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Abstract

We consider time series described by Markov chains that alternate
periodically between different transition distributions, with conditional
constraints involving unknown parameters. We obtain variance bounds
and characterize efficient estimators for these parameters. Efficient esti-
mators can be obtained as solutions of randomly weighted martingale
estimating equations. Our model includes alternating heteroskedas-
tic nonlinear autoregressive models whose innovations are martingale
increments, in other words, alternating quasi-likelihood models. We
consider in particular submodels of these in which the transition dis-
tributions do not alternate except for the conditional means and vari-
ances, and show that this information leads to better estimators for
the parameters.

Key Words : Variance bound, efficient influence function, weighted least
squares estimator, Newton—Raphson improvement.

Received : month year



2 Journal, Indian Statistical Association

1 Introduction

Consider a time series that evolves in a periodically changing environment,
with observations on a smaller time scale. This can be modeled by a peri-
odic change in the transition distribution. Miiller, Schick and Wefelmeyer
(2007, 2009) consider homoskedastic and heteroskedastic alternating linear
and nonlinear autoregression models with independent innovations. The as-
sumption of independent innovations is not always realistic, and typically not
made in the econometric literature. This is why we now consider, instead,
alternating Markov chains with conditional constraints, including alternat-
ing quasi-likelihood models and alternating (homoskedastic) nonlinear and
linear regression models with innovations depending on the past.
Specifically, let X;, i € Z, be a Markov chain of order p on an arbi-
trary state space. Assume that the chain alternates periodically between m
possibly different transition distributions with possibly different conditional
constraints. Here p is allowed to be larger than the length m of the period.
At time jm—+k with j € Z and k = 1, ..., m, the transition distribution from

Xjmtkh—1 = X = (21,...,2p) t0 Xjmer = y is Qr(x,dy), with conditional
constraints
Qr(X, ars) = E(ars(Xjmir—1, Xjmik) | Xjmir—1 = %) =0, (1.1)
where X; = (X;_pt1,...,X;) and ary(x,y) is a known g-dimensional vector
of functions involving an unknown d-dimensional parameter 9. We assume
that we have initial observations X_,11,..., X and then observe n periods
X1, Xom.
In Section 2 we characterize efficient estimators of general differentiable
vector-valued functionals of (Q1,...,Qk). In Section 3 we describe an ef-

ficient estimator for ¥ as the solution of a randomly weighted martingale
estimating equation. The weights involve estimators of conditional moments
of the time series. There is a large literature on such estimators, and we will
be brief here.

A special case of model (1.1) are alternating heteroskedastic nonlinear
autoregressive models whose innovations are martingale increments, which
we may also call alternating quasi-likelihood models. Here the state space is
the real line, and we have parametric models for the conditional means and
variances,

E(Xjm+k| Xjmtk—1) = o (Xjm+k—1), (1.2)
E(Xjmik = 10 (Kjmik—1)) 21 Xjmk—1) = Sp(Xjmih—1)-

Then (1.1) holds with

awoe) = (L, ) (1.4

Yy — o (X)) — sj9(X)
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This alternating quasi-likelihood model can also be written as the alternating
nonlinear and heteroskedastic autoregressive model

Ximak = ko (Xjmak—1) + k0 (Xjmah—1)Ejmiks JEZL, k=1,...,m,

with innovations €, that are martingale increments with conditional dis-
tribution of €jy,41 given Xjp4x—1 = x of the form Ty (x,dy) and fulfilling
the conditional constraints [ Tj(x,dy)y = 0 and [ Tk(x,dy)y* = 1. Then
the transition distribution from Xj,,1x—1 = X to X}, is given by

Qk(xa dy) =

1 dy = 19 (x) TW(X)). (1.5)

Sk (X) T (X’ Sk (X)

Description (1.1) of the model is convenient if we make no structural as-
sumptions on T;. However, if we have constraints on T} for £k = 1,...,m,
the description (1.5) is more appropriate because the T} appear explicitly
as “parameters” of the model. For non-alternating quasi-likelihood models,
Miiller, Schick and Wefelmeyer (2011) consider constraints on the transi-

tion distribution T' = 17 = --- = T}. Specifically they assume that the
conditional distribution T'(x, dy) is symmetric about z), or that it does not
depend on the last ¢ arguments x,_q11,...,%p. A degenerate case is ¢ = p,

in which case T(x,dy) = T(dy), so the innovations are independent. For
efficient estimation of ¥ in the latter model see Drost, Klaassen and Werker
(1997). Koul and Schick (1997) treat the case with a constant scale function.

