Müller (2000)is aboutthesignalestimator $

�
� . It gives
theasymptoticmeansquarederror(local—foreachtimepoint), theasymptoticmeanav-
eragesquarederror(global—overall time points)andtherespectiveoptimalbandwidths
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with kernelconstants
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Theapproximatemeansquarederror (10) hastwo terms,theapproximatevariance(�rst
term)andsquaredbias(secondterm)of $

05�

# 


( . In particular, thecharacteristicvariance-
biastrade-off is evident.

With theoptimalasymptoticbandwidth	53
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� at hand,we maynow write theminimal
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Figure5: Realizationsof thePearsonproduct-momentcorrelationcoef�cient � (circles)
betweenthe sinusoid �
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�� 8#9 #���� 


( andits estimates$
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( , for � 
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6

��� �����	� � �

and
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.

Furthermore,this formulashowsthein�uence of thekernel � , whichappearsonly in the
expression(
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 �4 . The(secondorder)kernelwith support
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, is theEpanechnikov kernel
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Theoptimalkernelis notmuchbetterthanotherkernels,for exampletheGaussiankernel
(seeWandandJones,1995).Whatis reallycrucialis thecorrectchoiceof thebandwidth

	 . A methodof data-drivenbandwidthselectionis necessarysincewe do not know what
theoptimalbandwidthis for anunknown signal.

In datafrom simulationsor experiments,the stochasticresonanceeffect is often as-
sessedin simulateddata,andin datafrom experimentalsystems,by comparingtheesti-
matorfor theexceedanceprobabilitieswith thesignalusingthePearsonproduct-moment
correlationcoef�cient or modi�cations thereof, usually called the “normalizedpower
norm” or “cross-correlationcoef�cient”, namely
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( denoteaverages.In severalpapers(Collins et al., 1995b,a;Heneghan
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et al., 1996;Chialvo et al., 1997)a box kernelwasusedto estimatetheprobabilityof an
exceedance.Thiskernelcorrespondsto theonesusedin ourmoresophisticatedestimator

$

0��

# 


( but with a �x ed bandwidth. Clearly, $

05� is not consistentif 	 is kept �x ed and �

tendsto in�nity .
In studiessuchasthosejust cited, researchersusuallyreportthe resultsof elaborate

simulationstudiesandobtainempiricalestimatesof themeanandstandarderrorof � . In
particular, they oftenplot a curve of theestimatedmeanasa functionof noisevariance.
Thiscurveis oftenconcavedownward,indicatingstochasticresonance.However, asmen-
tionedin Section2, therearesomeproblemswith theuseof � asa measureof goodness
of estimation.As anexample,Figure5 shows,for normalnoisedistributionwith standard
deviation � 


���

6

��� �����	� � �

, � ve realizationsof thePearsonproduct-momentcorrelation
coef�cient between� andour estimator $

� � (estimatedasdescribedabove for a sinusoid)
for � 


��� �

. Stochasticresonanceappearsin the �gure sincefor � 


�

the � ve values
of � areall closeto onewhereasfor smallerandlarger � , thecorrelationis not always
high. However, whenthesamesimulationis donefor � 


� � � � �

time points,thevalues
of � arecloseto onefor all realizations;no stochasticresonanceis apparent.Thisobser-
vationillustrateswell aphenomenon�rst observedby Collinsetal. (1995b)in adifferent
setting,called“stochasticresonancewithout tuning”, which we mentionedin Section2:
Sincethevarianceof thesignalestimatorandhencethevarianceof � decreaseswith � ,
the correlationis high for a broadrangeof � 's. Although thereis stochasticresonance,
i.e.anoptimallevel of noise,thePearsonproduct-momentcorrelationcoef�cient doesnot
re�ect it if thetimepointsaretoodenselyspaced.

4 Stochasticresonancefor varying signals

In this sectionwe explore further the applicabilityof the thresholdednonparametricre-
gressionmodelasasimplemodelof aneuron.Weconsidertheneuronto beembeddedin
a neuralnetwork. It is exposedto “noise” consistingof rapidly varying,unsynchronized
inputsfrom perhapsa thousandotherneurons.Thesignalis assumedto have longertime
scalevariationsin theinputof onespeci�c neuron(or afew synchronizedones),andto be
by itself insuf�cient to drive thisneuron.Nonetheless,theoutputof theneuroncouldbe-
comesynchronizedwith thevariationsin theinputof thesubthresholdsignalingneurons
throughthemechanismof stochasticresonance,with thenoise“amplifying” thesignal.

