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We prove a Bahadur representation for a residual-based estimator
of the innovation distribution function in a nonparametric autoregres-
sive model. The residuals are based on a local linear smoother for the
autoregression function. Our result implies a functional central limit
theorem for the residual-based estimator.

1. Introduction. Regression models are described by their regression
function and their error distribution, and possibly by their covariate distri-
bution. The object of primary statistical interest is the regression function.
Estimators of the error distribution function are however also of interest,
in particular for tests about the regression function and for prediction in-
tervals about future observations. There is a large literature on estimat-
ing error distribution functions, but it is nearly exclusively concerned with
cases in which the regression function is parametric, in particular with lin-
ear regression. We refer to Koul (1969, 1970, 2002), Durbin (1973), Loynes
(1980), Shorack (1984), and for increasing dimension to Portnoy (1986) and
Mammen (1996). Analogous results exist for autoregressive time series with
parametric autoregression function, and for related time series models. For
AR(p) models see Boldin (1982), Koul (1991), Koul and Ossiander (1994).
For ARMA, ARCH and GARCH models we refer to Boldin (1998), Lee and
Taniguchi (2005), Kawczak, Kulperger and Yu (2005), Koul and Ling (2006),
Berkes and Horvath (2002). See also Chapters 7 and 8 in Koul (2002). Em-
pirical distribution functions of powers of residuals are studied by Horvath,
Kokoszka and Teyssiere (2001), Berkes and Horvath (2003), Kulperger and
Yu (2005).

In these papers, the (auto-)regression function (and volatility) depends on
a finite-dimensional parameter, which can be estimated at the root-n rate.
If this function is nonparametric, different arguments are needed to obtain a
stochastic expansion and hence the root-n rate and asymptotic normality for
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the residual-based empirical distribution function. For heteroscedastic non-
parametric regression, Akritas and Van Keilegom (2001) give a functional
central limit theorem for a residual-based empirical distribution function;
see also Kiwitt, Nagel and Neumeyer (2005). A related result is in Cheng
(2005) who uses separate parts of the sample for estimating the regression
function and the error distribution function. Miiller, Schick and Wefelmeyer
(2007) consider the partly linear regression model Y = 97U + o(X) + ¢ with
error ¢ independent of the covariate pair (U, X). They use a local linear
smoother for the regression function ¢ and get by with weaker assumptions
on the error distribution and the covariate distribution. In these results, the
distribution of the covariate X is assumed to have bounded support.

We expect the results for nonparametric regression to have counterparts
in nonparametric autoregression. Indeed, Grama and Neumann (2006) show
that nonparametric autoregression is (locally) asymptotically equivalent, in
the sense of Le Cam’s deficiency distance, to certain nonparametric regres-
sion models. Below we study a stationary and ergodic nonparametric au-
toregressive model

Xt = T(Xt_l) +e¢, tE Z,

with independent and identically distributed innovations g, t € Z. We ob-
tain a stochastic expansion (“Bahadur representation”) and a functional
central limit theorem for a residual-based empirical distribution function,
using a local linear smoother for the function r. We assume that the innova-
tions ; have mean zero, finite variance o2 and a distribution function F with
positive density f. Compared to regression, two technical difficulties arise.
One is that the observations are dependent. Another is that for regression
we could assume that X is bounded, but the analogous assumption for the
process Xy is ruled out by our requirement that f is positive.

We want to estimate F' based on observations Xg, X1,...,X, of the au-
toregressive process. For this we need an estimator 7 of 7. Then we can form
the residuals é; = X; —7#(X;_1), j = 1,...,n. Typically, the performance of
the estimator 7(z) will be poor for large values of . For this reason we shall
use only the residuals &; for which X;_; falls into an interval I,, = [ay, by
where —a, and b, tend to infinity slowly. We achieve this by using random

weights
Wy, J

with wy; = wy(X;-1) based on a Lipschitz-continuous weight function w,

that vanishes off I,,, is 1 on [a, + 7, b, — 7] for some fixed small positive
and is linear on the intervals [ay,, a, + ] and [b, — 7, by]. Our estimator will

w; = j=1,...,n,
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be of the form .
F(t) => w;lf¢; <t], teR
j=1

We shall compare this estimator with the empirical distribution function
based on the true innovations,
1
F(t) = — 1le; <t], teR.
n “
J=1
We take 7 to be a local linear smoother. Recall that, for a fixed x € R,
the local linear smoother  satisfies 7(x) = [y, where (fy,31) denotes a

minimizer of

n

(%, 0 - Xy e (Ko oy,

n
]:
Here ¢,, is a bandwidth and K is a kernel.

We impose the following conditions on the density f and the regression

function r.

