Efficient Density Estimation in an AR(1) Model.

Anton Schick and Wolfgang Wefelmeyer

ABSTRACT. ccc This paper studies a class of estimators of the stationary den-
sity of an autoregressive model with autoregression parameter 0 < o < 1.
These estimators use two types of estimators of the innovation density, a stan-
dard kernel estimator and a weighted kernel estimator with weights chosen to
mimic the condition that the innovation density has mean zero. Bahadur ex-
pansions are obtained for this class of estimators in L1, the space of integrable
functions. It is shown that the density estimators based on the weighted kernel
estimators are efficient if an efficient estimator of the autoregression parameter
is used.

1. Introduction

Consider observations Xj,..., X, from a stationary autoregressive process,
AR(1),
Xt =0Xi1+e, teL,

with unknown autoregression parameter g in the open interval (0,1). The innova-
tions g, t € Z, are i.i.d. with a common density f, mean zero and finite variance
0%, and {X,,s < t} and {e,,r > t} are independent. Then X, has the infinite series
representation

Xi=¢e¢+ ZQJEtfj-
j=1
We are interested in estimating the stationary density g of the process. The usual
estimators are density estimators based on the observations X, ..., X,. They do
not use the autoregressive structure of the model and work for ergodic nonparamet-
ric Markov chains or more general time series. See, for example, Chanda (1983),
Yakowitz (1989), Hart and Vieu (1990), Tran (1992), Chan and Tran (1992), Hallin
and Tran (1996), Honda (2000), Wu and Mielniczuk (2002), Bryk and Mielniczuk
(2005) and Schick and Wefelmeyer (2008a).
For the autoregressive process, the density satisfies the equation

g(w) = /jo flz—oy)g(y)dy, zeR.

Thus a natural estimator of g is given by the plug-in estimator

o) = [ T fe— ity dy, zeR,
1
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with 0 a root-n consistent estimator of g, f a kernel estimator of f based on the
residuals €; = X; —0X;_1,j =1,...,n, and § a kernel estimator of g based on the
observations Xo, ..., X,. It can be deduced from Schick and Wefelmeyer (2008b)
that the plug-in estimator gy is root-n consistent in L; under mild assumptions.
Similar results for moving average processes are in Schick and Wefelmeyer (2004a,
2004b).

We can repeat the above plug-in procedure with gg replacing §. This leads to
the estimator

g1(x / f (x—0y)do(y)dy, x€R.

One expects the estimator §; to be better than gy as it uses a better initial estimator
of g. Proceeding in this way one recursively defines new estimators

Gr1(z / f@—oy)gn(y)dy, z€R,

for positive integers k. It is easy to check that g, has the representation

gk(z)/%lf@i@i% G+ )H (y;) dy; §(z) dz
=1 j=1

for nonnegative k.
Our goal in this paper is to study the estimator g, where k, is a sequence of
integers that grow to infinity slowly. We shall do so under the following assumptions.

(A1) The density f has finite Fisher information for location.
(A2) The estimator ¢ satisfies the stochastic expansion

o+ - j{j¢) j-1.€5) +op(n~1/?)
for a function 1 satlsfylng fioo Y(x,y)f(y)dy = 0 and

= /_O:C /_Z * (2, y) f(y) dy g(x) de < oo,

Recall that the density f has finite Fisher information for location if f is abso-
lutely continuous and the integral
e [T @R,
oo f(2)
is finite, where f’ denotes the almost everywhere derivative of f. In this case we let
¢y = —f'/f denote the score function for location. Assumption (A1) implies that f’
is integrable with Li-norm || f'||1 = [|[€s f]]1 < Jl/2

x):[ f(t)dt, xeR,

and shows that f is bounded by ||f'||;. Furthermore, the moment assumptions on
f, assumption (A1) and an application of the Cauchy—Schwarz inequality show that
the integral

This allows the representation

| i@l = [ @i+l

is finite.
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It follows from (A2) that n'/2(§ — o) converges in distribution to a normal
random variable with mean zero and variance ¥. The sample autocorrelation coef-
ficient

& i X1 X
i X
meets this requirement with v (z,y) = xy/E(X2) = zy(1 — 0?)/0?. An efficient
estimator of p is characterized by (A2) with

W(w,y) = Exﬁfgy) _ Mf(y)Q(l -0’
(X5) 75 a2 Jj
For AR(p) and ARMA(p, q¢) models see Kreiss (1987a,b) and Drost et al. (1997).
For nonlinear autoregression see Koul and Schick (1997) and Schick and Wefelmeyer
(2002a).
We shall work with two estimators of f. The first one is the usual kernel density
estimator

1 n
:EZKb(SL‘—éj), zeR,

based on the residuals. Here Kj(x) = (1/b)K (x/b) for a density K and a bandwidth
b. The second one is the weighted kernel density estimator

where )\ is chosen such that 1 — )\él, R Xén are positive and

on the event {min;<;<,é; < 0 < maxi<j<n€;} and is taken to be zero otherwise.
The second estimator satisfies

1+/\€J

/:)O yfa(y)dy =0

on this event and thus mimics that f has mean zero. Rates of convergence in
the Li-norm of these two estimators were derived by Miiller et al. (2005) in the
more general setting of nonlinear autoregressive models. We shall improve their
results for the present model in later sections. Both density estimators have the
same rates of convergence in the Li-norm, but the estimator fg performs better as
plug-in estimator for linear functionals of f. This was observed in Miiller et all.
(2005) in the context of estimating the innovation distribution function and further
exploited in Miiller et al. (2006) in the prediction for autoregressive models.

To state our first result we introduce some notation. We start with the random
variables

Xy = ngj_la,j and Yj=Xg—ole_; = Zl[z # jlo'e i, j>0.

