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Abstract

We outline the theory of efficient estimation for semiparametric Markov chain
models, and illustrate in a number of simple cases how the theory can be used to
determine lower bounds for the asymptotic variance of estimators and to construct
efficient estimators. In particular, we consider estimation of stationary distribu-
tions of Markov chains, of autoregression parameters and innovation distributions
in AR- and ARCH-models and more general time series, and of parameters in
quasi-likelihood models.

AMS 1991 subject classifications. Primary 62M05; secondary 62F12, 62F35,
62G20, 62M10.

Key words and Phrases. Variance bound, empirical estimator, martingale approx-
imation, maximum likelihood estimator, Kullback-Leibler information, estimating
equation, misspecified model, weighted least squares, conditional heteroscedastic-
ity, quasi-likelihood, Markov chain Monte Carlo, Gibbs sampler.

1 Introduction

The basic example of a time series is the autoregressive process
Xi=aX;1+e;,

where the innovations ¢; are independent and identically distributed with mean zero
and finite variance. For |a| < 1 this is an ergodic Markov chain. We may want to
estimate the autoregression parameter «, the distribution of the ¢;, or the stationary
distribution of the X;. The classical estimator for « is the least squares estimator
& =Y X; 1X;/ > X? ,. The distribution function of the innovations can be estimated
by the empirical distribution function 1 3" 1(&; < r) based on the estimated innovations
£; = X; — aX;_1. The obvious estimator for the stationary distribution function is the
empirical distribution function 1 - 1(X; < 7).



None of these three estimators is efficient. How far are they from being efficient? How
can one find better estimators? In the following sections we outline how one determines
lower bounds for the asymptotic variance of estimators in general semiparametric Markov
chain models. Then we characterize efficient estimators and indicate how one uses the
characterization to construct such estimators in specific cases.

Our approach requires the model to be ‘locally asymptotically normal’. In Section
2 we introduce this concept for general Markov chain models with possibly infinite-
dimensional parameter and illustrate it with a few simple examples. In Section 3 we
consider the problem of estimating a one-dimensional function of the parameter and
determine an optimal estimator within a simple class of estimators: the ‘asymptotically
linear’ and ‘regular’ ones. Section 4 considers martingale estimating equations and
indicates when they lead to asymptotically linear and regular estimators. Section 5
shows that the optimal asymptotically linear and regular estimator is already ‘efficient’,
i.e., optimal among all regular estimators. The presentation is rigorous in Sections 2, 3
and 5, and heuristic in the others.

In Sections 6 to 9 we treat examples: nonparametric models in Section 6, autore-
gressive models in Section 7, quasi-likelihood models in Section 8. Section 9 briefly
describes some other types of Markov chain models that are amenable to our approach.
To keep the exposition simple, we restrict attention to first-order Markov chains and
estimation of one-dimensional functions of the parameter. The extension to higher-
order Markov chains and higher-dimensional functions is straightforward. Extensions to
infinite-dimensional functions and to other types of processes are also possible.

A basic reference for convergence of Markov chains is Meyn and Tweedie (1994). The
results on efficient estimation in Sections 2, 3 and 5 generalize those for independent
and identically distributed observations, for which we refer to Bickel et al. (1993).

2 Local asymptotic normality for Markov chains

In this section we give conditions under which a general Markov chain model with
possibly infinite-dimensional parameter is locally asymptotically normal. This means
that if we fix a parameter and rescale the parametrization approximately, the model is
approximated by a Gaussian shift model as the sample size increases. The setting will
be rather abstract in order to cover all applications in the following sections. Before we
describe the general setting, we begin with a simple case, the full nonparametric model,
in which the transition distribution itself plays the role of a parameter.

Let Xy,..., X, be realizations of a homogeneous Markov chain on some measurable
state space (F, ). For notational simplicity we will always assume that the chain starts
at a fixed value Xy = z(, but we continue to write Xj.

Let us first look at the full nonparametric model, in which no structural assumptions
are made on the transition distribution. We ‘parametrize’ the model by the transition
distribution and view the ‘parameter space’, the family of all transition distributions, as
a manifold.



We fix a transition distribution Q(z, dy) and assume that under it the chain is ergodic
with invariant distribution 7w (dz). We write 7®Q(dz, dy) = 7(dy)Q(z, dy) and Q(z, f) =
[ Q(z,dy) f(x,y) and introduce the Hilbert space

H={heli(r®Q):Q(x,h) =0 forze E}.

The manifold of transition distributions is smooth with tangent space H in the following
sense. For h € H bounded,

(2.1) Qun(z, dy) = Q(z,dy)(1 +n~"?h(z,y))

defines a transition distribution with derivative h. We will find it convenient to consider
sequences indexed by n~/2.

If h is not bounded, we must modify the definition (2.1) to obtain a true conditional
distribution. We will see later, however, that it suffices to restrict attention to bounded
h because they are dense in H.

Remark. To interpret H as a tangent space, we identify a transition distribution
R(z,dy) with (dR/dQ)(x,dy)/? — 1. This function is automatically in Ly(7 ® Q) and
is 0 for R = (). The identification implies in particular that we ignore all transition
distributions R(x, dy) which are not absolutely continuous with respect to Q(xz, dy). We
will see later that our ‘tangent space’ is still big enough for our purposes. O

Let P denote the joint law of Xy, ... , X,, if the chain is generated by @), and P, the
corresponding law if Q),,;, is true. By ergodicity,

1 n
(2.2) — > h(Xio1,X;)? = ™ Q QR
n

i=1
From this result and a Taylor expansion we obtain a stochastic approximation of the
log-likelihood,

dPnh _ ilo dth
dP 2.6 740

=1

(2.3) log

(Xi1, X5)

" 1
= n_1/2 Z h(Xi_l, Xz) - 57'(' ® Qh2 + OP(l).

=1

By a martingale central limit theorem,

n
(2.4) n2S WX, Xi) = (m® Q2N under P.

i=1
Here N denotes a random variable with standard normal distribution. Relations (2.3)
and (2.4) constitute a nonparametric version of local asymptotic normality. The reason
for choosing the rate n='/2 in (2.1) is now apparent: with this choice, the likelihood ratio
has a nondegenerate limit.

