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It has been shown recently that, under an appropriate integra-
bility condition, densities of functions of independent and identically
distributed random variables can be estimated at the parametric rate
by a local U-statistic, and a functional central limit theorem holds.
For the sum of two squared random variables, the integrability con-
dition typically fails. We show that then the estimator behaves dif-
ferently for different arguments.

At points in the support of the squared random variable, the rate
of the estimator slows down by a logarithmic factor and is inde-
pendent of the bandwidth, but the asymptotic variance depends on
the rate of the bandwidth, and otherwise only on the density of the
squared random variable at this point and at zero. A functional cen-
tral limit theorem cannot hold.

Of course, for bounded random variables, the sum of squares is
more spread out than a single square. At points outside the support of
the squared random variable, the estimator behaves classically. Now
the rate is again parametric, the asymptotic variance has a different
form and does not depend on the bandwidth, and a functional central
limit theorem holds.

1. Introduction. Suppose that Xi,..., X, are independent observa-
tions with density f. It is sometimes of interest to estimate the density p
of a transformation ¢(Xi,...,X,,) of m of these observations, with m > 2.
Frees (1994) proposed as estimator of p(z) the local U-statistic

ﬁF(z) - m Z kb(z_q(Xilv"‘7Xim))
m/) 1<iy < <im<n

with kp(z) = k(x/b)/b for a kernel k and a bandwidth b. He showed that this
estimator can be pointwise y/n-consistent under some assumptions on f and
g. Saavedra and Cao (2000) consider the function ¢(Xi, X2) = X1 + aXo.
They obtain pointwise y/n-consistency for their convolution estimator

pso(z) = [ fz —an)f(e) do
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2 A. SCHICK AND W. WEFELMEYER

with a kernel estimator f of f. This is a plug-in estimator which replaces the
unknown density f in the representation of p(z) by f. The estimator psc(z)
is asymptotically equivalent to pp(z) with m = 2 and ¢(X;, Xo2) = X1+aXo,
and with & replaced by the kernel K defined by K(y) = [ k(y — az)k(z) dz.

It is even possible to obtain y/n-consistency in various norms, together
with functional central limit theorems in the corresponding spaces. Schick
and Wefelmeyer (2004, 2007) prove such results for transformations of the
form ¢(X1,..., Xm) = w1 (X1) + -+ up(Xpn) and (X1, X2) = X7 + Xo in
the sup-norm and in L;-norms. Giné and Mason (2007a) consider general
transformations ¢(Xj,...,X,,) and obtain such results in the L,-norms.
Their results hold locally uniformly in the bandwidth. Giné and Mason
(2007b) prove a law of the iterated logarithm for the estimator. Du and
Schick (2007) generalize some of these results to derivatives of convolutions
of densities. More general results applicable to the estimation of densities of
sums of independent random variables are Nickl (2007) and (2009).

We want to show that the above results are less generally valid than
appears at first sight. Consider the case ¢(X1,X2) = w(X1) + u(X32). In
order to prove y/n-consistency of the estimator, the above authors require
the density of u(X7) to be square-integrable. But this assumption is typically
already violated if w has a derivative that vanishes at a single point, for
example if u(X7) = X? and the density of X; is bounded away from zero in a
neighborhood of zero. How critical is the assumption of square-integrability?
In particular, is the Frees estimator p(z) for the density of ¢(X;, X2) =
X?+ X2 at the point z still /n-consistent if f is bounded away from zero in
a neighborhood of zero? We show that the answer to this question depends
on z.

For ¢(X1, X2) = X? + X3, the Frees estimator is

(L1) pe) = S Rz X2 X2).
1<i<j<n

Let h and g denote the densities of | X;| and X?, respectively. Then

h(y) = (f(y) + f(=y))1[y > 0]

and
1

=5 VD)

Hence p is the convolution g * g of g with itself.
We assume that h has bounded variation. Then A has finite left- and
right-hand limits for all positive arguments. Assume that the right-hand

9(y)



DENSITY ESTIMATORS FOR SUMS OF SQUARES 3

limit A(0+) of h at 0 is positive. We get different results for p(z) depending
on whether the left-hand limit g(z—) of g at z is positive or not.

Our arguments differ on the positive and negative parts of the support
of the kernel k. This is why we state our results separately for kernels with
support [0,1] and [—1,0]. We also assume that the kernels are bounded
densities.