In Section 4 we use description (1.5) of the model to give another char-
acterization of efficient estimators for ¥ that covers constraints on the Tj.
For our alternating quasi-likelihood model, we are in particular interested
in the constraint that the conditional distribution of the innovations does
not alternate, T, = T. We show that this contains information about .
An efficient estimator can now be constructed by the one-step (or Newton—
Raphson) improvement of a consistent initial estimator, for example a least
squares estimator. This method is useful for general semiparametric models.

2 Characterizing efficiency in the general model

Consider first the nonparametric alternating Markov chain model with pe-
riod m and transition distributions Q(x,dy) of order p for k = 1,...,m
about which we do not make any structural assumptions. It can be viewed
as a non-alternating m-dimensional Markov chain

Y; = (X-tymits-- - Xjm) ', jEZ

This is a homogeneous Markov chain of order ¢ = [p/m]|. Its transition
distribution from Y;_,..., Y1 to Y; = (z1,... ,Zm) | depends only on
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the values of the last p components of the vector (YJT ore e ,YjT_l)T7 which
form the vector

Xjo1 = (X(j—1)m—ptis-- > X(j—l)m)T'

Setting xx—1 = (Tk—p, ..., Tk—_1), it is given by

Q(x0,dz1,...,dTy) =Q1® - @Qm(x0,dz1, ..., dxy) = | | Qr(Xk—1,dzk).

b

k=1

We observe Xg,Y1,...,Y,. Assume that Y], Jj € Z, is strictly stationary
and positive Harris recurrent Write Qk(x,v) = [ Qk x, dy)v(x,y) for the
conditional expectation of a random varlable v(Xg—1, X k) given Xk_l = X.
When the argument x is omitted, we use the abbreviation Qrv = Q(+,v).
Let Gi_1 denote the joint law of X;_;. Then Gip_1 ® Q} is the stationary
law of (kal, Xk)

The nonparametric model is locally asymptotically normal in the follow-
ing sense. Fix dand Q = Q1 ® -+ - @ Qp,. For k=1,...,m introduce

Hy, = {vg € La(Gr—1 @ Q) : Qrug = 0}.

For vy, € Hj, choose Hellinger differentiable perturbations Qpn., of Q

dQ m,k ) 1/2 1 - ?

Since Qkny, must be a conditional distribution, we must have Qrv;, = 0. It
follows that the local parameter space of the nonparametric model is H =
Hyx---x H,,. Write P,, and P,,, for the joint law of (X, Y1,...,Y,) under
Q and Qny = Qinwv; @+ - @ Qmna,, , respectively. As in Penev (1991), Hopfner
et al. (1990) and Hopfner (1993) we obtain local asymptotic normality for
v=(v1,...,vm) € H,

dP, AL 1
0g 5 = YN ok (K k1s Xjmak) — 5””\\2 +op, (1),
n j=1 k=1

1
n m
n_l/QZZUk(ij+k—17ij+k) = |[v[[N' under P,

j=1 k=1

where N is a standard normal random variable and

m
lol> = > Gr1 © Quoi.

k=1
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Here we have used that v1(Xg, X1),...,0m(Xm—-1, X;n) are martingale in-
crements and therefore orthogonal. The norm ||v|| induces on H an inner
product

(v,0) = Z Gr—1 @ Qp(vrv}).
k=1

This inner product determines how difficult it is, asymptotically, to distin-
guish between ) and @, on the basis of observations Xg, Y1,..., Y,.

Consider now the submodel with conditional constraints (1.1). They can
be written

Qr(x,ary) = /Qk(x7 dy)agy(x,y) =0, k=1,...,m.

They must also hold for the perturbed transition distribution @, = Q1ny, ®
-+ ® Qmnw,,, possibly with perturbed parameter, say ¥,, = ¥ + n~ Y2y +
o(n=1/?) for some u € R%. Under appropriate differentiability conditions on
ary with respect to 19, we obtain the pointwise expansion

0= anvkakﬁnu = Qrary + n*1/2 (Qk(akﬂvk) + (dekﬁ)u) + O(nfl/Q)’

where apy is the ¢ X d matrix of partial derivatives of ay with respect to 9.
Hence the perturbation v must be in the affine space

View = {vr € Hy, : Qr(agovr) + (Qragy)u = 0}.

