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Abstract

If we have a parametric model for the invariant distribution of a Markov chain
but cannot or do not want to use any information about the transition distribution
(except, perhaps, that the chain is reversible) — what, then, is the best use we can
make of the observations? We determine a lower bound for the asymptotic variance
of regular estimators and show constructively that the bound is attainable. The
results apply to discretely observed diffusions.
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1 Introduction

Let Xo, ..., X, be observations from a stationary Markov chain. Suppose we have a para-
metric model 7y(dx), ¥ € O, for the distribution of X;, but no convincing or tractable
model for the transition distribution, say Q(z,dy), of X; given X;_; = . We want to
estimate 1.

It is clear that it is not optimal to proceed as if the observations were independent.
The possible transition distributions are constrained by the condition that their invariant
distribution must be in the parametric family 7y, ¥ € ©. Hence additional information
about ¥ is likely to be obtainable through an estimator of ). We pose the following
questions. How much information about 1) is contained in the observations? How can
one exploit this information for estimating 1?7 The answers are surprisingly involved.
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The paper is organized as follows. In Theorem 1, Section 3, we describe the infor-
mation about v by determining a lower bound for the asymptotic variance of regular
estimators. In Theorem 2, Section 4, we show that reversibility of the chain carries no
additional information about 1. In Theorem 3, Section 5, we describe how to construct
an efficient estimator if a n'/?-consistent estimator of ¥ and an appropriate estimator of
the efficient influence function are available. The construction utilizes the sample split-
ting techniques of Schick (1998). Theorem 4, Section 6, gives an explicit construction
of an estimator of the efficient influence function with the desired properties. Section 7
compares our results with known results for parametric Markov chain models.

The results apply when we have a parametric model for a stationary continuous-time
stochastic process and observe the process at n + 1 equidistant time points. Then the
marginal distribution of the observations usually follows a tractable parametric model,
while the transition distribution is often intractable. In Section 8 we compare our
estimator with certain estimators based on parametric diffusion models which have been
suggested in the literature. Our estimator has the advantage of being robust against
misspecification of the underlying continuous-time process.

2 Characterization of efficient estimators

In this section we introduce some notation and recall a characterization of least dispersed
regular (i.e. efficient) estimators for real-valued functionals of Markov chain models. Let
Xo, ..., X, be observations from a stationary Markov chain on an arbitrary state space
S with countably generated o-field S, with transition distribution Q(z, dy) and invariant
distribution 7 (dx).

We will use the following notation. The joint law of two successive observations is

7 ® Q (dr, dy) = n(dx)Q(x, dy).

For a suitably integrable function f(x) write

0= [Qdnf). wf= [xdo)s)

For a function k(z,y) of two arguments we write

@0)@) = [ Qlasdykia.y) 1)

For j > 2, let Q’k = Q~'Qk so that (Q7k)(X,) = E[k(X;_1, X;)|Xo]. This differs from
the application of the j-step transition measure @’ to k in the sense of (2.1), which
would give E[k(Xo, X;)|Xo].

It will later be convenient to write functions f(z) of one argument as functions of
two arguments,

(L) (@,y) = f(x), (Rf)(z,9) = f(y).



Here L and R stand for ‘left” and ‘right’.

For a measure v, let Lo(v) be the space of v-square integrable functions, and Ly o(v)
the subspace of functions with v-integral 0. Let ||f|| = (7f?)!/? denote the norm of a
function f in Lo(w), and || K|| = sup{||K f]| : || f]| = 1} the corresponding operator norm
of a kernel K(x,dy). Write J(z,dy) = e,(dy) for the identity kernel, and II(x,dy) =
7(dy) for the stationary projection. We have

[Q = QII =1I. (2.2)
The following assumption will be in force throughout.

Assumption 1. The chain fulfills [|@Q — IT|| < 1.

We introduce a local model around @) by perturbing () as follows. As local parameter
space we take

H={heL(r®Q):Qh=0}. (2.3)
For h € H we set
Qua(w, dy) = Q(z,dy)[1 +n~"2hy(z,y)] (2.4)
with
ho = hn — LQhy,  and  hy = AL <puss). (2.5)

We have used the truncated and centered version h,, of h because Q,(x,dy) must be a
probability measure.

Write P, and P, for the joint distribution of (Xj,...,X,) under the transition
distribution @) and @, respectively. Under Assumption 1, we have a nonparametric
version of local asymptotic normality,

dPnh dﬂ'nh
Xoo... X)) = 1
ap, (Koo Xn) 8 "ir

log (Xo) + Y _log[l +n~"hy (X1, X;)]
=1

n 1
= P X X~ 5 RO QI o (D) (26
and
n_1/2zh(Xi—17Xi) = (r@Qr)"* N, (2.7)
i=1

where N is standard normal. A parametric version of local asymptotic normality for
Markov chains was first given in Roussas (1965); a nonparametric version in Penev
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(1991). Local asymptotic normality for Markov step processes and Hellinger differen-
tiable @, in the sense of Hopfner, Jacod and Ladelli (1990), and hence for @, as
in (2.4), is proved in Hopfner (1993a, 1993b). He starts the chain in a fixed value
Xo = zo, so that logdm,,/dr(X,) vanishes. We consider a stationary chain, for which
log dmpp/dm(Xp) is negligible because the invariant distribution 7 depends continuously
on the transition distribution; see Kartashov (1996).