(F) The density f is positive, has mean zero and a finite moment of order
greater than 8/3, and is Holder with exponent & greater than 1/3.

(R) The function r has a bounded second derivative and satisfies the
growth condition |r(z)| < ¢|x| + d for some ¢ < 1 and d < cc.

Assumption (F) without positivity of f was already used in Miiller, Schick
and Wefelmeyer (2007). Positivity of f plays a role in guaranteeing ergod-
icity of the process. Indeed, together with the growth condition on r it
guarantees geometric ergodicity of the autoregressive model. The growth
condition could be replaced by any other condition on r that implies geo-
metric ergodicity. Sufficient conditions for geometric ergodicity of nonlinear
autoregressive models are in Bhattacharya and Lee (1995a,b) and An and
Huang (1996).

The above assumptions also guarantee the existence of a stationary den-
sity ¢ that satisfies

(1.1) o) = [ f - r@)gl@)dz. yeR

Thus positivity and the Hélder property of f carry over to g and guarantee
that the latter is bounded and bounded away from zero on each compact
subset of R. This conforms with the customary assumption in nonparametric
regression, namely that the covariate density is bounded and bounded away
from zero on its compact support; see Miiller, Schick and Wefelmeyer (2007).

We impose the following conditions on the kernel K and the intervals I,,.
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(K) The kernel K is a three times continuously differentiable density with
mean zero and support [—1,1].
(I) The interval I,, = [ay, by] is such that —a,, and b, tend to infinity slowly
enough so that logninf,c;, g(x) stays bounded away from zero.

Assumption (I) is used to obtain uniform rates of convergence for # on
the intervals I,,. This is analogous to Hansen (2008) who proves uniform
convergence rates for kernel estimators based on dependent data. Finally, in
view of the inequality

bn
inf g(z)(by, — an) < / g(x)dr <1,

LBEIn
it follows from (I) that b, — a,, = O(logn).

THEOREM 1. Suppose (F), (R), (K) and (I) hold and ¢, ~ (nlogn)~/*.
Then

sup
teR

B(E) — F(t) — (02302 = o).
=1

In view of the differentiability assumptions on 7, an optimal choice of
bandwidth for # would be proportional to n~1/%. Thus the present choice of
bandwidth results in an undersmoothed estimator of r. Undersmoothing is
needed in our proofs to guarantee that the bias is asymptotically negligible
which amounts to the requirement nc; — 0 on the bandwidth. The choice of
bandwidth in the theorem is made to accomplish this and to make the band-
width basically as large as possible. Actually, the choice ¢, ~ n~4log™ " n
works for any positive 7. We have taken v = 1/4 for notational simplicity.

We set X = Xy and € = 7. By Theorem 1,

sup |F(t) — F(t) —

n
teR -

% (1[@- <t - F(t)+ f(t)fj)‘ = 0p(n~/?).
j=1

The terms 1lle; < t] — F(t) + f(t)e; in this Bahadur representation of
F(t) — F(t) are martingale increments, and the density f is bounded under
assumption (F). Hence by Corollary 7.7.1 of Koul (2002), the residual-based
empirical process n'/ Q(F — F') converges weakly in D[—o00, 0] to a centered
Gaussian process with covariance function

(5,1) = F(s At) = F(s)F(t) + f(s)e(t) + f(t)els) + f(s) f(t)o?,

where



ESTIMATING INNOVATION DISTRIBUTIONS )

is the mean of e1[e < ¢].
Paradoxically, the asymptotic variance

F(t)(1 = F(t) + 2f(t)e(t) + f*(t)o”

of the residual-based weighted empirical distribution function F(¢) can be
smaller than the asymptotic variance F'(t)(1 — F(t)) of the empirical distri-
bution function F(¢) based on the unobserved innovations. The explanation
is that F(¢) does not make use of the assumption that the innovations have
mean zero, while the linear smoother # used for the residuals exploits this
information (as do other nonparametric estimators for the autoregression
function). For nonparametric regression, a similar observation is made in
Miiller, Schick and Wefelmeyer (2004).

The estimator I (t) is efficient. Efficiency can be proved similarly as for
nonparametric regression in Miiller, Schick and Wefelmeyer (2004).

A result along the lines of Theorem 1 can be proved for higher lag non-
parametric regression. This requires additional smoothness of the underlying
regression function r of several variables and the use of appropriate multi-
variate local polynomial smoothers. We will pursue this somewhere else.