Set Vi, = Vig X +++ X V. The local parameter space of the constrained
alternating Markov chain model is the union V' of the sets V,,, v € RP. In
model (1.1), we can now characterize efficient estimators of finite-dimensional
functionals of @ as follows, using results originally due to Héjek and Le Cam,
for which we refer to Theorem 2 in Section 3.3 of the monograph by Bickel
et al. (1998). Note that this theorem holds for general locally asymptotically
normal models even though it is stated only for the i.i.d. case.

A d-dimensional functional ¢(Q) is called differentiable at Q@ with gra-

dient g if g = (g1,...,gm) € H = (Hy x --- x Hp,)* and

n2(0(Qmv) —0(Q) = (9:v) = > Cro1@Qul(grve), v=(v1,...,vm) € V.
k=1

We always regard an element in H? = (Hy x --- x Hy,,)? as a d x m matrix.
The canonical gradient g* is the componentwise projection of g onto V. An
estimator ¢ is called regular for ¢ at @ with limit L if L is a d-dimensional
random vector such that

n'2(p — ©(Qny)) = L under P, veV.
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The convolution theorem says that if ¢ is regular for ¢ at Q with limit L,
then
L=(g*¢")>N + M in distribution,

where N is a d-dimensional standard normal random vector and M a random
vector independent of N. This justifies calling a regular estimator efficient
for ¢ if its limit is

L=(g%,¢"")Y2N in distribution.

Its asymptotic covariance matrix is (¢*,¢*"). An estimator ¢ is called
asymptotically linear for ¢ at Q with influence function fif f = (f1,..., fm)
belongs to H? and

n m
n2(p - (@) =Y N fuXmak—1 Xjmer) + 0p, (1).
j=1k=1
Such an estimator is asymptotically normal with covariance matrix
m
D Gro1 @ Qu(fify)-
k=1

By Theorem 2 of Bickel et al. (1998) mentioned above, we have the following
two characterizations.

1. An asymptotically linear estimator is regular for ¢ at Q if and only if
its influence function is a gradient for ¢ at Q.

2. An estimator is reqular and efficient for ¢ at Q if and only if it is
asymptotically linear with influence function equal to the canonical gra-
dient of ¢ at Q.

Now we apply these results to the parameter ©}, considered as a functional
of the transition distribution by setting ¢(Q) = ¥ if Qrary = 0 for k =
1,...,m. We have

n'2(2(Qno) = (@) = 1 (W = 9) + 0(1) = u, v €V

The canonical gradient of ¥ is therefore characterized as the vector g* =
(97,--.,95) € Ve for which

(g%,v) =Y Gr1 ® Qulgror) =u, eV,
k=1
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We now prove that ¢* = J7IX with A = (A\1,...,A\p) and J = Y70, Ji,
where
Ne(Xk—1, Tk) = —Qu (X, ) Qi (Xies ahwagy) ™~ a (Xi—1, 1),

Je = Gro1 @ Qe(MeAL) = Gro1 (QrafyQrlarsagy) ™ Qring).

For the proof note first that Qk(akﬂ)\;) = —Qary. This means that the i-th
row of A is in V,,, where e; denotes the i-th d-dimensional unit vector. We

obtain Qk(ouﬂg)\g)(]*1 = —QrapyJ . Hence the i-th row of g* = J !X is in
Vu:, where u; denotes the i-th column of J~!. Hence g* is in Ve, Finally,
for v € V,, we have

ZGk 1 ® Qr(grvr) 1ZGk 1 ® Qr(Akvr)

k=1 k=1

=—J! Z QuangQr(aroagy) " Qrlagove) = J ' Z Jru = u.
k=1

Hence g* = J~'\ is the canonical gradient of .
It follows that an efficient estimator 9 of ¥ has the asymptotic expansion

n1/2(1§ —9) = n~1/2 Z EQZ(ij—f—k—la Xjm+k) +op,(1)
=1 k=1

= I T2 N N K mk1s Xjme) + op, (1)
j=1 k=1

and asymptotic covariance matrix

(959" 12Gk 1@ Qr(M AT =T
k=1

3 Estimators in the general model

For ¢ = d, a simple estimator of ¥ is the least squares estimator ] LS, which
we define as a solution of the d-dimensional martingale estimating equation