Let ¢ denote the function defined by
g(x) = E[-Xof'(x — pX_1)], z€R.
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This function is integrable with Li-norm

Elleol] _ [/l ller sl
(1-0)? (1-0)2?
where (g denotes the identity map on R. For j = 0,1,2,..., let ; denote the
density of Y;. Then we have the following representation of the stationary density,

(1.1) gl < 1F 1 B[ Xol) < I1£' 11

(1.2) @) = [ T - Py ) dy, zeR,

— 00
for each such j. Now introduce functions v and v* by

o0

Y, y) =Y (y(z—ody) —g(@), =zyeR,
j=0
and .
V)=o) - [ e dd, syek

These functions satisfy the integrability conditions
(1.3) (/Rz (2, y)| de f(y) dy)2 < 7r/Rz(l + 22y, y))? daf(y) dy < oo
and
ad) ([ brealdee) <x [ 0@l defdy <
as will be shown in Section 2. Finally we introduce the average

_ 1 &

Uy = ;1/)()(1'—1761')

and assume that the kernel estimator g also uses the kernel K and the bandwidth
b

)

THEOREM 1. Suppose (A1) and (A2) are met, the kernel K is a symmetric den-
sity with finite variance and is twice continuously differentiable with ||(1+ (&) K'||1
and ||(1 4 &)(K")?||1 finite, and the sequence k, and the bandwidth b = b, are
chosen to satisfy

kny, k2
— 00, kibin—0 and —% —0.
log(n) nb3

Then, for the choice f = fl, the estimator g, satisfies the Li-Bahadur expansion

dz = op(n~1/?)

| J0 @) - 90~ 0agle) = 23020

> i=1

while, for the choice f: fg, it satisfies the Lq1-Bahadur expansion

[ J @) - g0 - 00gle) - 3" we0)

— 00

dz = op(n~1/?).
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The proof of Theorem 1 is in Section 5. The assumptions on k,, and b, are
met by taking k,, = (logn)® for some o > 1 and b,, = n~ for some £ in the open
interval (1/4,1/3). The standard normal density is a possible choice for K.

Inspecting the proof of Theorem 1 reveals that the theorem remains valid if we
omit integration with respect to z resulting in the estimator

kn
i) = [ f(x_z@iyi)n (45 dy;, TER
" i=1 j=1

In view of the identity

[ ) ) dy = %Z [ T h(E; — w)Ko(u) du

this estimator with f = f1 can be written as a V-statistic

p(x) = ok +1Z ZK" 29511 z€R,

Jo=1 Jkp =1
with K,, the convolution of the densities Ky, Kgp,. .. ,Kzrnp. For the estimator
f' = fg we can write it as a Weighted V-statistic

— b

’Vl
Jo=1  jrp=1 (1 +/\5ﬂ)

If we take K to be the standard normal density7 then K,, equals the normal den-
sity with mean zero and variance b? Zl"o 6%, This allows for a straighforward
computation of the estimator p for both, fl and fg.

It follows from the integrability conditions of v and ~+* that the CLT in L
applies to the L;-valued random variables Z; = v(-,¢;), j = 1,2,..., and Z] =

v*(-,€5), § =1,2..., and yields that

n_l/QZZj:n_l/Qny(-,ej) and n_l/QZZ;ZH_l/QZV*( €
j=1 j=1 Jj=1 j=1

converge in distribution to centered Gaussian processes. Indeed, as shown in Lemma
3 of Schick and Wefelmeyer (2007) the integrability conditions imply the necessary
and sufficient conditions of the CLT in L;; see Ledoux and Talagrand (1991),
Theorem 10.10 or van der Vaart and Wellner (1996, p. 92).

Our next result gives Hadamard differentiability of the stationary density which
will be crucial in the characterization of efficient estimators of g in L. For this we
write g, 5 for g to stress the dependence of g on the parameters ¢ and f. Let H
denote the set of all measurable function A which satisfy

/oo h(y) F(y) dy = 0, /°° yh(y) f(y)dy =0 and /jo B2 (y) £ (y) dy < oo.

— 00 —0o0
This set is the tangent space at f of the set F of all densities with mean zero, finite
variance and finite Fisher information. Indeed, one can show that for each h in H
there is a sequence f,, of densities with finite Fisher information satisfying

15 [ ARG - VW) - gh@VT@) o,
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(1.6) /_OO zfn(z)dr =0 and /_C>O J:2|fn(a:) - f(x)’ dz — 0.

The proof of the next theorem which establishes Hadamard differentiability is in
Section 6.

THEOREM 2. Suppose f has finite Fisher information for location. Let h belong
to H. Let f,, be a sequence of densities satisfying (1.5) and (1.6) and let o, be a
sequence in (0,1) satisfying n'/?(p, — 0) — t for some real t. Then Yo f, Satisfies

/_OO ’”1/2 (Gon.fn () = go,f(x)) — Ah(z) — g(x)t’ dz = op(n=1/?)
with
Ab(a) = [ 2. )h)f ) dy, xR

We will now show that the density estimator gi, (x) is efficient for g(z) if
we use f2 and an efficient estimator g for Q More speciﬁcally we consider linear
functionals of the density g of the form ®(g f #(y)g(y) dy with ¢ bounded
and measurable, i.e., ¢ € Lo, and show that @(gkn) is efﬁ(zlent for the functional
®(g). We follow efficiency proofs for other models and functionals and will be brief.
See Kreiss (1987), Drost et al. (1997), Koul and Schick (1997), and Schick and
Wefelmeyer (2002b). Write P, for the joint distribution of (Xo,...,X,,) when o
and f are true. Choose g,, and f, close to g and f as in Theorem 2. Under the above
assumptions it follows from Koul and Schick (1997) that the local log-likelihood ratio
admits the stochastic expansion

dpngnfn n-1/2 1/2
logm: Zt _1ls(gj) +n~ ;h )+ op(1).

In other words, the model is locally asymptotically normal (LAN) with central
sequence n~ /2 D tXj-1ly(es) + n~1/2 > j=1 h(ej). Tt follows from Theorem 1

and the above characterization of efficient estimators for ¢ that n'/?(® (g, ) —®(g))
is approximated stochastically by an expression of the form of a central sequence.
This implies that ® (g, ) is efficient for ®(g) (and also regular and asymptotically
linear).

This efficiency result is an instance of the plug-in principle formulated by
Klaassen and Putter (2002) in the i.i.d. case. In order to see this, fix g, write
gj(o) =¢; = X; — 0X;_1, and set

1 n
— Kiy(z —€;(0)), =€R,
njz;llJr)\ )ei(o) !

n

where A(p) is chosen such that 1 — A(p)e1(0),...,1 — A(0)en(0) are positive and
(

on the event {mini<;<ne;(0) < 0 < maxi<j<n¢;(0)} and is taken to be zero
otherwise. Set
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k

k
gz, 0) = /]Rk+1 fo (x — ;giyi — 0"z, ) H 2 (v, 0) dy; §(2)dz, x €R.

Then for k,, as in Theorem 1 the estimator <I>(g;€ f o(x (x,0)dx is
efficient for ®(g f #(v)g(y) dy when p is fixed. Plugglng in an efﬁment estima-
tor ¢ for g, we obtaln an efﬁ01ent estimator @ (g, ( f d(x) g, (z, 0) dx =
75 d(2) gk, () dz when o is unknown.

2. Some Auxiliary Lemmas

In this section we collect some lemmas that will be used in the proofs of our
theorems. We start with three inequalities.