So far we have looked at the full nonparametric model of all (sufficiently regular)
transition distributions. Consider now a submodel, described by a family O of transition
distributions on §. Suppose Q contains the transition distribution @) fixed above. The
local model is now obtained by perturbing ) within the family Q. In regular cases, the
local parameter space will then run through a linear subspace Hy of H. For @), to lie
ezactly in Q, the construction (2.4) and (2.5) will have to be modified slightly. For the
models considered below, we will omit the (tedious) details.

Consider a real-valued functional ¢t on Q. It is called differentiable at () with gradient
gif g € H and

n2[t(Qun) — t(Q)] — 7@ Q (hg) for h € Hy. (2.8)

The canonical gradient is the projection gy of g onto H.
Let T, be an estimator of ¢(Q). We call T,, asymptotically linear at t(Q) with
influence function h if h € H and

n'2T, — Q)] = n~* > " h(Xio1, Xi) + op, (1),

=1

We call T,, regular at () with limit L if
nl/Q[Tn —t(Qnn)] = L under P, for h € H,.

The convolution theorem of Héjek (1970) in the version of Pfanzagl and Wefelmeyer
(1982, Theorem 9.3.1), see now Bickel, Klaassen, Ritov and Wellner (1993, p.63, Theo-
rem 2), says that if 7}, is regular, then

{n 2 S0 go(Xica, X, V2T, = HQ)) = 2 Y go(Xin, X0) |
= {(r®Qg)"?* N,M} under P,,
with N standard normal and M independent of N. In particular,
L=(r®Qg)"Y* N+ M in distribution.
The estimator T, is (asymptotically) least dispersed if

L=(r®Qg)"Y* N in distribution. (2.9)
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By the convolution theorem, T), is least dispersed among all regular estimators for ¢(Q)
if and only if it is asymptotically linear with influence function equal to the canonical
gradient,

n'2(T, = Q)] = n~* > go(Xis1, Xi) + op, (1). (2.10)

i=1

3 The information in the marginal law

As in Section 2, let Xg,..., X, be observations from a stationary Markov chain on
an arbitrary state space S with countably generated o-field S. Suppose we have a
parametric model {7, : 7 € ©} for the invariant distribution, and that the transition
distribution is unspecified otherwise.

We consider two submodels of the full nonparametric model. The first, Q,, consists
of all transition distributions with invariant distribution in the family {m, : 7 € ©}.
The second, QXY consists of all transition distributions which fulfill the additional re-
striction that the chain is reversible. The models are semiparametric, or rather non-
parametric with a parametric family of restrictions. (In Section 7 we will also discuss
models described by a parametric family of transition distributions.) We are interested
in estimating 7.

For simplicity we take © one-dimensional and open. We fix a parameter . In the
following, we will often suppress this parameter in the notation. In particular, we will
write 7 for my. In this and the next section, the following additional assumption will
be in force. We need it to determine a lower bound for the asymptotic variance of
estimators of ). It is the usual condition in the i.i.d. case.

Assumption 2. For 7 € O, the invariant distribution 7, has a positive u-density p,,
and the map 7 +— p, is Hellinger differentiable at 9: There is a function ¢ € L o(7), the
Hellinger derivative, such that

2

1
w2 = pif? = S =il | = ol(r — 9)?) (3.1)

Also, m¢? > 0.

Fix a transition distribution () with invariant distribution m = my. The local model
around () is obtained by perturbing @ as in (2.4), subject to the restriction that the
invariant distributions are in the family {7, : 7 € ©}. The restriction entails a restriction
on the local parameter h of the perturbed transition distribution @),;. To determine the
restriction, we consider the invariant distribution of @,;,. By Kartashov (1985a, 1985b,
1996), the transition distribution @,; has a unique invariant distribution 7,; which
admits the following perturbation expansion: For h € H and f € Lay(7),

n2(rpnf —7f) = 7@ Q (h- RUS), (3.2)
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where U is the kernel

U=> (@ —T) on Ly(w). (3.3)
j=0
Since Qh = 0, we may center RU f,
T®Q(h-RUf)=1®@Q(h-Af), (3.4)
where
A=RU - LQU => (RQ’ — LQ’*") on Ly(). (3.5)
=0

The operator A maps Lo(7) into H,

o0

(Af)(z,y) =D (@ Fy) — QT f)(@)].

j=0

We will need the adjoint of A in the inner product (3.4). It is expressed in terms of
the reversed chain, with transition distribution Q(y,dz) defined by

m(dz)Q(x, dy) = m(dy)Q(y, dz). (3.6)

For a function h(z,y) of two arguments we will follow the convention that the transition
distribution of the reversed chain acts on h from right to left, i.e. on the first argument
of h,

@h)(y) = / Qly. do)h(z,y).

For j > 2 let Q'h = Q' Qh. Introduce

V=3 (@ -72Q) onL(r®Q)
j=1
For f € Ly(mw) and h € H,
TRQ (h-Af)=x(Vh-f). (3.7)

This is Lemma 1 of Greenwood and Wefelmeyer (1999), specialized to functions of one
argument. With (3.4) and (3.7), the perturbation expansion (3.2) is

2 (tanf — nf) = 7(Vh - f). (3.8)



So far, we have not used the restriction that the invariant distributions are in the
parametric family {m, : 7 € ©}. Hellinger differentiability (3.1) of the invariant distri-
bution implies for all bounded functions f and u € R,

n!?(ry -1z, f — 7 f) — um(Lf). (3.9)

Comparing with (3.8), we obtain a restriction on the local parameter h, namely Vh = uf
if Qnp has invariant distribution my,,,-1/2, Wwith u, — u. Hence the local parameter

space of Q, at () is
H, = | H,

ueR
with
H,={he€ H:Vh=ul}.
We turn to the problem of determining a lower bound for the variance of estimators
for the parameter 7. According to Section 2, the bound is expressed in terms of the

canonical gradient. Consider 7 as a functional on Q,, defined by ¢(Q) = 7 if @ has
invariant distribution 7. Then

Y2 H(Qnr) — t(Q)] = n*2(0 + nV?u —9) + 0(1) » u for h € H,.
By definition (2.8), a gradient g € H is determined by
T®Q (hg) =u for h € H,. (3.10)

The canonical gradient will turn out to be of the form Af with f € Ly(m). The following
simple characterization will be useful.