Note that the conclusions of Theorem 1 remain valid if we replace the
endpoints of I, by data-driven versions which take only finitely many values
with high probability. This can be achieved by choosing I, = [a,,b,] at
random from a collection ., = {[a,b] : a < b,a,b € G,,} of intervals with
Gn={kn:k=0,1,—-1,2,-2,...,|nk| < Clogn} for some small positive 7
and some constant C. For this let

be a kernel density estimator of g. Under the assumptions of Theorem 1 we

have
sup  [g(x) — g()| = op(n"/1?)
|z|<Clogn

I

see (3.1) and (3.2) below with ¢ = 0. Now we can choose I, as the interval
with largest length among the intervals [ in .#, with logninf,c; g(z) > n.

The remainder of the paper is organized as follows. Section 2 describes
some possible applications of Theorem 1. A proof of this theorem is presented
in Section 3. Technical details needed in the proof are provided in Sections
4 and 5.



6 U. U. MULLER, A. SCHICK AND W. WEFELMEYER

2. Applications. In this section we describe some applications of resi-
dual-based empirical distribution functions. These applications have versions
in nonparametric regression and have been extensively studied there.

Quantile functions. By Proposition 1 of Gill (1989) on compact differ-
entiability of quantile functions we obtain from Theorem 1 the following
uniform stochastic expansion for the residual-based empirical quantile func-
tion. For 0 < e < 8 < 1,

R n ; L) —u
Ft =+ 0 (R o) = )

sup
asu<p

Prediction intervals. A predictor for X,,11 is 7(X,). By the above result
on the quantile function, the probability that X, ; lies in the prediction
interval [#(X,,) +F~1(«/2),#(X,) +F (1 — a/2)] converges to 1 — . For a
related result in nonparametric (and heteroscedastic) regression see Akritas
and Van Keilegom (2001).

Goodness-of-fit tests for the innovation distribution. In order to test
for a specific form of the innovation distribution function F', we can use e.g.
the Kolmogorov—Smirnov statistic

n'/2 supB(t) — F(0)
teR

or the Cramér—von Mises statistic
n / (B(t) — F()2dR (D).
Similarly, tests for parametric models Fjy can be based e.g. on

n sup [F(t) — Fy (1)
teR

or

n [ (Bt~ Fy(0)*dB(o)

for some estimator 1§, for example the residual-based maximum likelihood
estimator.

Goodness-of-fit tests for the autoregression function. Suppose we
want to test the null hypothesis that we have a parametric form r = ry for
the autoregression function. Let ¥ denote the least squares estimator for ¥,
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i.e. a minimizer of 3.7, (X; — ry(X;_1))% Let é; = X; — r3(X;_1) denote
the residuals under the null hypothesis, and let Fo(t) = (1/n) i1 1[é0; <]
denote the corresponding empirical distribution function. We can then base
a test for the null hypothesis on the Kolmogorov—Smirnov statistic

n!/? sup[F(t) - Fo ()|
teR

or the Cramér—von Mises statistic

~ ~

n [ (Bt~ Fo(t)*d (@)

For a related approach in (heteroscedastic) regression see Van Keilegom,
Gonzélez Manteiga and Sanchez Sellero (2007).

For other applications of residual-based empirical distribution functions
we refer to Neumeyer and Dette (2005), Pardo-Ferndndez, Van Keilegom
and Gonzélez-Manteiga (2007), Dette, Neumeyer and Van Keilegom (2007),
Einmahl and Van Keilegom (2007).

3. Proof of Theorem 1. In this section we give the proof of our the-
orem. We will make repeated use of the following exponential inequality for
martingales in Freedman (1975).

LEMMA 1. Let Yi,...,Y, be a sequence of martingale increments (with
respect to a filtration Fy, . .., Fpn) bounded by c. Set S, =377 1Y and T;, =
> E(sz|.7:j,1). Then for positive s and t one has

52

Throughout we assume that the assumptions of Theorem 1 are met. These
imply that the innovation density f is bounded:

| flloc = sup f(t) < oco.
teR

The stationary density g of our nonparametric autoregression model can and
will be be chosen to satisfy (1.1) and is hence positive, bounded and Hélder
with exponent £. For a continuous function A on R and an interval I we let

[[7l[1 = sup | (z)].
zel
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We begin by studying the behavior of the local linear smoother on the
interval I,,. To this end we introduce for a non-negative integer i the function
K; by K;(u) = v'K(u) and the random functions p; and §; by

ii[(( —=), weR,

ney

and

—ZXK( —2), zeR

It is easy to check that on the event {p2(z)po(z) — p3(z) > 0} we have the
identity

. P2(x)qo(z) — p1(x)q1(z
o) = P2ROE) P @)in(z).
p2po(x) — pi(x)
By the properties of f and K, we obtain from Lemmas 3 and 4 in Section 4
and the choice of bandwidth that

(3.1) sup
xEIn

pi( @) = 0p(n13), i=0,1,2,....