Let us first consider the case when g(z—) is positive. For kernels with
support [0,1] and [—1, 0], we show in Theorem 1 that v/n/logn(p(z) —p(z))
is asymptotically normal with variance h%(0+)g(z—) if the bandwidth is
proportional to y/logn/n. This non-standard choice of bandwidth is used
to control the bias. Under the present assumptions on h, the density p is
gu/aranteed to be Holder with exponent 1/2 only, so that the bias is of order
bt/2,

We can choose larger bandwidths if p is known to be smoother at z.
Specifically, if p is Holder at z with exponent « for 1/2 < a < 1, we can
choose a bandwidth of order n~/(2®) and obtain that /n/log n(p(z) —p(z))
is asymptotically normal with variance h?(0+)g(z—)/(2«a). Thus, under ad-
ditional smoothness assumptions on p, a smaller asymptotic variance can
be achieved by choice of bandwidth, but the rate of convergence cannot be
improved.

The asymptotic behavior of p(z) is governed by observations X; with X ]2
close to z. This implies that A(z;) and A(zy) are asymptotically independent
for different z; and 2o, where A(z) = /n/logn(p(z) — p(z)). In particular,
functional central limit theorems for A are not possible. This is analogous
to known results for classical kernel estimators.

Now we consider the case when g(z—) is zero. Then the above asymptotic
variances reduce to zero, indicating that better rates for p(z) are possible.
Suppose that g is left Holder at z, say h(v/z — 5) = O(s°) as s | 0, where 3 is
positive. For a kernel with support [0, 1] we show in Theorem 2 that then p(z)
behaves quite differently. If the bandwidth is again proportional to v/log n/n,
we obtain that \/n(p(z) —p(z)) is asymptotically normal with variance given
by the variance of 2g(z — X?). This is analogous to the recent results on \/n-
consistent density estimation of transformations. The same result holds for
a kernel with support [—1,0] under a two-sided Hélder condition on g, say
h(vz—s) = O(|s|?) as s — 0, where /3 is again positive.

If the observations are bounded, then the support of p is larger than the
support of g. Outside the support of g we have g(z—) = 0 and h(y/z — s) =
0 for small positive s. Hence p(z) has the parametric rate for z outside
the support of g. Functional central limit theorems in the space C(I) of
continuous functions on a compact interval I are possible as long as I is a
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subinterval of the complement of the support of g.

In Theorem 3 we combine the above results on one-sided kernels to obtain
better rates under additional smoothness properties on p using higher-order
kernels. Specifically, if k& is a bounded symmetric density on [—1,1], the
bandwidth is proportional to (nlogn)~'/4, and p has a second derivative
at z, then \/n/logn(p(z) — p(z)) is asymptotically normal with variance
h2(0+)g(z—)/4. If g(2—) = 0 and g is Holder at z, then v/n(p(z) — p(2)) is
asymptotically normal with variance given by the variance of 2g(z — X?).

In Proposition 3 we show that our results remain valid if we replace the
fixed bandwidth b by a random bandwidth $b with § a positive random
variable such that § 4+ 1/§ = O,(1) provided we choose a smooth kernel.

Let us illustrate the above with two special cases.

ExXaAMPLE 1. Suppose that f is the standard normal density. Then p
is the exponential density with mean 2 which is Holder with exponent
1 at each positive z. We find h(0+) = (2/m)"/? and g(z—) = g(z) =
(2m2) "2 exp (—2/2) > 0 for all positive z. Thus \/n/logn(H(z) — p(z))
is asymptotically normal with variance m3/2(z/2)~1/2 exp (—2z/2)/(2a) for
a bandwidth of order n~1/(2%) with 1 /2 < a < 1. This holds for bounded
kernels with compact support. Since p has a second derivative for positive z,
the smaller variance 73/2(z/2)1/2 exp (—z/2) /4 can be achieved by using
a symmetric kernel and a bandwidth proportional to (nlog n)_l/ 4,

EXAMPLE 2. Suppose that f is the uniform density on (0, 1). Using (2.1)
one calculates

—1
pz) =710 <2< 1+ (Z—arcsinq/z> 11 <z <2].
z

A graph of this density is given next.