Let us now consider submodels of the full nonparametric model. Such submodels
may be described in different ways, three of which will appear in the following sections:
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e There is a restriction on the transition distribution, say the chain is reversible
(Example 5 in Section 6), or Q(z,dy) is symmetric about z.

e There is a parametric family of restrictions on the transition distribution, say on
the conditional mean,

/Q(w, dy)y = ax,

and we may want to estimate that parameter. See Section 8, and also Example 10
in Section 9.

e The transition distribution is parametrized (with a possibly infinite-dimensional
parameter), as in the AR(1)-model,

Q(z,dy) = p(y — ax)dy,

with a unknown and p a mean 0 density which is possibly also unknown. See
Example 3 below and Section 7, and also Example 11 in Section 9.

For the first two types of model we will continue using the transition distribution as
a parameter. This can also be done for the third type, but is usually more convenient,
and certainly more common, to parametrize by the obvious parameters.

Let © be a possibly infinite-dimensional set, the parameter space, and Qy, ¥ € O, a
family of transition distributions on the state space (F,&). We view © as a manifold,
fix ¥ € © so that () = @y is ergodic with invariant distribution 7 = 7y, and assume
that © is smooth in the following sense. There is a linear space K, the tangent space,
and a linear map D : K — H, and for each k£ € K there is a sequence 1, such that
Qnk = Qy,, is Hellinger differentiable with deriwative Dk,

2

1/2
25 [QG.dy ((dfé’“(x,y)) —1—§n1/2<0k><x,y>) <n'ra)

where 7, decreases to 0 pointwise and is m-integrable for large n. This version of Hellinger
differentiability is due to Hopfner et al. (1990).

Remark. Our description of the tangent space omits one important feature: The
space K should contain all directions £ from which we can approximate ¥ within ©. We
have already mentioned in the previous Remark that this is not always possible. In the
applications we simply try to make K as large as we can. In Section 3 we will determine
a lower bound for the asymptotic variance of estimators of functions ¢(¢). The bound
depends on K. It is the larger the larger K. We will know that K was chosen large
enough whenever we can construct an estimator which attains the bound. O

The operator induces an inner product on K,

(2.6) (k, k'Y =7 ® Q(Dk - DK'),
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and a corresponding norm ||k|| = (k, k)}/2. Write P, for the joint law of Xy,..., X,, if
Qnr is true. A Taylor expansion now gives local asymptotic normality of the form

dP, P 1
(2.7) log de =n 23 (Dk)(Xi1, X;) — §||/f||2 + op(1).
=1
Asin (2.4),
(2.8) n~2 3" (Dk)(X;-1, X;) = ||k||N  under P.
i=1

Local asymptotic normality for Markov chains is basically due to Roussas (1965). The
nonparametric version (2.3), (2.4) is in Penev (1991). The parametric version may
be obtained by modifying Hopfner (1993a) who treats Markov step processes; see also
Hopfner (1993b).

The nonparametric model may be considered as a special case of the (infinite-
dimensional) parametric model:

Example 1. (Full nonparametric model.) If the transition distribution @) is completely
unknown, parametrize ) by itself, set K = H and define, for bounded h € H, the
perturbed transition distribution @, through (2.1). Then Hellinger differentiability
(2.5) holds with Dh = h, and the inner product (2.6) is

(h,h'y = 7 @ Q(hh'),
the natural inner product on Ly(7 ® Q). m
At the other end of the spectrum are the models with a one-dimensional parameter.

Example 2. (One-dimensional parameter.) If© C R, set K = R and ¥, = 9+n~"/?r.
Write ¢' for the Hellinger derivative of Q, at 7 = 1,

1/2 2
29) [ Q) ((Z%(x,w) —1—§<r—ﬂ>ﬂ'<x,y>> < (7 = 9)%r,(2)

with 7, decreasing to 0 pointwise for 7 — ¥ and m-integrable for 7 close to 9. Then
Dr = r¢', and the inner product (2.6) is
(r,r"y =rr'l

with I = 7 ® Q¢ the Fisher information. The inner product is not the natural one. We
have local asymptotic normality of the form

dP,,
dP

" 1
(210) lOg = 7‘7’1,_1/2 ZEI(Xi_l, XZ) - 57‘2[ + Op(l).

=1
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The multivariate version of this example is straightforward. m|

Example 2 describes a whole class of models, in particular the following autoregressive
model.

Example 3. (AR(1) with normal innovations.) Let X; = X; 1 + ¢; with ¢; i.i.d. and
standard normal. The X; form a Markov chain with transition distribution

where ¢ is the standard normal density. If 9 < 1, then the chain is ergodic, and Hellinger
differentiability holds with ¢(z,y) = z(y — ¥9z). Hence (Dr)(z,y) = rz(y — 9z), the

Fisher information is
I=1@Q(%= /W(dx)xQ/go(y —9z)dy(y — Yz)* = E X2,

and the inner product (2.6) is
{r,”"y = rr'E X2,
We have local asymptotic normality of the form

APy
dpP

L 1
log =rn ' 2Y X (X —9X) — §r2E X? +o0p(1).

=1

3 Asymptotically linear and regular estimators

As in the previous section, we consider a general Markov chain model with possibly
infinite-dimensional parameter. We now want to estimate a one-dimensional function of
the parameter. We introduce a class of estimators, the ‘asymptotically linear’ estimators,
whose properties are particularly easy to study. Our aim is to find an optimal estimator
in this class. We show that this problem has a meaningful answer if we further restrict
attention to ‘regular’ estimators. The restriction to asymptotically linear estimators is
justified by the characterization (5.2) of efficient estimators.

Let Qy, ¥ € O, be a family of transition distributions as in Section 2. In addition,
we consider a function £ : © — R which we want to estimate. Fix 9 € ©. We call an
estimator T, asymptotically linear for t at ¥ with influence function f if f € H and

(3.1) nt?(T, — t(0)) = n~Y/? znj f(Xi_1, X3) + op(1).

i=1
From the martingale central limit theorem used in (2.4),

nY* (T, —t(¥)) = (7 ® Qf*)?N under P.
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Hence the asymptotic variance of an asymptotically linear estimator with influence func-
tion f is 7 ® Q f?