Lemma 1. Let f € Ly(m). Then Af is a gradient for 9 if and only if w(¢f) = 1.
Proof. We have Vh = ul for h € H,. By (3.7),

7RQ (h-Af) =a(Vh-f)=ur(lf).
Hence (3.10) holds for g = Af if and only if w({f) = 1. O

The canonical gradient, say g, is the projection of an arbitrary gradient into H,. In
particular, Vg, = uf for some u. Does the class of gradients in Lemma 1 contain the
canonical gradient? This is the case if we can find f € Ly(7) such that VAf = uf, with
u determined by 7(¢f) = 1. A sufficient condition is invertibility of VA. To calculate
V A, we introduce an operator V analogous to V/,

V= Z(Qj —T®Q) on Ly(m® Q).

J=1



In accordance with our convention, the restrictions of V and V to functions of one
variable are VR and V'L, or

V:Z(Qj—ﬂ), V:Z@j—ﬁ) on Ly().

We have
VA=J—-T+V+V on Ly(m). (3.11)

This is Lemma 2 of Greenwood and Wefelmeyer (1999), specialized to functions of one
argument.

Lemma 2. The operator V A is invertible on Lao(7), and

VAT = (J-Q)(J-QQ)'(J-Q)
= 2 (/- Q@Y =Q) on Lyo(m).
Proof. On Lgy(7),
V=Y @=Qu-@ V= Z@j =(J-Q)'Q.

With relation (3.11), we find that on Lo ()

VA = J+V+V

= J+QUJ-Q) ' +(J-Q)@Q

= (J-QMJ-QU-Q+Q(J-Q)+(J-Q)QI(J-Q)"
= (J-Q)'(J-QQ)(J-Q)™"

Now use the fact that Q and @ viewed as operators on Ly () have norms less than 1
in view of Assumption 1. Actually, both norms equal ||Q — II||. Hence V A is invertible
on Lyo(m), and the inverse has the asserted form. O

Theorem 1. The canonical gradient for ¥ is
g« = [1(le,)] P Ae.  with e, = (VA"
We have

T®Q (Ae,)? = w(le,), (3.12)
T®Qg; = [r(le)] . (3.13)



Proof. By Lemma 2, the operator V A is invertible on Ly o(m). The function e, fulfills
VAe, = (, hence Ae, € H, C H,. Furthermore, g, = [r(fe,)] ' Ae, is a gradient by
Lemma 1. Finally, (3.12) follows from the fact that V is the adjoint of A, and implies
(3.13). O

By (2.9), a least dispersed regular estimator for ¢ in Q. has asymptotic variance
T®Q g2. The inverse, 7(le,), may therefore be called the information about 9 contained
in the marginal laws of the Markov chain.

Remark 1. Suppose the observations Xj,..., X, happen to be i.i.d. Then the best
estimator is the maximum likelihood estimator. It solves > 1"  ¢.(X;) = 0. Theorem 1
implies an infinitesimal robustness property of the maximum likelihood estimator against
Markovian departures from independence: We have Q = II, Q = ITand V =V = 0
on Ly(r), so that, by (3.11), VA = J and (VA)™! = J on Lyy(w). By Theorem 1, the
canonical gradient for ¥ is g, = (7¢?) ' R{. By the characterization (2.10), an estimator
1§n is least dispersed and regular for ) in the model Q, if and only if

n'?(f, —9) = (x0?)~ V?Zz ) 4 op, (1).

Under appropriate regularity conditions, the maximum likelihood estimator has this
stochastic approximation. For a related robustness result in fully nonparametric Markov
chain models see Penev (1993).

4 The information for reversible chains

In this section we show that reversibility of the Markov chain carries no additional infor-
mation about the parameter of the invariant distribution. (A related result is proved in
Greenwood and Wefelmeyer (1999): In a nonparametric Markov chain model, reversibil-
ity carries no information about functionals of the invariant distribution.) Nevertheless,
the canonical gradient simplifies for reversible chains.

Consider the model QI of all reversible transition distributions in Q,,

Q" ={Q € Q.: Q(z,dy) = Q(z,dy)}.

Then 7 ® (Q is symmetric in the two components. To translate this property into a
property of local parameters, we extend some results of Section 3; see also Greenwood
and Wefelmeyer (1999, Section 3).

The perturbation expansion (3.2) generalizes immediately to functions of two argu-
ments: For h € H and k € Ly(m ® Q),

2 (Tpn @ Quink — T @ QE) — 1R Q (h - Ak), (4.1)
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where
A= IQ — LQ + AQ on L2(7T ® Q), (42)

with I the identity on Lo(m ® Q). Note that A maps La(m ® Q) onto H. The adjoint
of this extended operator is obtained from (3.7): For h € H and k € Ly(m ® Q),

TRQ (h-Ak)=71® Q (Bh-k), (4.3)
where
B=1,+LV onH. (4.4)

If Q and Q,,;, are reversible, then 7 ® ) and 7,,;, ® (),,5, are symmetric. The perturbation
expansion (4.1) and relation (4.3) imply that Bh is symmetric. Hence the local parameter
space of QI is

H*¥ ={h € H, : Bh symmetric}.