n

m
> arg(Xjmrk-1, Xjmix) = 0.
J=1 k=1
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For arbitrary g, we define weighted least squares estimators 1§W .S as solutions
of the martingale estimating equations of the form

n m

Z Z Wi (Xjmih—1) ko (Xjmar—1, Xjmin) = 0,
=1 k=1

where Wy is a ¢ X d matrix of weight functions. Under appropriate differen-
tiability assumptions on apy with respect to 1, the asymptotic distribution

of Yy s is obtained from a Taylor expansion

n m

1
0 = Z Z Wy (Kjmrt—1) o (K1, Xjmik)
j=1 k=1

1 , .
+ Wy (XKjmat—1) o (Xjmik—1, Xjmak) Owrs — 0)
=1 k=1

+op, (nil/z).

n m

If the matrix My = > ", Gk—l(W]Ingdkﬁ) is invertible, we can rewrite the
stochastic expansion as

n?(Owrs — 9)

n m
= —Mg'n 2N W (Kmk—1) ko (Xjmakh—1, Xjmsr) + 0p, (1).
7=1 k=1

Hence iy 1,g is asymptotically linear with influence function f = (f1,- s fm)
given by

S T - LT
Sio(Xpp—1,28) = — ( > Gk—l(WkﬂQkakﬂ)> Wieo(Xk—1) ko (X1, Tk)-
k=1
The asymptotic covariance matrix is
m
M! Z Gr—1(WyyQr(arsars) W) My ™.
k=1

By the Cauchy—Schwarz inequality, the optimal weights are

Wio = Wiy = Qr(arsagy) " Qrans.

For these weights, the asymptotic covariance matrix becomes J~! with J
defined in Section 2. The weights W}, depend on the unknown transition
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distributions Q. In order to make the corresponding estimating equation
meaningful, the weights must be replaced by estimators, say W,jﬁ. If the
state space is R, such estimators are obtained by replacing the conditional
expectations Q(x, akga;ﬁ) and Qp(x, ary) appearing in W}, (x) by modified
versions of Nadaraya—Watson estimators

A T oy Ko (x — Ximepr—1) ko (%, Xim-k) g (%, Xigmtk)
Qr(x, akﬁakﬁ) n
> i Ko(x — Ximyk—1)
Yo Kp(x — Ximak—1) o (X, Ximtk)
Yo Kp(x = Ximtk-1) ’

where Kp(x) = K(x1/b,...,x,/b) with p-dimensional kernel K and band-
width b = b, — 0. Such modifications may be necessitated by technical
considerations. Nadaraya-Watson estimators typically perform poorly at
points x at which the density of X;_1 is close to zero. Thus one may be
forced to to exclude such points. This can be achieved by replacing the
conditional expectations Qx(x,h) by the density weighted versions

)

Qr(X, arp) =

Qr(x, h)1 [Z Ky(x — Ximyh_1) > nqnbP
=1

with = n, slowly tending to zero.

An optimally weighted least squares estimator U* is then obtained as a
solution of

Z Z Wid (Xjmk—1) ko (Xjmik—1, Xjmik) = 0. (3.1)
7j=1k=1

Under appropriate conditions, the stochastic expansion of J* is not changed
when the weights W7, are replaced by the estimators W,jﬁ. It follows that
the influence function of J* equals the canonical gradient g* = J~\ of 9.
Hence 9* is efficient.

Remark. In particular, for ¢ = d, the least squares estimator 19,;5, with
weights W}, given by the d X d unit matrix, is also asymptotically linear. Its

influence function is f25 = (f°,..., fL9) with

-1
LS
fi” (X1, k) <2Gk 1 ®Qkalm9> kg (Xk—1, Tk),
and its asymptotic covariance matrix is

-1

(Z Gr1® Qkakﬁ) B > Gi1 ® Qilarsaly) ( Y Gra® delw)
k=1 k=1 k=1
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It is straightforward to check that f5 — ¢* and ¢* are uncorrelated,

("9 =D G @ Qu(fFg ) =T = (g%, 9"").
k=1

Hence the difference between the asymptotic covariance matrices of Vs and
¥4 is nonnegative and equals

(f" =g (F75 = g") 1) = (f* = g*, 1557,
It follows that the optimally weighted least squares estimator 0% is strictly
better than ¥7,g unless fX° = g*.
4 Characterizing efficiency in quasi-likelihood
models

Now we consider the alternating nonlinear and heteroskedastic autoregres-
sive model