LEMMA 1. For numbers r and s in the interval (0,1), we have the inequalities

|r = sl

(2.1) 32:21 r =l < (1 — max{r, s})2’

o 2
9.9 J_ g2 < &
=2 2 = <
St 2
2.3 i) < =S
(2.3) ; ! —s? —js? 7 (r —s)| < (1= max{r, s})?

PRrROOF. Recall the infinite series

>t = a—pe > i -Dr = TN

j=1 j=1

Using the inequality |7/ — s7| < |r — s|j max{r, s}~! and the first infinite series, we
obtain (2.1). Using |r/ — s/|> < 1(r — 5)?2;(2j — 1) max{r, s}*’ =2 and the second
infinite series, we obtain (2.3). Using

Ir! = = js’ " (r =)l < 5(r = )%j( — 1) max{r, s}
and the second infinite series, we obtain (2.3). O

LEMMA 2. Let h be a measurable function. Then we have the inequality
|h|? < / 7(1 4 2%)h?(x) dx.

PROOF. Let us set w(z) = m(1+ 22), z € R. Then 1/w is the Cauchy density.
We calculate

IR[IF = Ivwh/Vwl < [lwh?[[1]|1/wlly = wh?|l

which is the desired result. O

LEMMA 3. Let p and q be two integrable functions with ||i3p|l1 and ||iqllx finite.
Then the inequality ||irp — trql|? < (||3plln + [liiall)|lp — qll1 holds.
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PrOOF. Bound |tgrp—trq| by [p—q|*?(|p|+|q|)*/?|tr| and then use the Cauchy—
Schwarz inequality. ([

Let h be an integrable function. Then the Li-modulus of continuity of h is the
map wy, defined by

wp(t) = sup / |h(z —u) — h(x)|dx, t>0.
lul<t /-

The map wy, is bounded by 2||k|; and continuous at 0, see Rudin (1974), Theorem
9.5 for the latter. We say h is Li-Lipschitz if there is a constant A such that

o0
/ h(z — 1) — h(z)|dz < AJt], tcR.
—oo

In this case the inequality wp, (t) < At holds for all ¢ > 0.

LEMMA 4. Let h be an integrable function and T, Ty, T5, ... be random variables
such that E[|T, —T|] — 0. Then

/ |E[h(z — T,)] - Elh(z — T)]| dz — .

PRrROOF. In view of the inequality |E(X)| < E(]X|) and Fubini’s theorem, the
integral is bounded by FEfwy(|T,, — T)], and the desired result follows from the
dominated convergence theorem. O

Let H; denote the set of all integrable functions of the form

for some integrable function k' and let Hy denote set of all & in H; with A’ in Hj.
We write " for (h')’. If h belongs to Hy, then h is bounded by ||A/||; and uniformly
continuous. More precisely, we have

)~ hia)l = | [ wrds = [* (s = -2 ds| < wnelly )

for all real 2 and y. As an integrable and uniformly continuous function, h(z) — 0
as ¢ — oo. This implies that ' integrates to zero,

/Oo h'(z)dz =0,

— 00

and this gives the alternative representation

h(z) = — /:0 b (z) dz.

Using this we can show that [|h||; < |trh’|]1. Indeed, the left-hand side is bounded

/ / |dtdm+/ / |R(t) |dtdm</ |th’()|dt+/ooo|th/(t)dt.

In view of this inequality, we conclude that a continuously differentiable function h
belongs to Hy if lim,| 00 A(x) = 0 and [[(1 4 [er|)A||1 is finite.

Assumption (A1) implies that the density f belongs to H;. The next two results
are easily verified.
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LEMMA 5. Let h belong to Hy and let t be a positive number. Then the function
h; defined by

hi(z) = h(z/t)/t, x€R,
belongs to Hi, and we can take
hy(z) = W (z/t)/t?, x€R.
Thus ||hillx = [IB"[l1/t.
LEMMA 6. Let h = hy % hy denote the convolution of the integrable functions
h1 and ho. Then the following are true.

(1) If hy is Lyi-Lipschitz with constant A, then h is Ly -Lipschitz with constant
Allhzll

(2) If hy belongs to Hy, then h belongs to Hy with h' = h) * hs.

(3) If hy and hg belong to Hy, then h belongs to Ha with h" = hY * hi.

LEMMA 7. Let h belong to Hy. Then h is Li-Lipschitz with constant ||h/||1.
Moreover, we have the inequality

/00 |h(z —t) — h(z) + th'(z)| dz < |tlwp (Jt]), t€R.

In particular, if h' is L1-Lipschitz with constant A, then we have
o0
/ |h(z —t) — h(z) + th'(z)| dz < A, tER.

ProoF. Fix t € R. Then we have the identity

1
h(x —t) — h(z) = —t/o B (x — st)ds

and consequently the bounds

00 00 1
/ |h(z —t) — h(z)|dz < |t|/ / |W (z — st)| dsdx = |t|||h|1
—o0 J0

and
o0 [e’e) 1

/ |z —t) — h(a) +th ()| da < / |t|/ (2 — st) — B ()| ds daz < [Hlun ([t])-
—c0 —0oo 0

If b/ is L;-Lipschitz with constant A, then |t|wp (|t]) < At?. O

LEMMA 8. Let h belong to Hy and let T, U and V' be random variables. If T
and U have finite means, then we have the inequalities

/ T B(he — V — T)) - E(h(z — V)| dz < W[, E(T)
and

/00 |E(h(x —V-T))—Eh(zx—-V))+ EUN(x — V))| dz

< E(|T|wn (IT])) + [|W [ E(|T = UY)
< E([Ulww (IT]) + 3|1/ 1L E(T = U).
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PRrROOF. Using the formula |E(X)| < E(|X]), Fubini’s theorem and then the
substitution ©u = x — V' we obtain that the left-hand side of the first inequality is
bounded by

oo
E/ |h(u —T) — h(u)| du,
and of the second inequality by

E/ |h(u = T) — h(u) + Th'(u) — (T — U)' (u)]| du.
The desired result then follows from the previous lemma and the fact that wy/ is
bounded by 2||A/||;. O

COROLLARY 1. Let f be in Hy. Then, as T — p,
(2:4) |9r.5 = Go.7 — (r = 0)g||, = o(Ir — o).