The canonical gradient g, = [w(fe,)] ! Ae, is of the form Af with f € Lo(m). We show
that such functions fulfill the additional property of HI®, namely, BAf is symmetric.
We have

BA=L-7®@Q+RV+LV on L(t®Q).

This is Lemma 2 of Greenwood and Wefelmeyer (1999). We rewrite BA for functions of
one argument. We have QR = Q and QL = J. Similarly, QR = J and QL = Q. Hence
VL =U and VR = U, where

U=>(@ ~T) on Ly(n) (4.5)

is defined in analogy to (3.3). We obtain BAR = BAL = RU + LU on Ly(7) and may
write, without ambiguity,

BA = RU+ LU on Ly(r). (4.6)
In particular, if the chain is reversible, Q = Q, then BAf is symmetric for f € Lo(7).

Theorem 2. Let Q = Q. Then the canonical gradient for ¥ in model Q™ equals the
canonical gradient g, = [m(le,)] ' Ae, for ¥ in model Q.. We have 1 ®Q g2 = [r(le,)] ™
and

e, = e+22 YQie,
w(ley) = 7r€2+22 (0 Q0),
Ae, = Ri+(R+L)) (-1)QC.
7j=1
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Proof. By (4.6),
By, = [r(le.)] ' BAe, = [n(le.)] ' (RUe, + LUe,).

Since Q = Q, we have U = U, and By, is symmetric. Hence g, € H™". This shows that
g is canonical in the model Q™. Finally, on Ly () we have (VA)™' = (J-Q)(J+Q) !,
A=(R-LQ)J-Q) " and AVA)™ = (R- LQ)(J +Q)~". Now expand (J + Q)~!

as a series to get the desired formulas. ]

5 Construction of efficient estimators

In this section we construct least dispersed regular estimators for ©/. We need a stronger
version of Assumption 2, namely continuous Hellinger differentiability of 7 — p, at ¢.

Assumption 3. For 7 € O, the invariant distribution 7, has a positive u-density p..
The function 7 — p, is Hellinger differentiable with derivative £, in a neighborhood of

¥, and
u(lpt? — Eﬁpqlg/2)2 — 0 for7— 4. (5.1)
Also, myl? > 0.

By Theorem 1 and the characterization (2.10), an estimator 0, is least dispersed and
regular for ¢ if and only if

n

n'2(0, —0) = [r(le)] 02 " (Ae.)(Xim1, Xi) + op, (1). (5.2)

=1

We will construct such an estimator as a one-step estimator, improving an initial estima-
tor. As usual, the initial estimator will be a discretized and n'/2-consistent estimator 9,,,
see Bickel et al. (1993). Such a discretized estimator can be treated as a deterministic
sequence in the proof.

From Meyn and Tweedie (1993, Section 17.4) we obtain the following martingale
approximation. It goes back to Gordin (1969); see also Gordin and Lifsic (1978). For
fe L2<7T) )

n n

SFXD) —wf] =D (A (X1, Xi) + (V)(Xo) — (V(Xn). (5.3)

i=1 i=1
In particular,

n n

nT2Y e (X)) =nTV?Y (Ae)(Xis1, X5) + op, (1), (5.4)

i=1 i=1
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Our construction of the efficient estimator will therefore involve an estimator for e,, and
not for Ae,.

We also rely on the sample splitting techniques of Schick (1998). For simplicity we use
his two-split, which picks two blocks X; = (Xo, ..., Xpn,) and Xo = (Xpm,, -5 Xn).
We need that

n—2m, — oo and n"Y%(n — 2m,) — 0.

With e, (x, 0y, Xo, ... X,,) denoting an estimator of e, (), our estimator has the form

15 + anZZ lemn(X17/l9n7X2) _7T19 emn( 71977,7X2)
! 75 [emn (- Uy X2) 05 |
I o :’L—n—m Cmn, Xi77~§n>X — T3 €m, ‘,1§n,X
+= |0, + = 2izn-mat1 ( " 1) = 5, €m, ( 1) . (5.5)
2 75, [emn (. Ons X1)05, ]

v, =

N | —

Call a sequence 9, in © local if n'/?(¥,, — 1) is bounded.
Theorem 3. Let Assumptions 1 and 3 hold. Suppose that for every local sequence 9,

SL;p len(z,Dn, Xo, - .., X,)| = op, (n'/?), (5.6)
/W(dx)[en(x, U, X0y .., Xn) — ex(2)]? = 0p, (1). (5.7)

Then the one-step estimator 0, defined in (5.5) satisfies the stochastic expansion (5.2)
and is therefore a least dispersed reqular estimator for 1.

Proof. Since the initial estimator 9, is discretized, it suffices to prove the stochastic
expansion (5.4) with local sequences ¥,, replacing ¥, in the definition (5.5) of U,. Fix
a local sequence 1,,. Because of the sample splitting, we only need to show expansion
(5.4) for the ‘estimator’

- Zz 1 n( Z) - ﬁn(én)

79, (€nly,)

with &, (z) = en(z,9,, X) and X an independent copy of (X, ..., X,); see Schick (1998).
It suffices to show that

Un +

Wﬂn(énéﬂn) = (6 &9) + Opn(l)
wﬁn(én) — 7(€n) = (0, — 9)7(enly) + op,(n~1?),

_1/22 — (6] = n-1/2 Z (Aé,) (X1, X;) +op, (1), (5.10)

=1
n

n-1/2 Z(Aén)<Xi—17 X;) = n-1/2 Z(Ae*)(Xi_l, X;) +op,(1). (5.11)

i=1 i=1
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It follows from (5.6) and Hellinger differentiability at ¢ that

ulen(py” = pd ) = op, (1). (5.12)

We conclude from (5.7) and (5.12) that

uEnpy? — epy®)? < 2ulen(py? — py ) + 27 (6, — €.)? = op, (1)
It follows from this and (5.1) that

T (Enlo,) = 1(eapy Co,p37) = leapy*topif*) + or, (1),
which yields (5.8). Similarly, one verifies

[(enlypy) = pi(exlopy) + op, (1).
Thus (5.9) follows if we show that

11{énlpo, — po — (90 — ) lops]} = op, (n"*/?).