ISP

0 1 2

We have h(04) = 1 and g(z—) = 1/(2/2)1[0 < 2 < 1]. If 0 < 2z < 1, then

g(z—) is positive and \/n/logn(p(z) — p(z)) is asymptotically normal with
variance 1/(4a/z) for a bandwidth of order n=1/(2®) with 1/2 < «. This
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result holds also at z = 1 if the kernel has support [0, 1]. Since p is right
Holder with exponent 1/2 at z = 1, \/n/logn(p(z) — p(z)) is asymptotically
normal for z = 1 with variance 1/2 if the kernel has support [—1, 0] and the
bandwidth is proportional to y/logn/n. For z > 1 we have g(z—) = 0, and
Vn(p(z) — p(z)) is asymptotically normal with variance

LR VL S

21z 2=y Y ANy Ve=y vy

where [(z) = min{1, z—1}. This variance is zero for z > 2 so that v/n(p(z) —
p(z)) = op(1) for such z.

It is not very surprising that densities of transformations ¢(X1, ..., X,)
can often be estimated at the rate \/n. Such densities at a point are rep-
resented as functionals of other densities, and the plug-in principle can be
invoked. The slightly worse rate in our case q(X1, X2) = X? + X2 is ex-
plained by the fact that the influence function for the corresponding density
is just barely not square-integrable. For sum of more than two squares, and
for sums | X1 |¥ 4 | X2|” with v < 2, y/n-consistency can again be achieved.
For sums | X;|” + | X2|” with v > 2 the Frees estimator behaves more like an
ordinary density estimator; it has the slower rate n='/¥ when the density of
| X1]" is positive at z—. See Schick and Wefelmeyer (2009).

If g(z—) is zero, then by Proposition 2 the error of p(z) is approximated
up to op(1/y/n) by the average 2A(z, g) defined before Proposition 1. Our
model is locally asymptotically normal, and one can show that p(z) is a
Hellinger differentiable functional of the underlying density f. This implies
that p(z) is asymptotically efficient in the sense of a nonparametric version
of the convolution theorem or a local asymptotic minimax theorem.

If g(z—) is positive, then by Proposition 1 the error of p(z) is approxi-
mated up to op(y/logn/n) by the average 2A(z, g1 (rp,00)) With 7 ~ logn. We
will show elsewhere that an extended version of local asymptotic normal-
ity still holds with a normalizing rate of order \/n/logn. With the help of
such a result we can show that the rate y/n/logn is optimal for estimating
p(z) in general (and not just by local U-statistics) and address asymptotic
efficiency of the estimator p(z). We get a non-standard rate because of the
non-standard assumption on the density: it is a convolution of two densities
that are not square-integrable.

The literature contains several other density estimation problems under
non-standard assumptions. For discontinuous densities, it is of interest to
estimate location and size of a jump. We refer to Liebscher (1990) and Chu
and Cheng (1996). For densities f with support bounded (to the right, say)
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by an unknown a and falling off as f(a—z) ~ 2%~ with a > 0, the maximal
observation has rate n=1/®. For these classical results see e.g. Embrechts,
Kliippelberg and Mikosch (1997) or de Haan and Ferreira (2006). A more
general problem is to estimate the boundary of the support of a multivariate
density that falls off steeply at the boundary, or frontier estimation. Recent
references are Korostelev, Simar and Tsybakov (1995) and Hall and Park
(2004).
Our results are stated in Section 2; the proofs are in Section 3.

2. Results. We have the following representation for the density p,
2 h(y/z—y) h(\/y)
p(z) = / ( b) M dy,
0 2vVz—y 2y
valid for z > 0. Using the substitution y = zs we find for such z that
Lh 1—35))h
o) = [T D),
0 4/(1 —s)s

Of course, p(z) = 0 for negative z. The representation shows that p is
bounded if A is. Since the integrand is symmetric about 1/2, we have

/ z — S zS8
(2.1) p(z) = 2/01 gt 4(\1/%\ﬁ) ds.

We study the behavior of the estimator p(z) at a fixed positive point z.
We shall do so under the following condition on the bandwidth and under
two alternative conditions on the kernel.

(B) The bandwidth b satisfies b — 0 and nb — cc.
(K+) The kernel k is a bounded density with support [0, 1].
(K—) The kernel k is a bounded density with support [—1,0].

Let k™ and k= be kernels as specified in (K+) and (K-), respectively.
Write p; and p, for the corresponding Frees estimators (1.1), stressing the
dependence on the kernel and the bandwidth b. Then we can define a new
kernel k by k(y) = Mk~ (y/c)/c+(1—N)k*(y/d)/d for 0 < A < 1 and positive
c and d. This kernel is a bounded density with support [—c,d]. The Frees
estimator p corresponding to this kernel k is of the form p = Ap_, +(1 —)\)ﬁjb.
Thus the properties of the estimator corresponding to k are easily derived
from those of the estimators corresponding to k™ and k.
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When working with condition (K+) we will control the bias by assuming
that the density p is left Hélder at z with exponent « at least 1/2. This
means that

Ip(z —s) = p(2)] < Cs%,  0<s <y,

for some small positive § and some constant C'. When working with condition
(K-) we will control the bias by assuming that the density p is right Hélder
at z with exponent « at least 1/2. In both cases the bias E[p(z) — p(2)] =
p * ky(2) — p(2) is of order b°.