What is a good asymptotically linear estimator? Without further restricting the
class of estimators, this question has no meaningful answer: the asymptotic variance
can be made 0 at 9 by taking f = 0. To exclude estimators which have small variance
for certain ¥ at the expense of other parameters, we will restrict attention to ‘regular’
estimators, in the sense that their distribution converges continuously in the parameter
to a limit distribution.

For a proper definition, pick a tangent space K and sequences 9, as in Section 2.
An estimator T, is called reqular for t at 9 with limit L if

(3.2) n?3(T,, — t(9nx)) = L under P, for k € K.

If the function ¢ is smooth, regularity implies a restriction on the influence function of
an asymptotically linear estimator. To describe what we mean by smooth, we recall that
Qnk = Qu,, has derivative Dk in the sense of (2.5). The function ¢ is called differentiable
at 9 with gradient h' if h' € H and

(3.3) n'2(t(9) — t(9)) = 7 ® Q(Dk - hY) for k € K.

The canonical gradient is the projection Dk! of an arbitrary gradient h' into DK. For
the canonical gradient, (3.3) reads

(3.4) n2(t(Opr) — t(9)) = (k, kY for k € K.

Conversely, any gradient h' has the property that h* — Dk? is orthogonal to DK,
(3.5) T® Q(Dk - (k' — DK")) =0 fork e K.

In particular, the canonical gradient is the shortest gradient,

(3.6) 1Kl = 7 ® Q(DK')* < m @ Q(h')*.

Remark. The canonical gradient is not always easy to calculate. Sometimes it is easier
to find another gradient first (which may, in turn, be canonical in a larger model). One
can then try to project that gradient into the tangent space.

Another approach is possible when the tangent space K comes equipped with some
inner product (k,k')o, say, as is usually the case. It may then be possible to find the
gradient kf of ¢ with respect to this inner product,

n'2(t(0p) — t(9)) — (k, kb)o for k € K.

Comparing with (3.3) and (3.5), we see that the canonical gradient Dk® is now deter-
mined by
(k,kb)o = (Dk, Dk") for k € K.
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If D has an adjoint D* : H — K, we have
(Dk, Dk'Y = (k, D*Dk"),.
Hence, if D*D has an inverse, the canonical gradient is Dk! with
k' = (D*D) k.
It suffices to find an operator C' such that
(Dk, DK"Y = (k, Ck"),.

Then the canonical gradient is k' = C~'k!. It may happen that C' is difficult to
determine but that C' can be written as a perturbation of the identity operator, say
C = I — B. If B is not too large, C~! may then be written as the von Neumann series
C~' =332, B’. For an application of this approach see Greenwood et al. (1997). O

We can now characterize the regular among the asymptotically linear estimators:

If T,, is asymptotically linear for t at ¥ with influence function f, then T, is regqular
if and only if f is a gradient for t at 9, and then the limit of T, is L = (1 ® Qf?)'/?N.

The proof is simple and instructive: By the martingale central limit theorem,
nil/QZDk(Xi_l,Xi) and nil/QZf(Xi_l,Xi)

are jointly asymptotically normal under P. The means are 0 and the covariance is
7 ® Q(Dk - f). Because of asymptotic linearity (3.1) and local asymptotic normality
(2.3), (2.4), LeCam’s third lemma (see, e.g., Bickel et al. 1993, p. 503, Lemma 3) implies

n?2(T, —t(¥) = (n @ Qf)Y?’N + 7 ® Q(Dk - f) under P,y
With differentiability (3.3) of ¢,
n'2(Ty — t(0nk)) = (7 @ Qf)?’N + 7 @ Q(Dk - (f — DE')) under Py.
Hence T, is regular for ¢ at ¢ if and only if
1@ Q(Dk-(f — Dk"))=0 forke K.
By the characterization (3.5), the last relation says that f is a gradient for ¢ at 9. O

By the characterization of regular estimators, we now have a meaningful answer to
the question of which influence function is optimal. Call an influence function reqular if
the corresponding estimator is regular. By (3.6):



The optimal reqular influence function is the canonical gradient Dk, and the corre-
sponding estimator has asymptotic variance || k?||?.

Remark. The canonical gradient is defined as the projection of an arbitrary gradient
into the tangent space. When the tangent space is not closed, it suffices to take the
projection into its closure. In particular, it suffices to check regularity of an estimator
for a dense subset of K. We have already seen in the full nonparametric model that this
is convenient: In (2.1) it suffices to construct @, for bounded h. O

Example 2 (cont’d). (One-dimensional parameter.) Let Qg, ¥ € ©, be a one-
dimensional parametric model for the transition distributions. We want to estimate the
parameter ¥. By (3.6) and Example 2 in Section 2, the canonical gradient is of the form
rt¢', and r’ solves

' (Joy = 0) =1 = (r,r") = 1r'I;
hence r* = I1. Here I = 7 ® Q¢? is the Fisher information. O
Example 3 (cont’d). (AR(1) with normal innovations.) Let X; = X;_; + ¢; with

g; 1.i.d. and standard normal, and ¥ < 1. We want to estimate the parameter 9. The
canonical gradient is (Dr')(z,y) = r*z(y — 9z) with 7" determined by (3.4),

2y, —9) =1 = (r,r"y =rr'EX? forr € R.
We obtain r* = (E X?)~! and
(Drf)(z,y) = (EX?) "a(y — Ya).

The optimal regular influence function equals the gradient. Hence the least squares
estimator

Y XX,
3.7 T, = ———
(3.7 S X7,

is an optimal regular and asymptotically linear estimator. This follows immediately by
ergodicity,

nY2 Y X1 (X — 9Xioa)
Ly X2,
= (EXH) ™23 X (X — 9Xim1) + op(1).