3

Ximak = ko Xjmar—1) + 00 Xjmik-1)€jmik, JE€Z, k=1,...,m. )
We assume that the distribution Tj(x,dy) of €jmyr given Xjpp—1 X
fulfills Ty (x,e) = 0 and Tk(x,e?) = 1, where e(y) = y is the identity on
R. In Section 2 we have shown local asymptotic normality for alternating
Markov chain models with conditional constraints (1.1). For the special case
of an alternating quasi-likelihood model (4.1) we now give a different proof,
using the parametrization by ¢ and T}. As noted, this will allow us to treat
constraints on the T, in particular the special constraint Ty = --- =1, =T.

Fix ¥ and T = (T1, ..., ;). Assume that Y; = (X(j_1)m+1;--- ,ij)T,
j € 7Z, is strictly stationary and positive Harris recurrent. Following Miiller
et al. (2011), we make the following assumptions on rgyg, sgy and T.

e

Assumption 1 For k = 1,...,m there are Gy_1-square-integrable func-
tions 7y, = Ty and S = Sy such that, for each constant C, the quantities

2
sup Z (Tk,ﬁ+A(ij+k—1) — T (Xjmak—1) — AT?‘k(ijJrk—l))
lAll<Cn-1/2
and
n

2
sup Z (Sk,19+A(ij+k—l) — 810 (Xjmyk—1) — ATék(ij—i-k—l))
[A[<Cn=1/2 55

are of order op, (1), and the function sy is bounded away from zero locally
uniformly in 9.
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Assumption 2 For k = 1,...,m and each x, the conditional distribution
Tk(x, dy) has a positive and absolutely continuous density tj(x,y), and E[}]
and E[(3,(Xy_1,ex)(1 +£3)] are finite, where lg1(x,y) = —t}(x,y)/tx(x,y),
with derivative taken with respect to y.

Since the T} have densities, the G_1 also have densities, say gp_1. In-
troduce perturbations ¥,, = ¥ + n~ 2y with v € R% and thno, (X, Y) =
te(x, 1) (1 +n~"'2v(x,y)) with v, a bounded measurable function on RP*!,
The constraints Ty(x,1) = 1, Ti(x,e) = 0, Ti(x,€?) = 1 must also hold for
Ty, = Tkpy,- We obtain

Te(x,v) =0, Ti(x,vpe) =0, Ti(x, vkez) =0.

Let Vi denote the set of these vy. Write v = (v1,...,0p), V=V X xV,
and Try = (Tinwys - - - s Ty, ). Suppose we observe Xo, Y1,...,Y,. Write
P, and P, for the joint law of the observations under (¢, T') and (¢4, Thv),
respectively. Write gonyy for the density of Xy under (9, Tpyv). Then we
have local asymptotic normality as follows. The proof is similar to the proof
in Drost, Klaassen and Werker (1997), who treat the non-alternating case
and independent observations. For k = 1,...,m set lya(x,y) = (k1 (x,y)y—1
and \x = (£x1,lk2) ", and define the d x 2 matrix

My (x) = Myy(x) = (71(x), $1(%)).-

ko (x)

Theorem 1 Let (u,v) € R x V. Suppose Assumptions 1 and 2 hold and
the stationary density go depends smoothly on the parameters in the sense
that [ |gonuv(X) — go(x)] dx — 0. Then

dP, " & 1
log d;,w =023 Sk (Kjmt b1, Ejmk) — 2w, V)| + op, (1),
n =1 k=1
(4.2)
n m
n 2 Stun, (Kjmak—1, Ejmak) = [[(w, V)N under P, (4.3)
Jj=1k=1

where N s a standard normal random variable and
Skuvy (Xn—1,68) = 1" Myp(Xp1) M (Xpeo1, e8) + vk (Xp_1, 1)

1w, V)P = Elsfu, (Xi-1,20)]-
k=1
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Here we have used that s1up, (Xo0,€1),- -, Smuv,, (Xm—1,Em) are uncor-
related. The norm ||(u, v)|| determines how difficult it is, asymptotically, to
distinguish between (9, t) and (9,,,, t,yv) on the basis of the observations. It
induces an inner product

((ulv Vl)? (u7 V)) = Z E[Sku’vfc (Xk—h 5k)3km)k (Xk—h Ek)]
k=1

Consider now a model for T. It is given by a family of vectors 7 of
conditional distributions T = (17, ...,T,,). Assume that the fixed T belongs
to 7. Let W be the set of all v € V such that T, lies in 7. Assume that
W is a linear space, the local parameter space of T at T. Let V}, denote the
closure of Vi in La(Gi—1 ® T}), and set V. =V x -+ x Vj;,. Let W denote
the closure of W in V.