Let us now set
)\i:/Ki(u>du:/uiK(u)du, i=0,1,2,....

Since the density g is Holder with exponent £ and the kernel K has compact
support, we obtain in view of the identity

pi(x) = Elpi(x)] = /g(x —cpu)u'K (u)du, =z €R,
that

(3.2) sup |E[pi()] — Nig(@)| = O(ch), i=0,1,2,....

n
zeR

It follows from (I), (3.1) and (3.2) that

(33)  pi/g = Aillr, + 15i/g = Nillr, = 0p(n™V/1?), i=0,1,2,....

As K is a density with mean zero, we have \g = 1, Ay = 0 and Ay > 0 and

obtain

P20 — D3 — Aag?|l1, = op(n~/12).
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Since logninfyer, g(x) is bounded away from zero and A is positive, there
exists an a > 0 such that

(3.4) P (log? n inf [pa(e)po(e) - @) >a) = 1.

We can write ¢§; = A; + B;, where

7253 ( w), r € R,

TLCn Cn

and .
_nlz:: X;_1)K (le—x)’ z €R.

Cn

Since r has a bounded second derivative, a Taylor expansion shows that
(35 (Bi = rpi = r'enpir1) /91, < sup 7" (x)|chllpo/ gl r, = Oplesr).
xe

It follows from Lemma 5 in Section 4 that
(3.6) |43l = Op(n=3%10g>8n), i=0,1.
Relations (3.1) to (3.6) imply that

~

A=F—r=ua+0,

where

oy D2(x)Ao(z) — pi(x)An(z) .
&0 M @ -Aw
and
(3.8) lill 7, = Op((nlogn)~*/3).

Since K is three times continuously differentiable, so are p; and A;. From
Lemma 5 in Section 4 we derive the following rates for the derivatives of A;,

1A, = O(c;"n3/810g”8n), v =0,1,2.

As K] integrates to zero, we can write

cupl(a) = [ oo = cn) Kifu) du = [ (gl = o) = 9(a)) Ki(u) du
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and obtain ||c,p./gl1, = O(c logn) by (I) and the Holder property of g.
Similarly one verifies ||c2p! /gl = O(c5 logn). By (3.3) we have ||p;/gl|1, =
O(1). We derive that s; = pa_;/(P2po — P?) satisfies

Isillz, = OClogn), llensillr, =0(1) and |c;silr, = o(1), @=0,1.

As 0 = sgAy — 5141, we conclude that

3.9 ollr, = op(n38 log?n),
n P

(3.10) 19l = op(n”"/*log?n),

3.11 ", = op(n%log®n).
n P

Moreover, it follows from Lemma 6 that

1 n /
3.12 — E E + -1 2
( ) 0 W, 0 gj +op(n

Let F,, denote the weighted empirical distribution function based on the
unobserved innovations, defined by

It is easy to check that

sup Fy (1) — F(t)| = op(n~"/?)
teR

and

—_

n
fZ wnj =1+ 0p(1).

3

We have the identity

W (F(t) — Fy(t)) = H(t,A) — H(t,0) + B(t, A),

where

and

= % an]’ (1{5]' <t+ A(Xjfl)] — F(t + A(Xjfl)))
7j=1
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for t in R and A in C(R), the set of continuous functions from R to R. As
f is Holder of order ¢ greater than 1/3, we derive

) L wnsAX ()] € 23w LIACE ),

] 1

1
sup |B(t, A) —
teR n

where L is the Holder constant of f. In view of this, relations (3.8), (3.9)
and (3.12) yield

1 n
sup |B(t,A) — —ZEJ‘—OP —1/2y,
teR ni4

Thus we are left to show that

sup |H(t,A) — H(t, 0)] = 0,(n"1/?2).
teR

Since the innovations have a finite second moment, we have

_ 1/2
max [e;] = op(n'/?).

Since ||A||7, = 0,(1), the probability of the event

12 R
{1I%a<xn]5]] <n'2-1}n{|Al, <1}
tends to one. On this event we have

sup [H(t,A) — H(t,0)| = suwp B(t,A)

[t|>nt/2 [t|>nt/2
< 2F(1 —n'?) +2(1 — F(n'/? —1)).