PROOF. For 0 <7 < 1let S, = >°7°  r/c_;. Recall that X, is defined to be
>ieyjo' e Tt follows from Lemma 1 that

Ir = ollltr fl
E — < —
(|ST SQ|) — (1 _ max{r, Q})Q
and
r — o?[lerfIIx

(1 —max{r, })*

E(|ST — S, —(r— Q)X0|) <
Note the identity
gr,f(x) = E(f({E - Sr))

Applying Lemma 8 with h = f, V=5,=0X_;, T =5, - S, and U = (r — 0)Xo
shows that the left-hand side of (2.4) is bounded by

2
— 0| E(|Xolws (1S- — o)) + 3| Ir—ol
= 0B Kofuge (15— S,) + 31 Il Sl e L
The desired result now follows from the dominated convergence theorem. ]

For integrable functions p and ¢ and ¢t > 0, we denote by B:(p, ¢) the integrable
function defined by

o0

Bi(p,q)(z) = / p(z —ty)q(y)dy, z€R.

— 0o

The integrability of B;(p,q) follows from the inequality
I1Be(ps @)l < lpllallglls-

We can view B; as a bilinear operator from L; x Ly to Ly. Since By(p,q) is the
convolution of p and ¢, where ¢:(z) = ¢(z/t)/t, € R, the following lemma is an
immediate consequence of Lemmas 5 and 6.

LEMMA 9. Let p and q be integrable functions and t be a positive number. Then
the following hold.
(1) If p is Ly-Lipschitz with constant A, then Bi(p,q) is Li-Lipschitz with
constant A||q]|1.
(2) If p belongs to Hy, then Bi(p,q) belongs to Hy with B(p,q) = Bi(p',q).
(3) If q belongs to Hy, then By(p,q) belongs to Hy with By(p,q) = Bi(p,q')/t.
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(4) If p and q belong to Hy, then Bi(p,q) belongs to Hy with Bi(p,q)” =
Bi(p',q')/t.

The next two results are consequences of Lemmas 7 and 8.

LEMMA 10. Let p and q be an integrable function with ||irq||1 finite and p being
L1-Lipschitz with constant A. Then we have the inequality

HBt(p, q) *p/

— 00

o0

aly) dy|| | < Aluzalit, >0,

In particular, if the integral of q is zero, we have
1Be(p,)llr < Allergllst, &> 0.

LEMMA 11. Let p belong to Hy and let q be a density. If ¢ has finite mean,
then we have the inequality

I1B(p: @) = pllx < lIp'll1llergllat, > 0.

If p’ is Lq-Lipschitz with constant A and q has mean zero and finite variance, then
we have the inequality

1B(p,q) = plli < Allekallit®, > 0.
Let v be the function defined by
v(z) =(1+|z]), zeR.
This function satisfies the inequality
v(ix+y) <v(z)v(y), =zyeR
If vh is integrable, then we have

/OO o(@)|h(z — 1)) dz = /Oo o(z + O)lh(x)| dz < o(t)|[vh]ls, teR.

—00 — 00

(From this we immediately derive the following result.

LEMMA 12. Let vp and vq be integrable. Then, for every 0 <t <1, vB(p,q)
is integrable with

o0

[vBi(p,v)l[1 < valll/ v(ty)lg(y)l dy < [lvpllilvglls-

— 00

LEMMA 13. Let h belong to Hy with vh' integrable. Then ||vh|ls < ||vh']1-

PROOF. For negative x we have the bound
x

o(@)h()] < v(z) / W ()] du < / o(u)| ()] du

— 00 — 00

T

while for positive x we have the inequality

o0

v @) < o) [ W< [ ol )] du.

These inequalities imply |[vh|loo < [JvR/]]1- O
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We have seen that (Al) implies that [[vf’|; is finite. The stationary den-
sity ¢ equals B,(f,g) and therefore belongs to Hy with ¢’ = B,(f’,g) and ¢ =

By(f',9")/ 0 yielding
gl < 1, Nvg'lln < llofllllvglly and  lg”[lx < (17115 /e-

Recall that ~; denotes the density of Y; = Xo— ¢/e_; = 372 1[i # jlo'c_; for
nonnegative integers j. Since Y equals 9X_1, we have yo(z) = g(z/0)/0. Thus the
density o belongs to Ha with 7 = ¢/(z/0)/0* and +{/(z) = ¢"(x/0)/¢* yielding
the bounds

Ivolls < I1F1 /e, ol < lofllillvgll/e and gl < [1F13/¢°.

For j > 1, the density v; equals B,(f,vj—1) as is easily checked and thus belongs
to Ha with v; = Bo(f',vj-1) and v = By(f',7j_1)/e giving the bounds

Il < 1M oyl < flofllallovi-alln - and ]l < 1Tl /e

Note also the bounds [[vy,[ly = E(1+ [¥3]) < 1+ 320 el fll < Jofll/(1 - p)
and similarly |lvg|ls < ||vf|l1/(1 — o). Consequently, we have the following result.

COROLLARY 2. Suppose (A1) holds. Then there are constants Cy, Cy and Cs
such that the inequalities ||v;|l1 < C1, [vjlli < Co and |7 ||y < C3 hold for all
j>0.

Let us now verify the integrability condition (1.3). The first inequality follows
from the moment inequality and Lemma 2. The finiteness of the integral

I, = / (1+ 227 (2, ) f () dy da
]RQ

follows if we verify the inequality

5= [ 40 - o)~ o)) dady < M, G20

for some finite constant M. Indeed, we first bound I by

S [+ aute = ) — gl (e - ')~ 9(0)1 o) dyd

i=0 j=0
and then use the Cauchy-Schwarz inequality to obtain

B} > vam = (2 VA) < o
=0 j=0 i=0
The formula (1.2) yields the identity

| oue - -s@Prwa = [

— 00 —

o0

Vi(x— oy fy)dy — ¢*(x), x€ER.

Using the substitution 2 = u + ¢y and the fact that f has mean zero and finite
variance o2, we calculate

oo

/ (1+ 222 (x — oIy f(y) dy de = / (14 + 0702 () du
RZ

— 00
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and then, utilizing the inequality 1+ 22 < (1 + |z])? = v%(2),

n= [0k - e do+ Mo? [ ) ds

— 00
< (illse + llvgllse)llv(r; = 9l + 0% 0[]l
Next we use the inequalities [|7;llocc < [[v7jllco < lv7}]l1 < C2 and

ol = [~ @] [~ [ gt seinlevass) dy|aa
R
= /o /_w /_m““” = so’y)j(x — sey)| dro(y) |yl f(y) dy ds

< oyl lv? fllx

to conclude the exponential decay 7; < M’.