Definition 1 A real-valued functional ¢ of (¢,t) is called differentiable at
(0, t) with gradient Y 3" | Sgujo,;, (Xi—1,¢x) if (ug, vy) € R? x V and

nl/Q(SO(ﬁnuv tm}) - 90<’ﬁ7 t)) — ((ugoa V@)? (u7 V))? (U, V) € Rd X W
If v, = w, is in W, then Su,w, is called the canonical gradient of ¢.

Definition 2 An estimator ¢ of ¢ is called reqular at (¥,t) with limit L if
L is a random variable such that

nl/z(nﬁ — ©(Unustny)) = L under Py, (u,v) € R% x W.

As in Section 2 we obtain from the convolution theorem that for such an
estimator, L = ||(uy, Wy,)||[N + M in distribution, with M independent of N.

Definition 3 An estimator ¢ of ¢ is called asymptotically linear at (J,t)
with influence function Y )", Skugvg, (Xk—1,k) if (up, vy) € R? x V and

n m

n2 (6= 00,6) = Y Skugo (Xjmah—1: Ejmek) + 0p, (1).
=1 k=1

As in Section 2, we have the following characterization: An estimator is reg-
ular and efficient if and only if it is asymptotically linear with influence func-
tion equal to the canonical gradient. We apply the theory to several models
T and to estimating 1, i.e., to the d-dimensional functional ¢(¥,t) = .
Then differentiability of multivariate functionals ¢ and asymptotic linearity
of multivariate estimators ¢ are understood componentwise. Regularity and
the convolution theorem have obvious multivariate versions. The character-
ization of efficient estimators is also meant componentwise.

First we consider the nonparametric model. This is a special case of the
model which was treated in Sections 2 and 3 by a different approach.



Efficient estimators for alternating quasi-likelihood models 13

4.1 Nonparametric model

Suppose we have no structural information on 77, ...,7,,. Then W = V. In
order to calculate the canonical gradient of ¥, we use the orthogonal decom-
position of sgy,, described in Miiller, Schick and Wefelmeyer (2011). From
Ti(x,1) = 1 and Assumption 2 we obtain Ty (X, fr1e) = 1, Ti(x, {g1e?) = 0,
Ti(x, lr1€3) = 3. Setting ¥ (y) = (y,y%> —1)7, we have

1 0
We obtain

Stuvy Xi—1,68) = u' Mp(Xg_1) AL (Xp—1)¥(er) (4.4)
" My (X )N (X1, ex) + vp(Xp—1, 1),

where the components of A} (x,y) = A(x,y) — A;—(X)w(y) are in Vj, and

x,et) — - x, €3
Ap(x) = To(x, 9y 1) T T(x, ¥Ag ) = ex(x) ( Tf(T;(X,) 63)1 m; - )

with 1/cg(x) = det T (x, ¢ ) = Ti(x,e*) — 1 — Tj(x,e)2. The canonical
gradient of ¥ is then

m

AL Z Mk(Xk—ﬂA;—(Xk—l)lb(%)a
k=1

where A = 7" | Ag with Ay = E[c(X) Mi(X) Br(X) M, (X)] and

Th(x,e*) =1 —2T5(x,€?)
Bi(x) = < —kQTk(x, e3) k4 ) :

An efficient estimator J of ¢ is obtained as a solution of the estimating
equations

n m

e Xm - T Xm _
ZZMkﬂ(ij+k—l)Ag(ij+k71)¢( gtk ~ ko (Xjm sk 1)> —0.
J=1 k=1 50 (Xjmak—1)

Here Aj(x) is an estimator of Aj(x) obtained by replacing the conditional
third and fourth moments Ty (x, e'), i = 3,4, by potentially density weighted
versions of Nadaraya—Watson estimators