Since F has a finite second moment, we have F(t) = o(t~2) as t — —oo and
1 — F(t) = o(t2) as t — oo. This shows that

sup |H(t,A) — H(t,0)| = 0,(n1).

|t|>nl/2

Now fix a & in the interval (1/3,1/2). For an interval I, let C1+°(I) be
the set of differentiable functions h on R that satisfy ||h||; s < 1 where

h(x)—Hh
hllrs = Al + 10+ sup @ WL
zyelxty ly — x|
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It follows from (3.9)-(3.11) that & belongs to C1°(I,) with probability
tending to 1. Indeed from (3.10) we obtain

wp | P@-7@)

57 < 204|011, = op(n~ /¥ 4 10g? ),
x,y€In,ly—x|>n—1/4 |y - .’E|

and from (3.11) we obtain

~/ o
x,y€In,ly—z|<n—1/4 ’y - 1"

Since —1/8+6/4 < 0 by choice of §, the above and relations (3.9) and (3.10)
yield that

(3.13) 19[1£,,.6 = 0p(1).
Now let 2, = {u+v:u € %,,v € ¥}, where
Uy ={h € C[R) : |||, <n Y?log~4n},
Y = {h € CITO(L,) : ||h]l1, <n %*log?n}.

By (3.8), @ belongs to %, with probability tending to one; by (3.9) and
(3.13), 0 belongs to ¥#;, with probability tending to one. This shows that A
belongs to %, with probability tending to one. In view of this we are left to
show

(3.14) sup  |H(t,A) — H(t,0)| = o,(n~Y/?).
‘t|§n1/2,A€9n

To this end set n, = n~1/2 log_1/4 n. Let t1,...,ty, be an n,-net of

[—nl/Q,nl/z], and let vy,...,vy, denote an 7,-net for ¥, for the pseudo-
norm || - ||z, We can choose the former net such that
(3.15) M, <2+nlog'*n,

while we can take the latter net such that
(3.16) N, < exp (K2 + by — an) (nlog /) /120

for some constant K,; see Theorem 2.7.1 in van der Vaart and Wellner
(1996). Note also that v1,...,vy, is an 2n,-net for Z,,. We have

sup |H(t,A) — H(t,0)| < max|H(t;,v;) — H(t;,0)| + max D, ,
It|<nl/2,Ac P il il
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where

Dy = sup (1H () = H(ti,v)| + [H(t,0) — H(t;, 0)]).
[t=ti|<nn.l|A=vill1,, <21n

For |t — t;| < m, and ||A —v]|7,, < 27, we have
1y <t; —3n, +v(x)] < 1y < t+ Ax)] < 1y < t; + 30, + vy(z)]

and
F(ti = 3np +vi(x)) < F(t+ Az)) < F(ti + 3np + vi(z))

for all y € R and = € I,, and thus obtain
|H(t,A) — H(t,v)| < H(t; + 3nn,v) — H(ti — 3nn,v) + 2R,

with
1 n
Rig = = 3wy (F(ti + 300 + w(Xj-1)) = F(t; = 3n, + u(X;-1)))
j=1

< 6/[f llocn-
Similarly, we derive the bound
|H(t,0) — H(t;,0)| < H(t; +1n,0) — H(t; — 10, 0) + 4[| flloonn-
Thus we have the following bound:

sup |H(t,A) — H(t,0)| < T + Ty + T5 + 16| f || oo,
lt|<nl/2, A€,

where

= mé}X|H(ti’W) — H(t;,0)],

2

Tg = m%x H(ti + 377n,1)l) - H(ti - 3"7717 Ul)a
2

Ty = max H(t; + 1n, 0) = H(t; = 7o, 0).
1y

To continue we need the following lemma which follows from a simple ap-
plication of Freedman’s inequality.

LEMMA 2. Let s,t be real numbers and w and v be continuous functions.
Then, for every 8> 0 and every a > |t — s| + ||[u — v||1,, we have

2
P(|H (s, u) — H(t,v)| > fn~"/?) < 2exp (- 43n1/? f;za\lflloo)
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PRrROOF. We apply Lemma 1 with
Y = wnj(1[€j <st+u(Xjo)] - ey <t +o(X;)]
—F(s+u(X;-1))+ F(t+ U(Xj_l))).

We have |Y;| <2, E(Y;|Xo,...,X;-1) =0 and

3

n
V=Y E(Y}Xo,...,Xj-1) <> wpj|F(s + u(Xj-1) — F(t + v(Xj_1)]
Jj=1 J
< | flloo([t = sl + [Ju = vllz,)

IA I

nal| floo-

Since

P(|H(s,u) — H(t,v)| > Bn~"/?) = P(| iyj\ > B2V, <l flloeer),
j=1

the desired result follows from an application of Lemma 1. O
Note that ||v]|7, < n~3/®log?n+1,. Thus we obtain from Lemma 2 that

P(Ty > pn~ %) < 3" P(H(ti,v) — H(t;,0)| > Bn='/?)

il

B*n )

< 2M,N,exp| —
- p( 461172 4 2n|| f[| oo (n=3/8 log® n. + 1)

Similarly,

B*n )

P(Ty > %) < 2MaNoex (= o S
xo'n

and

_ Fn )
412 + dn|| flloonn’”

As 1/(2 4 2) < 3/8, we obtain from the above and from relations (3.15)

and (3.16) and the fact that b, — a, = O(logn) that

P(Ts > Bn~Y/2) < 2M, N, eXp(

P(T; > fn~Y?) =0, i=1,2,3, 8>0.