(3.8) nV2(T, — 1(9)) =

Of course, we expect that the least squares estimator is even efficient in this model
because it is the maximum likelihood estimator. See Example 2 (cont’d) in Section 4.
m



4 Martingale estimating equations

In the setting of the previous section, we consider again estimation of a real-valued func-
tion ¢(¥9) of a possibly infinite-dimensional parameter. We indicate how asymptotically
linear and regular estimators can be obtained as solutions of estimating equations. We
refer to Andrews (1994) for a study of estimating equations in general semiparametric
time series models. Estimating equations usually cannot lead to efficient estimators un-
less t is one-one. However, in certain models, efficient estimators may be obtained from
‘adaptive’ versions of estimating equations; see Section 8.

Let Qy, ¥ € O, be a family of transition distributions and £ : © — R a function
which we want to estimate.

A martingale estimating equation is based on a function e : R x £ x E — R such
that eyg) € H for ¥ € ©. Then Y ey9)(Xi—1, X;) is a martingale, and an estimator T,
of t(19) is obtained as a solution ¢t = T;, of the equation

n

(41) Zet(Xi_l,Xi) =0.

=1

From the point of view of the theory of estimating functions, martingale estimating
equations have been studied in very general settings. We refer to Godambe (1985),
Godambe and Heyde (1987), Godambe and Thompson (1989), and to the book Godambe
(1991). Under appropriate conditions on the function e, a Taylor expansion gives

(4.2) 0=n""? Z er, (Xi—1, Xi)
i1

n 1
=072 ey (Xi1, Xi) + 02 (T = 1(9))— 3 ey (X1, Xi) + 0p(1)-
=1 =1

By ergodicity,

1 n
n Z 62(19) (Xic1, Xi) > 7® Qeiw) (P).
i=1

We obtain

n!2(T, = 1(9)) = —(7 ® Qejp) ™2 Y eyay (Xim1, Xi) + 0p(1).

=1

Hence T;, is asymptotically linear for ¢ at ¥ with influence function

(4.3) fz,y) = —(7 ® Qeigy)) 'esw) (2, y)-
In particular, the asymptotic variance of 7T;, is
(4.4) (7 ® Qeygy) T ® Qeiiy)-
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The influence function (4.3) is not automatically regular or, equivalently, a gradient.
Note, however, that so far we have used the condition eyy) € H only for a fixed parameter
9. We indicate now that under appropriate differentiability conditions, the assumption

(4.5) Qnk(T, ey9,,)) =0 forke K
implies that the influence function is regular. Since ¢ is differentiable (3.4) with canonical
gradient Dk?, we obtain
er(o,) X o) + n~Y2(k, kt>e;(19).
Since @y is differentiable (2.1) with derivative Dk, relation (4.5) implies

0 = Quk(T;erp,y))
~ Q(l‘, et(’ﬂ)) + n~'/? (Q(QZ‘, Dk - et(’ﬂ)) + <k’ kt>Q(x’ 6:5(19))) .

Taking expectations with respect to ,
(4.6) T Q Q(Dk - eyg)) = —(k, k")7 ® Qeysy fork e K.

The characterization (3.5) now implies that the influence function (4.3) is a gradient.
Using (4.6) again, now with k£ = k’, we can write the asymptotic variance (4.4) of
the estimator as

[[E'[I°m @ Qefy)

(47) TR Q(Dk‘ . et(,ﬂ))2 )

Remark. By the Schwarz inequality or by (3.6), the asymptotic variance (4.7) is
minimal if e is proportional to the canonical gradient Dk!, and the minimal asymptotic
variance is ||k*||?. Of course, such a function e cannot, in general, be used in an estimating
equation because it will depend on ¥ not only through ¢(9). D

Example 2 (cont’d). (One-dimensional parameter.) Let Qg, ¥ € ©, be a one-
dimensional parametric model for the transition distributions. We want to estimate the
parameter ¢. By Example 2 in Section 2, the tangent space is ¢, r € R. By Example 2
(cont’d) in Section 3, the canonical gradient of 9 is I~1#,, with I = 7 ® Qf; the Fisher
information. The mazimum likelthood estimator T, solves the martingale estimating
equation
ZE%(Xi_l, Xz) == 0

By (4.3), T, is asymptotically linear with influence function —(7 ® Q¢y)~*¢,. Differen-
tiating with respect to 9 under the integral,

0 = (Qo(, £9)) = Qu(x,£y) + Qu(, £5).
Hence —7 ® Qfy = I, and the influence function is seen to equal the canonical gradient,
so that the maximum likelihood estimator is efficient. (We note that —7 ® Qfy = I
is also obtained from (4.6).) Efficiency of the maximum likelihood estimator has been
proved for many specific models. We refer in particular to Hwang and Basawa (1994)
who assume that Qy(z,dy) is an exponential family for each z. O
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5 A characterization of efficient estimators

We have seen in Section 3 that the best regular and asymptotically linear estimator has
an influence function which is equal to the canonical gradient. In this section we show
that this estimator is already optimal among all regular estimators.

This is a consequence of Hajek’s (1970) convolution theorem. In our context, it reads
as follows. (For a proof see, e.g., Bickel et al. 1993, p. 63, Theorem 2A.)

Let Qg, 9 € ©, be Hellinger differentiable (2.5), let t : © — R be differentiable (3.3)
with canonical gradient DK', and let T, be reqular (3.2) with limit L. Then

(5.1) <n1/2 ST(DEY(Xiz1, Xa), n'2(T, — t(9)) — n 23" (DK)(Xiy, X,-))

i=1 i=1
= (||k*||N, M) wunder P,

with N standard normal and M independent of N. In particular,

L= ||k'||N+ M in distribution.

By Anderson (1955), L is more spread out than |||V,
P(IL| < ¢) < P(|[[F'|N] < ¢) for c> 0.
This justifies calling T;, efficient if
L =||k*||N in distribution.