To see this write its left hand side as

1/2 1/2

den(py” + i) py? = pyl? — - (0, —ﬁ)zﬂp”?]}

1
2
Fulen(py) — pi*) (00 —0)3 L)

Now apply the Cauchy-Schwarz inequality to both terms and then use (5.12) and
Hellinger differentiability at ¥ to conclude the desired result.
To prove relation (5.10), note first that by (5.7),

T[(Ven)’] — w((Ve.)?).
Hence, for € > 0, the conditional Markov inequality yields

P (V) ()] > ent?) < & (T 50

ne?

/\1)%0.

Relation (5.10) now follows from the martingale approximation (5.3).
We verify relation (5.11) with the aid of Schick (1998, Theorem 3.3). We have

[ e dpiae,)w.y) - (Ae.)(a ) =0
and
T®Q (A&, — Ae,)? < ||A||? - 7(En —e4)? — 0
by (5.7) and since A is a bounded operator. Then by Schick (1998, Remark 3.4) the
conditions of his Theorem 3.3 hold, and (5.11) follows. O

Remark 2. Let ¢, be an estimator that satisfies condition (5.7) of Theorem 3. Then
the estimator €, = (—B,,) Ve, A B, satisfies (5.7) for every sequence of positive numbers
B, tending to infinity. This truncated estimator also satisfies (5.6) if B, = o(n'/?).
Consequently, only condition (5.7) poses any difficulties.
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6 Estimation of e,

The results of the previous section show that we can construct an efficient estimator of
¥ if one can construct an estimate e, of e, which satisfies (5.7). We shall now construct
such an estimator e,, under the assumption that we can choose appropriate orthonormal
bases for the spaces Lo o(m,). More precisely, for each 7 € © let {¢;, : j > 1} be an
orthonormal basis for Ly o(7m,). We require the following additional properties of these
functions.

(A1) For every j > 1,

(% — i ape$)? — 0 for T — 0.

(A2) There are positive numbers «,  and C; such that for all positive integers k and
all 7 close to 1,

k
D e = ioll* < ikl — 9.
j=1

(A3) There are positive numbers v and Cy such that for all positive integers k and all 7
close to v,

k
> m(wi) < Gk
j=1

Remark 3. Let us mention that such functions ¢;, can easily be constructed if the
state space is the real line R and the dominating measure y is the Lebesgue measure.
In this case, each 7, possesses a continuous distribution function F.. This allows us to
choose 1;, = ¢; o F, where {¢; : j > 1} is an orthonormal basis for Lo (), with A the
Lebesgue measure on [0, 1]. We may choose the trigonometric basis

bor_1(x) = V2sin[2kn(z —1/2)],
Gor(x) = \/§cos[2k7r(x —1/2)], for0<z<landk>1.

Since |¢;| < /2 for all j > 1, condition (A3) holds with Cy = 4 and v = 1, while
condition (A1) follows from Hellinger differentiability of the map 7 — p, at 7 = 4.
It follows from the Cauchy—Schwarz inequality and from Hellinger differentiability at o
that

P (x) = Fy(@)] < pllpr — pol) < 2[u(lpY? — pi*A)2 = O(Ir = 9]) as 7 — 0.
Since |¢}] < V87 for j > 1, condition (A2) holds with & = 3 and 3 = 1.
Let I denote the k£ x k identity matrix, and introduce vectors

\I[kﬂ' = (¢1,77 ce 7¢k,7’)T and bkﬂ' = WT(gT\IlkaT)'
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Theorem 4. Suppose that Assumptions 1 and 3 hold, and that conditions (A1) to (A3)
are satisfied for certain o, 3,7y. Let k, be a sequence of positive integers such that

k, — 0o, k®n " —=0

n )

kMt — 0.
Then condition (5.7) holds for the sequence of estimators
en(x7 1977/7 XO? cee 7X77/) = bzn,’ﬁn (]k;n - ‘AAZ) <]k:n - An‘/ziz)_l(‘[kn - An)wkﬂgn

with
Z \Ijkn '1971 \Ijzn Un (X]_1>

To prove this theorem, we shall rely on the following two approximation results.