This completes the proof of (3.14) and hence the proof of Theorem 1.
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4. Technical details. Let v be a measurable function and ¢,, a sequence
of bandwidths. Let t1,t2, ... be measurable functions which are bounded by
the same constant B. In this section we study the behavior of the processes

« 1 & X, -z
(4.1) Tn(z) = W;tn(xj)v( Jcn ) z€R,
and
1 L X'_l — T
(4.2) Un(z) = ncnjzlajv(]cn), z €R,

on the interval I,,. For this we will use the following result.

PROPOSITION 1.  For each x in R, let hy, be a bounded and measurable
function from R? into R such that

(4.3) E(hne(Xo, X1)| Xo) = 0.

Suppose there are positive numbers k1, ko and C such that

(4.4) sup |hnz(Xo, X1)| < C/logn,
x€l,
(4.5) P(sup Y B(h3,(X;-1, X;)|X;-1) > C/logn) — 0,
€l _
n‘]il

(4.6)  |hny(Xo, X1) — hna(Xo, X1)| < Cn®2|y — 2|, z,y € R.

Then there is a constant A such that

(4.7) P( sup
$€In

| anhm(xj_l,xj)‘ > A) = 0.
j=1

PROOF. Let us set Dj(x) = hpa(Xj-1, X;). Then M, (x) = 37 Dj(x)
is a sum of martingale differences with |D;(x)| < C/logn. Set Wy (z) =
"1 E(D3(x)|Xj-1). It follows from Lemma 1 that

n?logn

C
P Mn > ) n S S 2 YRR Y2 A .
(IMa(@)] = 0, Wa() 1Ogn) exp ( 2(HW) n>0
Now let z,, = an + k(b — ap)n™™ for k = 0,1,...,n™, with m an integer

greater than (1 4 k2)/k1. We have

sup | M, (z)] < max |My(zur)| + Qn,

z€ely, :07'“7nm
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where, in view of (4.6),

Qn, = max sup | My, () — My (zp1)]

=0, (g | < (bn—an)n=m

< CnH”Q(bn —ap)MnTMM = 0.
Now consider the events

A, = { max | My(xn)] > 1+2(m+ 2)0}

k=0,...,n™

and

C
B = {sup W) < o

The above yields, with n =1+ 2(m + 2)C,
P(An) < P(By) + P(An N By)

< P(BS) + - P(IMalwa)] > 1, Walom) <

= logn)

(= Dlogn) )

Thus the desired result (4.7) holds with A = 2 4 2C(m + 2). O

< P(Bg) +2(1+n™)exp (-

Let us now compare T,, with T,,, where

To(z) = —— ; E(tn(Xj)U(Xj_x
1

ney, “
g

)‘Xj—l)y x eR.

Cn

LEMMA 3. Suppose f is bounded and v is integrable and Lipschitz. Let
¢n — 0 and ne,/logn — oo. Then

sup | T (z) — To(z)] = op((log”)l/Q).

zel, ncy

PrROOF. We apply Proposition 1 with

e (X0, 1) = (ta 000 (T2 = Bt (0)0 () 0))

n

where s,, = (nc, logn)/2. Assumption (4.3) holds by construction. In order
to show (4.4) note that the assumptions on v imply that v is bounded and
square-integrable. We have

2B|v|oo
hne (X0, X1)| € —.
:SSII:L’ ne(Xo, X1)| < vnep logn
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This is of the desired order O(1/logn) since logn/(nc,) — 0 by assumption.
Next, we have

E(hyy (X5, Xj1)|Xj-1) < f; zn:E(“2<ch_x)‘Xj—1)’ vek.
j=1 noj=1 "

This yields the desired (4.5) in view of n/s2 = 1/(c, logn), stationarity, and
the bound

Lo(r () ) - [ (=

Cn Cn Cn

= [ v*(u) f(z — r(Xo) + cpu) du
< ko [ 020 du.