The following lemma shows that p is (left and right) Holder at z with
exponent 1/2 if the density h is of bounded variation.

LEMMA 1. Suppose h is of bounded variation. Then p is Holder with
exponent 1/2 at each positive argument.

If h falls off to 0 from the left of \/z sufficiently fast, then p is left Holder
at z with an exponent larger that 1/2. To make this precise, we use the
following assumption.

(H-) There are positive constants B and [3 such that for some positive §
hyvz—s)<Bs’, 0<s<a.

LEMMA 2. Suppose h is of bounded variation and (H-) holds. Then p is
left Holder at z with exponent greater than 1/2.

When working with (K-) we require a two-sided version of (H-).
(H) There are positive constants B and 3 such that for some positive §
h(vz—s) < B|s|®, |s] <d.

LEMMA 3. Suppose h is of bounded variation and (H) holds. Then p is
Holder at z with exponent greater than 1/2.

Higher Holder exponents can be guaranteed under stronger assumptions
on h. For example, if h is uniformly Lipschitz on (0, 00),

|h(v) — h(u)] < Alv—u), 0<u<w,
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for some constant A, then p is Holder with exponent 1 at each positive
argument. Indeed, we see from (3.4) below that now

p(e2) —p(en)| < 200l [ ¢ ﬁ—\/mﬂds

< [hlA(VE - Va) /0 2\/ﬁds

<RIA—2"2L 0 <z < .

Gt va
Here ||h| denotes the sup-norm of h.

We first study our estimator under condition (K+). The target density
is zero for negative arguments. A kernel with support on the positive axis
guarantees that the estimator p vanishes for negative arguments.

If h(0+) and h(y/z—) are positive, then g(z— X?) is not square-integrable.
This is the reason why we lose the parametric rate of p(z), as shown next.
For this we compare p(z) with its expected value E[p(z)] = p * ky(z). To
state our results, for a function v on the real line we introduce the notation

S|

Az, 9) = (W(z = X7) = Bl (2 - X))

<
Il
-

-

Il
—

(U(z = X3) — ¢ g(2)).

S|

J

PROPOSITION 1. Let h be of bounded variation with h(0+) positive. Let
(K+) or (K-) hold. Suppose the bandwidth b satisfies (B) and

(2.2) log(1/b)/logn — ~

for some v with 0 <~ < 1. Then for r ~logn we have

(2.3) B(2) = p*Fa(2) = 24(2, 01 () + 0p (1 log /)

and \/n/lognA(z, g1 (;p.00)) is asymptotically normal with mean 0 and vari-

ance h2(0+)g(z—)~. Hence \/n/logn(p(z) —p*ky(z)) is asymptotically nor-
mal with mean 0 and variance h?(0+)g(z—)y.

The requirement (2.2) is met by the choice b ~ n~7log” n for some real 7
which needs to be positive if v = 1 in order to fulfill (B). If p is left Holder
with exponent a with 1/2 < a < 1, then the bias p * ky(2) — p(2) is of order
b*. Thus y/n/logn(p(z) — p(z)) is asymptotically normal with mean 0 and
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variance h?(0+)g(z—)7y if v > 1/(2a) or if v = 1/(2a) and 7 < 1/(2a). The
smallest asymptotic variance corresponds to the choice v = 1/(2a). If we
know only that the density h is of bounded variation, then « may be as
small as 1/2, and v = 1.

THEOREM 1. Let h be of bounded variation with h(0+) positive. Let

(K+) or (K-) hold and suppose that b ~ /logn/n. Then /n/logn(p(z) —

p(2)) is asymptotically normal with mean 0 and variance h(0+)g(z—).

Proposition 1 shows that the estimator p(z) cannot have a faster rate

than +/logn/n if g(z—) is positive.

We now address the case when g(z—) = 0.