It follows from (5.1) that a regular and efficient estimator is asymptotically linear with
influence function equal to the canonical gradient. We have seen in Section 3 that the
converse is also true:

An estimator is regqular and efficient if and only if it is asymptotically linear with
influence function equal to the canonical gradient,

(5.2) nY3(T, — t(9)) = n~1/? an(Dkt)(Xi_l, X;) + op(1).

i=1

Remark. In the full nonparametric model (see Example 1 in Section 2) we have K = H,
and the gradient A’ is unique by (3.5). In particular, there is only one regular influence
function, namely A!, and the optimality result for regular influence functions is rather
uninteresting. In the i.i.d. case, this is sometimes used as an argument against results
on regular estimators in nonparametric models. However, the class of regular estimators
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is much larger than the class of regular and asymptotically linear estimators. One might
object that reasonable estimators should be asymptotically linear. It should however be
noted that the concept of asymptotic linearity can be considerably extended. This is
probably not so obvious in the i.i.d. case, but in our definition (3.1) for Markov chains
it suggests itself to allow functions f with more than two arguments. This point was
made in Wefelmeyer (1991). m

6 Nonparametric models and martingale approxi-
mations

Let Xg,..., X, be observations from an ergodic Markov chain with unknown transition
distribution Q(z,dy) and invariant distribution 7(dz). We are interested in estimating
7 or, more specifically, the expectation 7 f of some square-integrable function f(z).

By ergodicity, a consistent estimator is the empirical estimator

More generally, the expectation 7 @ Qf of f € Ly(m ® @) is estimated by the empirical
estimator

Fof =3 f(Xi 1, X)),
=1

We expect E, f to be efficient, but it is not even clear that it is asymptotically linear
in the sense of (3.1): We can write

"I/Q(Enf —TRQf) = n~'/? i(f(Xi—la Xi) =1 ®Qf),
i=1

but f — 7 ® Qf is not in H. Note, however, that we can expand Y f(X;_1,X;) into a
series of martingales, the first step being

n n n

Zf(Xi—sz‘) = Z(f(Xi—laXi) - Q(Xi—1, f)) + ZQ(Xi;f) + Q(Xy, f) — Q(Xo, f)-

i=1 =1 =1

Under an appropriate geometric ergodicity assumption, if we continue adding and sub-
tracting higher order conditional expectations, we obtain the martingale approrimation

W (Eof — 7 ®Qf) = 0V S (AF) (Xit, X3) + 0p(1)
=1

with
(Af)(z,y) = f(z,y) — )+ Zl Q(y, [) — Q" (z, f))-

13



Note that Af € H. Hence E,f has influence function Af. The expansion is due to
Gordin (1969); see also Gordin and Lifsic (1978), Maigret (1978), Diirr and Goldstein
(1986) and Meyn and Tweedie (1994, Section 17.4).

To prove that the empirical estimator F, f is efficient, it remains to show that its
influence function Af is the canonical gradient of 7T® Qf. As in the first part of Section
2, we parametrize the model by the distribution function, take H as tangent space and
pick sequences @, with derivative h in the sense of (2.1). We view 7@ Q f as a function
t of Q. By (3.4) and Example 1 in Section 2, the canonical gradient h’ is defined by

22 (H(Qun) — HQ)) = 12 (Tpn ® Quinf — T @ Qf) = m @ Q(hhY) for h e H.

By a perturbation expansion of m,, due to Kartashov (1985a), (1985b), the left side
converges to T @ Q(hAf), and we obtain h' = Af as expected. The above proof is
due to Greenwood and Wefelmeyer (1995). Other proofs, for f(z) with one argument,
are in Penev (1991) and Bickel (1993). When f has more than two arguments, the
corresponding empirical estimator E, f is not efficient; it is, however, efficient in the
appropriate larger model of higher order Markov chains.

Example 4. (Countable state space.) Suppose the state space E is countable. Then the
transition distribution Q(z, dy) is determined by the matrix of transition probabilities
¢y, and the stationary distribution 7(dz) by a vector of probabilities p,. The above
result, applied for f =6, and f = (4,4, shows that

1
N7 = —#{i: X; ==z} is efficient for p,
n

and .
= 5#{2 : Xio1 =x,X; =y} s efficient for pyqy,.

Hence N?Y/N? is efficient for g,,. Similar results for Markov step processes and semi-
Markov processes are in Greenwood and Wefelmeyer (1994) and (1996a). O

Example 5. (Reversible chains.) Suppose we know that the chain is reversible,
7 (dz)Q(z, dy) = 7(dy)Q(y, dz).

Can we do better than the empirical estimator? It suggests itself to use a symmetrized
version,

1
2_2 Xz 1,X +f(XZaXz 1))

Greenwood and Wefelmeyer (1996b) show that this estimator is efficient. Although the
result seems fairly obvious, the proof is not: It is not simple to translate the condition

Tnh (dm)th (.T, dy) = Tnh (dy)th(y7 dx)
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into a restriction on h. O

Remark. Consider the empirical measure
1 n

(6.1) M, = - Zg(XiA,Xi)’
nis

with ¢, denoting the one-point probability measure in a. The empirical estimator E, f
is the expectation M, f of f under the empirical measure. Since E,f is efficient for
7 ® Qf for all (square-integrable) f, we expect that sufficiently smooth functions s(M,,)
are efficient for s(m ® @). The following Example 6 illustrates this point. m

Example 6. (Misspecified parametric models.) Suppose we have a one-dimensional
parametric model @Q,, @ € A C R, for the transition distribution. Let ¢/ denote the
Hellinger derivative of @, in the sense of (2.9). Let ¢,(x,y) be a density of Q.(z,dy).
The maximum likelihood estimator maximizes

n
% Z; log Qa(Xifla Xz) = E, log Ga-

iz
Suppose now that the model is misspecified, and that the true transition distribution is
Q. Let s(m ® Q) denote the parameter o which maximizes the Kullback-Leibler infor-
mation T ® Q log g,- Then the maximum likelihood estimator is s(M,), where M, is the
empirical measure (6.1). By the preceding Remark, we expect s(M,) to be efficient. It
is, however, not clear how to check that s is sufficiently smooth. A proof avoiding this
problem is due to Beran (1977) in the i.i.d. case, and to Greenwood and Wefelmeyer
(1997) in the Markov chain setting. Related results for stationary Gaussian time series
are in Dahlhaus and Wefelmeyer (1996). The asymptotic distribution of the maximum
likelihood estimator under misspecification was derived by Huber (1967) in the i.i.d.
case, by Ogata (1980) for Markov chains, and by Hosoya (1989) for general stationary
linear processes. O

7 Autoregression
Consider the linear first-order autoregressive model

Xi =aX; 1 + &,

where the ¢; are i.i.d. with a density p which has mean 0 and finite variance, and where
|a| < 1. This is an ergodic Markov chain with transition distribution

Q(z,dy) = p(y — ax)dy.