Proposition 1. Let {¢; : j > 1} be an orthonormal basis of Lyo(w). Let I'y denote the
projection in Lyo(m) onto the linear span of {1, ..., 1y}, and set Qr = T1Q, Q) = ' Q,

e =Y Tu(J — Q)@@ Ti(J — QTuly, k> 1.
j=0

Then

lesk —ex]] = 0 as k — oo. (6.1)

Proof. Keep in mind that @ and Q, viewed as operators on Ly (), have norms equal
to ||Q — II|| which is less than 1 by Assumption 1, and that |ja — T'ral| — 0 as k — oo,
for every a € Lyo(m). Thus the desired result follows from the identity

er —ewr = (J—Tple. + ZFk (J — Q)QQ)Y — (Q,Qw)1(J — Q)ly

+ iFk(J — Q)(QQr) (J —Ti)(J — Q)ly

+ i k(] = Q)(@QyQu)'Tw( = Q)(J = Tw)ly

and the expansion

>_l@QQY - @1 = 3_([@iQn)'I(@ - QR + Qi@ - QN1 _(QQ

15



valid on Ly o(m). Here we have used CV — D7 = Y277} D'(C' — D)C7==! for operators C
and D and positive integers j. ]

Proposition 2. Suppose that conditions (A1) and (A2) hold for certain o, 3. Fork > 1
and T € © define

Cxyr = bi:T(Ik - AZT)([k - Ak,TA%:T)il(Ik) — Ay )V,
with Ay = 71(QVy ;- ‘IlfT) and QU ., = (QU1.+,..., Q). Then
l€s k00 — €4l — 0
for all local sequences ¥, and for every sequence k, of positive integers satisfying

k, — 0o, kn™" —0. (6.2)

n

Proof. Fix a sequence k, satisfying (6.2), and a local sequence ¥,,. We shall first show
that

||6*>k'nﬂ9n - e*yknyﬁH - 0 (63>

Write |v|y for the Euclidean norm of a vector v, and |M|, for the spectral norm of a
matrix M. Then |M|? is the largest eigenvalue of MT M. Tt is now easy to see that (6.3)
follows if we show that

s%p br,ole < 00, |bk,9, — brywl2 — 0, (6.4)
Sl}ip |[Akols <1, |Ag, 9, — Ak, 9l — 0, (6.5)
7T(|\Ijknﬂ9n - \Ijknyﬁ@) - 0 (66)

Of course, relation (6.6) follows from condition (A2) and assumption (6.2). From as-
sumption (5.1) we obtain that my, (€5 ) — my(¢3). This is equivalent to

o0 o0

> [mo, (Lo, i0,))> =Y [ (Lotbn)].

J=1 J=1

Moreover, by condition (A1) and assumption (5.1) we have 7y, ({y,1;.9,) — To(Lyi)j)
for all j > 1. Hence

o0

Z[Wﬁn (0o, Vj0.) — 70(€ﬁ¢j,ﬁ)]2 — 0.

J=1

Relation (6.4) follows from this and |by s|3 < 7(¢3). The spectral norm of a k x k matrix
M can be expressed as

|M|, = sup{|u” Mv| : u,v € R*, |uly = |v|y = 1}.
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This representation is particularly helpful when dealing with a matrix of the form M =
7(Q® - W) with ® and W in L§ (7). In this case one finds with the aid of the Cauchy-
Schwarz inequality that

W' T (Q® - T )v| = |7(Q(u" @) - v )| < [|Q — TI[| [u" | [l W[,
[u” (1(QP - ") = m(QW - W) v| < [[u’ (@ — )| [[o" @ + [[u" ] [o" (@ — V).

From the first inequality we obtain |Ayy|. < ||@ —II] < 1 and hence the first part of
relation (6.5). The second inequality and relation (6.6) imply the second part of relation
(6.5). This concludes the proof of (6.3).

Now we show that e, j g coincides with e, of the Proposition 1 if we take 1); = 1, ¢.
Indeed, for this choice of orthonormal basis, we find that I',¢y = b%—:ﬂ\ykﬂg, and that for
each a € R* we have Qp(a"Vsy9) = a? ApyVry and Q,(a?V¥yy) = a” Af yWro. In the
last step we have used the fact that T(QWxy - V7)) = 71U 9(QVsy)T] = AL ,. Using
the above and the fact that |Ayg|. < 1, it is now easy to see that

Crk = Zb A o)Ak AL o) (I — Ako) Vi y.
This simplifies to e, ;9. Thus the desired result follows from (6.3) and Proposition 1.

O

Proof of Theorem 4. Note that E(fln) = Ay, v, 1t follows from the arguments in
Proposition 2 that it suffices to show that |A, — E(A,)|. = op,(1). We shall prove the
stronger property E|A, — E(A,)[2 — 0.

By Assumption 1, there exists a finite constant ¢ such that for all h € Ly(m ® Q ),

E {% ih(Xi—laXi) — E[h(Xle)]} < %E[hQ(XOaXl)]'

From this, the Cauchy—Schwarz inequality, condition (A3) and the properties of k,,

kn
E|A —E ZZE ’H9n Xl ]"9n XO S%;ﬂ- m?n

21]1

O

Remark 4. In the reversible case we have Aj;, = AZ. This allows us to replace A, by
the symmetrized estimate 1(A, + AT).

17



7 Comparison with parametric results

Our results apply in particular to the situation in which we have a parametric model for
the transition distributions, say {Q, : 7 € ©}. The estimator in Section 5 does not use
the model except through the associated family of invariant distributions {7, : 7 € ©}.
In this section, we compare known results for such parametric models with our results.
For the sake of brevity, we keep the discussion heuristic and do not reproduce the
regularity conditions given in the literature.

As before, we assume that © is one-dimensional and that the m, have positive u-
densities p,. Then Q.(x,dy) has as u(dy)-density, say ¢.(x,y), for (m-almost) all x in
the state space S.

Write m,(z,y) = ¢-(x,y)/q-(z,y) for the logarithmic derivative, with respect to the
parameter 7, of ¢.(z,y). As before, we will omit the parameter if it equals the true
parameter 9. A perturbation of the transition distribution at 7 = ¢ is of the form

Qﬁ+n—1/2u(:p7 dy) = Q(l’, dy)[l + n_1/2um(:1c, y)] (71)

Hence the local parameter space at o is the linear span, say Hp,,, of m. Here par stands
for ‘parametric’.
The perturbation expansion (3.8), applied to Qun, = Qyyp-1/2,, With approximation
(7.1), gives
D27y pn-renf —7f) = um(Vm - f).