PROPOSITION 2. Let h be of bounded variation. Let (B) hold. Assume
that either (H-) and (K+) or (H) and (K-) hold. Then

(2.4) P(z) — pxky(2) = 24A(2,9) + 0p(1/v/n),

and \/n(p(z) —p*ky(2)) is asymptotically normal with mean 0 and variance
4 Var(g(z — X3)).

Since the Holder exponent « is usually unknown, we should choose b as
in Theorem 1 and obtain the following result.

THEOREM 2. Let h be of bounded variation. Assume that either (H-)

and (K+) or (H) and (K-) hold. Let b ~ /logn/n. Then \/n(p(z) — p(z))
is asymptotically normal with mean 0 and variance 4 Var(g(z — X3)).

The choice b ~ /logn/n works in both theorems and gives optimal con-
vergence rate y/logn/n if g(z—) is positive, and the rate 1/\/n if g(z—) is
zero and the assumptions of Theorem 2 hold.

If we are sure that h is Lipschitz, then we can choose b ~ 1/y/nlogn
and obtain that \/n/logn(p(z) — p(z)) is asymptotically normal with mean
0 and variance h?(0+)g(z—)/2 if g(z—) is positive, and /n(p(z) — p(z)) is
asymptotically normal with mean 0 and variance 4 Var(g(z — X?#)) under the
assumptions of Theorem 2.

If p has a second derivative at z and the kernel k has mean zero and
compact support, then the bias is of order O(b?). Thus we have the following
result.

THEOREM 3. Assume that h is of bounded variation and that p is twice

differentiable at z. Suppose that k is a bounded symmetric density with sup-
port [—1,1] and b ~ (nlogn)~'/*. Then the following hold.
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(i) If h(0+) is positive, then \/n/logn(p(z) —p(2)) is asymptotically nor-
mal with mean 0 and variance h?(0+)g(z—)/4.

(i) If (H) holds, then /n(p(z) —p(2)) is asymptotically normal with mean
0 and variance 4 Var(g(z — X31)).

We conclude this section by showing that we can replace in the above
results the constant bandwidth b by a random bandwidth of the form $b for
some positive random variable § such that § 4+ 1/5 = O,(1). This requires
that we also use a continuously differentiable kernel.

It should be clear that the treatment of the bias is unaffected by this
choice of random bandwidth. To treat the variance term, write pg(z) for
the Frees estimator with bandwidth sb and pg(z) = p * ksp(2) for its mean,
where s is positive. In order to use a random bandwidth $b as above, we
need to show that for each compact interval I contained in (0,00) one has

(25) sSup |ﬁsb(z) - psb(z) - QA(Zv gl(blogn,oo))| = Op(\/ lOg n/”)

sel

or, respectively,

(2.6) sup Dsb(2) — Dsv(2) — 2A(2, 9)| = 0p(1//n).

Note that (2.5) is a uniform version of (2.3) with b replaced by sb and
sr = logn, and (2.6) is a uniform version of (2.4) with b replaced by sb. Thus

(2.5) holds if the sequence {\/n/logn(psy(z) — Psp(2)), s € I} of processes is
tight in C(I), while (2.6) holds if the sequence {\/n(psy(z) — Dsp(2)),s € I}
of processes is tight in C(I). Conditions for tightness are given next.

PROPOSITION 3.  Suppose the kernel k is a continuously differentiable
density with support contained in [—1,1]. Let h have bounded variation and
let I be a compact interval in (0,00). Then the sequence {\/n/logn(psy(z) —
Dsv(2)),s € I} of processes is tight in C(I). If also (H-) holds, then the
sequence {\/n(psp(z) — Dsp(2)), s € I} of processes is tight in C(I).

3. Proofs. This section contains the proofs of Lemmas 1 to 3 and of
Propositions 1 to 3. In what follows we repeatedly use the inequalities

(3.1) (s+t)7<s"4+t7 and t7—s" < (t—s)"
valid for 0 < s <tand 0 <~y < 1.

PROOF OF LEMMA 1. Since h is of bounded variation, we may assume that
h(y) = [1[0 < ¢ < y]v(dt), where v is the difference v; — vy of two finite



DENSITY ESTIMATORS FOR SUMS OF SQUARES 11

measures. Write y = v1 + vo, and set

/: r(0)p(dt) = /r(t)l[u <t < olu(dt)

for 0 <u <wv < 00. Then

(3.2) h(v) = ha)| < [ uta).
Let
10 <s <]
W) = s

It is easy to check that
(3.3) /vw(s)dsg\/m, O<u<wv<l.
We can write

p(22) = p(z1)] < |7 / h(V/z18) — h(V/z28)|w(s) ds

Il [ p(50=9)) = (200 = 9)) w(s) ds.