Althoughasimplethresholdeddetectorsuchasthatdescribedin Section2 canexhibit
stochasticresonance,it still lacksoneother importantpropertyof neuronsthat is pos-
sessedby thenext-most-simplemodelneuron,theintegrate-and-�reneuron(e.g.,Collins
et al., 1996a).This modelintegratesits inputsover a moving time window of length � .
In realneurons,� variesfrom about100 �

� for sensoryneurons,to 40–60 �

� for inputs
to the somaof pyramidal interneurons,andcanbe asshortas10 �

� for inputs to the
apical tufts of dendritesof pyramidalneuronsin the prefrontalcortex (Seamanset al.,
1997). Neuronswith larger time windows act asintegrators,while thosesuchasapical
tufts, with smallertime windows, actascoincidencedetectors(König et al., 1996). The
valueof � is setby the time coursesof variousprocessesthataffect theelectrochemical
stateof the neuron. At any time thereis a complex balanceof electrochemicalforces
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in�uenced by synapticand internal eventswith speci�c decayrates,and constantdif-
fusion of ions causedby electricalandconcentrationgradientsandactive pumps. The
time-varyinginstantaneous�ring rateof theneuron(

� � � ���

�

�


 , where
�


 is theinterval
betweentwo successive actionpotentialsin �

� ) re�ects the momentarystrengthsof all
of theseforces,which arerepresentedin integrate-and-�remodelsby the exponentially
decayingin�uence of previousinputs.

A kernelestimatorcanmimick temporalintegrationof input. Previousstudiesimple-
mentingnumericalsmoothingof modelexcitablesystemoutputswith a box-typekernel
or of thresholdeddatawith a Gaussiankernelweredoneby Collins et al. (1996a)and
Fakir (1998),respectively. However, bothpreviousstudiescomputedthecorrelationbe-
tweensmoothedsystemoutputsandsignalsratherthanapplyingthemeansquarederror
criterion to estimatorsof the signal,aswe do here. The limitations of the correlational
approachweredescribedat theendof Section3.

4.1. Model and estimation. Themodelis thatdescribedin (8). In thecaseof modeling
a neuron,the bandwidth(13) of the kernelcanbe consideredto representthe window
of temporalintegration of the neuron. Although the Epanechnikov kernel is optimal,
otherkernelswould do nearlyaswell, for examplethe Gaussiankernel. In particular,
anasymmetrickernelwould bemoreappropriateto modelthetime integrationbehavior
of actualneurons.We canspeculate,however, on the basisof somepilot work, that as
long asthe kernelcoverssuf�ciently many time pointsandweightsthemaccordingto
a reasonablefunction, considerableinformationaboutthe behavior of the subthreshold
signalcanbe recoveredfrom the exceedancesalone. In the caseof neurons,we expect
that the asymmetrickernelmight be a negative exponentialfunctionwith ratesuchthat
inputsover theprevious10–100msor sowould receive noticeableweight in theoutput.
Thisis in therangeof temporalintegrationtimesobservedin actualneurons,asmentioned
earlier.

Thebandwidthformulas(12)and(13)arebothof theform �

�

�! �4 timesafactorwhich
dependson theexceedanceprobability. For goodperformancein the�nite samplesitua-
tion thefactorshouldbeestimatedsuitably. Müller andWard(2000)useplug-inmethods,
i.e. they estimatetheexceedanceprobabilityandsubstituteinto thebandwidthformulas.
This approachhasbeenshown, in the classicalsettingwith fully observeddata,to per-
form more reliably than standardmethodssuchas cross-validation (see,for example,
Chiu,1991).

Our procedureis applicableto all signalsof arbitraryshape.Herewe demonstrateit
for threecharacteristicexamples,�
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( and �
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 � 8-9 #
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( (see
Figures6a– 6c),for optimalnoiselevelsfrom anormalerrordistributionand � 


� � � � � �

time points.In theexamplesweusethreshold� 


�

throughout.
Theseexamplesillustrateseveralpropertiesof theestimationtechnique.Oneis that

estimationis noticeablyworsefor partsof thesignalthatarefar from thresholdthanfor
partsnearthreshold.This is becausethebandwidthusedis globallyoptimal,andcannot
giveequallygoodperformancefor all partsof asignalwhosedistancefrom thethreshold
varieswidely. Anotherpropertyof the techniqueis thatestimationis worsefor partsof
signalswherethesecondderivative is large.