Let us now verify the integrability condition (1.4). The first inequality follows
from the moment inequality and Lemma 2. The finiteness of the second integral
follows from (1.3) and the inequality

/(v*(x,y))Qf(y) dy = /72(af7y)f(y) dy — (/v(%y)yf(y) dy)2/02
< [+awiw i

3. Behavior of the Density Estimators

Let f denote the kernel density estimate
1 n
== E Ky(z —¢j), z€R,
n-

based on the actual innovations, and let

:/ Kb(x—y)f(y)dy:/ fla—bu)K(u)du, z€R,
denotes its expectation. We have

(3.1) If — Flli = Op((nb)~Y/?).

Indeed, we calculate, using Lemma 2 and the substitution z = y + bu,

nbE[|lf — fIIF] < ﬂ/oo (1 +a*)nbE[(f(z) — f(x))*] de

— 00

<o [Carat) [ K- niw dyds
—77/ / (1+ (y+ bu)?®) f(y) K?(u) dy du

= 1(1+0?)|K? |1 + 70| (1o EK) 1

The following result was proved in Miiller et al. (2005) under stronger assump-
tions. In particular, we remove the assumption that the error density has a finite
moment of order 5/2.
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THEOREM 3. Suppose the bandwidth b = b, satisfies nbt — 0 and nb? —
o0, the kernel K is a symmetric density with finite variance and is continuously
differentiable with a bounded derivative K' with [ (1 + u?)|K'(u)| du finite, the
estimator ¢ is root-n consistent, i.e., \/n(0 — 0) = Op(1), and the density f is
L1-Lipschitz with constant A. Then we have the stochastic rates

/O; fu(a) — F)| o = 0p (1)
and

/_Z ‘fg(x) — f(z) —l—xf(x)S\‘da: = Op(ﬁ).

PROOF. The assumptions on K imply that K belongs to Hj. Thus Lemma 9
implies that f = By(f, K) belongs to H; and f' = By(f, K')/b is L;-Lipschitz
with constant A|K’[|1/b. It follows from Lemma 10 and [*_ K'(u)du = 0 that
£l < Aller K1

The residuals are of the form

=X —0X;1=¢;—(0-0)Xj—1, j=1,...,n

This representation, the root-n consistency of ¢ and the stochastic rates

1< 1<
E;inl :Op(nil/Q) and EZEij*l :Op(’n,il/z)
j=

j=1
yield
lem, 1
j=1 j=1
and
1 n o 1 n )
Ly asty g omm.
j=1 j=1

We also need the following results already established in Miiller et al. (2005),

< 1 o= ¢ _ _
(3:2) A== 3 " 5 +op(n?) = 0p(n™1/?),
j=1
(3.3) ax [&] = op(n'/?).

A consequence of the above is the stochastic rate
n \2 22
AES

(3.4) %Z

j=1

2 —Op(n~!
1+ Aé; P(n)

which plays a role in comparing f; with fi.
We shall establish the following stochastic rates.

(3.5) / " 1 ha(@) - fu(@) + A (0)] de = Op(bn=72),

—00

(3.6) If1 = flls = Op(1/(nb*/?)),
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(3.7) /_OO ]| fi(z) = f(z)|dz = Op(b'/?).

These stochastic rates together with A=0 p(n_l/ 2) and nb* — 0 imply the desired
results.
To verify (3.5), we write

falz) = fi(@) + A fi(z) —Zm T — & ( — 14+ A — )

+>\
)\5

— Ky(z — ¢ (

Z bl T\ 4 AE;
and then find that the left-hand 81de of (3.5) is bounded by
where we used (3.2) and (3.4) in the last step. This proves (3.5).

Next we prove (3.6). For this we write

Az — éj))

+\)\|b/ lu|K (u) du = Op(1/n) + Op(bn~1/?),

n

fi(@) = f(z) = %Z (Ey(z—¢ej+ (0~ 0)Xj-1) — Kp(z —¢5))

j=1

= Hymo-o (@) + D) + (0 - 0) 3 X; 1 f'(2)

with B
Ht(x):% j (Kb(x eﬁ”\(/"ﬁ‘l)—m(m aj)—f(:c+txﬁ)+f( )),
D(zx) = %z": (fla+(0—0X;-1) — flx) — (06— 0)X;_1f'(x))

Since f’ has norm || f’||1 < A|trK'||; and is L;-Lipschitz with constant A|K’|1/b,
we derive, utilizing Lemma 7 and setting B = A max{||K’||1, ||tr K" |1},

1
1 = Pl < 1B ymo-oh + B30~ 0)? fo 1+\@fg|)fzxj 1)

= H m(o-0)ll1 + Op(1/(nb)).
Thus the desired (3.6) follows if we verify that the stochastic rate

(3.8) sup ||Hi|1 = Op(l/(nb3/2)

[t|I<C
holds for every large constant C. Fix such a C. Since maxi<j<n |X;_1| is of
stochastic order op(n'/?), we may replace H; by H; where

N N2 TR L S 2
Ht(x)—n;(Kb< e+ \/ﬁ) Kol —¢;) — f(+f)+f())

Wj—1:1[0|Xj—1|§\/ﬁ], ]:1,,TL
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We have Hy(z) = 0 for all z, and for s and ¢ in [-C, C] we have

i) = @) = 1 3= )22 W,V (o)

Xj,1
NG

) —f’(m—k(s—i—v(t—s))Xjfl)) dv.

vj<m>=/01 (Ki(z—es+ s+ 0t —9) N

A martingale argument yields

Bl @)~ B@)7) < 2 pIxgwovi @)
< “T:%?/O B[X3WoMy(x — 21+ (s + (1 - s))%) dv
with My(x) = (1/b)M(x/b) and M = (K')?. Lemma 2 yields the bound
1 Helly = [1H 12 < |1 Hy — Hl} < ﬂ/:w (1+®)(H(w) — Hy(x))* da.
Combining the above yields the inequality
n?O B[ Helly = [l *] < W/jo (1+2®*)n*b*E[(Hy(z) — Hy(x))?] da
1
<m(t— 5)2/0 I(v)dv
with
- 2 2 Xo
I(v) = /_ (1+a )E[XO1[C\X0| < /M (x e+ (st u(t— s))ﬁﬂ dz
- /jo E[X21[C|Xo| < VA (1 + (61 — (s + v(t — 5)) Xo/v/7n + bu)*) | M (u) du
< /oo E[XZ1[C|Xo| < vn](1 + 362 + 30%u® + 3) M (u) du
< E[X}]] /OO 4(1 + o + b*u?) M (u) du
<4(1+ 0% + ) E[X]] /00 (1+u*)M(u)du, 0<wv<l1.