Using the substitution v = 1 — s and the identity w(s) = w(1 — s), we see
that the two integrals on the right-hand side are the same. Thus we have

(3.4) p(22) — p(21)] < 2[[A]| / h(v/z15) = h(/z8)|w(s) ds

for 0 < z1 < z9. Using (3.2) and (3.3), we can bound the integral on the
right-hand side by

t2/z1
// ds—/ / s) ds p(dt)
t2/22

< —1/0“5 ()

<1 22

and thus obtain

z
Ip(z2) — p(z1)] < 2| A L0, vzl 0< 21 < 2.

Since p is a finite measure, this yields the desired result. O
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PRrROOF OF LEMMA 2. It suffices to show that
(3.5) Ip(uz) —p(z)| < D1 —u)® 1/2<u<]l,

for some positive D and some a > 1/2. Since h is of bounded variation, it
follows that h is bounded, and thus we may assume that (H-) holds with
0 = z. Thus

(3.6) h(v/zv) < B2’(1—v)?, 0<wv<1.

From now on we assume w.l.g. that § < 1/2. In view of the representation
(2.1), we can bound the left-hand side of (3.5) by 2(I; + I2), where

e /1/2 BT =)) = b2 = ) Ih(/as)

0 4y/s(1 —s)
< I /1 /2 |h(y/uz(1l — 5)2)fh( z(1—s))] ds,
I :”/hqh(vzﬂr—S»VNvf)—fﬂw6$ﬂtk
>~ 4,/5(1 - 9)

1/2
< Bzﬂ/ \h(vuzs) — h(v/zs)|s® /2 ds.
0

Using (3.2) and (3.1) with v = 4 1/2, we can write
1/2 1/2
/ \h(v/uzs) — h(y/zs)|s" 1/ ds = / / B=1/2 4s
0

z/ 1?2 /(uz)
—/ / $9712 ds p(dt)
t2/2

</W (ﬁ—?

—Jo B+1/2
(1_u)ﬁ+1/2

<= 7

- pB+1/2

),8+1/2
p(dt)

11(0, 00).

Let 0 <n < 1/2. Using (3.6) with v =1 — s and v = u(1 — s), we obtain

111—/‘ uzl—s) h(\/z(l—s)ﬂ;ﬁjg

/ B2 (1 —u(1 —s))P 4 s° );\L}
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By (3.1) we have (1 —u(1—5))% = (s4+(1—5)(1—u))? < s%+(1—5)°(1—u)?
and therefore

I; < Bzﬁ/o77 (25" + (1 —u)ﬁ);ijg
nit1/2
:BZB(ﬁ+1/2 +(1—u)ﬁ\/ﬁ).

Using (3.2),

112:/771/2‘11( uz(l—s))—h(\/z(l—s))‘;fjg

1 /1/2 Vz(1-s)
21 Jn

Vuz(l—s)
1 N z(1=n) p1-t%/z

w(dt) ds

= — ds p(dt)
2\/77 uz/2 1-12/(uz)
1 1—-u
< — .
SN 1(0,00)

The above shows that there is a constant C' such that

Ip(uz) —p(2)] < C(nﬁ“/2 +(1—u)’ i+ 1_77“ 41— u)6+1/2)

v

for all n and w such that 0 < n < 1/2 < u < 1. Taking 1 to be the smaller of
1/2 and (1—u)"/ B+ we see that (3.5) holds with a = (26+1)/(23+2). O

Proor oF LEMMA 3. In view of Lemma 2 we only need to show that
(3.7) Ip(uz) —p(2)| < D(u—1)%, 1<u<3/2,

for some positive D and some « > 1/2. In view of (H) and since h is bounded
we may assume that

h(v/zv) < B2P|1 —v|?, 0<wv<3/2,
and 0 < 3 < 1/2. We then calculate as in the proof of Lemma 2 that
p(uz) — p(2)] < (P2 4+ (u = 1P+ 4 (= 1)412)
V1
for some constant C' and for all n and w such that 0 <n <1/2and 1 <u <

3/2. Taking 7 to be the smaller of 1/2 and (u — 1)/(3+1) | we see that (3.7)
holds with o = (26 +1)/(26 + 2). O
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PROOF OF PROPOSITION 1. For ¢ < d < z, we have

I(c,d) = sup g(z—s) <

e<s<d T 2/z—d

It follows from the assumptions on h that I'(0,t) — g(z—) as ¢t | 0. Since
2v/tg(t) < ||h||, we obtain for 0 < u < v,

(3.8) | ety < (Vo - va) < Vo=,
Note that for bounded 1,
(3.9) nE[A*(z,9)] = ¢ * g(2) — (¢ % g(2))* < ¥? % g(2).