In Example 3 we have treated the case that p is known (and standard normal). Now we
treat p as an unknown nuisance parameter.
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To prove local asymptotic normality, fix o and write 7 for the invariant distribution
of @ = Q4. The parameter of the model is ¥ = (a,p). Perturb a and p separately:
Qg = o +n"12a and, for a bounded function b(x),

pop(z) = p(z)(1 + nil/Zb(a:)).

Since p,, must be a probability density, we must have Eb(¢) = 0. Since p,, must have
mean 0, we must have Eeb(e) = 0. We obtain the tangent space K = R x B with

B={be Ly(p): Eb(¢) =0 and Eeb(e) = 0}.

Write Un = (Qna, Puv)- With £/ = p'/p, the corresponding transition distribution @, =
Qﬂnk 1S

an (.I, dy) = pnb(y - anax)dy
~ Q(z,dy) (1 +n Y2 (—azl (y — az) + by — oz:v))) :

Hence the derivative of ), is
(Dk)(z,y) = —azxl' (y — az) + by — azx).

Since Ee = 0, the two functions on the right are orthogonal, and the inner product (2.6)
induced on K is

(7.1) (k, k'Y = ad'EX?E L' ()? + Eb(e)V (¢),

where the expectation of X is taken with respect to the stationary distribution. We
obtain local asymptotic normality

dpn n n
log — 2= —an Y XX - aXi) + 07 YK - aXy)
=1 =1
1 1
—§a2EX2E€'(6)2 - §E b(e)* + op(1).

For a proof see Huang (1986) or Kreiss (1987b). For known innovation distribution see
Akahira (1976) and Akritas and Johnson (1982).

We consider first the problem of estimating the autoregression parameter o. The
classical estimator for « is the least squares estimator

D IP. (. ¢
Op = Xi2_1 .

As in (3.8) we see that &, is asymptotically linear with influence function
f(z,y) = (EX?) "2y — az).
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Hence its asymptotic variance is (E X?)"'E 2.

To calculate a variance bound, we view the parameter « of interest as a function ¢
of the parameter ¥ = («, p) of the model. By (3.4), the canonical gradient Dk’ with
k= (a, "), solves

N2 (t(Or) — t(9)) = 0% (pe — @) = @
= (k, k") = ad’EX?EL (e)> + Eb(e)b'(e) fora€R, b€ B.

The solution is ' = (EX2E /' (£)?)7!, ' = 0. Hence by (5.2) a regular and efficient
estimator 7;, for « is characterized by

nl/Q(Tn — a) = (E XQE El(6)2)71n71/2 ZXi_lgl(Xi - Oth'_l) + Op(l).

=1

Such an estimator is constructed in Kreiss (1987b). For an efficient estimator under
the stronger model assumption that p is symmetric see Kreiss (1987a). The asymptotic
variance of the efficient estimator is (E X2E #'(¢)?)~'. Hence the relative efficiency of
the least squares estimator is (E&?E #/(£)?)~!. This equals the relative efficiency of the
empirical estimator in the i.i.d. location model generated by the density p.

Consider now the problem of estimating the distribution of the innovations ¢;. To
be specific, we estimate the expectation E f(g) of some square-integrable function f.
We do not observe the &; and cannot use the empirical estimator = >, f(e;). With
Gn = Y X;1X;/ ¥ X? | denoting the least squares estimator, we can replace the &; by
estimated innovations &,; = X; — &, X;_1 and use the corresponding empirical estimator

For f(z) = 1(z < r) this is the empirical distribution function. It is well studied. Func-
tional central limit theorems are obtained by Boldin (1982), (1983) for autoregressive
processes, by Boldin (1989) for moving average processes and by Kreiss (1991) for gen-
eral linear processes. Explosive autoregressive processes, with |«| > 1, are treated in
Koul and Leventhal (1989). See also the monograph by Koul (1992). It can be shown
that the asymptotic variance E f(£)? of the estimator is not changed if we replace ; by
€ni- Nevertheless, F,, f is not efficient. The reason is that we have not used the infor-
mation that the innovations have mean (. To see how we might improve the empirical
estimator, we calculate the canonical gradient of E f(¢), viewed as a function ¢ of (o, p).
By (3.4), the canonical gradient D', with k' = (a*, b"), solves

WV2(4(0) — 10) = 0" ([ pula)daf(z) — [ pla)daf () = EBE)SE)
= (k, k') = ad’EX?E ' (¢)> + Eb(e)b'(c) fora €R, b€ B.
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We obtain ¢! = 0 and must solve
Eb(e)f(e) = Eb(e)b(e) for b € B.

Using both restrictions Eb(¢) = 0 and Eeb(e) = 0, one checks that b'(z) = f(z) —
E f(z) — cx with ¢ = Eef(e)/E<?. Hence the canonical gradient is

(DE")(z,y) = f(y — azx) — E f(e) — c(y — ax).

It is easy to see that an efficient estimator for E f(¢), with influence function equal to
the canonical gradient, is

~ 1 & ~ . N Eémf(énz)
En — Cpn™— ni th n— T — o  *
f—é - ; €ni  With ¢ SE]
For a proof see Wefelmeyer (1994). The tangent space K = R x B is also calculated in
Huang (1986) and Kreiss (1987b). These authors forget the restriction Eeb(e) = 0. One
would conclude from their result that the usual empirical estimator is efficient.

Remark. The tangent space is K = R x B, and by (7.1) the spaces R and B are
orthogonal. As a consequence, « has a canonical gradient Dk* with k' of the form (a', 0),
while k' is of the form (0,b%) for E f(g), a function of the second parameter, p. This
means that, asymptotically, each of the two parameters can be estimated just as well
knowing as not knowing the other parameter. Such a model is called adaptive, and
efficient estimators for these parameters are also called adaptive.