Comparing with (3.9), we obtain
{=Vm. (7.2)

The canonical gradient for the parameter, viewed as a functional ¢(Q,) = 7 of the
transition distribution, is of the form gp., = uparm, with u determined by (2.8),

0P Qpn-1/20) — HQ)] = 020 + 0V 2u —9) = u = Upartl - TR QM.

Hence
Gpar = (7T X Qm2)_1m’

and the lower bound for the asymptotic variance of regular estimators is

TR QG = (T0Qm?*)™.

An efficient estimator for the parameter is the maximum likelihood estimator. It is a
solution in 7 of the estimating equation

zn: mT(Xi_l, Xz) = 0.
=1
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Of course, the canonical gradient g, is also obtained as projection onto H, of
the gradient g, = [r(le,)] ' Ae,, with e, = (VA)~'/, which is canonical for the larger
model Q, of all transition distributions with invariant distribution in {7, : 7 € ©}; see
Theorem 1. To show that g, projects to gpar, we note first that (3.7) and (7.2) imply

T®RQ (m- Ae,) = 7(Vm -e,) = 7(le,),

so that 7 ® @ (mg.) = 1. We also have 7 ® Q) (mgpar) = 1 and therefore 7 ® Q [m(g. —
Gpar)] = 0, 1.€. gpar is the projection of g, onto Hy,,.

The last orthogonality property implies that, as expected, the asymptotic variance
of the maximum likelihood estimator is never larger than that of the efficient estimator
in the larger model Q,. The variance reduction can be considerable. An extreme case
would be that the transition distributions (), all have the same invariant distribution.
Then the invariant distribution contains no information at all about the parameter. We
had to exclude this case in Sections 3 to 6, through the assumption that 7¢? > 0.

The maximum likelihood estimator is only feasible if the transition distributions Q)
are tractable. Kessler (2000) restricts attention to estimators which are solutions 7 = 97
of estimating equations of the form

> F(X) =0, (7.3)

with f, € Lyo(m,). A Taylor expansion shows that ¥/ admits a stochastic expansion
n'? (0! —9) = n~1? Z F(X) +op, (1). (7.4)

For regularity conditions we refer to Sgrensen (1998). Here f is the derivative, with
respect to the parameter, of f, at 7 = ¥; we suppress the index ¢. Differentiating
7, f- = 0 under the integral, we obtain —nf = 7w(¢f). Together with the martingale
approximation (5.3), we can write the stochastic expansion as

n

n' 20 = 9) = [ (CH 072y (Af)(Ximr, Xo) + op, (1), (7.5)

i=1

Hence 9/ has asymptotic variance

() 7@ Q(Af). (7.6)

The asymptotic variance is minimized for the estimator ¢ obtained from the esti-
mating equation (7.3) with

f=e.= (VA
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To prove this, we note first that by (7.6) and (3.12), the asymptotic variance of 9¢* is

[r(le.)] -7 ® Q (Ae.)” = [m(le,)] .
Now write

T(lf) =n(VAe,  f) =7 ®@Q (Ae, - Af). (7.7)
The Schwarz inequality and (3.12) give
AN <7®Q(Ae)’ T ®Q(Af)? =m(le.) T Q(A[).

We arrive at the inequality between the asymptotic variances of ¥/ and ¢

R ()2 7w @ QAFR > [n(le.)]

A different characterization of the optimal influence function is given in Kessler
(2000): The corresponding influence function is closest to the influence function (7 ®
Qm?*)™'m = gpar of the maximum likelihood estimator among all influence functions
[m(£f)]7TAf of estimators ¥/ with f, € Lyo(m,). We have just shown that the optimal
influence function is Ae,. Indeed, Ae, is the projection of m into the space {Af : f €
Lo(m)}. This follows from (7.7) and

7 ®Q(m-Af) =a(Vm- f) = n(tf).

The estimating equations (7.3) contain the estimator which would be the maximum
likelihood estimator if the observations were independent, the solution 9, of

i (-(X;) = 0.

The asymptotic variance of 19,5; is, using (3.7),
(0*) 7?7 @ Q (AL = (nl*) > - w(L - VAL).

This is larger than the asymptotic variance of ¥¢* since by the Schwarz inequality and
(3.12),

(7 =[r(l - VAe )] <12 Q (A)?* 72 Q (Ae,)? = 7 ®@ Q (AD)? - 7(Le,).

To calculate the maximum likelihood estimator, the logarithmic derivative m, of
the transition distribution (), must be tractable. To calculate the estimator ¥, the
function e, = (V' A)~'/ must be tractable. The estimator 9!, requires only the logarithmic
derivative £, of the invariant distribution 7.
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The estimator 9, introduced in Theorem 3 has the same asymptotic variance as
99, It does, however, not require knowledge of (.. Hence it is adaptive in the sense
that whatever the model for the transition distributions, it is asymptotically as good as
the estimator ¢+, which, in turn, is optimal among solutions of estimating equations
Yor o f+(Xi) = 0 in the model {Q, : 7 € ©}. To put it differently: Even though ¢
requires knowledge of (), it does not exploit any of the information about 7 in the model
{Q,: 7€ O}

(Analogous results hold for quasi-likelihood models, which are defined by paramet-
ric models for the conditional mean and variance of a Markov chain. The maximum
quasi-likelihood estimator requires knowledge of the conditional variance but does not
extract any information from it. Furthermore, one can construct an estimator which
is asymptotically as good but does not use the model for the conditional variance; see
Wefelmeyer (1996). This estimator has thus an adaptivity property analogous to ,.)