We alsoconsidera signal �
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�����
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� 8-9 #

� �

� 
�"

(

��
�" . A single realization
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Figure6: Tenrealizationsof theestimationprocedurefor (a) �
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; (b) �
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( with � 
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, averagebandwidth	 
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, and 	 3
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, averagebandwidth	 
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and 	 3
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(d) �
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" asin (a) but with � 
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. Thesignalandestimatedsignalsareshown by
thick continuousandthin brokenlinesrespectively.
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Figure 7: Signal estimationof �
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�" with � 
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and
estimatedbandwidth 	 
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. Signalandestimatedsignalsareshown by continuous
andbrokenlinesrespectively.

of this signalis shown in Figure7. Thedistanceof thesignalfrom the thresholdvaries
widely, andthesignalalsocontainsconsiderablehigh frequency information,albeitonly
in the part nearestthe threshold. In a sensethis signal is a mixture of several typesof
signal. It resemblessignalsthat might be of biological importance,for examplethat of
anapproachingpredatorwho“holds” atanattacklaunchpoint. Theestimationtechnique
doesa goodjob of capturingthe low frequency content,but fails to estimatethe signal
accuratelyat the high frequency end. Again, this is becausewe usea globally optimal
bandwidth,	 


� � � �

, which is nearthatof �

"

# 


( anddoeswell for thecomponentsnear1
���

.

4.2. Stochasticresonance.Sofar we havedescribedestimationof a noisysubthreshold
signal without mentioningstochasticresonance.This sectiondiscussesthe stochastic
resonanceeffect in thecontext of thenonparametrickernelregressionmodel.

Considertheglobalcriterion ���1�,�
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#�	

( , equation(11),asa functionof noisevari-
ance.With theoptimalbandwidth	 3
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� , equation(13),inserted,it canberewrittenin terms
of thesignalfunction � . Restrictingattentionto thenormal ) #
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theEpanechnikov kernel,weobtain (
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(14)

Notice that (14) consistsof the productof two factors. The �rst factorof the product
varieslike �

�

'

 �4 , which is monotonicin � . Sincestochasticresonancecurvesarenot
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Figure 8: Plot of �
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 �458-9+:
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( versus� for (a) �
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� 8-9 #���� 


( (dots)and �
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( (opensquares).

monotonic,if stochasticresonanceemerges,thenit is becauseof thesecondterm.
A noiselevel � that is optimalwith respectto ���1�,�

�

dependson thesignalfunc-
tion � . An explicit generalformulaobviously cannotbegiven. Instead,we computethe
optimal � for eachsignalby minimizing ���1�,�

�

numerically.
In Figure8 wehaveplotted ���1�,�

�

asgivenin (14),multipliedby theconvergence
rate �
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 �4 , for �
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" (Figure8a),and �
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( and �
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 � 8#9 #
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( (Figure
8b). For our calculationswe chosea threshold� 


�

and � 


� ��� � ���

. Sincethesums
in (14) approximateintegrals, the curves are the samefor all suf�ciently large � . In
particular, they have a sharpminimum at their respective stochasticresonancepoints,
namely � 


���

6

�

for signal �

�

and � 


� � � �

for bothsignal �

"

and �

�

. We alreadyused
theoptimalnoiselevelsfor our simulatedestimationexamplesin Subsection4.1.

Thestochasticresonanceeffect should,of course,occurnot only in referenceto the
theoreticalfunction �,�1���

�

. In addition,thenoiselevel shouldstronglyin�uence the
quality of theestimatorobtainedusingtheprocedureof Subsection4.1. To demonstrate
this,we consideragainsignal �

�

. We estimatethesignalfor
���

additionalrealizationsof
signalplusnoisebut thistimeweusethetheoreticallybadvalue � 


7

� �

Theseareplotted
in Figure8d(comparewith Figure8a).As expected,theestimatesaresigni�cantly worse.
In particular, a largeincreaseof thevarianceover realizationsbecomesevident.

4.3. Choosingthe noiselevel. As seenin theprevioussection,theoptimalnoiselevel
dependson thesignalandits derivativesandcannotbedeterminedwithout prior knowl-
edge. In this sectionwe determinenoiselevels ��� and ����� that arelocally andglobally
uniformly optimal in thesensethat theestimatorfor thesignalbehaveswell for a given
rangeof thesignalandits �rst andsecondderivativesneara �x ed time point 
 andin a
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Figure9: (a)Thelocalasymptoticmeansquarederrormaximizedover ��* and ��* * bothhav-
ing therange
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(opentriangles)respectively. (b) Determinationof theglobally uniformly optimalnoise
level ����� 
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� 8-9 #���� 


( andits derivatives. For this example(seeFigure9b) we obtaina globally uni-
formly optimal noiselevel � ��� 
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which is larger than the noiselevel � 
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that is optimal for the signal � 8#9 #���� 


( (seeSubsection4.2, Figure8b). We expect this
phenomenonsince“worse” signals�t into theseranges,for example �
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which
clearlyneedsmorenoisein orderto guaranteesuf�ciently many thresholdcrossings.
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