Finally, relation (4.6) follows with k1 = k2 = 1 from the bound

g (X0, X0) = (X0, X)| < 22 sup [o(22) = o(220),

Sn zeR Cn Cn
2BA
< ‘y - x‘v
SnCn
where A is the Lipschitz constant of v, and the fact that nc,s, — oo. 0

LEMMA 4. Suppose f is bounded and v is integrable and has a bounded
derivative v’ such that the integral V- = [(1+ |u|)|v'(u)| du is finite. Suppose
the functions ty = f,t1,ts,... satisfy

|tm(y)—tm($)|§Hm‘y—$’EO, x7y€R7m:07172"'7
for some exponent &, 0 < & < 1. Then

ngp ‘Tn(x) - E(Tn@))’ = Op((HO + Hy)(by — an)n—l/2030—1>.

ProoF. For s € R, let us define the function ¢, s by
On,s(x) =tp(z)f(x —s), zeR.

By the properties of f and t,, the functions ¢, s are bounded by B|f|
and Holder with exponent &y and constant A,, = BHy + || f||coHn,

(4.8) ‘ﬁbnys(x) - ¢n,5(y)‘ < Aplr — y|£0-
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It is easy to see that
1 n
= ﬁ an,r(Xj,1)<x)7 S R)
j=1

where

?ﬂn,s(x):/cln ( o )qf)ns dy—/qbnsx—i-cnu) (u)du, x€R.

By the properties of v, the functions v, s are bounded by Bl| f|s||v|1 and
differentiable with derivatives

IM%S(.TJ) = _Cln/(bn,s(x + CnU)U/(U) du, x €R.

In view of [v'(u)du = 0 we obtain

1/)1/1,5 (x) = 1 (¢n s(m + ch ) qbn,s(x))vl(u) du, zx €R.

Cn

Thus (4.8) implies that
Uh0@)] < A [l W)l du, o € R,

Hence the functions 1, ; are Lipschitz with constant L,, = VApcso—t
Since the autoregressive process is geometrically ergodic, there is a con-
stant D such that

Var( UQZh ) )) < D|h||%

for every bounded measurable function h. Since

‘wn,r(y)(s) - wn,r(y)(t))‘ < Ln|3 - t’a s,t,y € R,

we obtain that
(4.9) Var(n'/2(T(s) = Tu(t))) < DL3(s = 1)?, s,t€ L.
Thus it follows from Theorem 12.3 in Billingsley (1968) that the sequence
of C(]0, 1])-valued processes
nl/2

Ln(bn - an)
is tight. This is the desired result. O

(Tn(an + (bn — an)z) = E[T,,

’ﬂz
/-\
S
3
+
=
3
|
IS
3/
8
=
N—
(@)
A
8
A\
—
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LEMMA 5.  Suppose the function v is as in Lemma 4. Let f be bounded
and have a finite moment of order 6 > 2. Let ¢, — 0, n1/2cn/logn — 00
and ¢;'n""*2/Plogn be bounded. Then

sup U (2)] = Op((logn>1/2).

xel, nep

PROOF. Let s, = (nc, logn)'/2. Define

Bnj(2) = Sln(ffjl[lejl < n'/P) — Eleg;1]|e;| < nl/ﬁ]DU(M)’

1 Xi_1—x
Snj(z) = —¢e;1e;| > n'/Plo( =),
Sn c

n

Sns () = ;E[ejl[lsjl > nl/ﬂ]]v(w).

Cn

Since € has mean zero, it suffices to show that

(4.10) sup ‘ Z an _ Op(l),
z€ly, j=1
(4.11) sup ‘ Z Spi(@)] = 0,(1),
TELlp :
z€l, )
We have
1/8 . ) 1/8 3 1/8
P(lréljagi lej| >n ) S;P(\EJ\ > n'/P) < Elle]P1]|e] > n'/P]] — 0
and thus
(Sup‘zsnj ‘>0><P( max ’5|>n1/ﬁ) 0.
zely, j=1

The assumptions on v imply that v is bounded, say by B. Hence we also
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have
- nB 1/
sup ’ >~ Snj()| < —E[sl[\d > n/P]
z€ly j=1 Sn
8 /8y "B
< BlJeP1lel > nA) P
1/2
=o(n /86~ = o((n_1+2/ﬂcgllog_1n) /)

1
- 0<logn)'

To show (4.10) we apply Proposition 1 with hp.(X;-1, X;) = Ry;(x). We
have

sup ’hnx(X07 X1)| <

zel, Sn

2Bn1/520( 1 )

Next, for z in R, we have

(4.13) ST EB(h2,(Xj-1, X)) X 1) < T Hy()
7=1

with

_LGjvg( j— 1—3:).

ne
n =1

Note that v? inherits the properties imposed on v. Thus Lemmas 3 and 4,
applied with v? in place of v and with & = 0, yield

sup |Hy(x) — E[Hy,(2)]] = 0p(1).