Tk(X, ei) _ Z?:anb(X - ijJFk*l)éé’m-i-k
> i1 Ko(x = Xjmin—1)
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with Kp(x) = K(x1/b,...,2,/b) for a p-dimensional kernel K and a band-
width b, based on residuals &;p 4k = (Xjm4r =745 (Xjmar—1))/ 515 Xjmak—1)-
The estimator ¥ can be any n'/2-consistent estimator of 9, for example the
least squares estimator, which solves the estimating equation

n m
Ximak — Tro(Xjmak—
50 Muo (K (i ool g,
=1 k=1 k9\Ajm+k—1

The asymptotic covariance matrix of Jis AL,
The efficient estimator ¢ is asymptotically equivalent to the efficient

estimator 9* solving equation (3.1) of Section 3 when ayy is given by (1.4).
For this apy we have

ar(x,y) = — ( Pi(x) ) :

274(%) (Y — o (X)) + 255(X) 575 (%)

Hence the optimal weights W,:ﬁ are estimators of W}, = Qk(akqgagﬂ)*led;ﬂg
which now involve the two matrices of conditional expectations

. sp9(X) Qu(x, (€ =19 (x))°)
Qr(X, agpayy) = < Qr(x, (eki re9(%))?)  Qr(x, (e — 1eo (%)) — Siﬂ(X) ) ’

Qr(x,ar) = — < Fe(x) > .

25k (x)57,9(x)

The centered conditional moments Q(x, (e — rry(x))?), i = 3,4, can again
be estimated by potentially density weighted versions of Nadaraya—Watson
estimators.

4.2 Equal conditional innovation distributions

Suppose the conditional distributions of the innovations &5 given X 1 are
known to be equal, Ty = --- =T, =T. Then T = (T,...,T). A perturba-
tion of the density ¢ of T is of the form t,,(x,y) = t(x,y)(1 +n"2v(x,y)),
where v belongs to the set V' of bounded measurable functions on RP*! such
that T'(x,v) = 0, T(x,ve) = 0, T(x,ve?) = 0. The local parameter space W
of 7 now consists of the vectors w = (v,...,v) with v € V. Set ¢1(x,y) =
—t'(x,9)/t(x,y), lo(x,y) = £1(x,y)y—1 and A = (£1,£) ". Local asymptotic
normality (4.2), (4.3) now holds with vy = v and v =w = (v,...,v), and
with A = A. The decomposition (4.4) reduces to

Skuvy (Xi-1,68) = u' M(Xgp_1)AT(Xp—1)1b(er) (4.5)
! M (X 1) (X1, 68) + v(Xp_1, 1),
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where the two components of A\.(x,y) = A(x,y) — AT(X)z/J(y) are in V. and
Hh_1 — 3
A(x) = T(x, o) 1T (x, AT = e(x) ( T_(:;(ex)es)l 2T(2x,e ) )

with 1/¢(x) = det T(x, ¢ ") = T(x et) — 1 — T(x,e%)%. However, the d-
dimensional func‘mons M (%)M« (x,y) still depend on k. This yields that
(M (x ))\ (X,Y)y .oy M (X)X *( )) is not in W?. The row-wise projection
onto W1 is (M*( ) (X)), M (X)) (x,y)) with

M. (x) = % S My (x).
k=1

We arrive at the orthogonal decomposition
Shuvg (Xi—1,68) = u ' 55(Xp_1,8) + 1 Mi(Xpo1) M (Xp—1, e8) +0(Xp_1, 1)
with -
k(%) = Mp(x) A" (%)Y (y) + (Mp(x) — M (x))A(x,9)
= Mi(x)A(x,y) — M (x) A (x, ).

Hence the canonical gradient of o is A;'> 1, st (Xy—1,65) with A, =

Ay and AL = E[s}(Xk—1,ek)s5 (Xk—1,2k)], which computes to

Ag + B[(My(Xp—1) — Mi(Xpo1)) T (Xp—1) (M (K1) — Mi(Xp—1)) 7).

Here we have used T'(x, \«%) ) = 0, and we have set

Jo(x) = T(x, M)
=T(x, )\)\T) - AT(X)T(X, wAT) - T(x, )\’QZJT)A(X)
+ AT ()T (x, 99" ) A(x)

x 64 _ — X 63
:T(x,AAU—c(X)(T_(z:’r<x),e3>1 2T(4’ ))'