In the first inequality we used the Cauchy-Schwarz inequality and the fact that
s + v(t — s) belongs to the interval [—C,C] and is hence bounded by C. Note
that [|(1 + ¢3)M]||; is finite by the assumptions on K’. In view of Theorem 12.3
in Billingsley (1968), the process {X,(t) = nb3/?||H,||1,|t| < C} is tight and this
implies (3.8).

We are left to verify (3.7). Since f is L;-Lipschitz, the identity f = By(f, K)
and Lemma 10 yield || f — f|li < Ab|ltirK||;. This, the rate nb®> — oo, (3.1) and
(3.6) establish the stochastic rate

b3/2 b
5 +b) = Op(b).

||f1*f||1§ Hf1*f||1+||f*fH1+||f_*fH1:OP(WJrW
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In view of Lemma 3 the desired result follows from this, the stochastic rate

/C>O x2f1(x)dx: iééﬁ—i—/

—00 i —

o0

V*u? K (u) du = Op(1)

and the fact that f has a finite second moment. O

COROLLARY 3. Under the assumptions of Theorem 3 the estimator fl satisfies
Ifv = flli = Op() and |w(fi = )l = Op(/?),
and the estimator f satisfies
Ifo= flli=O0p(b) and |w(fo— f)l1 = O0p®"?).

PROOF. The first two rates were established in the proof of (3.7). The third rate
follows from the first one and ||f> — fil1 = Op(n™107%/2) + Op(n=1/2) = 0,(b%/?)
which is a consequence of Theorem 3. ;From (3.2) and (3.3) we derive the bound

/fog(m)d < max

TISiSn 14 Ay

/fol(x) dz = Op(1).
The argument used to prove (3.7) now yields ||tg(f2 — f)[1 = Op(b*/2). O

4. Behavior of the derivative of the density estimators

In this section we assume that the density f belongs to H; and show that the
derivatives of our kernel estimators estimate f’ consistently in the L; norm.

THEOREM 4. Suppose the bandwidth b = b, satisfies nb: — 0 and nb3 — oo,
the kernel K is a symmetric density with finite variance and is twice continuously
differentiable with ||(1 + (2)K'|l1 and |[(1 + (&)(K")?||y finite, the estimator ¢ is
root-n consistent, and f belongs to Hi. Then we have the stochastic rates

Ifi = i =o0p(1) and ||Ify—f'I1 = op(1).

PROOF. The assumptions on K imply that K belongs to Hy and meets the
assumptions of Theorem 3. Since f’ is integrable and f’ equals By(f’, K), we have

(41) 17~ 1< [ wp b ) du o

The desired result thus follows from the following stochastic rates:
(42) If3 = fills = Op(1/(bn'/2)),

(43) Ifi = Fll = Op(1/(nb*/?)),

(44) |7 = F'lh = Op(1/(nb)/2).

Let us first establish (4.2). In view of A = Op(n~'/2), it suffices to show the rates
lerfilli = Op(1/b) and || f5 — f1 — Mrfi|l1 = Op(n~'/2). The former follows from
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the inequality

. 1 & [ .
leafilh <33 [ lallKyo - &)l do
j=177o
Ls [ K/ (w)
<= 2; d
< nz_:-/—oo €; b
L
<ER(s me—m Z|XJ 1) + llew &)

For the latter we use the 1dent1ty

fo(@) = fi(z) + Aafi(x) = %Zfﬂﬁ(%‘ - 5]')( — 14X+ Mz — 53’))

1+ Xé;
1 A2z
- Y Kj« ( S Jr/\(xféj))
nj:1 1 +A€j

to obtain the inequality

Y < 1¢s A% K|,
[ U\ / < = 7y i
1f2 = f1 wfilli < n E

et Moz ily = 0p () +0p (=)
j=1

3

where we used (3.2) and (3.4) in the last step. This proves (4.2).

Let us now prove (4.3). We write
filw) = F@) = 2 3 (i — 25 + (0 0)X5-1) - Ko — <))
= H @)+ D)+ (0 0)% Y- X1/ (0)
with
@) = 30 (K (o= e+ 2) =Kl —e) = o+ B2 ) + P o).
D(a)= =5 (P + (0~ 00X51) = /@)~ (6 - 0%, 1 /().

It follows from Lemma 9 that f belongs to Hy and f” = By(f’, K')/b has norm
£l < |I£l1]|K'|]1/b and is L;-Lipschitz with Lipschitz constant || f||1|| K" |1 /b%.
Using this and Lemma 7 we obtain with B = || /|1 max{HK’Hl, 1K1},

1~ Pl < 1Byl + B350 212 Ho— ol > %)
=1

[ iyl + Op(1/ (b)),
Thus the desired (4.3) follows if we verify that the stochastic rate
(4.5) sup || Hjllv = Op(1/(nb*?))
[t|I<C
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holds for every large constant C. Fix such a C. Since maxi<j<, |X;_1| is of
stochastic order op(n'/?), we may replace H/ by H} where

H;@):ié(m(m—gﬁ”"j{)_m(m—s) 7w+ )ff )+ /(@)W

with W;_1 = 1[C|X;_1| < v/n], j = 1,...,n, as in the proof of Theorem 3. We
have H|(z) = 0 for all z, and for s and ¢ in [—-C, C] we have

n
Xj—l

i) = i) = 3 Y (0 = 922 W, aVia)
with j
1
Vi) = [ (5 (oo ol = ) ) = (0 (s 0t =) 22 ) ) o

A martingale argument yields
_ _ t—s)?
Bl ) — A7) < g wve)

(t—s)?
= n2b°

with My(x) = (1/b)M(x/b) and M = (K")%. Lemma 2 yields the bound

/01 E{XgWOMb(x e+ (st — s))%)] dv

Ny = I1H ) < Hfft’—ﬁéllféﬂ/ (1 +2®)(Hj(x) — H{())* dx.

— 00

Combining the above yields the inequality

n*0° B[ Hylly — [|H[L[*] < 77/00 (1 +2%)n’0° B[(H](z) — H{(x))*] dz

— 00

1
w(t — 5)2/0 I(v)dv

with
I(v):/_oo(1+a: VE[X21[C] Xo| <f]Mb(x—5l+(s+v(t—s))§%) dx
< 4(1 40 +b*)E[X]] /oo (1+u*)M(u)du, 0<wv<l1,

where the inequality is obtained as in the proof of Theorem 3. In view of Theorem
12.3 in Billingsley (1968), the process {X! (t) = nb>/2||H/||1,|t| < C} is tight and
this implies (4.5).