mEIn
Finally,
E[H,(z)] < ||f||oo/v2(u) du, zER

This shows that P(sup,c; Hp(xz) > C) — 0 for large enough C'. This yields
(4.5) in view of (4.13).
Since v is Lipschitz for some constant A, we obtain

2AnY/
’hny(XO,Xl) - hnx(Xle)‘

Iy—wl < Cnly —xl.

n+=n

Thus the assumptions of the Proposition 1 hold, and we obtain (4.10). [



ESTIMATING INNOVATION DISTRIBUTIONS 21

5. Proof of (3.12). In this section we provide the proof of (3.12). More
precisely, we prove the following lemma.

LEMMA 6. Suppose (F), (R), (K) and (I) hold and ¢, ~ (nlogn)~ /%
Then (3.12) holds.

PROOF. Let us set

Da—i(x)
P2(x)po(x) — i ()

si(z) = , T€eR, i=0,1.

Then we can write 0 = sgAg— s1A1. Changing the order of summation leads
to the identity

with & = hg — hq, where for i = 0,1 and z € R,

7an j—1 SZ j— 1)K (l’—X] 1).

ncn Cn

Let hy(x) = E[h(x)]. We calculate

hp(x) = /wn(x — cpu)g(x — cpu) (so(x — cpu) —usy(z — cnu))K(u) du.
It follows from (3.3) that

sup |g(x)so(z) — 1| = o(n_1/12) and  sup |g(x)si(x)| = o(n_1/12).
xEIn {l'eln

Using these properties it is easy to verify that E[(h,,(X)—1)2] — 0. Therefore

—Zsk( (Xp1) = 1) = op(n~"72).

Indeed a martingale argument shows that the second moment of the left-
hand side is bounded by E[e?|E[(h,(X) — 1)%]/n.
Thus we are left to show that

(5.1) — ng( Xk 1 hn(Xk_l)) = 0p(’I’L_1/2).

Abbreviate h — hy, by h.. Note that ﬁ*(m) = 0 for z outside the interval
Jn = [an — cn, by + ¢, and that wy,sp/logn and wy,s1/logn are uniformly
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bounded and Holder with exponent & > 1/3 and constant H, = O(logn).
Applying Lemmas 3 and 4 with I, replaced by J,, with ¢, = w,s;/logn
and with the choices v = K;, v = K/ and v = K/ for i = 0,1, we obtain

elloo = 0p(n™2), [l loo = 0p(n~/*2) and  [[A]loc = 0p(n'®).

By (F), f has a finite moment of order 3 > 8/3. Hence we obtain maxy, |ex| =
op(n~1P) and p,, = Elel[le] < n/8)] = O,(n~B=D/8) = o,(n~1/?) as shown
in the proof of Lemma 5. Thus the desired (5.1) follows if we show that

1 & ~
(5.2) =3 enihe(Xim1) = 0p(n11?),
k=1

where e, . = ex1[|ex| < n'/5] — . To this end let us first show that P(h, €
) — 1, where 77, is the set of all differentiable functions A on R which
vanish off J, and satisfy

W) =Wl _

Ihlloo <03 and [Ihloc + 1]l + sup T <
y#T |z —yl

Indeed, by the properties of h. we obtain

wp @) =)

| | 1/4 ’y — .Z"l/?’ < 2711/12”]1;”00 = 0p(1)
y—x|>n"

and A 2
h/ _ hl ~
sup VD) =Rl sy = 1),
=l

Thus (5.2) follows if we show that

(5.3) Si = sup |Sn(h)| = op(n~1?),
he#,

where
1 n
Sn(h) = — Z En,kh(Xk—1)~
i

Let n, = (n logn)*l/z. Let hi,...,hn, denote an m,-net of J,. Then we
have the bound

_ —1/2
M= max [Su(h)] +op(n”2).

* 1 =
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If ||h]|oo < n~ 3, we derive from Lemma 1 that

2

12 s°n
P(|Sn(h)| > sn ) < Zexp ( T Anl/Bn—1/3gp1/2 202nn_2/3>
§2p11/24
§2exp(—m)a 5> 0.

In the last step we used the fact that § > 8/3. In view of Theorem 2.7.1 in
van der Vaart and Wellner (1996), we can take

(5.4) Ny < exp (K.u(2+ 260 + by — an)(nlogn)*/*)

for some constant K. Thus we obtain

§2pl1/24

P( max_ |Sy,(hy)| > sn*1/2) < 2N, exp ( —

) —0, s>0.
1<v<Nn

4s + 202
This completes the proof of (5.3). O
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