The Hoeffding decomposition of the U-statistic p(z) is

P(2) = pxky(2) +2A(z2, 9 % kp) + U(2)

where

U() = s X (we-xt-x

—gxky(z— X?) — gxky(z —XJZ) +p>kkb(z)).

We have
(3.10) n(n —1)E[U(2)] < 2E[k(z — X} — X2)] = 2kZ * p(2)
and
(3.11) k2% p(z) = /p(z — bu)k2(w) du/b < ||p)| /kQ(u) du/b.
Since p and k are bounded, we obtain
(3.12) U(2) = Op(1/(nb2)) = 0,(1/v/)
by (B).

Let [—a, c| denote the support of k. We have [—a, c] = [0,b] under (K+)
and [—a, c] = [-b,0] under (K-). Set g, = g * k. We will now show that
(3.13) T = Az, gp1(—oop)) = Op< rI‘(—a,rb)/n)
and

(314) = A(Za gbl[rb,oo)) - A(Za gl[rb,oo)) = 0p<1/\/ﬁ)
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Note that gy(y) = 0 for y < —a. For y > —a, applications of the Cauchy—
Schwarz inequality and (3.8) yield

315w = ([ s wnan) < [ - wh

—a —a

and

C C

(3.16) G (y) < | gly—w)du [ gy —w)ki(w)du < Vb|hl[||k]|gs(y)-

—a —a

Now we use (3.9) and (3.16) to derive the bound

np(72] < VBl [ oz~ vt dy

In view of (3.8) we obtain

rb

[ otz vy < Tar) [ o) dy < T ) nIVID T

—a —a

Thus we have nE[T?] < ||h||?||k||T (—a,rb)v/r + 1 which yields (3.13).
Note that

17l

5—0b

(317) ‘gb — 9’1[5700) < , s§>b.

Next we show that there is a constant C such that

(3.18) /Oo(gb(t) _g(0)2dt < % s> b,

For b < s <t and |u| < b we have

ot - ) - gto) < PO IO gl L - L

(3.19) o A=) — VD] blin

- 2vs—b 4(t — b)3/2°

Since h is of bounded variation and the map ¢ defined by ¢(t) = y/max(0,t)
is nondecreasing, h o ¢ is of bounded variation. Thus, as shown in the proof
of Lemma 8 of Schick and Wefelmeyer (2007), there is a constant L such
that

/|ho<p(t—u)—hocp(t)|dt§L]u\, weR
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In particular, we have
/ W(VE—=u) — h(vD)|dt < Lu|, |u| <s.

Using this and (3.19) we obtain

> > (L + [|Al)o
/S |g6(t) — g(t)] dt < oilfﬁb/s lg(t —u) — g(t)| dt < SN

for s > b. From this and (3.17) we derive (3.18) with C' = ||h|[(L + ||h||)/2.
To prove (3.14), we write To = A(z, (g — 9)1jrp,00))- Using (3.8), (3.9),
(3.17) and (3.18) and setting z, = z — 1/r, we obtain the bound

nE[T3] < /T: g9(z — 1) (gs(t) — g(t))* dy

Zr 2 z
<10tz [ oot — g2+ 25 g

|1AllvrCh [
S rb—b (Zr_b)\/;_o(l/\/;)v

which implies (3.14).
The Hoeffding decomposition and relations (3.12)—(3.14) imply

\/n/logn(p(z) —p = kp(2)) = 2T + 0,(1),

where .
T = y/n/lognA(z, g1 e0)) Z nil)
7j=1
with 1
_ 2
Znj = W(gl[rb,oo))(z - X7).
We have

VnlognE[Zn;] = gljye0) * 9(2) < g% g(2) = p(2).
With e = rb+ 1/r we derive

(91pb,e)* +9(2) = /b W dt = (%h2(0+)g(z—) +o(1)) log (=),

z/2 p? z— e
e r o) = [ PODIEZD gy oy (Y jnipre, o),
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@ P(Vi)g(z —t) [
2
prm— < .
(gl(z/2,oo)) * g(Z) /2/2 At dt < 25

Since —log e = o(logn) and log(1/b)/logn — ~, we obtain

(g]-['rb,oo))2 * g(z)

1
27 _ — _p? —
nE[Z;;] = og = 77 (0H)g(z=)v +o(1)

and thus

n 1

Z Var Z,,; = Zh2(0+)g(z—)7 +o(1).