Suppose we have proved, for each fixed p, local asymptotic normality of the one-
dimensional model with transition distribution p(y — az)dy. Suppose we have con-
structed an estimator not depending on p which is efficient in all of these one-dimensional
models. Then the parameter « is adaptive, and the estimator is efficient in the model
with both o and p unknown. It is not necessary to prove local asymptotic normality of
this model. Kreiss (1987a) uses this approach for ARMA-models, and Gassiat (1993)
for noncausal AR-models. O

Example 7. (ARCH.) The first-order ARCH-model is
X; =o(1+aX? )%,

where the ¢; are i.i.d. with a density p which has mean 0 and variance 1. This is a
Markov chain with transition distribution

1 y
dy) = dy.
Qe dy) o1+ ozx2)1/2p (o(l + ax2)1/2> Y

It can be treated in a similar way as the AR(1)-model above. A review of ARCH-models
is Bollerslev et al. (1992). Efficient estimators in this model and generalized ARCH-
models are constructed in Engle and Gonzalez-Rivera (1991), Linton (1993) and Drost
and Klaassen (1996) under increasingly weaker assumptions. O
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Example 8. (Nonlinear autoregression.) A generalization of AR- and ARCH-models
are nonlinear and heteroscedastic autoregressive models

Xi =mq(Xi 1) + Ua(Xiq)l/ZSz‘,

where the ¢; are i.i.d. with a density p which has mean 0 and variance 1 as in Example 7.
Efficient estimation in nonlinear autoregressive models is studied by Hwang and Basawa
(1993), Drost et al. (1994a), (1994b), Jeganathan (1995) and Koul and Schick (1996b).

m

8 Modeling conditional moments

Let Xy, ..., X, be observations from a real-valued ergodic Markov chain with transition
distribution Q(z,dy) and invariant distribution 7(dx). Suppose we have a parametric
model for the conditional mean, or autoregression function, but that the transition
distribution is unspecified otherwise. A simple such specification is

(8.1) /Q(:c, dy)y = ax.

(The linear autoregressive model of Section 7 is a submodel, with a transition distribution
of the form Q(z,dy) = p(y — ax)dy, where p is a mean 0 density.)

Such a model suggests a special class of martingale estimating equations. Note that
the model can be described by saying that the innovations €; = X;—a X, ; are martingale
increments. In particular, ‘stochastic integrals’ of the form

n
(8.2) > Wa(Xi1)(X; — aXiy)
i=1
are martingales. We obtain martingale estimating equations of the form

D ea(Xi1, Xi) =0

as in Section 4, now with ¢(«) = a and e, (z,y) = wo(x)(y — ax). As before, we write
T, for the corresponding estimator. The choice w,(z) = = leads to the least squares
estimator, T,, = 3 X;_1X;/X? |. In general, to solve the estimating equation, we expand
it as in (4.2),

0= n*1/2 Z er, (Xi—h Xz)

i=1
1 n
=n 1/226(1 X, 1,X)+77,1/2 —Z Xz 1,X +Op(]_)
i=1 Nz
Here €] (z,y) = —zwq(z) + wl(z)(y — ax), and we observe a special feature of the

estimating function: The terms w!, (X;_1)(X; —aX;_1) are martingale increments; hence
1 &,
E Z wa(Xi—l)(Xi - O!Xi_l) = Op(l)
i=1
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and the influence function of 7,, does not contain the derivative of w,:
(8.3) n'*(T, — a) = (EXwa(X))'n72 Y we(Xi1)(X; — aX;1) + op(1).
i=1

The asymptotic variance of T;, is
(8.4) (E Xwa(X))_QW(vwi),
where v denotes the conditional variance

v(@) = [ Qa,dy)(y - aa)”

Are there better estimators than the least squares estimator? By the Schwarz in-
equality, the variance (8.4) is minimized by w,(z) = v(x)~'z, but this function cannot
be used in an estimating equation (8.2) because v(z) is unknown. However, as shown
in Wefelmeyer (1997a), the conditional variance v(x) can be replaced by an estimator
U (z) without changing the asymptotic variance of the estimator which solves the cor-
responding estimating equation. In this sense, the estimator is ‘adaptive’. The solution
of this estimating equation is the weighted least squares estimator

T — > U (X)) T X X
T 0 (Xe)TIXE

By (8.4), its asymptotic variance is (Ev(X)~1X?)~L.

Are there better estimators than the optimal weighted least squares estimator? To
decide this, we calculate the canonical gradient of . As in the first part of Section 2, we
parametrize the model by the transition distribution, fix ) and consider perturbations
(2.1)

Qui (2, dy) = Q(z, dy) (1 + n™"?h(z, y))
with A € H. The transition distribution @, must fulfill the model assumption (8.1),
with a possibly perturbed o, = a + n~?a,

/th(.’L', dy)y = QuppT,
ie.,
[ Q@ dyy+n" [ Qz,dy)h(e,y)y = az +n"az.
It follows that the tangent space is the union of the affine spaces

H,={heH: /Q(:c,dy)h(ac,y)y =ar}, a€R.

By (3.4), the canonical gradient h' of «, viewed as a function ¢ of @, is in one of these
affine spaces and solves

(8.5) ' (t(Qnn) = 1(Q)) = n'/*(an — @) = a
< (h,h") =7 ®@Q(hh') fora €R, h € H,.
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Our candidate is the influence function of the optimal weighted least squares estimator,
9(z,y) = (Ev(X)7'X?*) " o(2) "2y — az).

This function is clearly in H, and since
[ Q. dyv(@) 2y - ax)y = v(@) v [ Qa,dy)(y - az)?* =,

we also have g € H, for a = (Ev(X) *X?)"!. It remains to check whether h' = g solves
(8.5). But

7® Q(hg) = (Bu(X)"'X%)™" [ n(dw)o(x)"s [ Qz,dy)h(z,y)(y — ax) = a.
Hence the optimal weighted least squares estimator is efficient.