We are left to verify (4.4). Using Lemma 2 we calculate

BT~ P <w [ (B @) - @) da

— 0o

IN

. / T4 / T (K — ) fy) dy da
—r / / (1+ (g + bu)®) £ () (5 (w)? dy d

7(1+ o) (K")?[l + b || (ce K[|
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This shows || f — f'|l1 = Op(1/vnb3).
5. Proof of Theorem 1

Let f denote either the estimator fl or the estimator fg. In view of the prop-
erties of k,, and b = b,,, Corollary 3 implies the stochastic rates

(5.1) (kn + DIIf = fllh = op(n™/*)
and

(5.2) ler(f = £l = Op(6"/3),
while Theorem 4 yields

(5.3) 1" = £l = op(1).

Recall that gy, can be expressed as
kn

(5.4) g, (z)= /}Rkw+1 (33 - ZQ yi — o +1Z) H (yj)dy; §(z)dz, x€R.

j=1
Corollary 1, assumption (A2) and the bound (1.1) yield

Thus we need to compare g, with g, r. For this we represent g; r as

kn
(5.5) g@,f($) = ~/Rk (33 - Z 0"yi — k + ) H f(yj) dyj g@,f(z) dz, x€R.
n+1 =1

1«
9o =9 9- D b(Xj-1,6)
j=1

’1 - 0P(n_1/2)~

Replacing ¢*»*1 by o *1 and g, ;(2) by g(z) yields

kn kn
Gy = [ H(e=Ydw- o) [y gz, ser
RFntt i=1 j=1

Replacing ¢*»*! by o*»*1! and §(z) by g(z) in (5.4) yields

kn kn
i@ = [ Fe= 3o aw- o) TSy o) e w e
Rfn i=1 j=1

We begin by establishing the rates

(5.6) g, — g7, L = op(n~/?)
and
(5.7) 96,5 — 954l = op(n™/?).

We have the identities gx, = Bgrn+1(D, 9) and i, = Byra+1(p, g) with

kn kn
ﬁ(m)z/ﬂwf<a:—;@iyl)1;[ (y;)dy;, = €R.

It is easy to check that p is Hj-valued with

’VL k
ﬁ/(x):/w (x—ZgyJH (y;)dy;, x€R,
n _ j=1
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and that ||p’||; < ||f']l1 = Op(1) holds in view of (5.3). Using Lemma 11 we obtain
gk, = 95, 1 < NGw, =Dl + 1195, — Bl < D11 (8" lewglly + 5 lezglh)-
The desired (5.6) now follows from "' = op(n~'/2) and |irg|l1 = Op(1). Indeed,

the former follows from

2441 = exp (= (ky + 1) (log(1/2) ~ 52200 )) = 0p)

and the latter from

E(llrgll) = lrE@)|lr = ltrg * Kpll1 < [lerglls + [[er Kpll1 = [[ergllr + O(b).

A similar argument yields (5.7).
We are left to compare g and g ;. For this we express g; ~as Ly(f,.... f)
and g3 ; as Ly(f,..., f) where

ko ko
L (ho, ... hx,)(z) = /k ho(ﬂﬁ - Zrlyi - Qk"HZ) H (y;) dyjg(z) dz
Rfn+1 i=1 =1
for integrable functions ho, ..., hy, and positive numbers r. One checks
kn
(5.8) L (o, - b )l < TT P11
j=0

To simplify notation, we set

and, for a subset A of {0,...,k,},

p, 1EA,

. i=0,... k.
q, 1¢ A,

Ly a(p,q) = Ly(ho, ..., h,) with h; = {

We use the identity
kn

(@j+b) =" > Jla []¥

=0 AC{0,1,...k,} JEA  jEAC

to conclude

I_’T,p+q = Z LT,A(p, q)-

A€{0,1,....kn}

Applying this with » = 6, p= f — f and ¢ = f, and singling out the terms with A
of cardinality at most one, we obtain

L,j=1Los+ ZL@,{j}(f— L)+ R
§=0
with
Ri= Y ILoalf =10

AC{0,....kn}
card(A)>2
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By (5.8), |Lr.a(p,q)||1 is bounded by ||p||¢/lq||¥ ™~ with a the cardinality of A.
Since there are (k”jl) < (kn + 1)%/a! subsets of cardinality a, we obtain

T (k, + 1) )
[Bally < D == = FI1E < (G + DI = fll) el DI
a=2 '

In view of the rate (k, + 1)||f — f|l1 = op(n~1/4) given in (5.1), this establishes

(5.9) ‘

k7l
G = 955 = D Loty (f = 1.)|| = op(n™7).
j=0
Our next goal is to verify
kn kn
610) | Loty (F= D)= LaiaF = £.0)], = orn72).
j=0 j=0

To achieve this we derive bounds on the terms

Dl(h) = ||L@,{Z}<h? f) - Lg,{i}(ha f)”l’ 1= 07 ey kna
for h € Hy with ||¢gh||1 finite. Using Lemma 7 we obtain

kn
Do(h) < [IW[1 )18 — & Newf s

j=1

and

kn
Di(h) < |1£/1: D167 = 115 # dllhllsllew sl + 105 = illlwwhll)
j=1

k‘.?’l
< I Ikl Y187 = &1+ 1 Illerhlh]e’ = o', i =1, K.

j=1
Using the inequality (2.1) with 7 = ¢ and s = p and taking h = f — f we obtain
that the left-hand side of (5.10) is bounded by
1F = £l llewf s+ 1 ez (F = Pl + Eall S0 = Fll el
(1 —max{o, ¢})?
This bound is of order op(n~'/2) because §— g is of order Op(n~'/2) and the terms

knllf = fll1, llee(f = £)|l1 and ||f* — f'||1 are of order op(1) in view of (5.1)—(5.3).
Next we observe the identity

|6 — o

kn kn kn
S Lyi(f=£1)=> Byl f= =D _T;(f - f)
j=0 j=0

3=0
where, for an integrable function h, I';h = B, (v;, h) is the function defined by

Ljh(z) = /OO vi(z — dy)h(y)dy, = €R.