The canonical gradient of ¥ now involves the score functions ¢;(x,y) =
—t'(x,y)/t(x,y) and l3(x,y) = ¢1(x,y)y — 1 for (conditional) location and
scale of T(x,dy). This makes it difficult to estimate ¥ by an estimating
equation. We can follow Miiller et al. (2007) and construct an efficient

estimator as one-step improvement of a consistent initial estimator I,

- 1 n m . )
9 :19+A*lgzzsk(xjm—i-k—bgjm-i-k)’

j=1 k=1
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The right-hand side requires estimators for £; and /2 and for the conditional
moments T(x,¢e'), i = 3,4. An estimator for ¢ is #/t, where # is a kernel
estimator based on (X, &;), i = 1,...,nm, with residuals &, = (Xjm+k —
T (Xjmar—1))/515(Xjmsk-1), 7 =1,...,n, k = 1,...,m. The conditional
moments can be estimated by plugging ¢ into T(x,¢e’) = [t(x,y)y’dy, or
by potentially density weighted Nadaraya—Watson estimators based on the
residuals.

When we know that 77 = --- = T,,, then the asymptotic covariance
matrix of an efficient estimator of ¥ is A;'. This is strictly smaller than
the smallest asymptotic covariance matrix A~! of estimators that do not use
this information, unless A} = Ay for k = 1,...,m, or equivalently, unless

E[(Mp(Xp1)— Mo (Xg1)) (M (X)) = Mu(Xp1)) '] =0, k=1,...,m.

This may happen in degenerate cases only.

One is that J, = 0. This is the case if T'(x, -) is standard normal, which
means that the innovations ¢; are independent and standard normal. Then
(1(x,y) =y, so A = ¢ and hence T(x,¢") = T(x,9A"), which implies
that A is the 2 x 2 identity matrix. Then A, = 0 and therefore J, = 0.

Another degenerate case is that My — M, = 0 for K = 1,...,m, i.e.
My = -+ = My, S0 Tky/Sky and Sky/sgy do not depend on k. This
happens of course when the time series is not alternating. It can also happen
for alternating time series, for example when the conditional variances szﬁ of
the innovations do not depend on 1, so $gy = 0; and the conditional means
do not alternate, r1y9 = - - - = 0.

Acknowledgments

Ursula U. Miiller was supported by NSF Grant DMS 0907014. Anton Schick
was supported by NSF Grant DMS 0906551.

References

[1] Bickel, P. J., Klaassen, C. A. J., Ritov, Y. and Wellner, J. A. (1998).
Efficient and Adaptive Estimation for Semiparametric Models. Springer,
New York.

[2] Drost, F. C., Klaassen, C. A. J. and Werker, B. J. M. (1997). Adaptive
estimation in time-series models. Annals of Statistics, 25, 786-817.

[3] Hopfner, R. (1993). On statistics of Markov step processes: representa-
tion of log-likelihood ratio processes in filtered local models. Probability

Theory and Related Fields, 94, 375-398.



Efficient estimators for alternating quasi-likelihood models 17

[4]

Hopfner, R., Jacod, J. and Ladelli, L. (1990). Local asymptotic nor-
mality and mixed normality for Markov statistical models. Probability
Theory and Related Fields, 86, 105-129.

Koul, H. L. and Schick, A. (1997). Efficient estimation in nonlinear
autoregressive time-series models. Bernoulli, 3, 247-277.

Miiller, U. U., Schick, A. and Wefelmeyer, W. (2007). Inference for al-
ternating time series. In: Recent Advances in Stochastic Modeling and
Data Analysis (C. H. Skiadas, ed.), 589-596, World Scientific, Singa-
pore.

Miiller, U. U., Schick, A. and Wefelmeyer, W. (2009). Estimators for
alternating nonlinear autoregression. Journal of Multivariate Analysis,
100, 266-277.

Miiller, U. U., Schick, A. and Wefelmeyer, W. (2011). Variance bounds
for estimators in autoregressive models with constraints. Statistics, 42,
477-493.

Penev, S. (1991) Efficient estimation of the stationary distribution for
exponentially ergodic Markov chains. Journal of Statistical Planning
and Inference, 27, 105-123.

Ursula U. Miiller

Department of Statistics, Texas A&M University,
College Station, TX 77843-3143, USA

E-mail: uschi@stat.tamu.edu

Anton Schick

Department of Mathematical Sciences, Binghamton University,
Binghamton, NY 13902-6000, USA

E-mail: anton@math.binghamton.edu

Wolfgang Wefelmeyer
Mathematical Institute, University of Cologne, 50931 Cologne, Germany
E-mail: wefelm@math.uni-koeln.de