=1
Also,

0<z, <M _ ).
=7 = rbnlogn

This implies the Lindeberg condition. Thus, by the Lindeberg—Feller cen-
tral limit theorem, T is asymptotically normal with mean 0 and variance
h2(0+)g(z—)v/4. O

PrROOF OF PROPOSITION 2. We use the notation of the proof of Propo-

sition 1. The stronger requirements on b are not needed for the proofs of
(3.12), (3.13) and (3.14). By our assumptions on h,

F(z—t)g(t) < B3z — )P 1421210 < t < 2].

Thus g(z — X?) has a finite second moment. Therefore \/nA(z, g) is asymp-
totically normal with mean 0 and variance Var g(z — X?), and

A(ngl(—oo,rb)) = Op(l/\/ﬁ)
This and the results of the proof of Proposition 1 yield
p(z) — p*kp(2) = 2A(2,9) + 2T + 0p(1/+/n).

Under (K+) and (H-) we have rI'(—a, rb) = rT'(0,7b) < Br'*5b% and under
(K-) and (H) we have rT'(—a,rb) < Br'*Pb5. Thus in each case we have
T1 = 0p(1/4/n) in view of (3.13). O

PROOF OF PROPOSITION 3. Write I = [L, R]. The assumptions on the kernel
imply that there is a constant K such that

Wkt — ksllh + ||kt — ksl < K|t —s|, s,tel.
The Hoeffding decomposition yields

ﬁsb(z) - psb(z) = 2As + Us
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where As = A(z, g * kg) and

S (hab(s=Yim ) =gk (5= Vi) —goekian (=) +n(2) )

n(n—1) 1<i<j<n

Now fix s and ¢ in I and set A = k; — ks and Ay = ky — kgp. Then
Ap(xz) = A(z/b)/b. Using (3.10) and (3.11) with k replaced by A we de-
rive the inequality

n(n = DOE[(U: — Us)?] < 2|Ipll| Al

We have the identity Ay — As = A(z,9 %k — g * kspy) = A(z,g % Ap). This
and (3.9) yield the bound

nB[(Ar— A < g (95 80)() = [ gz =)o Ap)*(w) dy.

Since Ay has support contained in [—Rb, Rb], an application of the Cauchy—
Schwarz inequality and the use of (3.8) yield

Rb
(9% 80)%w) < [ oly—wARw du [ gly—u)du
< g+ A3(y) VRS

and 2Rb 9 9 3Rb 9
| ox Akwdy < IAE [ glv)dv < [ AEVERRIN.
oo

These inequalities and the identity b||Ay||3 = ||A||% give the bound

2Rb
= [ gz =)o = 80)*(y) dy < VER(~o0, 2R) | A3,

—0o0

An application of the Cauchy—Schwarz inequality yields

(g% Ap)*(y) < /92(1/ —u)|Ap(u)| dul|Apll1, y > 2RD.

Since ||Ap|[1 = ||Al]1, we obtain with § > 0 that

2Rb+6 9
I = / g(z —y)(g* Ap)*(y) dy
2Rb

SN, 9(z =y — bu)g*(y) | A(w)] dy du
2Rb<y+bu<2Rb+8

3Rb+6 1
< ||A|iT(2Rb, 2Rb + (5)HhH2/ e
Rb T
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and

z 1
I :/ — (g x A2 dy < [|AIR A ——]lp].
3 sz+59(2 y)(g* Ay)“(y) dy < || A|l7]] HQ\/gllpH

The above show that there is a constant M such that

(3.20) n?bE[(U; — U)?| < M|t — s|?, s,tel,
and
(3.21) nE[(A; — As)?] < M|t — s|*logn, s,t el

The latter can be improved if (H-) holds. Then we have
g(z =y —bu) < By +bu)’ < B(2y)”, 2Rb<y, |ul<R,
and obtain
N 27By’g? ()| Aw)] dy du
2Rb<y+bu<2Rb+5
3Rb+4
< AN [y dy.

Rb

Thus if (H-) holds we obtain
(3.22) nE[(A; — A)*] < M|t —s]?, s, tel
The result now follows from Theorem 12.3 in Billingsley (1968). O
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