We have ||T'jh||1 < ||h||; for all integrable h. Using this and Theorem 3 we derive

kn
DT = Dl < (ko + DI = Flls = Op(ka/(nb*?)
§=0
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and
kn
SO (f2 = F) + ATl < (bn + Dl f2 = f+ Aerfllr = Op(kn/(nb*/?)).
§=0

Since f has mean zero and finite variance, Lemma 10 and Corollary 2 yield the
inequalities

T (e H)llr < & ljlalliz flh < Cro?e?, j > 0.
This and the expansion (3.2) yield

kn n . oo
HXZF]-(LM - % > ZPJ-(LRf)H1 — op(n~1/2).
j=0 i=1 "~ j=0

Since f has mean zero, we compute

D) = [ (sle = o's) - g0y, xR
and obtain the identity
S rieh@ = [ ety cek,
§=0 oo
In view of k2 /(nb3) — 0, we obtain
kn kn
(5.11) |3 L= =1, = 0, = or(n™7?)
i=0 i=0
and
kn A kn, ~ 00 1< e
(512) |3 Loy (o = 1) = S5 = D+ D Ts0mf)= 30 S5 =optn2).
=0 =0 =0 =
For j =0,1,..., we compute
T f(z) = /Wj(x —bu)K (u)du, z€R,
with

_ 1 & :
5,(x) = EZ;YJ(I_ 0’eg)), xR,

By Corollary 2, v; belongs to Hy with [[7/|l1 < C3. This implies that 7; is Ho-
valued and [|7][|; < C3. Lemma 11, applied with ¢t = bg’, p = 7; and ¢ = K, yields
the bound

I3 f =il < Csb*0™ (|2 K 1.

Since I'; f = g, we derive
En 3 En 3
| > =n ==, <X ImF =5l = 0p(?) = 0p(n™/2).
Jj=0 Jj=0
Finally, using Corollary 2 we obtain the rate

EH‘ i (% —g)HJ < i ||’Y}||1QjE[|51 — &) = O(d" ) = OP(n_1/2).

j=kn+1 j=kn+1
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(From this we conclude

(5.13) | > -n-r,

with
1 n
= — ZW(%&')? x eR.
[t

The first L;-Bahadur expansion follows from (5.6), (5.7), (5.9), (5.10), (5.11) and
(5.13), while the second follows from (5.6), (5.7), (5.9), (5.10), (5.12) and (5.13).

6. Proof of Theorem 2
Corollary 1 and n'/?(o, — 0) — t imply

In*"*(gg..s — Go.) — il — 0.
Thus we are left to show

(61) Hnl/Q(anyfn - anvf) - Ah’”l - O
Recall that hf and (ghf integrate to zero, i.e.,

/OO h(y)f(y)dy =0 and /OO yh(y)f(y) dy = 0.

— 00 — 00
The second integral condition allows us to replace the function v* in the definition
of Ah by ~, and this leads to the representation

Ah =3 T;(hf)
§=0
in view of the definition of v and the first integral condition which gives

oo

| e = o) st ) S dy = [ 23t = phw)I ) dy = 107 0)

It follows from Corollary 2 and Lemma 10 that |T;(hf)|1 < Ci¢’|ltrhf|1. Using
the definition of v, we have the identity I'g(hf) = B,(hf, g). Let k, be a sequence
of positive integers such that k, /(log(n))? — 1. This implies that n'/2g%» — 0 and
therefore Y22, 1 [IT;(hf)|ly = o(n™/2). Thus we achieve (6.1) by verifying

(6.2) 12" (9p,..1, = Gn) = Bo(hf, g)ll 0
and
Ko
(63) 77250 = g0..0) Z nh, -
with
kn _ kn
gn(x)z/Rk Hf(x—ZgiLyj—gk"H )H (y;)dyjg(z)dz, x€R.
j=1 j=1
Let us set

A, =n'?(f, — f) — hf.
We begin by showing that (1.5) and (1.6) imply

(6.4) 1Anlli = 0 and |Anls — 0.
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For this we set 7 = 2h\/f and write
n2(fo = 1) = hf =0"* (o = VD I+ =20V
= ("2E = VD =)+ VP + (= V.

This shows that ||A,]|1 is bounded by

122V fu = N F) = Tl + VF 2+ lITl2llV Fo = VT 12

and ||tg Ay |1 is bounded by

In'2(VFa = V1) = Tllaliz(VEa + VDl + Il liw(VFa = Ve

These bounds converge to 0 because (1.5) implies that n'/?(\/f,, — /) converges
in Ly to 7 and v/f, — v/f converges in Ly to 0 and because (1.6) implies that

e (v Fu = VI3 < lif]fr = flllL — 0.
As a consequence of (6.4), the bilinearity of B,, and ||B,, (p,¢)|l1 < |Ipll1llgll1
we obtain

(6.5) [[n'/*(By, (fus 9n) = Bo, (f,9n)) = Bo, (hf, 9a) |1 < [In'/2(fo = f) =R f[1 = 0
with g, = gp,,.. For this g, we have

kn kn
Bo, (L)) = [ #(e =Y s = oo t12) T ful) o) d:
Rbn -+t i=1 j=1

and obtain by an argument similar to the one used to derive (5.6),

(6.6) [In'/2(By, (f.9n) = )lls < I/ 102 (e lemgnlls + o lergll) — 0.

Now we use the representations
By, (hf,gn)(x) = E((hf)(x—5n)) and  By(hf,g)(z) = E((hf)(x—S5)), =z€R,

with S, = 3777, 0} F,, ' (U;)) and with S = 7%, o/ F~1(U;)), where Uy, Us, ...
are independent uniform random variables and F,; ! and F~! are the left-inverses
of the distribution functions F,, and F' with respective densities f, and f. We verify

o) o0 1
E(|S, =S < loh = dllwfali+ ) o / [E () = F~H(w)| du — 0
j=1 j=1 0
with the help of Lemma 1, properties (1.6) and the inequality

|t -t @l [ R - F@lds < [l - fwlds o

—00 —

where the convergence to 0 follows from (6.4). An application of Lemma 4 yields

(6.7) 1Bo,, (hf,9n) = Bo(hf,9)lln — 0.

The desired (6.2) follows from (6.5)—(6.7).
To verify (6.3) we begin by observing the identity g, = L,, 0}(f, fn). An
argument similar to the one that produced (5.9) yields

k’!l
0290 =" Lo iy (fa = £, =0,
j=1
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now using ky|| fn — fll1 = O(kn,n~"/?). Next, mimicking the argument that lead to
(5.10) yields

Cnn1/2|gn - Q|
1 — max{on, 0})?

—0

ko kn
nl/2” ZLQm{j}(fn -/ f) - ZLQ’{j}(fn B f)7f)H1 = (
i=1 =

with Cpy = 'l (lee(fo = Nll1 + Enllfo = flllezfll1) — 0. Finally, we have

2Ly 5y (Fa = £.1) = Tj(hf) = 02 By (v, fu = f) = By (v, hf) = By (77, An),
and Lemma 10, Corollary 2 and (6.4) imply

k"r kn
|3 B )], <3 Izl 0.
j=1 =1

Here we used the fact that hf integrates to zero. This completes the proof of (6.3).
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