8 Discretely observed diffusions

Consider a stationary version of the diffusion process X defined by the stochastic differ-
ential equation

dXt = bﬁ(Xt)dt + Uﬁ(Xt)dBt, (8].)

where B is Brownian motion. For simplicity, we assume again that v is one-dimensional.
Suppose we observe the process at n equidistant time points t5 = 0,...,t, = nA. The
observations Xy, ..., X;, form a stationary and reversible Markov chain. Its transition
distribution Qy(x,dy) is difficult to calculate, in general, but its invariant distribution
my(dx) is that of the diffusion process and can be given explicitly: The Lebesgue density
of my is

po(a) = [Cysy(x)oy(r)’]

syg(x) = exp [— 2/; bo(y) dy]

a9(y)?

with

and norming constant
Cy = /[S§($)Uﬁ($)2]_ld$.

Estimation of ¥ was first studied for the case when A tends to zero with n tending to
infinity; see Le Breton (1976), Florens-Zmirou (1989), Jacod and Genon-Catalot (1993)
and Kessler (1997). For comparison with our results we must assume that A is fixed.
For fixed A, a computer-intensive approximate maximum likelihood estimator based on
numerical approximation of the transition density was developed in Pedersen (1995a),
(1995b). By now there is a considerable literature on simpler, inefficient, estimators.
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Here we restrict attention to estimators for which the asymptotic variance can be cal-
culated explicitly. They are based on two types of estimating equations:

> fo(Xe) =0 (8.2)
i=1
with g fy = 0, see (7.3); and martingale estimating equations
> fo(Xi, X)) =0 (8.3)
i=1

with Qﬁfﬁ =0.

The first type was already discussed in Section 7 in the context of general parametric
Markov chain models. For fy(z) = ly(z) = py(x)/ps(x) we obtain what would be
the maximum likelihood estimator if the observations were i.i.d. This estimator is not
efficient. Kessler (2000) shows that the estimator J¢ based on fy = e, defined in
Theorem 2 is optimal among solutions of (8.2). If the diffusion model is correct, the
estimator ¥,, introduced in Theorem 3 is asymptotically as good as 95 . By Theorem 2,
the asymptotic variance of ¥, (and hence of ¥*) is [my(fye,)] ™! with

7T19(€196*) = 7T19€129 + 22(—1)%@9(&9 . Q%fﬁ)

=1

However, 9% depends on Qg through V A. Hence, if the diffusion model is misspecified,
then ¥¢* will, in general, be inconsistent, while our estimator remains consistent as long
as the model for my is correct.

For solutions 9/ of the second type of estimating equations, (8.3), we obtain a stochas-
tic approximation similar to (7.4),

nl/Q(ﬁ'fz - 19) = (7T19 ® Qﬁfﬁ)_ln_lm Z fﬁ(Xti—1 ) th) + OPnﬁ(]')' (84)

i=1

Hence ¥/ is asymptotically normal with variance

(9 @ Qo fo) *mg ® Quf3. (8.5)

If we take fy(x,y) = my(z,y), the logarithmic derivative of the transition density,
then the estimating equation (8.3) gives the maximum likelihood estimator, which is
efficient if the diffusion model is correct, and in general better than our estimator D
But as noted, my is often not tractable.

The maximum likelihood estimator exploits the parametric diffusion model fully.
Other choices of fy use less information about the model. A simple class of estimating
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equations are the quasi-likelihood estimating equations, based on parametric models for
certain conditional moments. They are also called polynomial estimating equations. The
simplest is the linear estimating equation, with

ol y) = wy(@)[y — as(x)], (8.6)

where wy(x) is some weight function, and ay(z) = [ Qy(z, dy)y is the conditional mean
of X;, given X;, , = z. In many cases the conditional mean cannot be written explic-
itly and must be calculated numerically. This is, however, easier than calculating the
maximum likelihood estimator. The asymptotic variance (8.5) with fy as in (8.6) is
minimized for wy(x) = ay(x)/vg(x), where vy(z) = [ Qy(z,dy)ly — ay(x)]* is the con-
ditional variance of X, given X;, , = x. For this choice of wy, the asymptotic variance
is [my(a3/v9)]~'. We refer to Bibby and Sgrensen (1995), and for generalizations to
polynomial estimating equations to Kessler (1995) and Bibby and Sgrensen (1996), and
to the reviews of Bibby and Sgrensen (1997) and Sgrensen (1997). For quasi-likelihood
models see also Wefelmeyer (1996).

Another class of martingale estimating equations is introduced by Kessler and Sg-
rensen (1999). The generator of the diffusion process (8.1) is

1 o d? d
Lﬁ = —0'19(1’) w + bﬂ(l’)%
An eigenfunction py(z) with eigenvalue Ay solves Lypyg(x) = —Aypg(z). We have

(Qopy)(z) = e 2 py(x) and obtain martingale estimating equations (8.3) with

folz,y) = wo()[po(y) — e 2 py(2)]. (8.7)

Kessler and Sgrensen (1999) obtain optimal linear combinations of a finite number of
such estimating equations.

From the form of the asymptotic variances we see that none of the estimators in this
section, excepting the (intractable) maximum likelihood estimator, is always superior to
our estimator. Some are simpler to calculate than ours, though none is straightforward.
Unlike our estimator, they break down if certain features of the diffusion model are
misspecified.
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