Remark. We have just checked that the influence function of the optimal weighted
least squares estimator is a gradient. By the characterization in Section 3, this would be
unnecessary if we knew that the estimator is regular. Indeed, every estimating equation
based on a martingale (8.2) gives a regular estimator, provided w, is so smooth that the
estimator is asymptotically linear of the form (8.3). In other words:

Influence functions of the form f(x,y) = (E Xwo (X)) 'wy(z)(y — ax) are reqular.
By (3.5), we must check that
TR Q(hf)=m®Q(hg) fora€eR, he H,.

We calculate both sides for h € H,, ignoring constants:

/W(dx)wa(x) /Q(x,dy)h(x,y)(y —azx) = aE Xwe(X)

and
/W(dx)v(x)_l/Q(m,dy)h(x,y)(y —ar) = aEv(X) 1 X2

Taking into account the constants in f and g, the check is finished. |

Remark. If the innovations ¢; = X; — aX;_; happen to be independent, the model
reduces to the AR(1)-model of Section 7, and the conditional variance v(z) reduces to

v(@) = [ p(y - ax)(y — az)® = Ee?

and does not depend on x. Then the optimal weighted least squares estimator is asymp-
totically equivalent to the ordinary least squares estimator. |
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Example 9. (Quasi-likelihood models.) A quasi-likelihood model for Markov chains
is described by parametric models for both the conditional mean and the conditional
variance,

/Q(x,dy)y = mq(z),
[ Q. dy)y — ma(@)? = vala),

with a common parameter «. For examples see Zeger and Qagish (1988) and Huh-
tala (1992). A submodel is the nonlinear and heteroscedastic autoregression model of
Example 8 in Section 7, with transition distribution

Vo ()

Qa, dy) = —— 7P (i{;ﬁ?) dy.

The approach of the present section works for quasi-likelihood models; see Wefelmeyer
(1996). Wefelmeyer (1997b) treats a generalization in which m, and v, also depend on
covariates. O

9 Other types of Markov chain models

In this section we briefly describe further models which also fall under our Markov chain
setting.

Example 10. (Discretely observed diffusions.) Suppose we observe an ergodic diffusion

process
dXt = ba(Xt) + O'a(Xt)th

at discrete time points 0, A, 2A,.... The observations form a Markov chain X,..., X,,.
The model is in principle parametrized by a. However, while the stationary distribution
of X, is the same as for the diffusion process, the transition distribution may be difficult
to calculate. Recent references on estimators for « are Bibby and Sgrensen (1995), Ped-
ersen (1995), Kessler and Sgrensen (1995) and Sgrensen (1996). In the context of the
present review, we mention the approach of Kessler and Wefelmeyer (1996): Consider
the transition distribution as unknown. We have a parametric family of restrictions on
the transition distributions, namely a parametric model for the stationary distribution
of X;. A simple estimator for « is the estimator that would be the maximum likeli-
hood estimator if the observations were independent, but this estimator turns out to be
inefficient. O

Example 11. (Markov chain Monte Carlo.) Suppose we want to calculate the expec-
tation 7 f of a function f on a product space F = E; X --- x Ej. This may be difficult
directly or numerically, or even by ordinary Monte Carlo integration. If we can simulate
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the conditional distributions p;(z_;,dz;) of the j-th component of = given the other
components z_;, we may generate a k-dimensional Markov chain based on updates of a
single component by
Qj(x, dy) = p;(z—j, dy;)ex_; (dy ;).

An introduction to such Markov chain Monte Carlo procedures is the monograph Gilks
et al. (1996). The Gibbs sampler with deterministic sweep uses the transition distri-
bution @ = Q1 - - - Qy, the one with random sweep uses ) = %ZQJ-. If we denote the
simulations from the corresponding Markov chain by X ..., X", the expectation 7 f

can be estimated by the empirical estimator = 37, f(X*). Its asymptotic variance is

studied, e.g., by Peskun (1973), Frigessi, Hwang and Younes (1992), Green and Han
(1992), Liu, Wong and Kong (1994) and (1995) and Clifford and Nicholls (1995). Does
the empirical estimator make effective use of the simulations? Greenwood et al. (1997)
view 7 as the unknown parameter and calculate variance bounds for estimators of 7 f. It
turns out that it is best not to use the usual empirical estimator but to use the empirical
estimator for deterministic sweep which considers the update of a single component as
a new observation:

1E1 & , -

EZ;Z (X3, XZ X;j&,...,X,’€ b.
This estimator is close to efficient. O
Example 12. (Random coefficient autoregression.) We observe X, ... , X, with

Xi=(a+ Z)Xi-1 + i,

where the ¢; are i.i.d. with a density p which has mean 0 and finite variance, and the Z;
are i.i.d. with mean 0 and distribution function G such that oo + varG < 1. The X are
a Markov chain with transition distribution

Q(z,dy) = /p (o + 2)x)dG(z)dy.

The model is studied in the monographs by Nicholls and Quinn (1982) and Tong (1990).
Efficient estimators for « are constructed in Koul and Schick (1996a). Weighted least
squares estimators and local asymptotic normality for generalized random coefficient
autoregressive models are studied in Hwang and Basawa (1996a), (1996b). =

Example 13. (Regression with autoregressive errors.) We observe (U;,Y;),i=1,...,n,
where the Y; follow a linear regression model

the covariates U; are i.i.d., with density ¢, and the errors X; are AR(1),

Xi=X,_1+¢;,
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where the ¢; are i.i.d. with a density p which has mean 0 and finite variance, and where
la| < 1. Writing
Y = BU; + a(Yi 1 — BU; 1) + &,

we see that the observations (U;,Y;) are a Markov chain with transition distribution

Q(wi1, yie1, du;, dy;) = g(us)p(ys — Bui — a(yi—1 — Pui—1))du,dy;

and four parameters, a, 3, p, g. Local asymptotic normality for deterministic U; is
proved in Swensen (1985), for moving average X; in Garel (1989). For the additive
regression model Y; = BU; + v(V;) + X; of Engle et al. (1986), efficient estimators for «
and f3, respectively, are constructed in Schick (1993) and (1996). Quite different efficient
estimators are obtained for long range stationary Gaussian errors X;: see Dahlhaus
(1995). o

Acknowledgment. I thank the referee for a number of suggestions which improved
the presentation.
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